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Abstract.

The so-called simplified Wasserstein barycenter problem, also known as the cheapest hub problem, consists in selecting
one point from each of k given sets, each set consisting of n points, with the aim of minimizing the sum of distances to
the barycenter of the k£ chosen points. This problem is known to be NP-hard. We compute the Wasserstein barycenter by
exploiting the Euclidean distance matrix structure to obtain a facially reduced doubly nonnegative, DNIN, relaxation. The
facial reduction provides a natural splitting for applying the symmetric alternating directions method of multipliers (sADMM )
to the DNN relaxation. The sADMM method exploits structure in the subproblems to find strong upper and lower bounds.
In addition, we extend the problem to allow varying n; points for the j-th set.

The purpose of this paper is twofold. First we want to illustrate the strength of this DNN relaxation with the natural
splitting approach mentioned above. Our numerical tests then illustrate the surprising success on random problems, as we
generally, efficiently, find the provable exact solution of this NP-hard problem. Comparisons with current commercial software
illustrate this surprising efficiency. However, we demonstrate and prove that there is a duality gap for problems with enough
multiple optimal solutions, and that this arises from problems with highly symmetrized structure.

1. Introduction. We consider the so-called simplified Wasserstein barycenter, WBP problem of find-
ing the optimal barycenter of k points, where exactly one point is chosen from k sets of points, each set
consisting of n points. This is a simplification of more general problems of optimal mass transportation and
the problems of summarizing and combining probability measures that occurs in e.g., statistics and machine
learning. In [3, Def. 1.4] this problem is called the cheapest-hub problem, and further in [3], a reduction to
WBP is derived from the k-clique problem thus proving NP-hardness.! Algorithms for WBP with exponen-
tial dependence in d are discussed in [3, Sect. 1.3.1].? There are many important applications in molecular
conformation e.g., [0], clustering [18], supervised and unsupervised learning, etc. For additional details
on the theory and applications of optimal transport theory see e.g., [2, 10, 14], lecture link, Introduction to
Transportation Problems link, and the many references therein.

The purpose of this paper is twofold. First, we provide a successful framework for handling quadratic
hard discrete optimization problems; and second, we illustrate the surprising success when applied to our
specific WBP.

We model our problem as a quadratic objective, quadratic constrained {0, 1} discrete optimization prob-
lem, i.e., we obtain a binary quadratic model. We then get a convex relaxation for this hard discrete
optimization problem by lifting to the doubly nonnegative, DININ, cone, the cone of nonnegative element-
wise, positive semidefinite symmetric matrices. Strict feasibility fails for the relaxation, so we apply facial
reduction, FR. This results in many constraints becoming redundant and also gives rise to a natural split-
ting that can be exploited by the symmetric alternating directions method of multipliers (sADMM ). We
exploit the structure, and include redundant constraints on the subproblems of the splitting and on the dual
variables. The sADMM algorithm allows for efficient upper and provable lower bounding techniques for the
original hard WBP problem. This helps the algorithm stop early.

Our Extensive tests on random problems are surprisingly efficient and successful, i.e., the relaxation with
the upper and lower bounding techniques provide a provable optimal solution to the original hard WBP for
surprisingly many instances; essentially for all our randomly generated instances. For example, to solve
the original hard discrete optimization problem to optimality for our algorithm for a random problem with
k =n = 25 in dimension d = 25 took of the order of 10 seconds. In contrast, using the well known solver
GUROBI, on three problems, with sizes n = k = 5,7,8, respectively, it took approximately: 2,570,46692

*EMAILS RESP.: W2JUNGQUWATERLOO.CA, HWOLKOWICZQUWATERLOO.CA

t Department of Combinatorics and Optimization, University of Waterloo, ON, Canada

IRecall that the k-clique problem is the problem of finding k vertices in a graph such that each pair is close in the sense of
being adjacent.

2We discuss this further below as the complexity of our algorithm does not depend on d.
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seconds, respectively (using the same laptop for both tests). (Detailed numerics for our algorithm are
provided below Subsection 4.4.)

Though generically we are surprisingly successful in finding the exact solutions to the NP-hard problem,
the DINN relaxation can fail to find the exact solution for problems with special structure, i.e., there can be a
positive duality gap between the optimal value of the original hard problem and the lower bound found from
the DNN relaxation. In Corollary 5.2 we include a constructive proof for a general hard {0, 1} problem that a
sufficient number of linearly independent optimal solutions results in a duality gap between the original hard
problem and its DINN relaxation. This is specialized to our NP-hard problem in Corollary 5.3. A specific
instance is included. Note that we consider that we have an optimal solution to WBP if the upper and lower
bounds are equal to machine precision as any other feasible solution cannot have a smaller objective value
within machine precision.

1.1. Outline. We continue in Subsection 1.2 with preliminary notation. The main NP-hard Problem 2.1
and connections to Euclidean distance matrices, EDM, are given in Section 2. A regularized, facially reduced,
doubly nonnegative, DNN, relaxation is derived in Section 3. The FR in the relaxation fits naturally with
applying a splitting approach. This is presented in Section 4 along with special bounding techniques and
heuristics on the dual multipliers for accelerating the splitting algorithm. The algorithm provides provable
lower and upper bounds for the original NP-hard Problem 2.1 that are attained by dual and primal feasible
solutions, respectively. Thus a zero gap (called a duality gap) proves optimality. Our empirics are given
in Subsection 4.4.

In Section 5 we prove that multiple optimal solutions can lead to duality gaps. We include specific
instances. Our concluding remarks are in Section 6.

1.2. Notation. We let S € S™ denote a matrix in the space of n X n symmetric matrices equipped with
the trace inner product {S,Ty = tr ST; we use diag(S) € R™ to denote the linear mapping to the diagonal of
S; the adjoint mapping is diag*(v) = Diag(v) € S*. We let [k] = {1,2,...,k}.

The convex cone of positive semidefinite matrices is denoted S < S", and we use X > 0 for X € S7.
Similarly, for positive definite matrices we use ", X > 0. We let N denote n x n nonnegative symmetric
matrices. The cone of doubly nonnegative matrices is DNN = S n N/,

For a set of points p; € RY, we let P = [p1 P2 ... pt]T € R¥*4 denote the configuration matriz. Here

d is the embedding dimension. Without loss of generality, we can assume the points span R?, and we can
translate the points and assume they are centered, i.e.,

PTet = 03

Here we let e;, vector of ones of dimension t and we use e if the dimension is clear. And we use eg, 0-th unit
vector of appropriate size. We denote the corresponding Gram matriz, G = PPT. Then the classical result
of Schoenberg [17, Sect. 3], see e.g. [1], relates a Fuclidean distance matriz, EDM , with a Gram matrix by
applying

D = K(G) = diag(G)e” + ediag(G)” — 2G.

Moreover, this mapping is one-one and onto between the ¢(n — 1) dimensinal centered subspace, S§ and
hollow subspace, Sp;

St ={XeS": Xe=0}, SHp={XeS":diagX =0}; K(S&) =SF.
Here we denote the triangular number, t(k) = k(k +1)/2. Note that the centered assumption PTe = 0 <
G = PPT € S%. Further notation is introduced as needed.

2. Simplified Wasserstein barycenters, WBP. We now present the main problem and the connec-
tions to Euclidean distance matrices, EDM. We follow the notation in [3, Sect. 1.2] and refer to our main
problem as the simplified Wasserstein barycenter problem, or Wasserstein barycenter for short.

3The translation is given by
PT — pT — veT,

where v := %PTe is the barycenter of the points.
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2.1. Main problem and EDM connection. Our main optimization problem is to find a point in
each of k sets to obtain an optimal barycenter. We can think of this as finding a hub of hubs. That is,
suppose that there are k areas with n airports in each area.* We want to choose exactly one airport to act
as a minor hub in each of the k areas so that the barycenter for these £ minor hubs would serve as a major
(best) hub for the & minor hubs. .

Problem 2.1 (simplified Wasserstein barycenter, WBP). Suppose that we are given a finite number of
sets S, ..., Sk, each consisting of n points in R%. Find the optimal barycenter point y after choosing exactly
one point from each set:

(2.1) piy = minmin Y ||p; — y[|> =: min F(p;,,pjs.---,05);
pi€S; yeRd pj.€S;
ie[k] ie[k] ie[k]

thus defining F'. Here

(2.2) PT =[p1 ... pn]eR”N DG,

denote the corresponding (configuration) matrix of points, EDM, and Gram matrix, respectively. We allow
the set sizes, n;, j € [k], to vary and let N = Zje[k] n;.

By Lemma 2.2 below, the optimal Wasserstein barycenter is the standard barycenter of the k optimal points.
It is known [3, Sect. 1.2] that the problem can be phrased using inter-point squared distances. We include a
proof to emphasize the connection between Gram and Euclidean distance matrices.® We start by recording
the following minimal property of the standard barycenter with respect to sum of squared distances.

LEMMA 2.2. Suppose that we are given k points q¢; € R*i = 1,...k. Let §j = %Zle% denote the

barycenter. Then
k

_ . 1 2
i = argmin §||ql —y|°.
Yooi=1
Proof. The result follows from the stationary point equation Zle(qi —7)=0. O
We now have the following useful lemma.

Lemma 2.3. Let QT = [q1...qx] € R™F and let Gg and Dg be, respectively, the Gram and the EDM
matrices corresponding to the columns in Q7. Further, let y = %QTe be the barycenter. Then

k
(2.3) 2k Z llg: — y||* = €T Dge = 2k tr(Gg) — 2T Gge.

i=1
Proof. Let J = I — ee®' /k be the orthogonal projection onto et. Hence, J? = JI = J. Moreover, the
i-th row (JQ); = (Q — %eeTQ)i =(¢; —y)T. Now

k

1
O llai = 9l = :(JQQTY) = tr(JGq) = tr(G) — " G,
i=1

But Dg = K(Gg) = ediag(Gg)T + diag(Gg)eT —2Gq. Therefore, e Dge = 2k tr(Gg) — 2¢T Gge. 0
The following Corollary 2.4 illustrates the connection between the simple Wasserstein barycenter prob-

lem® of finding the optimal barycenter and the k-clique problem of finding k pairwise adjacent vertices.

COROLLARY 2.4. Let N = 3 ;.yn;, and let Sj = {pji}i2,,7 € [k] be given. Consider the main prob-
lem (2.1) and let y denote the optimal Wasserstein barycenter. The problem of finding y is equivalent to
finding exactly one point in each set that minimizes the sum of squared distances in the following:

(2.4) (WIQP)  2Nply =p*:=min > |pi —p;l*
telk] i-i€lk]

4We extend the prolem to allow for different sizes for the sets.
5As noted earlier, This is called the cheapest-hub problem in [3, Sect. 1.2].
SWe refer to this as the Wasserstein barycenter problem.
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Proof. Suppose that PT = [p1 pk] € R4** is a fixed matrix of optimal solution vectors to (2.1),
and let y be the barycenter. Without loss of generality, since distances do not change after a translation, we
translate all the points py,t € [k], by y and obtain y = 0. This implies that the corresponding Gram matrix
Ge = PPTe = 0. This combined with (2.1) and (2.3) and the corresponding distance matrix D yield

Zi,je[k] Ipi —pil? = €' De

el (diag(G)e” + ediag(@)T —2G)e
2N diag(G)Te

2N tr G

2N S ey Il

2Npjy,

(2.5)

where the last equality follows from Lemma 2.2. ]

2.2. A reformulation using a Euclidean distance matrix. In this paper we work with the optimal
value p* and now provide a reformulation of (2.4) using an EDM. Define

U1
(2.6) z:=|: |eRY v;eR™, A:=blkdiag(el el ) e RF*N,

ni 0 Cng

Uk

And we note that A = I ® eT € REXkn_if n; = n, Vi, where we denote Kronecker product, ®. Note that we
get ATe = e. Then, the constraints of picking exactly one point from each set can be recast as:

(2.7) Az =e, x e {0,1}V.

Recalling Corollary 2.4 and (2.5) in the proof, we see that (2.1) can be formulated as a binary-
constrained quadratic program (BCQP) using the Euclidean distance matrix D formed from all N points

PT=[p1 cer Pny DPni+1 -+ Pnidng .- pN]:
p* = min z7Dx =(D,z2T)
(2.8) (BCQP) st. Ar=e
ze{0,1}V.

For simplicity in the sequel we often assume that the cardinality of all sets are equal.

Remark 2.5 (difficulty of the Wasserstein barycenter problem). We first note that A in (2.6) is totally
unimodular, i.e., every square submatrix has det(A;) € {0,+1}. Therefore, the basic feasible solutions,
vertices of the feasible set, of the LP relaxation Az = e, x > 0, are {0, 1} variables. Therefore, these discrete
optimization problems with a linear objective yield vertices as optimal solutions and can be solved with
simplex type methods while yielding {0, 1} solutions.

For our problem we have a quadratic objective function. And, by the properties of distance matrices, it
is concave on the span of the feasible set of the LP relaxation. Therefore, minima are attained at extreme
points, i.e., at vertices, at {0,1} points. But solving the concave minimization problem is a hard problem.
Note that the width of P is hidden in the rank when forming the Gram matrix G = PPT and so hidden in
the rank of the rank-two update EDM

D = diag(Q)e” + ediag(G)? — 2G, rank(D) € [rank(G), rank(G) + 2].

In summary, the problem appears to be NP-hard due to the minimization of a quadratic function, [15],
and the binary 0, 1 constraints. This is in contrast to the linear programming approaches for the generalized
transportation problems solved in e.g., [10] and the references therein. However, the properties of total
unimodularity and concavity both promote binary valued optimal points.

4
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3. Facially reduced DNN relaxation. We now introduce a regularized convex relaxation to the hard
binary quadratic constrained problem introduced in (2.8). We start with the SDP relaxation using a standard
lifting approach. We regularize using facial reduction, FR, and include the so-called gangster constraint.
We then strengthen this by including nonnegativity constraints, i.e., we get the doubly nonnegative, DNN
relaxation.

As stated above, for simplicity of notation we consider all sets to have the same cardinality, ny = ... =
ng, N = Zj n;.

3.1. Semidefinite programming (SDP) relaxation. We begin with deriving an SDP relaxation of

our formulation in (2.8). We start with a feasible vector » € R*" and set (3;0> = (i) We then lift the

T
vector to a rank-1 matrix Y, := (; 31; . The convex hull of the lifted vertices of the feasible set of (2.8)

yields an equivalent polyhedral set in SN¥+1. It is difficult and expensive to find this polyhedral set. To
obtain a tractable convex relaxation, we relax the implicit nonconvex rank-1 constraint on Y, and linearize
the objective function. Let

(3.1) D= [8 107] e Skntt,

The objective function of (2.8) now becomes (D, zzT) = (D, Y,). After the lifting, we impose the constraints
that we have from x onto Y, e.g., these include the {0, 1}-constraints 22 — z; = 0, and the linear constraints
Ax = e.

3.1.1. SDP reformulation. Define the linear transformation

T
.qntl _ el . |80 ST S0
arrow : S R .[S S] (diag(S)—s)'

For convenience, we define

T
.Qn+l _ pn+l . S0 S° — Q
arrowg : S R™ [ s S] (diag(S) - 5) '

We now show that, as long as the rank-one condition holds, the binary constraint on vector x is equivalent
to the arrow constraint on the lifted matrix, arrow (Y,,) = eg.

Proposition 3.1. The following holds:

{v e sk"*! :rank(Y) = 1,arrow (Y) = ep} = {Y = (;) (DT 2 e {0, 1}’“”} :

Proof. (2): This is clear from the definitions.
(S): Since Y is symmetric, positive semidefinite and has rank 1, there exist xop € R and 2 € R*" such that
T
Y = <x$0 Q;O . Since arrow (Y) = eg, 72 = 1 and z oz = xoz. If 29 = 1,7 € {0, 1}*"; otherwise 7o = —1
and x € {0, —1}"™ and it is easy to verify that

{0 e} ={ () () e} :

For the “only-one-element-from-each-set” linear equality constraint Az = e (see (2.7)), we use the following
positive semidefinite matrix

_eT _BT g kn+1
(3.2) K = AT AT € S+ .

5
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We observe that

0
= () T -

— KY,=0,

i.e., range(Y,) € null(K) = null ([—e A]). Moreover, this emphasizes that strict feasibility fails for feasible
Y even if we ignore the rank-1 constraint. If we choose V' full column rank so that range(V') = null(X), then
we can facially reduce the problem using the substitution

(3.4) Y « VRVT e VSEHI-kyT g ghntt)

where < denotes face of. This makes the constraint K'Y = 0 redundant. More detailed discussion for
constructing the facial vector V' is provided later in Subsection 3.2.1.
Then the rank restricted SDP reformulation of (2.8) becomes

p* = min (D,Y)
arrow (V) = eg
(SDP) rank(Y) =1
KY =0
kn
Y e Shntl,

3.1.2. Relaxing the rank-1 constraint. Since the NP -hardness of the SDP formulation comes from
the rank-1 constraint, we now relax the problem by deleting this constraint. The SDP relaxation of the above
model is

*

p* = minyegine (DY)

arrow (V) = ¢
KY =0

Y > 0.

(3.5) (SDP relax)

However, the improved processing efficiency of this convex relaxation trades off with the accuracy of solving
the original NP-hard problem. The rank of an optimal Y can now be greater than one. The idea now is to
impose a “correct” amount of redundant constraints in the SDP model that reduces the rank of an optimal
solution as much as possible, but does not hurt the processing efficiency of the model too much. Note that
if we have ignored the rank one constraint and replaced the K'Y = 0 constraint using facial reduction and
substituting Y = VRV, then strict feasibility holds, i.e., the barycenter of the the lifted vertices of the
feasible set of (2.8) yields an R,Y = VRVT, that satisfies strict feasibility, e.g., [9].

3.1.3. The gangster constraint. The gangster constraint is essentially a trivial projection that fixes
at 0 (shoots holes at) certain entries of the matrix. The entries are given in the gangster index, J. By
abuse of notation, we allow one entry to be fixed at 1. The gangster constraint in our case comes from the
linear constraint Ax = e combined with the binary constraint on x. We let S o T denote the Hadamard
(elementwise) product.

Proposition 3.2. Let x be feasible for BCQP. Then
[ATA —T]oxa™ =0,

and ATA—T>0,zz" > 0.

Proof. Recall that x € R’i”. We now use basic properties of the Kronecker product, e.g., [16], and see
that
A= Ik®eT, AT = Iy ®e, ATA = Ik®eeT,
6
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ie., ATA = BlkDiag(ee®, ..., eeT), a block diagonal structure, and the columns of A are unit vectors.
Therefore ATe, = e, and Diag(diag(AT A)) = I1,. The nonnegativity results follow from the definition, as

does Yo = 1.
Then
Ar=e¢ = ATAxz = ATe¢
= ATAr—Ix=ATe—Ix
= ATA-Dr=ecy—x
= (ATA-Dz2" = (e —2)aT = eax? — 22T
—  tr[(ATA - DaaT] = trfea” — 22T] = 3F" 2 — 22 = 0
= (ATA-T)oxxT =0.
The final conclusion now follows from the nonnegativities in the Hadamard product. 0

Define the gangster indices
— f o (AT A _
J = {(’L,j) 1 (ATA I)ij >O}.
The gangster constraint on Y in (3.5) is Yoo = 1 and

JY)=Y;=0eRVI

From Proposition 3.2, we see that the gangster indices, J, are the nonzeros of the matrix AT A —1, i.e., the
set of off-diagonal indices of the n-by-n diagonal blocks of, all but the 0-th row and column, of Y;. Our
complete gangster index is J := {(0,0)} u J. We define the gangster constraint mapping, G7:

G7(Y)=Y(J) e RV

i.e., the elements of Y indexed by the index set 7.
Now the SDP relaxation model becomes

p* = minyeginsr (DY)
Yoo =1
arrowo(Y) =0
Gs(Y)=0
KY =0
Y > 0.

Proposition 3.3. Consider the SDP relaxation (3.6) but without the arrow, constraint. Then every op-
timal solution satisfies the constraint
arrowo(Y) =0,

i.e., it was a redundant constraint.
Proof. Tt follows from [0, Thm 2.1]. d

Our empirical tests on random problems without the arrowq constraint confirmed this result. However, the
extra redundant constraint is useful for the subproblems in the splitting approach below.

3.2. Doubly nonnegative (DNN) relaxation. We now split the problem by using two variables
{Y, R} and apply a doubly nonnegative relaxation to (3.6). This natural splitting uses the facial reduction
obtained in (3.4) but with orthonormal columns chosen for the facial vector V.

3.2.1. Formulating facial vector V for sparsity. In this subsection, we suggest strategies for con-
structing sparse versions of the facial vector, V. Recall that the columns of the facial vector V' form an
orthonormal basis for the nullspace of K.

For a typical matrix V see Figure 3.1 that is constructed using Lemma 3.4, below. Alternatively, we can
use the MATLAB QR algorithm (with A specified as sparse) [¢,~] = gr(—e A) and use the last part of ¢
for the nullspace. This results in a relatively sparse orthonormal basis for the nullspace.

7
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Fic. 3.1. V matriz for k=25, n=25

258 LEMMA 3.4. Let k,n be given positive integers and from above let
259 A=[Li®el], B=[-er A].

260 Let O € RP=1"=1 pbe the strictly upper triangular matriz of ones of order n — 1. Set

261 v = (ﬁ) eR"L 5= (ﬁ) e R"Y B =—1/4/n?+nk, and o = np.

j j
262 Let O = —O Diag(v) + Diag(7) and set
[—v1 —vy —vz o —un ]
Ui —v2 —U3 - —Up—1
N 0 22 —wv3 -+ —Up
263 O=[ ) ]= 0 0 o3 —Up—1
0 0 0 Un-1 |

264  Then we have

265 _ 0 . nk+1x(n—1)k+1 Ty, _ _

265 V_[Ik®0 5€:|ER , ViV =1 BV =0.

266 Proof. Denote the j-th column of V by V; and define J, := {j,75,...,55_1}, where j2 = (n—1)(s—1)+r.
267 Notice that J, is the index set of columns of V' in s-th block. j € Ji41 means Vj is the last column of V.
268 We first prove that VIV = I, i.e., column vectors of V is orthonormal. Let i,j € {1,...,(n — 1)k + 1}.

269  We consider the following cases:

270 If 5 < (n — 1)k, then

J n j?
iti? o+

[\]
3
—

T . _
VIV = 043 =

272 If j = (n—1)k + 1, then
273 VIV, = a? +nkB® = (n* +nk)B® = 1.
8
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Now let i < j. If 4,5 € Jg for some s < k. Then,

Ty, _ oo
ViV = v

'Di'vj

1 1 ; 1
! 0.

:i.\/i

If j = (n—1)k + 1. Then,

PRI NiTEiER

V'V, = —iviB + ;8 = (—iv; +iv;)8 = 0.

Ifie Js, j € Jp with s <t < k. For each row, at least one of the vectors has 0 entry, so trivially ‘/Z-T‘/j =0.

This proves the orthonormality.

Secondly, we observe BV = 0, i.e., range V < null(B). To this end, we will see that BV, = 0 for each

j=1,...,(n—1)k+1. Fixse{l,...,k}.

(BV)),

If j = (n— 1)k +1,

=—a+nf=-nf+nf =0,

Now assume that j < (n — 1)k. If j € Jg, then

(BV;). = —jv; +0; = —jv; + ju; =0, for each i =1,... k.

S

Otherwise, trivially (BV;)_ = 0. This justifies BV = 0. 0

We leave open the question on how
multiplications of the form VRV needed

to exploit the structure of V' to obtain efficient matrix-matrix
in our algorithm.

3.2.2. DNN reformulation via facial reduction. Recall that the lifting for Y, has the form

Y, =

(i) <i>T x e {0, 1}k

Hence, we can impose the redundant elementwise LP relaxation bound constraint 0 < Y < 1. Moreover, the
constraint K'Y = 0 is equivalent to applying FR, i.e., we get

Y >0,KY =0 « Y =VRVT Re S+

We now observe a useful redundant trace constraint on Y and transform it onto R.

LEMMA 3.5. Let Y € S+ Y = VRVT R e S"+1-k_ Then

KY = 0,arrow

—eT| [—eT]
Proof. Recall that K := [AT] [AT

0=KY < 0=

(Y)=e = tr(Y)=tr(R) =k + 1.

T _1m7
. Since null(K) = null ( [ AT ] >, we have

_—1 6T OT }/0’0 YE),nk:

T T
_—1 0 — Ynk,O Ynk,nk

By expanding the first column of the product, we get ", Yin4i0 = 1,Vj € {0,...,k — 1}. Since
arrow (Y) = eg, this implies that tr(Y) = Y o +Z§;§ M Yinyio = 1+k. Since we choose the facial vector
V to have orthonormal columns, the facial constraint yields

1+k=tr(Y)

This manu

=tr(VRVT) = tr(RVTV) = tr(R), 0
9
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Next, we incorporate all these constraints into the SDP relaxation model to form the DNN relaxation
model. Define the two set constraints
(3.7)
Vi={Y eS"™1:Yy=1G67()=0,arrow(Y) =0,0< Y <1}, R:= {Re S?" % tr(R) = k +1}.

Our DNN relazation model is:

PENN = mingy (D,Y)
s.t. Y =VRVT

Ye)y

ReR.

(3.8) (DNN)

Observe that every feasible Y is both element-wise nonnegative and PSD , i.e., this is a DINN relaxation.
Moreover, by construction, DNN is trivially a feasible problem and the constraint Y — VRV = 0 is trivially
surjective. Therefore, we have a regularized problem.

The splitting allows for the two cones to be handled separately. Combining them into one and applying
e.g., an interior point approach is known to be very costly. And, one cannot get high dual feasibility
accuracy and therefore the approximate optimal value we get is not a provable lower bound for Problem 2.1.
In summary, the expense does not scale well with N, and we cannot apply weak duality and use the dual
solution as both primal and dual feasibility are not highly accurate. We overcome this problem for the
splitting method in Subsection 4.1.1 below.

3.2.3. Characterization of optimality for DNN relaxation. The generalized KKT optimality
conditions hold for (3.8) with the normal cone Nyxz(Y,R). In addition, the interior of the closed con-
vex feasible set int (Y x R) # & implies that

NyxR(Y, R) = Ny(Y) X NR(R)
We can now use the corresponding Lagrangian with dual variable Z:
LY,R,Z) ={(D,Y)+{2,Y =VRV") + 13(Y) + 1r(R),

where 1g(+) is the indicator function for the set S. Therefore the first-order optimality conditions to the
problem in (3.8) are: a primal-dual pair (Y, R, Z) is optimal if, and only if,

(3.9a) Y =VRVT, ReR,Ye) (primal feasibility)
(3.9b) 0e —VT'ZV + Nr(R) (dual R feasibility)
(3.9¢) 0€D+Z+Ny(Y) (dual Y feasibility)

By the definition of the normal cone, we can easily obtain the following Proposition 3.6.

Proposition 3.6 (characterization of optimality for DNNin (3.8)). The primal-dual pair (R,Y, Z) is
optimal for (3.8) if, and only if, (3.9) holds if, and only if,

(3.10a) R=Pr(R+VTZV)
(3.10b) Y =Py(Y =D - 2)
(3.10c) Y =VRVT.

4. sADMM algorithm; bounding; empirics. The augmented Lagrangian corresponding to the
DNN relaxation (3.8) with parameter 8 > 0 is

(4.1) LsY,R,Z) := (D,)YY+(Z,Y —=VRVTY + §||Y —VRVT|Z + 13(Y) + 1 (R).
To solve our DNN relaxation in (3.8), we use the symmetric alternating directions method of multipliers

sADMM that has intermediate updates of dual multipliers Z;: one dual update after the R-update and
10
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then another after the Y-update. This approach has been used successfully in [6, 13]. Hence, both the
R-update and the Y-update take into account newly updated dual variable information. (We include the
details here for completeness.)

Let Yy € S™+1 Z, € S"+1. The updates for all nonnegative integers k € Z, are:

Riy1 = argminpegneri-x £3 (Y, R, Zy)
(4.2) Ziyy = 2k +'5(Yk — VR VT)
' Yirnr = argmilly egnk-+1 £,3 (Ya Ri41, Z’C+%)
Zivr = Zpyy +BYVes1 — VR VT).

In our DNN model (3.8), the objective function is continuous and the feasible set is compact. By the
Weierstrass theorem, an optimal primal pair (Y*, R*) always exists. As seen above, the constraint is linear
and surjective and strong duality holds for the generalized KKT conditions. (See the optimality conditions
in Subsection 3.2.3). In fact, in our application we modify the dual multiplier update using a projection, see
Lemma 4.1 and Algorithm 4.1.

Explicit Primal updates for R,Y. The success of our splitting method is dependent on efficiently
solving the subproblems. We start with using a spectral decomposition, implicitly defined below, to get the:

R— update = argminReSank ﬁ@ (R, Yk, Zk)
= argming.g |Vx — VRVT + %ZkH%, by completing the square
= argminger [VIVV — R+ LVTZ V%, since VIV =1
= argmingeg |[R -V (Yi + 520 V%
= PR[VT(Yk + %Zk)V]
= U Diag[Pa,,, M]U7, spectral decomposition

where the U Diag(\)UT provides the spectral decomposition of V' (Y} + %Zk)V and then Py, ,, denotes the
projection onto the simplex Ay 1 := {x € R} : {e,z) =1+ k}, see e.g., [7].
Next for the

Y —update = argminycgurtr Lo(Rit1,Y, Zp 1)
= argminyy Y — [VRkHVT %(D + 2t N1 by completing the square

= Py (VRk+1VT —Y(D+2,, %))
= Parrowbox (Pnull(gj)[VRk+1VT - B(D + ZkJr%)]) )

where G 7 is the gangster constraint linear transformation and Parowbox Projects onto the polyhedral set
{Y e S"k+1 Y, € [0,1],arrow (Y) = eq}.

Dual updates. The correct choice of the Lagrange dual multiplier Z is important in the progress of the
algorithm and in obtaining strong lower bounds. In addition, if the set of dual multipliers for all iterations
is compact, then it indicates the stability of the primal problem. Lagrange multipliers are used to replace
constraints by adding the appropriate expression into the Lagrangian function. If an optimal Z* for (3.8) is
known in advance, then it makes sense that we do not need the corresponding primal feasibility constraint
Y = VRVT. Hence, following the idea of exploiting redundant constraints, we now aim to identify certain
properties of an optimal dual multiplier and impose that property at each iteration of our algorithm.

Lemma 4.1. Let

ZA = {Z € SknJrl : (Z + -D)iz = 0, (Z + D)O,i = 0, (Z + ﬁ)@o = O,Z = ].,,le} .

s

Let (Y* R* Z*) be an optimal primal-dual pair for the DNN in (3.8). Then, Z* € Z4.

Proof. The proof of this fact uses the dual Y feasibility condition (3.9¢) and a reformulation of the
Y -feasible set. The details are in [11, Thm 2.1] and [6]. |

11
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In view of Lemma 4.1 we propose the following modification of the symmetric ADMM algorithm,
e.g., [12]. Our modification is in the way we update the multiplier. At every initial or intermediate update
of the multiplier we project the dual variable onto Z4, i.e:

o Zj1 = Zj +7BPz,(Y; = VR VT);

o Zji1:=Z 1 +7BPz, (Vi1 — VR V7).
Note that a convergence proof using the modified updates is given in [11, Thm 3.2]. Therefore, in view of
the ADMM updates (4.2) we propose the following Algorithm 4.1 with modified Z updates. The v € (0, 1)
is the dual steplength.

Algorithm 4.1 sADMM , modified symmetric ADMM

Initialization: j = 0,Y; = 0 € S"+1, Z; = Pz, (0), B = max(| 25+ ], 1),y = 0.9
while termination criteria are not met do
Rj+1 = U Diag[Pa,,, (d)JUT where U Diag(d)U” = eig(VT(Y; + %Zj)V)
Zjsr = Zj +4BPz,(Y; = VR VT)

}/j-&-l = Parrowbox[Pnull(gj)(VRj+1VT - %(D + ZJJ,.%))]

Zjsr=Zj 1 + PPz, (Yt — VR VT)

j=j+1
end while

Remark 4.2. In passing, we point out that we could choose any v € (0,1) and 8 > 0. Theoretically this
is all what we need. In our numerical experiments for Algorithm 4.1 we used an adaptive 5 based on the
discussion in Subsection 4.3.1.

4.1. Bounding and duality gaps. Strong upper and lower bounds allow for early stopping conditions
as well as proving optimality. We now provide provable upper and lower bounds to machine precision.

4.1.1. Provable lower bound to NP-hard problem. The Lagrangian dual function g : S"**1 — R
to the DNN model that we use is

9(Z) = mingeryey(D,Y)Y+{(Z,Y —VRVT)

minyey per{D + Z,Y) —(Z,VRVT)
minyey(D + Z, Y + minger (—(VT ZV, R))
minygy<ﬁ + Z, Y> — maxReR<VTZV, R>
minyey<D + Z, Y> — MaX|y|2=(k+1) 0TV ZVu
= minyey(D + Z,Y) — (k + D) Amax (VI ZV).

Hence, at iteration j, and applying weak duality, a lower bound to the optimal value of the DNIN model (3.8)
is

maxyz g(2)

(4.3) PHNN g
minyey(D + Z;, Y = (k + 1)Anax (VT Z; V).

=
=

Note that from the definition of ) in (3.7), this bound is found from solving: an LP with a simplex type
feasible set; and an eigenvalue problem. Thus both values can be found accurately and efficiently. Moreover,
since DNNis a relaxation, weak duality implies that this lower bound is a provable lower bound for the
original NP-hard Problem 2.1.

4.1.2. Upper bounds. As for the upper bound, we consider two strategies for finding feasible solutions
to the BCQPin (2.8). The 0-column approach is to take all but the first element of this 0-th column
Y (1:end,0) and compute its nearest feasible solution to BCQP. It is equivalent to the greedy approach of
using only the maximum weight index for each consecutive block of length n, see [6, Section 3.2.2].

Alternatively, we use the eigenvector of Y corresponding to the largest eigenvalue. The Perron-Frobenius
Theorem implies this eigenvector is nonnegative, as Y is nonnegative. We then compute the nearest feasible
solution to BCQP. It is again equivalent to the greedy approach but with using the eigenvector.

12

is manuscript is for review purposes only.
This manuscript is for review purp mly



415
416
417
118
119
420
421

422

425

426

428
129
130
131

432

433

434
435
136

437

438

439
440
141

Then, we compare the objective values for both approaches and select the upper bound with smaller
magnitude. The relative duality gap at the current iterate j is defined to be W where UB;, LB;
J J
denote the current best upper, and lower bound, respectively.

4.2. Stopping criterion. By Proposition 3.6, we can define the primal and dual residuals of the

sADMM algorithm at iterate j as follows:

e Primal residual r; := ||Y; — VR;VT||;

e Dual-R residual s := |R; — Pr (R; + VT Z;V) |;

e Dual-Y residual s}f = HYJ - Py (Y] - D— Zj+%) H
We terminate the algorithm once one of the following conditions is satisfied:

e The maximum number of iterations (maxiter) := 10* + k(nk + 1) is reached;

e The relative duality gap is less or equal to €, a given tolerance;

e KKTres := max{r;, sf, 53/} <, a given tolerance.
e Both the least upper bound and the greatest lower bound have not changed for boundCounterMax :=

200 times (stalling).

4.3. Heuristics for algorithm acceleration.

4.3.1. Adaptive step size. We apply the heuristic idea presented in [5], namely we bound the gap
between the primal and dual residual norms within a factor of i := 2 as they converge to 0. This guarantees
that they converge to 0 at about the same rate and one residual does not overshoot the other residual by
too much. Since a large penalty § prioritizes primal feasibility over dual feasibility and a small penalty £
prioritizes dual feasibility over primal feasibility, we scale 8 by a factor of 7" := 2 if the primal residual
overshoots the dual residual by a factor of p and scale 3 down by a factor of 79" := 2 if the dual residual
overshoots the primal residual by a factor of p. Otherwise, we keep 5 unchanged. Namely,

By, rglly > mllsjlly
Bjy1 = %7 l[s5lly > wellrjllys
Bi, otherwise.

4.3.2. Transformation and scaling. In this subsection, we consider translating and scaling the ob-
jective function, i.e., D. Define the orthogonal projection map Py := VV7T. Then,

(D,)Yy = (D+al,Yy—(n+1)a
(4.4) = (D+al,PyYPy)— (n+1)a
= {((PyDPy +al),Y)—(n+1)a

Hence, when finding the optimal Y,

(D,Y) is minimized <= &(D,Y = (§(PyDPy + al),Y) — (n + 1)da is minimized
— (§(PyDPy + l),Y is minimized.

This lets us transform D into 4 (PVﬁPV +al) without changing the optimal solutions. Numerical experiments
show that once we scale D by some d > 0, the convergence becomes faster for the aforementioned input data
distributions, e.g., providing a normalization for the objective function matrix.

4.4. Numerical tests. We now illustrate the efficiency of our algorithm on medium and large scale
randomly generated problems. We observe that our sADMM approach finds the ezact solution with relative
duality gap < le-13, i.e., in machine precision, in almost all of the instances we tried. Sometimes, our
algorithm gets stuck at the relative duality gap ~ le-13 and runs until it reaches the max iteration. These
indeterminate cases appear as ourliers in the numerical tests. Further discussion about the nontrivial duality
gap follows in Section 5.

We use MATLAB version 2025a on (fastlinux in caption): Dell PowerEdge, Two Intel Xeon Gold 6244
8-core 3.6 GHz (Cascade Lake), 192 GB for the tests in Subsection 4.4.1 and Subsection 4.4.3. In Subsec-
tion 4.4.2, we use MATLAB version 2022a on two linux servers: (i) fastlinux: greyling22 Dell R840 4 Intel
Xeon Gold 6254, with 3.10 GHz, 72 core and 384 GB for Table 4.1; and (ii) (biglinux in caption): Dell
PowerEdge R6625, two AMD EPYC 9754 128-core 2.25 GHz, 1.5 TB for Table 4.2.

13
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4.4.1. NP -hardness of WBP. To illustrate the difficulty in solving the original NP -hard problem,
we solve BCQP in (2.8) using the commercial GUROBI solver, though total enumeration could be more
competitive at times. We set n = (2:1:8), k = (2:1:8) for the tests, i.e., each of the k sets has the same
n number of points. And we take the average of three tests for each problem size. For each test, a random
EDMD € Si’“ is generated with embedding dimension d = 2. We can clearly see exponential growth in

Average CVX time vs Number of points in each set
T T T T

Average CVX time vs Number of points in each set "
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Fic. 4.1. GUROBI: size N = kn versus cpu time; illustrating exponential time

time from Figure 4.1. Note that the CVX time is related to the number of feasible points, n*. Hence, even
if we have the same problem size, e.g., (n, k) = (7,8), (8,7), the number of vertices, e.g., n* = 78,87, can be
significantly different. Thus it appears in the figures that we have two values for the same problem size.

In contrast, we see the slow (linear) growth for sSADMM , other than outliers, for the computation time
versus the size N = ). n;, where n; are the varying set sizes chosen randomly in the interval of width 5 about
the given expected value n. See Figure 4.2, page 14. The figure on the right is log-log scale which reduces the
effect of outliers, so we can clearly see the linear relation. (Note that an outlier is generally a result of one
of five instances having a positive duality gap.) This was with d = (3:3:6),k = (10:1:20),n = (20:1:30),
and each set has the same size. We run five problems for each data instance and take the average time.

60 ‘instances ‘increasing‘ sizes N versus time‘ , 102 Instances Increasing Sizes N versus Time (Log-Log Scale)
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F1c. 4.2. SADMM : size N = kn versus cpu time; illustrating linear time

4.4.2. Success of sSADMM approach. The results below detail the efficiency and surprising success
of our algorithm in finding the exact solution of the original NP-hard problem.

In Table 4.1, page 15, we see a comparison between using the sADMM approach and CVX with the
Sedumi solver. We can see the times for the CVXsolver increase dramatically. The relative duality gap from
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CVX is not a provable gap as the lower bound is obtained using the dual optimal value minus the posted
accuracy of the solve from CVX; we do not have accurate primal feasibility or dual feasibility from CVX.
Thus the relative gap is essentially the posted accuracy from CVX. We do find a nearest feasible point to
find the upper bound. In summary, we see that the dramatic difference in time and the improved accuracy
with the guaranteed lower bound that verifies optimality.

dim/sets/size Time (s) rel. duality gap
d k N ADMM CVXsolver | ADMM CVXsolver
2 8 56 0.14 10.47 1.5e-14 1.3e-10
2 8 72 0.28 46.09 2.0e-14 9.1e-10
2 8 88 0.34 75.33 3.3e-15 5.2e-10
2 8 104 0.45 275.38 2.8e-14 6.1e-10
2 9 63 0.26 24.55 2.9e-15 3.2e-10
2 9 81 0.31 75.90 -1.5e-16 3.5e-10
2 9 99 0.30 373.53 1.6e-14 3.8e-10
2 9 117 0.67 809.28 -4.2e-14 5.9e-09
2 10 70 0.22 43.13 3.1e-14 1.2e-10
2 10 90 0.30 250.04 5.9e-16 3.0e-10
2 10 110 0.42 553.62 2.5e-14 4.4e-10
2 10 130 0.62 1555.54 3.4e-15 2.8e-09
3 8 56 0.10 9.55 4.6e-14 1.5e-10
3 8 72 0.38 46.60 2.6e-15 5.8e-10
3 8 88 0.21 77.41 -3.1e-15 6.6e-10
3 8 104 0.38 280.12 1.7e-14 7.6e-10
3 9 63 0.15 19.97 3.4e-15 1.6e-10
3 9 81 0.13 81.98 7.7e-15 3.3e-10
39 99 0.24 360.76 -2.8e-15 4.5e-10
3 9 117 0.62 803.72 4.7e-14 5.2e-09
3 10 70 0.21 39.18 5.2e-15 1.7e-10
3 10 90 0.23 236.75 9.1e-17 1.4e-10
3 10 110 0.29 562.02 3.0e-15 3.5e-10
3 10 130 0.76 1473.45 3.3e-14 4.7e-09
TABLE 4.1

Comparing ADMM with CVX Solver Sedumsi

We include large problems in Table 4.2, page 16. Each set has a constant number of elements n. Other
than outliers, the times are very reasonable.

4.4.3. Hidden embedding dimension. The embedding dimension d is hidden in our model as we
only use the distances between the N points. This is why we do not see d in Figure 4.2. The size of the
DNNmodel is N + 1 irrespective of d. The hardness of the problem is often hiding in the rank of the
optimal solution Y of the DNN relaxation, i.e., if the rank is one, then we have solved the original NP-hard
problem. However, if the rank of the optimal Y is large, then the heuristics for the upper and lower bounds
may not be enough to find an optimal solution for the original NP-hard Problem 2.1. However, the rank of
the objective matrix D that comes from d did not influence this at all. In the various tests that we have
done we did not see any changes in the solution times or the ability to obtain a near zero duality gap for
wide varying values of d.

Figure 4.3 in 16 shows cpu time for our sSADMM method when we fix the problem size N = nk and
vary the embedding dimension d. Random problems are generated with (n,k) € {10,40} x {30,50}, and
de {2,...,30}. The cpu time is dependent only on problem size and not on the embedding dimension.

5. Multiple optimal solutions and duality gaps. We now show that multiple optimal solutions
for the original hard problem can lead to a duality gap between the optimal value of the original NP-hard
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dim/sets/size || Time (s) | rel.duality gap
d k N ADMM ADMM
8 30 1200 104.81 -1.9e-15
8 30 1230 67.08 -3.2¢e-14
8 31 1240 94.90 -1.3e-14
8§ 31 1271 81.93 2.5e-14
8 32 1280 75.29 3.1e-14
8 32 1312 2025.42 1.8e-13
9 30 1200 4586.51 1.2e-13
9 30 1230 63.91 2.6e-14
9 31 1240 93.96 3.3e-14
9 31 1271 71.31 3.2e-14
9 32 1280 92.89 3.6e-14
9 32 1312 86.67 -2.2e-13
TABLE 4.2

Large problems with sADMM on biglinuz server

ADMM Average Time for Different Index Sets ADMM Average Time for Different Index Sets
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—6—N =300 \ ?\ \ ‘/? —6—N=300
&—N =500 R \ &— N = 500
1200 @ N = 1200 \ / \ I\ N = 1200
| —6—N =2000 \ —6— N =2000
\ m
| X \‘ S [\
@ 1000 \‘ % @ %\? \/ \ M/
o © 402 | \ o~ \ [ \
g | o I o g0 f o boo000
= 800 | I I = |
o | | I I\ ) |
2 | | | g
9] | [ I 0
< 600 | [ I 2
z | | I I 2
|
3 /A [ I f g o'r
< 400 - | | \ 5 | I\ <
1/ | | [\ ¢
1 . | [
1 |
200 U‘ @\d) % “\ S !’J \\ ~ K
I8 \ E/" | [\ N | y\ / o
S ! ! I ¢ ) 5
4/“ /f oo d % &6 5)767? 9] b 8 / \) f - J oo @ -
0 5& B0 o 5 = & & ~ 3 10°
0 5 15 20 25 30 0 5 10 20 25 30
Embedding dimension Embeddlng dimension

F1c. 4.3. sSADMM : Embedding dimension d versus cpu time in various sizes

181 problem and the lower bound found from the DNN relaxation.

182 5.1. Criteria for duality gaps. To find duality gaps for SDP relaxations, we want to find optimal
483 points for the relaxation that are not vertices, i.e., they are outside of the polyhedral set formed from the
484  convex hull of the lifted vertices. The key for this is having multiple optimal solutions for the original problem.
485 The following Lemma 5.1 and Corollary 5.2 provides a construction for obtaining a positive gap between the
486  optimal values of a general hard problem with multiple optimal solutions and its DINN relaxation.

487 LEMMA 5.1. Let {xi}?zl c R% be a linearly independent set. Define the lifted vertices and barycenter,
488 respectively,
n 5 1 &

489 X, =xf} St Xi=— ) X,

8 { riri }_, - ;1

190 Then & := Y, x; >0, and

491 XeS’}r+ NnRY, (=int DNN).

192 Proof. That & > 0 follows by contradiction. That Xe R% , now follows. Now note that X; > 0, Vi, and
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so X > 0 as well. Now suppose that 0 = Xv, for some 0 # v € R™. Then

0=0v"Xv= UTZXiU — 0=0vTXv,Vi = (wT2;)?=0,Vi = v =0,
i
by the linear independence assumption; thus contradicting v # 0 and yielding X >0. O
Corollary 5.2. Suppose that the hypotheses of Lemma 5.1 hold. Let the points z;,7 = 1,...,n be given
(multiple) optima for a given hard minimization problem, i.e.,

(P) p*=min{z"Qz : 2€{0,1}"} =2 Qu;,i=1,...,n.
Moreover, suppose that there exists a feasible y that is not optimal for (P),
ye{0,1}",y"Qy > p*.
Then the DNN relaxation has feasible points Y = yyT, Z such that
trYQ > p* > tr ZQ,

i.e., Z yields a duality gap.

Proof. From Lemma 5.1 we have that the barycenter X of the {x;} satisfies X € int DNN . Note that
trYQ = yTQy > p* = tr XQ. Therefore, tr(X —Y)Q < 0, and for € > 0,

tr(X +e(X —Y)Q = p* + etr(X —Y)Q < p*.

Moreover, the line segment [Y, X +eX —Y)] is feasible for the SDP relaxation for small enough € > 0 by
X € int DNN. Therefore, we set Z. = X +¢(X —Y),0 < ¢ << 1 and obtain a duality gap for any such
Z=2. 0

We can extend this theory to problems with general linear constraints Ax = b by using FR. We now
specifically extend it to our BCQP in (2.8). After FR, we need nk + 1 — k linearly independent optimal
points. This can be obtained when we choose k >> n. Recall the matrix K in (3.2) used for facial reduction
and the facially reduced DNN relaxation in (3.8).

Corollary 5.3. We consider the BCQP in (2.8) with optimal value p*, and the DNN relaxation in (3.8).

1 nk+1—k
- nk+1
-G e

be a linearly independent set that are optimal for BCQP and with »}; y; > 0. Define the lifted vertices and
barycenter, respectively,

Let

1 nk+1—k

- — iyt ;  — 1
{}/l y’byl }i,V’L, Y . nk_+ 1 _k_ et }/2

Moreover, suppose that there exists a feasible & for BCQP that is not optimal. Then
Y =VRVT >0,Y >0, R > 0.

And there exists Z = VRzVT, Ry > 0 with optimal value tr DZ < p*, yielding a duality gap.

Proof. First note that incident vectors are feasible for the linear constraints and this guarantees that
we have enough feasible points to guarantee that the barycenter satisfies Y > 0. All lifted feasible points of
the relaxation are in the minimal face and have a corresponding matrix R € S™**1=* for the facial reduction
Y = VRVT. Since R > 0 after the FR, we can apply the same proof as in Corollary 5.2. In addition, note
that the linear constraints, the arrow constraint and gangster constraints, remain satisfied in the line formed
from any two feasible points. a
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5.2. Wheel of wheels examples with a duality gap. We illustrate the above theory with some
specific problems with special structure that have multiple optimal solutions for the original NP -hard
problem. We see that a duality gap can exist between the optimal value of the original NP -hard problem
and the optimal value of the DINN relaxation.

Ezample 5.4 (Wheel of wheels). We next present another input data distribution for which the duality
gap between the optimal value of the BCQP formulation and the Lagrangian dual value is non-trivial. The
issue is again the non-uniqueness of the optimal solutions and the sSADMM algorithm fails to break ties
among them.

The data distributions compose of a wheel of wheels, i.e., a wheel with an odd number of sets each of
which is a wheel. Hence we call it an odd wheel. Given problem size parameters (k, n,d), define

e 0 := 2?”
e a set of k centroids encoded by a matrix C' € R¥*2 such that

C(i,:) = [cos(ibp — 0) sin(iby —Or)] i =1,..., k.

A/cos (0 —1) +sin 62

1
e the set of input points encoded by a matrix P := (C ® ex) + rx(ex ® C) € RF* 2
When £k is odd, there exists more than one optimal solution. A simple example with & = 3 = n follows
in Figure 5.1, page 19. We use the corresponding nine points in the configuration matrix ordered 1 — 9
counter-clockwise in the triangles ordered counter-clockwise.

e the radius of each cluster ry :=

17536 0.0137
0.6195  0.6362
0.6239  —0.6643
0.2590  0.8609
P=| —0.8839 1.5449
—0.8692  0.2201
0.2629  —0.8740
~0.8937  —0.2100
| —0.8721 —1.5275

The distances are ordered by choosing the points in lexicographic order:

(1,1),(1,2),...(3,3).

The unique minimum distance is 11.1607 obtained from the points 2,3,2 and with the primal optimal
r* = (0 10 001 01 O)T. The optimal value from CVX to 9 decimals precision is 10.8246, thus
verifying an empirical duality gap of .3 to 9 decimals precision. The motivation for this counter-example is
to have near optimal solutions. One could shrink triangle two to make point 4 equidistant to points 7,8 and
move point 2 closer to point 3 and thus have a tie optimal solution.” Note that the maximum distance is
56.0227 obtained from points (1, 2, 3).

However, when k is even, only one optimal solution clearly exists and the duality gap becomes trivial.
An example with k = 6 = n follows in Figure 5.2, page 20.

6. Conclusion. In this paper we presented a strategy for solving a class of NP -hard binary qua-
dratic problems, the simple Wasserstein barycenter problem. This involves formulating a DINN relaxation,
applying FR that gives rise to a natural splitting for a symmetric alternating directions method of multi-
pliers sADMM with intermediate update of multipliers and strong upper and lower bounding techniques.
In particular, the structure of both the primal and dual solutions is exploited in the updating steps of
the sADMM. We applied this to the NP -hard computational problem called the simplified Wasserstein
barycenter problem.

"The wheel graph was used successfully to obtain duality gaps for the second lifting of the max-cut problem, see [4].
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Fic. 5.1. Duality gap for wheel of wheels: k=3=n

Surprisingly, for the random problems we generated the gap between bounds was zero to machine
precision and we were able to provably solve the original NP -hard optimization problem, i.e., if there were
another optimal solution, then it would yield the same optimal value to machine precision. This coincided
with rank(Y*) = 1 for the optimal solution found for the DINN relaxation. We observed that the embedding
dimension d is hidden in the DNN relaxation. However, for specially constructed input data that has near
multiple optimal solutions, the algorithm had difficulty breaking ties and resulted in nontrivial gaps between
lower and upper bounds coinciding with rank(Y*) > 1, i.e., the original Wasserstein problem was not solved
to optimality.

As for future research, we want to better understand the theoretical reasons for the positive duality gaps
and find more classes of problems where this occurs. Does the lack of gaps correspond to large volumes
for the normal cones at points on the boundary of the feasible set? In addition, we want to understand
what happens under small perturbations to problems with duality gaps, i.e., if the gaps can be closed with
perturbations.

Finally, we are gathering data about airports in North America by state and province in URL: ourair-
ports.com/continents/NA /. We plan on solving the problem of finding the best hub in each state (or
province) in order to find the location for the best hub for the country.

Acknowledgment The authors would like to thank Jiahui (Jeffrey) Cheng for his contributions to the
work in this paper. This joint research continued from the work jointly started that resulted in Mr Cheng’s
Master’s thesis [8]. The content and codes in this paper have changed. The authors would also like to thank
Walaa M. Moursi for her contributions as a joint supervisor for Jeffrey Cheng and for her work in an early
version of this paper.
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619
620
621
622
623
624
625
626
627

628
629
630
631

632
633

634
635

0-th unit vector, eg, 2 636
A := blkdiag(el ,...,el ) e RN 4 637
D = K(G) = diag(G)e! + e diag(G)T — 2G, 2 638
F(pj17pj2’ cee 7pjk)7 3
= e s 3 639
P, configuration matrix, 3 640
S oT, Hadamard (elementwise) product, 6 641
Sesn, 2 642
V, facial vector, 7 643
[k] = {1,2,...,k}, 2 644
S, centered, 2
S7, hollow, 2 015
Z. , nonnegative integers, 11 016
arrowg, o 047
G.7, gangster constraint mapping, 7 .
. . 648
J, gangster indices, 7
diag(S) € R™, 2 64
diag*(v) = Diag(v) € S", 2 650
J ={0,00}uvJ,7
D scaled, 13 651
ts(+), indicator function, 10
R, 10 652
®, Kronecker product, 4, 6
<, face of, 7 653
eg, O-th unit vector, 2 654
et, vector of ones, 2 N
k-clique problem, 1 (f _)r’
nj,Jj € [k]7 3 ()_)(:
p*, 47 6, 7 657
p: = 2kpyy, 4 658
Pw: 3 659
J, 7
Parrowbox; 11 660
Y, 10
arrow , H 661
DNN, doubly nonnegative, 2, 5 662
EDM, Euclidean distance matrix, 2
FR, facial reduction, 5
WBP, simplified Wasserstein barycenter problem,
1
BCQP, 4
DNN relaxation, 10
centered subspace, S, 2
cheapest-hub problem, 1, 3
configuration matrix, 2
configuration matrix, P, 3
doubly nonnegative, DNN, 2
doubly nonnegative, DNN, 5
embedding dimension, 2
Fuclidean distance matrix, EDM, 2
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face of, <, 7
facial reduction, FR, 1, 5
facial vector, V, 7

gangster constraint, 6

gangster constraint mapping, Gz, 7
gangster index, J, 6

gangster index, J, 6

gangster indices, J, 7

Gram matrix, G = PPT, 2

Hadamard (elementwise) product, S o T, 6
hollow subspace, 7, 2
hub of hubs, 3

indicator function, tg(+), 10

Kronecker product, ®, 4
Kronecker product, ®, 4, 6

nonnegative integers, Z,, 11
optimal mass transportation, 1

simplex, 11
simplified Wasserstein barycenter, WBP, 1, 3

totally unimodular, 4
trace inner product, 2
triangular number, (k) = k(k +1)/2, 2

vector of ones, e, 2
vertices of the feasible set, 4

WIQP, 3

zero-th unit vector, eg, 5
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