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Abstract64

Preconditioning is essential in iterative methods for solving linear systems. It is65

also the implicit objective in updating approximations of Jacobians in optimization66

methods, e.g., in quasi-Newton methods. Motivated by the latter, we study a non-67

classic matrix condition number, the ω-condition number. We do this in the context68

of optimal conditioning for: (i) our application to low rank updating of generalized69

Jacobians; (ii) iterative methods for linear systems: (iia) clustering of eigenvalues and70

(iib) convergence rates.71

For a positive definite matrix, the ω-condition measure is the ratio of the arithmetic72

and geometric means of the eigenvalues. In particular, our applications concentrate73

on linear systems with low rank updates of ill-conditioned positive definite matrices.74

These systems arise in the context of nonsmooth Newton methods using generalized75

Jacobians. We are able to use optimality conditions and derive explicit formulae for ω-76

optimal preconditioners and preconditioned updates. Connections to partial Cholesky77

sparse preconditioners are made.78

Evaluating or estimating the classical condition number κ can be expensive. We79

show that the ω-condition number can be evaluated explicitly following a Cholesky or80

LU factorization. Moreover, the simplicity of ω allows for the derivation of formulae81

for optimal preconditioning in various scenarios, i.e., this avoids the need for expensive82

algorithmic calculations. And, our empirics show that ω estimates the actual condition83

of a linear system significantly better. Moreover, our empirical results show a significant84

decrease in the number of iterations required for a requested accuracy in the residual85

during an iterative method, i.e., these results confirm the efficacy of using the ω-86

condition number compared to the classical condition number.87

1 Introduction88

Preconditioning is essential in iterative and direct solutions of linear systems e.g., [4]. It89

is also the implicit objective in low rank updating of approximate Jacobians in optimiza-90

tion, e.g., in quasi-Newton methods [9]. In this paper we study the ω-condition number, a91

nonclassic matrix condition number that, for a positive definite matrix, is the ratio of the92

arithmetic and geometric means of the eigenvalues. In particular, our original motivation is93

to find ω-optimal low rank updates of the positive definite generalized Jacobian that arises in94

nonsmooth Newton methods e.g., [3]. In addition, we use the optimality conditions to find95

explicit formulae for the ω-optimal diagonal and sparse upper triangular preconditioners.96
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This relates to a sparse incomplete Cholesky factorization. We illustrate both the efficiency97

and effectiveness of using this condition number compared to the classic κ-condition num-98

ber when solving positive definite linear systems. In particular, our empirics show that it99

is more effective in promoting the clustering of eigenvalues. In addition, we show that the100

ω-condition number can be evaluated exactly following a Cholesky or LU factorization; and101

that it is a better indication of the conditioning of a problem when compared to the standard102

κ-condition number.103

In numerical analysis, a condition number of a matrix A is the main tool in the study104

of error propagation in the problem of solving the linear equation Ax “ b. The classical105

condition number of A, denoted κpAq, is defined as the ratio of the largest and smallest106

singular values of A. The linear system Ax “ b is said to be well-conditioned when A has107

a low condition number. In particular, κpAq attempts to measure how much a solution x,108

the output, will change with respect to changes in the right-hand side b, the input: ∆x{x
∆b{b

109

e.g., [31, Sect. 1.3]. In general, iterative algorithms used to solve the system Ax “ b require110

a large number of iterations to achieve a solution with high accuracy if the problem is not111

well-conditioned, i.e., is ill-conditioned. In this paper, we restrict ourselves to A positive112

definite and so κ “ λ1pAq{λnpAq, the ratio of largest and smallest eigenvalues.113

In order to improve the conditioning of a problem, preconditioners are employed for114

obtaining equivalent systems with better condition number. For example, in [7] a precondi-115

tioner that minimizes the classical condition number κ is obtained in the Broyden family of116

rank-two updates. Also, for applications to inexact Newton methods see [1,2], where it is em-117

phasized that the goal is to improve the clustering of eigenvalues around 1. The ω-condition118

number in particular uses all the eigenvalues, rather than just the largest and smallest as119

in the classical κ. A recent survey on preconditioning is given in [27]. We emphasize that120

though many heuristics are given, the main measure of conditioning in [27] is κ.121

The standard measure for improving the conditioning is the κ-condition number. The122

nonstandard condition number ω was proposed in [9]. Interestingly enough, the authors123

show that the inverse-sized BFGS and sized DFP [26] are obtained as optimal quasi-Newton124

updates with respect to this measure. The ω-condition number is defined as the ratio of the125

arithmetic and geometric means of the eigenvalues of a positive definite matrix A:126

ωpAq :“
trpAq{n

detpAq
1
n

“

1

n

n
ÿ

i“1

λipAq

˜

n
ź

i“1

λipAq

¸
1
n

. (1.1)

In addition, we illustrate that the ω-condition number presents advantages with respect to127

the classic condition number κ. Both are pseudoconvex over the open convex cone of positive128

definite matrices, Sn
``; thus a local minimum is a global minimum. But, κ is differentiable129

if, and only if, both largest and smallest eigenvalues are singletons, while ω is differentiable130

on all of Sn
``. This facilitates obtaining explicit formulae for optimal preconditioners and131
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avoids expensive calculations, see e.g., [9] and Section 2.1, below.1 Moreover, it is expensive132

to evaluate the classic condition number [18] as it uses both }A}, }A´1}. For large scale, one133

often uses the ℓ1 approximation in [18]. We show that we can find the exact value of the134

ω-condition number when a Cholesky or LU factorization is done. Finally, we show that the135

ω-condition number provides a significantly better estimate for the true conditioning of a136

linear system.137

1.1 Outline138

Preliminaries are presented in Section 1.2. Then Section 2.1 introduces basic and new prop-139

erties of the ω-condition number. We derive ω-optimal triangular preconditioners that in-140

clude ones that preserve sparsity and connect these to partial Cholesky preconditioners. In141

particular, in Section 2.2 we empirically motivate the use of the ω-condition number as a142

better indicator of the conditioning of the problem compared to the κ-condition number.143

This includes empirical results for better clustering of eigenvalues, Figure 2.1, an important144

indicator of improved convergence. In Section 3, we derive ω-optimal conditioning for low145

rank updates of positive definite matrices. These updates often arise in the construction146

of generalized Jacobians. In Section 4, we use the linear equations that involve positive147

definite matrices as well as the generalized Jacobians for our original motivation. We empir-148

ically illustrate that reducing the ω-condition number improves the performance of iterative149

methods for solving these linear systems. Conclusions are provided in Section 5.150

1.2 Preliminaries and Notation151

We denote: Rn as the real Euclidean space of dimension n; Rmˆn as the space of m ˆ n152

matrices; Sn as the space of n ˆ n symmetric matrices; Sn
` and Sn

`` for the cone of positive153

semidefinite and positive definite n ˆ n symmetric matrices, respectively; and A ľ 0 (resp.,154

ą 0 ) to denote A is in Sn
` (respectively, Sn

``).155

We use Diag : Rn Ñ Rnˆn to denote the linear operator that maps a vector v into the156

diagonal matrix Diagpvq whose diagonal is v. Its adjoint operator is denoted by diag “ Diag˚.157

For integers t ě s, we let rs, ts “ ts, s` 1, . . . , tu. For a positive integer k, let rks “ r1, ks158

and denote tpkq “ kpk ` 1q{2, triangular number .159

For a differentiable function f : Rn Ñ R, we use ∇f for the gradient. If the dimension160

n “ 1, we just write f 1 for the derivative of f . Given a nonempty open set Ω Ď Rn, a161

function f : Ω Ñ R is said to be pseudoconvex on Ω if it is differentiable and162

∇fpxq
T

py ´ xq ě 0 ùñ fpyq ě fpxq, @x, y P Ω.

This implies that for an open convex set Ω and a pseudoconvex function f : Ω Ñ R, we have:163

1Since the original version of this paper was submitted, the recent report [12] (and many references therein)
discusses numerical scalable algorithms for κ-optimal diagonal preconditioning. We have added relationships
to this paper in this revised version. In particular, we present an alternative algorithm as well as illustrate
that using the ω-optimal formula has relatively no cost in evaluation, and is a better preconditioner.
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∇fpxq “ 0 is a necessary and sufficient condition for x to be a global minimizer of f in Ω,164

see, e.g., [24].165

2 Properties and Numerical Evaluation of ω166

We now introduce basic and new properties of the ω-condition number, and we study its167

efficient numerical evaluation. In addition, we empirically compare its effectiveness with168

the κ-condition number for preconditioning, clustering of eigenvalues, and in estimating the169

actual conditioning of positive definite linear systems.170

We derive and test empirically the following explicitly found optimal ω-preconditioners171

(scalings):172

(i) optimal diagonal (2.1);173

(ii) optimal block diagonal (2.2);174

(iii) lower triangular two diagonal scaling (2.16);175

(iv) upper triangular D`k diagonal (2.19);176

(v) incomplete upper triangular (2.5).177

2.1 Basic Properties and ω-Optimal Preconditioning178

For iterative solutions of linear systems a preconditioner S is often essential, i.e., we solve179

pASqy “ b, x “ Sy, see e.g., [4, 14]. Moreover, it is known that the simple scaling diagonal180

preconditioner using the norms of the columns of A is the optimal diagonal preconditioner181

with respect to the ω-condition number and is efficient in practice, see [9, 28]. Various182

preconditioners based on (partial) factorizations of A, are compared in [14]. One is the183

QR-factorization. We note that scaling columns is an essential part of a QR-factorization.184

We see below that our ω-optimal preconditioners are related to a modified QR-factorization185

(Cholesky for positive definite systems). Moreover, convergence rates of iterative methods186

are correlated to clustering of eigenvalues of ATA, see e.g., [15]. We see below that the187

ω-optimal preconditioners promote this property better than those for κ.188

The optimal diagonal preconditioner is extended to the block diagonal case in [10]. We189

now summarize these and other basic properties of the ω-condition number in the follow-190

ing Proposition 2.1. We include a proof of Proposition 2.1, Item 2, that is different than191

that provided in [9] so as to emphasize the extension to new formulae for ω-optimal precon-192

ditioners in Sections 2.1.1 to 2.1.3.193

Proposition 2.1 ( [9, 10]). The following statements are true.194

1 The measure ω is pseudoconvex on the set of symmetric positive definite matrices, and195

thus any stationary point is a global minimizer of ω.196

2 Let A be a full rank m ˆ n matrix, n ď m. Then the optimal column scaling that197

minimizes the measure ω, i.e.,198

min ωppADiagpdqq
T

pADiagpdqqq, (2.1)
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over d P Rn
``, is given by199

di “
1

}A:,i}
, i “ 1, ..., n,

where A:,i is the i-th column of A.200

3 Let A be a full rank mˆn matrix, n ď m with block structure A “
“

A1 A2 . . . Ak

‰

,201

Ai P Rmˆni. Then an optimal corresponding block diagonal scaling202

D “

»

—

—

–

D1 0 0 . . . 0
0 D2 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . Dk

fi

ffi

ffi

fl

, Di P Rniˆni ,

that minimizes the measure ω, i.e.,203

min ωppADq
T

pADqq, (2.2)

over D block diagonal, is given by the factorization204

DiD
T
i “ tAT

i Aiu
´1, i “ 1, ..., k.

Proof. The results are proved in [9,10]. We provide a new proof of Item 2 as it leads to the205

extensions in Theorem 2.5 below. Let d :“ diagpDq,W :“ ATA,w “ diagpW q and note that206

ωpdq :“ ωppADiagpdqqT pADiagpdqqq “ 1

ndetpATAq
1{n

xw,d˝dy

detpDq
2{n

“: K
řn

i“1 wid
2
i

śn
i“1 d

2{n
i

“: K fwpdq

gpdq
,

thus defining the constant K ą 0 and functions fw, g : Rn
`` Ñ R``. The reason for including207

this proof is to emphasize that A only appears in the numerator fw of the function to be208

minimized as the denominator involves only d.209

We now differentiate this pseudoconvex function with respect to di :210

Bωpdq

Bdi
“ K

gpdq2

´

gpdq2widi ´ fwpdq 2
n
gpdq 1

di

¯

“ 2K
gpdq

´

widi ´ 1
n
fwpdq 1

di

¯

“ 2K
gpdq

´

1
di

´ 1
n
fwpdq 1

di

¯

“ 0,

since wi “ }A:,i}
2 “ 1{d2i ùñ fwpdq “ n.211

212

213
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We now include the gradients of the condition numbers for use in the definitions below.214

For simplicity and to avoid subgradients of κ, we assume that the largest and smallest215

eigenvalues are singletons.216

Lemma 2.2. Let A P Sn
`` with eigenvalues λ1 ą λ2 ě . . . ě λn´1 ą λn, with corresponding217

orthonormal eigenvectors v1, . . . , vn. Then:218

1
∇ωpAq “ 1

ndetpAq
1{n

`

I ´ trA
n
A´1

˘

is indefinite,

}∇ωpAq} “ 1

ndetpAq
1{n max

!

1 ´ trA
nλ1

, trA
nλn

´ 1
)

.

2

∇κpAq “
1

λn

`

v1v
T
1 ´ κpAqvnv

T
n

˘

, is indefinite, }∇κpAq} “ max

"

1

λn

,
κpAq

λn

*

.

Proof. 1 The gradient is219

∇ωpAq “ 1

n detpAq
2{n

´

detpAq
1{n

n
I ´ trA

n
1
n
detA

1
n

´1 adjA
¯

ą 0;

“ 1

n detpAq
2{n

´

detpAq
1{nI ´ trA

n
detA

1
n

´1 adjA
¯

ą 0;

“ 1

n detpAq
1{n

`

I ´ trA
n
A´1

˘

,

where adjA is the adjunct, the matrix of cofactors. The last expression follows from220

A´1 “ 1
detpAq

adjA. The positive definiteness and norm follow from:221

λmaxpI ´ trA
n
A´1q “ max}x}“1 x

T pI ´ trA
n
A´1qx

“ 1 ´ trA
n

min}x}“1 x
TA´1x

“ 1 ´ trA
nλ1

, with attainment at x “ v1,

ą 0;

222

λminpI ´ trA
n
A´1q “ min}x}“1 x

T pI ´ trA
n
A´1qx

“ 1 ` trA
n

min}x}“1p´xTA´1xq

“ 1 ´ trA
n

max}x}“1 x
TA´1x

“ 1 ´ trA
nλn

, with attainement at x “ vn,

ă 0;

2 Since the eigenvalues are singletons, they are differentiable with gradients v1v
T
1 , vnv

T
n ,223

respectively. The result follows from the definitions of the gradient of the fractional224

function κ and the norm.225

226

227
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2.1.1 ω-Optimal Incomplete Upper Triangular Predonditioner228

Approximations of the inverse of the Cholesky decomposition are widely used as precondi-229

tioners for linear systems. It is easy to check that the inverse of the Cholesky coincides with230

the minimization of the ω-condition number. Indeed, let W “ RTR be the Cholesky decom-231

position of W . Then ωpR´TWR´1q “ ωpIq “ 1. However, it is well-known that sparsity232

can be lost when finding R. Therefore, permutations techniques are used when finding an233

incomplete Cholesky decomposition, e.g., [14].234

In this section we aim to obtain an ω-optimal incomplete upper triangular precondi-235

tioner. (We start with a triangular structure but this technique can be modified to choose236

positions so as to preserve sparsity.) Specifically, given an integer 2 ď k ď n, let α “237

pα1,2, α1,3, α2,3, . . . , α1,k, . . . , αk´1,kq P Rtpk´1q and d P Rn. We consider a preconditioner in238

the form of239

D`tkpd, αq “ Diagpdq ` Trirk pαq

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

d1 α1,2 α1,3 . . . α1,k 0 . . . 0
0 d2 α2,3 . . . α2,k 0 . . . 0

0 0 d3
. . . α3,k 0 . . . 0

0 . . . . . .
. . . αk´1,k 0 . . . 0

... . . . . . . . . . dk 0 . . . 0
0 . . . . . . . . . 0 dk`1 . . . 0

0 . . . . . . . . . . . . 0
. . . 0

0 . . . . . . . . . . . . 0 . . . dn

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,
(2.3)

where the linear mapping Trirk : Rtpk´1q Ñ Rnˆn is defined accordingly. Its adjoint operator240

is Trirk
˚

“ trirk : Rnˆn Ñ Rtpk´1q, M ÞÑ pM1,2,M1,3,M2,3, . . . ,M1,k, . . . ,Mk´1,kq.241

Observe that if k “ n then D`tkpd, αq returns a complete upper triangular. In that242

case it trivially follows that the ω-optimal preconditioner will be given by the Cholesky243

decomposition. In any case, even when k ă n, the ω-optimal incomplete upper triangular244

preconditioner will be related to the Cholesky factorization. Therefore, we recall the following245

recursive formula for computing the latter.246

Remark 2.3 (Recursive formula for the Cholesky decomposition). Let W P Sk be a positive247

definite matrix and let W “ RRT be the Cholesky decomposition of W . We recall that the248

upper triangular Cholesky factor R admits the following recursive construction:249

Rj,j “

g

f

f

eWj,j ´

j´1
ÿ

t“1

R2
t,j,

Ri,j “
1

Ri,i

˜

Wi,j ´

i´1
ÿ

t“1

Rt,j Rt,i

¸

, for j ą i.

(2.4)
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Theorem 2.4. Let W P Sn
``. The ω-optimal incomplete upper triangular preconditioner in250

the form of (2.3) for W , i.e.,251

pd̄, ᾱq :“ argmin
pd,αqPRn

``ˆRtpk´1q

ω
`

D`tkpd, αq
TW D`tkpd, αq

˘

, (2.5)

is given by252

d̄j “ R´1
j,j , for j “ 1, . . . , k;

d̄j “ W
´1{2
j,j , for j “ k ` 1, . . . , n;

ᾱi,j “ ´
1

Ri,i

˜

j´1
ÿ

s“i`1

Ri,sᾱs,j ` Ri,j d̄j

¸

, for k ě j ą i ě 1,

(2.6)

where R P Rkˆk stands for the Cholesky decomposition of W1:k,1:k “ RTR.253

Proof. We divide the proof into three claims.254

Claim 1: The ω-optimal D`tk preconditioner is obtained by pd̄, ᾱq solving the nonlinear255

system256
„

diagW
`

Diagpd̄q ` Trirkpᾱq
˘

trirkW
`

Diagpd̄q ` Trirkpᾱq
˘

ȷ

“

ˆ

d̄´1

0

˙

, (2.7)

where d̄´1 “ pd̄´1
1 , . . . , d̄´1

n qT .257

In order to prove this, and to ease the notation, fix W and consider the ω-condition258

number, f and g as functions of a pair pd, αq P Rn
`` ˆ Rtpk´1q. Namely, we set259

ω`tkpd, αq “
f`tkpd, αq

g`tkpd, αq
:“

tr
`

D`tkpd, αqTW D`tkpd, αq
˘

{n

det pD`tkpd, αqTW D`tkpd, αqq
1{n

.

Alternatively, we can rewrite f`tk as260

f`tkpd, αq “
1

n
tr

`

D`tkpd, αq
TW D`tkpd, αq

˘

“
1

n

B

D`tk
˚ W D`tkpd, αq,

ˆ

d
α

˙F

.
(2.8)

Hence,261

∇f`tkpd, αq “
2

n
D`tk

˚ W D`tkpd, αq

“
2

n

„

diagW pDiagpdq ` Trirkpαqq

trirkW pDiagpdq ` Trirkpαqq

ȷ

.
(2.9)

On the other hand, we have that262

g`tkpd, αq “ detpW q

˜

n
ź

i“1

di

¸
2
n

and ∇g`tkpd, αq “
2

n
g`tkpd, αq

ˆ

d´1

0

˙

,
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where d´1 “ pd´1
1 , . . . , d´1

n qT P Rn
``.263

Therefore, the optimality condition for the pseudoconvex function ω`t is given by264

∇ω`tkpd, αq “ K

ˆ

D`tk
˚ W D`tkpd, αq ´ f`tkpd, αq

ˆ

d´1

0

˙˙

“ 0, (2.10)

with K :“ 2{pn g`tkpd, αqq ą 0. Finally, observe that it suffices to obtain pd̄, ᾱq P Rn
`` ˆ265

Rtpk´1q such that266

D`tk
˚ W D`tkpd̄, ᾱq ´

ˆ

d̄´1

0

˙

“ 0,

as by (2.8) this immediately implies267

f`tkpd̄, ᾱq “
1

n

Bˆ

d̄´1

0

˙

,

ˆ

d̄
ᾱ

˙F

“ 1,

which in turn would yield (2.10). Thus, (2.10) together with (2.9) concludes this part of the268

proof.269

Claim 2: A solution pd̄, ᾱq to (2.7) is given by d̄i “ W
´1{2
i,i , for i “ k`1, . . . , n, and with270

Q :“ Diagpd̄1:kq ` Triupᾱq (2.11)

being the inverse of the Cholesky decomposition of the matrix W1:k,1:k.271

We start by fixing notation. Let xW :“ W1:k,1:k and ĂW :“ Wk`1:n,k`1:n. Recall the defini-272

tion of the operator Triu which applied to a vector α “ pα1,2, α1,3, α2,3, . . . , α1,k, . . . , αk´1,kq P273

Rtpk´1q returns the upper triangular matrix Triupαq “ T P Rkˆk such that Ti,j “ αi,j if274

1 ď i ă j ď n, and Ti,j “ 0 otherwise. The adjoint of Triu is denoted as triu. Then the275

system (2.7) can be split into the two equations276

diagW
`

Diagpd̄q ` Trirkpᾱq
˘

“

«

diag xW
`

Diagpd̄1:kq ` Triupᾱq
˘

diag ĂW Diagpd̄k`1:nq

ff

“ d̄´1 (2.12)

and277

trirkW
`

Diagpd̄q ` Trirkpᾱq
˘

“ triu xW
`

Diagpd̄1:kq ` Triupᾱq
˘

“ 0. (2.13)

Observe that the variables d̄k`1, . . . , d̄n only appear in the lower block of (2.12), that can be278

directly solved to obtain d̄i “ W
´1{2
i,i for all i “ k ` 1, . . . , n.279

On the other hand, the variables d̄1, . . . , d̄k and ᾱ are present in (2.13) and the upper280

block of (2.12). Nonetheless, by taking into account that if n “ k then Triu “ Trirk, it281

is easy to check that these equations define the ω-optimal triangular preconditioner of the282

matrix xW P Sk
``. Therefore we conclude that Q coincides with the inverse of the Cholesky283

factorization of xW .284

Claim 3: Let Q :“ Diagpd̄1:kq ` Triupᾱq be the inverse of the Cholesky decomposition285

of xW . Then pd̄1:k, ᾱq is given as in (2.6).286

11



Let xW “ RTR be the Cholesky decomposition of xW , where287

R “

¨

˚

˚

˚

˝

R1,1 R1,2 R1,3 . . . R1,k

0 R2,2 R2,3 . . . R2,k
... . . . . . . . . .

...
0 . . . . . . 0 Rk,k

˛

‹

‹

‹

‚

,

and the entries are given as in (2.4). Let Q “ R´1 be the matrix defined in (2.11). We now288

use the equation RQ “ Id to obtain an expression of Q in terms of R. We have:289

Id “

¨

˚

˚

˚

˚

˚

˚

˝

R1,1 R1,2 R1,3 . . . R1,k

0 R2,2 R2,3 . . . R2,k

... . . .
. . . . . .

...
... . . . . . . Rk´1,k´1 Rk´1,k

0 . . . . . . 0 Rk,k

˛

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˝

d̄1 ᾱ1,2 ᾱ1,3 . . . ᾱ1,k´1 ᾱ1,k

0 d̄2 ᾱ2,3 . . . . . . ᾱ2,k

... . . . . . . . . . . . .
...

... . . . . . . . . . d̄k´1 ᾱk´1,k

0 . . . . . . . . . 0 d̄k

˛

‹

‹

‹

‹

‹

‹

‚

.

For each column j P t1, . . . , ku of Q, this leads to the following linear system of j equations:

1 “ Rj,j d̄j, (2.14a)

0 “ Rj´1,j´1 ᾱj´1,j ` Rj´1,j d̄j, (2.14b)

...

0 “ Rj´ℓ`1,j´ℓ`1 ᾱj´ℓ`1,j `

j´1
ÿ

s“j´ℓ`2

Rj´ℓ`1,s ᾱs,j ` Rj´ℓ`1,j d̄j, (2.14c)

...

0 “ R1,1 ᾱ1,j `

j´1
ÿ

s“2

R1,s ᾱs,j ` R1,j d̄j. (2.14d)

Equation (2.14a) readily implies that d̄j “ R´1
j,j for all j P t1, . . . , ku. Moreover, for290

any ℓ P t2, . . . , ju, we can solve (2.14c) for getting an expression for ᾱj´ℓ`1,j in terms of291

d̄j, ᾱj´1,j, . . . , ᾱj´ℓ`2,j. This yields292

ᾱj´ℓ`1,j “ ´
1

Rj´ℓ`1,j´ℓ`1

˜

j´1
ÿ

s“j´ℓ`2

Rj´ℓ`1,s ᾱs,j ` Rj´ℓ`1,j d̄j

¸

, (2.15)

which concludes Claim 3 and the proof.293

294

295

We conclude this section with a simple Matlab’s code for an efficient computation of296

the ω-optimal incomplete upper triangular preconditioner.297
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%%% Function for computing the $\omega$-optimal incomplete298

upper triangular preconditioner299

%300

% Input:301

% - W <- pos. def. matrix302

% - k <- size of the triangular block303

%304

% Output:305

% - D <- optimal preconditioner minimizing omega(D'*W*D)306

307

function D = i_upper_tri_preconditioner(W,k)308

309

n = length(W);310

311

tempW = W(1:k,1:k);312

R = chol(tempW);313

314

tempW = W(k+1:n,k+1:n);315

tempD = diag(diag(tempW).^( -1/2));316

317

D = blkdiag(inv(R),tempD);318

319

end320

In the following sections we derive expressions for ω-optimal preconditioner matrices in321

different forms. The first one of them is a lower triangular two diagonal preconditioner. The322

second is a diagonal ` upper triangular preconditioner. The proofs of both results proceed323

similarly to Claim 1 in Theorem 2.4. Therefore, we will not reproduce the complete proofs324

and limit ourselves to highlight the main steps.325

2.1.2 Lower Triangular, Two Diagonal Preconditioning326

In this section, we extend the ω-optimal diagonal scaling to an ω-optimal lower triangular327

two diagonal scaling . We define Diags2 and diags2 “ Diags2
˚ in obvious ways to construct328

the lower triangular two diagonal matrix from a vector and its adjoint. Specifically, for a329

13



matrix L “ pLijq
n
i,j“1 P Rnˆn, we get that330

diags2pLq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

L1,1

L2,2

. . .
Ln,n

L2,1

L3,2

L4,3

. . .
Ln,n´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“:

ˆ

l̄

l̂

˙

P Rn`pn´1q,

while, given vectors d̄ “ pd̄1, . . . , d̄nqT P Rn and d̂ “ pd̂1, . . . , d̂n´1q P Rn´1, we have331

Diags2pd̄, d̂q “

»

—

—

—

—

—

—

—

—

–

d̄1 0 . . . . . . . . . 0

d̂1 d̄2 0 . . . . . . 0

0 d̂2 d̄3
...

... 0
... . . .

. . . . . .
...

...

0 . . . . . . d̂n´1 d̄n´1 0

0 0 . . . 0 d̂n´1 d̄n

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Note that Diags2 : R2n´1 Ñ Rnˆn and xDiags2pd̄, d̂q, Ly “

Bˆ

d̄

d̂

˙

, diags2pLq

F

, for any332

squared matrix L P Rnˆn.333

Theorem 2.5. Let W P Sn
`` and set334

d̄˚
i “

$

&

%

´

Wi,i ´
W 2

i,i`1

Wi`1,i`1

¯´1{2

“

´

Wi,iWi`1,i`1´W 2
i,i`1

Wi`1,i`1

¯´1{2

, if i “ 1, . . . , n ´ 1;

W
´1{2
n,n , if i “ n

and335

d̂˚
i “ ´

Wi,i`1

Wi`1,i`1

d̄˚
i , i “ 1, . . . , n ´ 1.

Then the ω-optimal lower triangular two diagonal scaling of W is given by336

pd̄˚, d̂˚
q “ argmin

pd̄,d̂qPRn
``ˆRn´1

ωpd̄, d̂q, (2.16)

where ωpd̄, d̂q :“ ω
´

Diags2pd̄, d̂qTW Diags2pd̄, d̂q

¯

.337

Proof. First we note, since the 2ˆ2 principal minors forW ą 0 are all positive, the definitions338

of the optimal d˚ are well defined. Let d̄ P Rn
`` and d̂ P Rn´1. Define the ω-condition number,339

f and g as functions of a pair pd̄, d̂q P Rn
`` ˆ Rn´1. This is340

ωpd̄, d̂q “
fpd̄, d̂q

gpd, d̂q
:“

tr
`

Diags2pd̄, d̂qTW Diags2pd̄, d̂q
˘

{n

detpW q
1{n śn

i“1pd̄iq
2{n

.
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Differentiating the pseudoconvex ω and equating to 0, we get the optimality condition341

pdiags2W Diags2q pd̄, d̂q “

ˆ

d̄´1

0n´1

˙

(2.17)

Solving (2.17) for pd̄, d̂q, results in342

d̄i “

$

&

%

´

Wi,i ´
W 2

i,i`1

Wi`1,i`1

¯´1{2

“

´

Wi,iWi`1,i`1´W 2
i,i`1

Wi`1,i`1

¯´1{2

, if i “ 1, . . . , n ´ 1;

W
´1{2
n,n , if i “ n;

and343

d̂i “ ´
Wi,i`1

Wi`1,i`1

d̄i, i “ 1, . . . , n ´ 1.

344

345

2.1.3 Upper Triangular D`k Diagonal Preconditioning; QR-Decomposition346

We note that the ω-optimal lower triangular two diagonal preconditioner in Theorem 2.5347

is sparse but its inverse though still lower triangular is not necessarily as sparse, i.e., the348

two diagonal structure can be lost completely, sparsity can be lost. We now consider the349

diagonal with upper triangular elements that maintain the same structure in the inverse,350

i.e., maintain sparsity for the inverse. Recall that the triangular number tpkq “ kpk ` 1q{2351

and define the transformation D`k : Rn`tpkq Ñ Rnˆn:352

D`kpd, αq “ Diagpdq `

„

“

0nˆń k

‰

|

„“

Triupαq
‰

“

0ń kˆk

‰

ȷȷ

“ Diagpdq ` Triukpαq “
“

Diag Triuk

‰

ˆ

d
α

˙

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

d1 0 . . . 0 . . . α1,ń k`1 α1,ń k`2 . . . α1,n

0 d2 . . . 0 . . . 0 α2,ń k`2 . . . α2,n
...

...
. . .

... . . .
...

...
. . .

...
0 0 . . . dk . . . 0 0 0 αk,n
...

...
...

...
. . .

...
...

...
...

0 0 . . . 0 . . . dń k`1 0 0 0
0 0 . . . 0 . . . 0 dń k`2 0 0
...

...
...

... . . .
...

...
. . .

...
0 0 . . . 0 . . . 0 0 0 dn

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(2.18)

where d P Rn and α :“ pα1,ń k`1, α1,ń k`2, α2,ń k`2, . . . , α1,n, . . . , αk,nqT P Rtpkq. Then the353

optimal upper triangular D`kpd, αq diagonal preconditioner is given by solving the following354
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optimization problem:355

pd̄, ᾱq :“ argmin
pd,αqPRn

``ˆRtpkq

ω
`

D`kpd, αq
TWD`kpd, αq

˘

. (2.19)

Theorem 2.6. Let W P Sn
`` be given and let pd̄, ᾱq P Rn`tpkq such that356

d̄i “ W
´1{2
i,i , @i “ 1, . . . , n ´ k (2.20)

and the following hold for each i “ n ´ k ` 1, . . . , n:357

Wi,id̄i `
ři´n`k

ℓ“1 ᾱℓ,iWℓ,i “ 1{d̄i,

Wi,j d̄i `
ři´n`k

ℓ“1 ᾱℓ,iWℓ,j “ 0, j “ 1, . . . , i ´ n ` k.
(2.21)

Then, pd̄, ᾱq is the optimal solution of (2.19).358

Proof. The proof follows simlarly to the finding of the optimal preconditioners in the sections359

above. We include it in Appendix B, below.360

361

362

The following Example 2.7 and Example 2.8 solve (2.21) for k “ 1 and k “ 2.363

Example 2.7 (k “ 1). Let W P Sn
`` be given. Set364

d̄i “

$

&

%

W
´1{2
i,i , if i “ 1, . . . , n ´ 1

´

W1,1Wn,n´W 2
1,n

W1,1

¯´1{2

, if i “ n.

and365

ᾱ “ ´
W1n

W11

d̄n.

Then the optimal D`1-diagonal upper triangular scaling is given by

pd̄, ᾱq “ argmin
dPRn

``,αPR
ω

`

D`1pd, αq
TWD`1pd, αq

˘

.

Example 2.8 (k “ 2). Let W P Sn
`` be given. Set366

d̄i “

$

’

’

’

&

’

’

’

%

W
´1{2
i,i , if i “ 1, . . . , n ´ 2

´

W1,1Wn´1,n´1´W 2
1,n´1

W1,1

¯´1{2

, if i “ n ´ 1
´

Wn,n `
W 2

1,nW2,2´2W1,nW2,nW1,2`W 2
2,nW1,1

W 2
1,2´W1,1W2,2

¯´1{2

, if i “ n.
367

ᾱ1,n “

´

W1,nW2,2´W1,2W2,n

W 2
1,2´W1,1W2,2

¯

d̄n,

ᾱ1,n´1 “ ´
W1,n´1

W1,1
d̄n´1,

ᾱ2,n “

´

W1,1W2,n´W1,2W1,n

W 2
1,2´W1,1W2,2

¯

d̄n.

Then the optimal D`2-diagonal upper triangular scaling is given by

pd̄, ᾱq “ argmin
dPRn

``,αPR3

ω
`

D`2pd, αq
TWD`2pd, αq

˘

.
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2.2 The ω Condition Number in Iterative Methods and Error368

Analysis369

Consider the linear system Ax “ b with A P Sn
`` and b P Rn given.370

2.2.1 Iterative Methods371

As stated above, preconditioning is essential for iterative methods for solving linear systems.372

And, many of the convergence analysis results depend on clustering of eigenvalues. A typical373

comparison for the eigenvalues of A ą 0 after preconditioning with the optimal κ, ω diagonal374

preconditioners is given in Figure 2.1 (The corresponding Matlab code is available online375

in https://github.com/DavidTBelen/omega-condition-number). We clearly see the improved376

clustering of eigenvalues. The effect on iterations for solving the system is given in Section 4,377

below.

0 20 40 60 80 100 120 140 160
10-4

10-3

10-2

10-1

100

101

102

103
sorted eigenvalues for: W, omega opt; kappa opt scaled W

eigs W
eigs d omegaopt
eigs d kappaopt

Figure 2.1: Comparison for clustering of eigenvalues pre-post preconditioning

378

2.2.2 Error Analysis379

We are intereseted in understanding how small changes in the data affect the solution of the380

system x “ A´1b. Let x ` ∆x be a solution of the perturbed system381

Apx ` ∆xq “ b ` ∆b, (2.22)
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where ∆x,∆b P Rn. The condition number aims to be a measure on how strongly a relative382

error in the data affects the relative error in the solution [31]. Therefore, it can be estimated383

as the ratio384

cond :«
}∆x}}b}

}x}}∆b}
(rel. error output/rel. error input). (2.23)

Note that the above ratio depends on the choice of the perturbation ∆b. In practice, κpAq :“385

λmaxpAq{λminpAq is taken as an estimator of the condition number cond as the inequality386

}∆x}

}x}
ď κpAq

}∆b}

}b}
,

holds for all ∆b P Rn, see, e.g., [18] or [32, Chapter 7] for further details.387

Remark 2.9. Moreover, if we consider b as the input to a function G with output x, then a388

Taylor type argument gives to first order condition number as in (2.23)389

condpGq “
}b}

}Gpbq}

}∆G}

}∆b}
– }∇Gpbq}

}b}

}Gpbq}
, (2.24)

a first order approximation for the condition number of G. Therefore, if G is one of κ, ω, we390

get the condition number of the condition number, see e.g., [19] and the related result that for391

κ, the condition number of the condition number is the condition number, see Lemma 2.2.392

We have observed empirically that the condition number of ω is significantly smaller than393

the condition number of κ.394

If κpAq is large we say that the system is ill-conditioned, and well-conditioned otherwise.2395

We proceed to measure the difference in the condition numbers:396

1 we use 200 instances i “ 1, . . . 200 consisting of random positive definite matrices tAiu397

of size 200 ˆ 200 with eigenvalues randomly uniformly distributed in p0, 1q;398

2 for each i:399

(a) we choose xi sampled from the standard normal distribution and set bi “ Aixi;400

(b) we generate random perturbed linear systems j “ 1, . . . , 1000 of the form of (2.22),401

where ∆b is random with norm 10´6 and we denote ∆x “ A´1
i ∆b;402

(c) we compute the relative residual ratio of the perturbed system in (2.23) for all j403

and consider the mean of the 1000 ratios as an estimation of the condition number404

of the system i, denoted as condpAiq.405

3 We then check the resulting correlation between the vectors pκpAiqq200i“1, pωpAiqq200i“1 and406

pcondpAiqq200i“1, repectively, by comparing the corresponding linear regression models.407

Figure 2.2, page 19, reveals a significant linear correlation between cond and ω, with408

a correlation coefficient of 0.9062; whereas in contrast, cond and κ are not linearly409

correlated as the correlation coefficient is 0.4530.410

2κpAq is also used to measure error that arises from perturbations in A: }∆x}

}x`∆x}
ď κpAq

}∆A}

}A}
. The results

are essentially equivalent.
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The same experiment was conducted for the case where the eigenvalues of the matrices411

tAiu
200
i“1 are generated from the normal standard distribution. The results are displayed in412

Figure 2.3, page 19. In this case, we cannot conclude the existence of a linear relation413

between κ and cond nor between ω and cond. However ω still provides a better estimate for414

cond as the correlation coefficients are: 0.4847 with ω and 0.0295 with κ.415
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(cond(A
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Regression line
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Figure 2.2: Linear regression models between cond and κ, and cond and ω for matrices with
uniformly distributed eigenvalues.
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Figure 2.3: Linear regression models between cond and κ, and cond and ω for matrices with
normally distributed eigenvalues.
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2.3 Efficiency and Accuracy of Evaluation of ωpAq417

Since eigenvalue decompositions can be expensive, one issue with κpAq is how to estimate418

it efficiently when the size of matrix A is large. A survey of estimates and, in particular,419

estimates using the ℓ1-norm, is given in [18, 20]. Extensions to sparse matrices and block-420

oriented generalizations are given in [17,21]. Results from these papers form the basis of the421

condest command in Matlab. More recently [12] deals with scalable methods for finding422

the κ-optimal diagonal preconditioner. This illustrates the difficulty in accurately estimating423

κpAq.424

On the other hand, the measure ωpAq can be calculated using the trace and determinant425

function which do not require eigenvalue decompositions.3 However, for large n, the deter-426

minant is also numerically difficult to compute as it could easily result in an overflow `8427

or 0 due to the limits of finite precision arithmetic, e.g., if the order of A is n “ 50 and428

the eigenvalues λi “ .5, @i, then the determinant .5n is zero to machine precision. A similar429

problem arises for e.g., λi “ 2, @i with overflow. In order to overcome this problem, we take430

the n-th root first and then the product, i.e., we define the value obtained from the spectral431

factorization as432

ωeigpAq “

řn
i“1 λipAq{n

śn
i“1pλipAq1{nq

.

We now let A “ RTR “ LUP denote the Cholesky and LU factorizations, respectively, with433

appropriate permutation matrix P . We assume that L is unit lower triangular. Therefore,434

detpAq
1{n

“ det
`

RTR
˘1{n

“ detpRq
2{n

“

n
ź

i“1

´

R
2{n
ii

¯

. (2.25)

Similarly,435

detpAq
1{n

“ detpLUP q
1{n

“

n
ź

i“1

´

|Uii|
1{n

¯

. (2.26)

Therefore, we find ωpAq with numerator trpAq{n and denominator given in (2.25) and (2.26),436

respectively:437

ωRpAq “
trpAq{n

śn
i“1

´

R
2{n
ii

¯ , ωLUpAq “
trpAq{n

śn
i“1

´

|Uii|
1{n

¯ .

Tables 2.1 and 2.2 provide comparisons on the time and precision from the three dif-438

ferent factorization methods. Each column presents different order of κ-condition number,439

while each row corresponds to different decompositions with different size n of the prob-440

lem. We form the random matrix using A “ QDQT for random orthogonal Q and positive441

definite diagonal D. We then symmetrize A Ð pA ` AT q{2 to avoid roundoff error in the442

multiplications. Therefore, we consider the evaluation using D as the exact value of ωpAq,443

3Since the first version of this paper we have been made aware of the new CVXMatlab function det rootn

that calculates detpAq
1{n

, the denominator of ω, using the Cholesky decomposition.
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i.e.,444

ωpAq “

řn
i“1 pDiiq {n

śn
i“1

´

D
1{n
ii

¯ .

Table 2.2 shows the absolute value of the difference between the exact ω-condition number445

and the ω-condition numbers obtained by making use of each factorization, namely, ωeig, ωR446

and ωLU . Surprisingly, we see that both the Cholesky and LU decompositions give better447

results than the eigenvalue decomposition.448

n Fact. order κ 1e2 order κ 1e3 order κ 1e4 order κ 1e5 order κ 1e6 order κ 1e7 order κ 1e8 order κ 1e9

500
eig 5.5267e-02 5.7766e-02 5.2747e-02 5.9256e-02 6.0856e-02 6.2197e-02 5.5592e-02 5.7626e-02
R 1.1218e-02 8.0907e-03 7.5172e-03 8.4705e-03 9.2774e-03 8.5553e-03 8.1462e-03 7.9027e-03
LU 2.2893e-02 1.8159e-02 1.8910e-02 2.0902e-02 2.0057e-02 2.0308e-02 1.9060e-02 1.8879e-02

1000
eig 3.0664e-01 2.8968e-01 2.6095e-01 2.7796e-01 5.7083e-01 5.9007e-01 5.8351e-01 5.9630e-01
R 2.9328e-02 2.8339e-02 2.7869e-02 3.1909e-02 5.8628e-02 6.0873e-02 6.2429e-02 6.1074e-02
LU 7.5011e-02 7.2666e-02 7.0497e-02 7.6778e-02 1.6313e-01 1.7313e-01 1.7666e-01 1.7326e-01

2000
eig 3.4794e+00 3.4804e+00 3.1916e+00 3.4386e+00 3.4235e+00 3.4766e+00 3.2327e+00 3.3704e+00
R 3.5644e-01 3.5989e-01 2.9556e-01 3.6375e-01 3.5847e-01 3.5972e-01 3.2629e-01 3.4227e-01
LU 9.0136e-01 9.0537e-01 7.1161e-01 8.7445e-01 8.6420e-01 8.8027e-01 8.1990e-01 8.1383e-01

Table 2.1: CPU sec. for evaluating ωpAq, averaged over the same 10 random instances; eig,
R, LU are eigenvalue, Cholesky, LU decompositions, respectively.

n Fact. order κ 1e2 order κ 1e3 order κ 1e4 order κ 1e5 order κ 1e6 order κ 1e7 order κ 1e8 order κ 1e9

500
eig 1.5632e-13 2.7853e-12 2.2618e-10 1.2695e-08 8.9169e-07 5.4109e-05 2.2610e-03 1.7349e-01
R 1.7053e-13 2.5580e-12 1.0039e-10 1.1339e-08 4.9818e-07 2.6470e-05 1.3173e-03 1.6217e-01
LU 1.5987e-13 2.4585e-12 1.0652e-10 1.1987e-08 5.1592e-07 2.1372e-05 1.3641e-03 1.4268e-01

1000
eig 2.1316e-13 2.1032e-12 8.7653e-11 4.6271e-09 3.1477e-07 1.9602e-05 9.9290e-04 7.6469e-02
R 4.2633e-13 1.5632e-12 4.2235e-11 3.9297e-09 2.9562e-07 1.1498e-05 9.1506e-04 5.3287e-02
LU 4.4054e-13 1.4850e-12 3.7858e-11 3.8287e-09 2.7390e-07 1.3820e-05 6.0492e-04 4.8568e-02

2000
eig 2.4336e-13 4.1780e-12 4.2019e-10 2.0080e-08 7.7358e-07 6.4819e-05 5.5339e-03 3.7527e-01
R 4.3698e-13 2.0819e-12 5.0704e-11 2.3442e-09 1.8376e-07 8.9575e-06 5.5255e-04 4.8842e-02
LU 4.3165e-13 2.2595e-12 2.3249e-11 2.5057e-09 1.5020e-07 6.0479e-06 5.4228e-04 4.4205e-02

Table 2.2: Precision of evaluation of ωpAq averaged over the same 10 random instances. eig,
R, LU are eigenvalue, Cholesky, LU decompositions, respectively.

3 Optimal Conditioning for Generalized Jacobians449

We now consider the problem of improving conditioning for low rank updates of very ill-450

conditioned (close to singular) positive definite matrices.451

3.1 Preliminaries452

More precisely, given a positive definite matrix A P Sn
`` and a matrix U P Rnˆt with t ăă n,453

we aim to find γ P Rt so as to minimize the condition number of the low rank update454

A ` U DiagpγqUT . (3.1)
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This kind of updating arises when finding generalized Jacobians in nonsmooth optimization.455

We provide insight on the problem in the following Example 3.1.456

Example 3.1 (Generalized Jacobians). In many nonsmooth and semismooth Newton meth-457

ods one aims to find a root of a function F : Rn Ñ Rn of the form458

F pyq :“ Bpv ` BTyq` ´ c,

where B P Rnˆm, v P Rm, c P Rn and p ¨ q` denotes the projection onto the nonnegative459

orthant, e.g., [3, 22, 29]. At every iteration of these algorithms a generalized Jacobian of F460

is computed of the form461

J :“
ÿ

iPI`

BiB
T
i `

ÿ

jPI0

γjBjB
T
j , with γj P r0, 1s

and where Bi and Bj denote columns of B over the set of indices I` :“ ti P t1, . . . ,mu :462

pv ` BTyqi ą 0u and463

I0 :“ tj P t1, . . . ,mu : pv ` BTyqj “ 0 and pBjqjPI0 is a maximal linearly independent subsetu.

The generalized Jacobian J , which is usually singular, is then used to obtain a Newton direc-464

tion d P Rn by solving a least-square problem for the system pJ ` ϵIq d “ ´F pyq, where ϵI,465

with ϵ ą 0, is analogous to the regularization term of the well-known Levenberg–Marquardt466

method. Thus, this linear system is very ill-conditioned. This makes preconditioning by467

optimal updating appropriate.468

The optimal preconditioned update can be done in our framework as we start with469

A :“
ÿ

iPI`

BiB
T
i ` ϵI, U “ rBjsjPI0 ,

and then find an optimal low rank update as in (3.1); done with additional box constraints470

on γ, namely, γ P r0, 1st.471

Similar conditioning questions also appear in the normal equations matrix, ADAT ,472

in interior point methods, e.g., modifying the weights in D appropriately to avoid ill-473

conditioning [6, 13]. For other related work on minimizing condition numbers for low rank474

updates see, e.g., [5, 16].475

Here, we propose obtaining an optimal conditioning of the update (3.1) by using the ω-476

condition number of [9], instead of the classic κ-condition number. The ω-condition number477

presents some advantages with respect to the classic condition number, since it is differen-478

tiable and pseudoconvex in the interior of the positive semidefinite cone, which facilitates479

addressing minimization problems involving it. Our empirical results show a significant480

decrease in the number of iterations required for a requested accuracy in the residual.481
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3.2 Optimal Conditioning for Rank One Updates482

We first consider the special case where the update is rank one. Related eigenvalue results483

for rank one updates are well known in the quasi-Newton literature, e.g., [8,30]. We include484

this special rank one case as it yields interesting results. The general rank-t update is studied485

in Section 3.3, below.486

Theorem 3.2. Suppose we have a given A P Sn
`` and u P Rn. Let A “ QDQT be the487

(orthogonal) spectral decomposition of A. Let U “ uuT and define the rank one update488

Apγq “ A ` γU, γ P R.

Set489

w “ D´1{2QTu, (3.2)

and490

γ˚
“

trpAq}w}2 ´ n}u}2

pn ´ 1q}u}2}w}2
. (3.3)

Then, γ˚ P s´}w}´2,`8r provides the optimal ω-conditioning, i.e.,491

γ˚
“ argmin

Apγqą0

ωpγq. (3.4)

Proof. Let492

fpγq :“ trpApγqq{n and gpγq :“ detpApγqq
1{n.

We want to find the optimal γ to minimize the condition number493

ωpγq “ fpγq{gpγq

subject to Apγq being positive definite. By Proposition 2.1 1, ω : R Ñ R; γ Ñ ωpγq is494

pseudoconvex as long as Apγq ą 0. We prove that the later is true for γ belonging to an495

open interval in the real line. Indeed, let A “ QDQT be the spectral decomposition of A496

and define497

w “ D´1{2QTu and W “ wwT
“ D´1{2QTuuTQD´1{2. (3.5)

Then we can rewrite498

Apγq “ QD1{2
pI ` γW qD1{2QT , (3.6)

which is positive definite if and only if the rank one update of I, I ` γW , belongs to the499

cone of positive definite matrices. Now, note that the eigenvalues of this term are λ1 “ 1,500

with multiplicity n ´ 1, and λ2 “ 1 ` γ}w}2 with multiplicity 1. We then conclude that501

Apγq P Sn
`` ðñ γ P

ȷ

´
1

}w}2
,`8

„

,

in which case λ2 ą 0. Here sa, br denotes the open interval in R formed by a, b. Moreover,502

ωpγq tends to 8 as γ approaches the extreme of the above interval. Therefore ω possesses a503
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minimizer in the open interval, γ˚ P s´}w}´2,`8r, that satisfies ω1pγ˚q “ 0. Note that since504

ω is pseudoconvex the fact that its derivative is equal to zero is also a sufficient condition505

for global optimality (see Fact 3.7 below).506

In the following we obtain an explicit expression for the (unique) minimizer of (3.4), γ˚,507

by studying the zeros of ω1. Using the notation introduced in (3.5), f and its derivative are508

expressed as509

fpγq “
`

trpAq ` γ}u}
2
˘

{n and f 1
pγq “ }u}

2
{n,

respectively. By making use of (3.6), g becomes510

gpγq :“ pdetpAq detpI ` γW qq
1{n ,

since detpDq “ detpAq. As explained above the eigenvalues of I ` γW , are λ1 “ 1 ` γ}w}2,511

and the others are all 1, which yields that512

gpγq “
`

detpAqp1 ` γ}w}
2
q
˘1{n

“ detpAq
1{n

p1 ` γ}w}
2
q
1{n.

We get513

g1
pγq “

1

n
detpAq

1{n
}w}

2
p1 ` γ}w}

2
q

p1´nq{n.

The derivative of ω is then obtained as follows514

ω1
pγq “

f 1pγqgpγq ´ fpγqg1pγq

gpγq2

“
1

gpγq2

„

}u}2

n
detpAq

1{n
`

1 ` γ}w}
2
˘1{n

´
}w}2

n2

`

trpAq ` γ}u}
2
˘

detpAq
1{n

`

1 ` γ}w}
2
˘p1´nq{n

ȷ

“
detpAq

1{n

gpγq2n2

`

1 ` γ}w}
2
˘p1´nq{n “

n}u}
2

` pn ´ 1qγ}u}
2
}w}

2
´ trpAq}w}

2
‰

.

(3.7)

A simple computation shows that this derivative is 0 only when γ attains the value515

γ˚
“

trpAq}w}2 ´ n}u}2

pn ´ 1q}u}2}w}2
, (3.8)

which then has to be in the interval s´}w}´2,`8r. Since ω is pseudoconvex, we conclude516

that γ˚ is the optimal preconditioner which solves (3.4).517

518

519

Equivalently, we can deduce an expression for the optimal ω-conditioning by making use520

of the Cholesky decomposition of A instead of the spectral decomposition. This is gathered521

in our next corollary. The proof follows from the same calculations than Theorem 3.2 and522

thus is omitted.523
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Corollary 3.3. Given A and U as in Theorem 3.2. Let A “ LLT be the Cholesky decom-524

position of A. Then, the formula for the optimal ω-conditioning γ˚ in (3.3) holds with the525

replacement526

w Ð L´1u.

527

As shown in Example 3.1, in some applications the preconditioner multiplier γ is required528

to take values in the interval r0, 1s. In the following, we analize the optimal ω-preconditioner529

for the rank 1 update subject to this interval constraint.530

Corollary 3.4. Let the assumptions of Theorem 3.2 hold and let γ̄ be the optimal ω-531

preconditioner in the interval r0, 1s, i.e.,532

γ̄ “ arg min
0ďγď1

Apγqą0

ωpγq.

Then, if γ˚ P s ´ }w}2,`8r is the optimal “unconstrained” ω-preconditioner obtained in The-533

orem 3.2, the following hold:534

(i) If γ˚ P r0, 1s ùñ γ̄ “ γ˚;535

(ii) If γ˚ ă 0 ùñ γ̄ “ 0;536

(iii) If γ˚ ą 1 ùñ γ̄ “ 1.537

Proof. (i) In this case, since γ˚ is the global optimum of ω in s ´ }w}2,`8r, it would also538

be so in the interval r0, 1s.539

For (ii) and (iii), it suffices to observe that, by (3.7) and (3.8), when γ˚ ă 0 (respectively,540

γ˚ ą 1) the derivative of ω is monotonically increasing (respectively, decreasing) in the541

interval r0, 1s.542

543

544

3.3 Optimal Conditioning with a Low Rank Update545

We now consider the case where the update is low rank. We need the following notations. For546

a matrix Z P Rnˆt, we use Matlab notation and define the function normspZq : Rnˆt Ñ Rt
547

as the (column) vector of column 2-norms of Z. We let normsαpZq denote the vector of548

column norms with each norm to the power α.549

550

Theorem 3.5 (Rank t-update). Let A P Sn
``, U “ ru1, . . . , uts P Rnˆt, be given with n ą551

t ě 2, and normspUq ą 0. Set552

Apγq “ A ` U DiagpγqUT , for γ P Rt.
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Let the spectral decomposition of A be given by A “ QDQT , define wi “ D´1{2QTui, i P553

t1, . . . , tu, as in (3.2), with W “
“

w1 . . . wt

‰

. Let554

KpUq “
“

nDiag pnorms2pUqq ´ e norms2pUqT
‰

,

bpUq “
`

trpAqe ´ nDiag pnorms2pW qq
´1

norms2pUq
˘

,
(3.9)

where e denotes the vector of all ones. Then, the optimal ω-preconditioner,555

γ˚
“ argmin

Apγqą0

ωpγq, (3.10)

is given component-wise by556

pγ˚
qi “ pKpUq

´1bpUqqi

“
trpAq}wi}

2 ´ pn ´ t ` 1q}ui}
2

pn ´ tq}ui}
2}wi}

2
´

1

pn ´ tq}ui}
2

t
ÿ

j“1,j‰i

}uj}
2

}wj}
2
,

(3.11)

for i “ 1, . . . , t.557

Proof. Let A ą 0 and558

U “
“

u1 . . . ut

‰

P Rnˆt, with n ą t ě 2.

We consider the update of the form559

Apγq “ A ` U DiagpγqUT
“ A `

t
ÿ

i“1

γiuiu
t
i, γ P Rt.

Same than in Theorem 3.2, we start characterizing an open subset of Rt where Apγq is560

positive definite. In order to do this, we again transform the problem using the spectral561

decomposition of A, A “ QDQT , and setting562

wi “ D´1{2QTui and Wi “ wiw
T
i for i “ 1, . . . , t.

Then, we can express Apγq as563

Apγq “ A ` U DiagpγqUT

“ QD1{2
`

I ` D´1{2QTU DiagpγqUTQD´1{2
˘

D1{2QT

“ QD1{2

˜

I `

t
ÿ

i“1

γipD
´1{2QTuiqpuT

i QD´1{2
q

¸

D1{2QT

“ QD1{2

˜

I `

t
ÿ

i“1

γiWi

¸

D1{2QT .
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By repeatedly making use of the formula for the determinant of the sum of an invertible564

matrix and a rank one matrix (see, e.g., [25, Example 4]), we obtain the following expression565

for the determinant of Apγq566

detpApγqq “ detpAq

˜

t
ź

i“1

p1 ` γi}wi}
2
q

¸

. (3.12)

Consequently, Apγq is nonsingular and, by continuity of the eigenvalues, positive definite for567

γ belonging to the set568

Ω :“

ȷ

´
1

}w1}
2
,`8

„

ˆ

ȷ

´
1

}w2}
2
,`8

„

ˆ . . . ˆ

ȷ

´
1

}wt}
2
,`8

„

. (3.13)

Now, note that the constraint Apγq ą 0 is a positive definite constraint, so it is convex.569

Therefore, if there exists some γ outside of Ω such that Apγq ą 0, we would loose the570

convexity of the feasible set, since Apγq is singular on the boundary of Ω. This implies that571

Apγq ą 0 ðñ γ P Ω.

Moreover, since ωpγq Ñ `8 as γ tends to the border of Ω or to `8, we can ensure that572

γ has a minimizer in Ω. Since the function is pseudoconvex on this open set, the global573

minimum is attained at a point γ˚ such that ∇ωpγ˚q “ 0. Next, we prove that γ˚ is given574

by (3.11).575

For this, note that fpγq can be expressed as576

fpγq “
1

n
trpA ` U DiagpγqUT

q “
1

n

˜

trpAq `

t
ÿ

i“1

γi}ui}
2

¸

“
1

n

`

trpAq ` γT norms2pUq
˘

,

and its gradient is∇fpγq “ 1
n
norms2pUq. On the other hand, by (3.12) gpγq can be expressed577

as578

gpγq “ detpAq
1{n

˜

t
ź

i“1

p1 ` γi}wi}
2
q

¸1{n

.

The gradient of gpγq is then given component-wise by579

Bgpγq

Bγj
“

1

n
detpAq

1{n

˜

t
ź

i“1

p1 ` γi}wi}
2
q

¸p1´nq{n ˜

t
ź

i“1,i‰j

p1 ` γi}wi}
2
q

¸

}wj}
2, j “ 1, . . . , t.

We make use of these expressions in order to compute the partial derivatives of ω. For every
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j “ 1, . . . , t, we have

Bωpγq

Bγj
“

Bfpγq

Bγj
gpγq ´ fpγq

Bgpγq

Bγj

gpγq2

“
1

gpγq2
detpAq

1{n

»

–

}uj}
2

n

˜

t
ź

i“1

p1 ` γi}wi}
2q

¸1{n

´
}wj}

2

n2

`

trpAq ` γT norms2pUq
˘

˜

t
ź

i“1

p1 ` γi}wi}
2q

¸p1´nq{n ˜

t
ź

i“1,i‰j

p1 ` γi}wi}
2q

¸

fi

fl .

By defining the positive function Cpγq : Rt Ñ R`` as580

Cpγq “
detpAq

1{n

gpγq2n2

˜

t
ź

i“1

p1 ` γi}wi}
2
q

¸p1´nq{n ˜

t
ź

i“1,i‰j

p1 ` γi}wi}
2
q

¸

,

we finally get that581

Bωpγq

Bγj
“ Cpγq

“

n}uj}
2
p1 ` γj}wj}

2
q ´

`

trpAq ` γT norms2pUq
˘

}wj}
2
‰

, (3.14)

for all j “ 1, . . . , t. After setting the derivative (gradient) of ω to zero, and ignoring the582

positive factor given by C, we get that the minimum of the pseudoconvex function is obtained583

as the solution of the linear system defined by the t equations584

pn ´ 1q}uk}
2γk ´

t
ÿ

i“1,i‰k

}ui}
2γi “ trpAq ´ n

}uk}2

}wk}2
, k “ 1, . . . , t.

Equivalently,585

»

—

—

–

pn ´ 1q}u1}2 ´}u2}2 . . . ´}ut}
2

´}u1}2 pn ´ 1q}u2}2 ´}u3}2 . . . ´}ut}
2

. . .
´}u1}2 . . . . . . ´}ut´1}2 pn ´ 1q}ut}

2

fi

ffi

ffi

fl

γ “

¨

˝

trpAq ´ n}u1}2{}w1}2

. . .
trpAq ´ n}ut}

2{}wt}
2

˛

‚.

This is further equivalent to586

“

nDiagpnorms2pUqq ´ e norms2pUqT
‰

γ “
`

trpAqe ´ nDiag pnorms2pW qq
´1

norms2pUq
˘

,

which is the system KpUqγ “ bpUq using the notation in (3.9).587

Now we derive an explicit expression for the optimal γ. In order to do this, note that588

KpUq is given as the sum of an invertible matrix, nDiagpnorms2pUqq, and an outer product589

of vectors, ´e norms2pUqT . By the Sherman-Morrison formula, this sum is invertible if and590

only if591

1 ´
1

n
norms2pUq

T Diagpnorms2pUqq
´1e ‰ 0.
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This is always true for t ă n. Indeed, we have592

1 ´
1

n
norms2pUq

T Diagpnorms2pUqq
´1e “ 1 ´

1

n
eT e “ 1 ´

t

n
ą 0.

Moreover, we obtain the following expression for the inverse593

pn Diagpnorms2pUqq ´ e norms2pUqT
˘´1

“
1

n
Diagpnorms2pUqq´1 `

1
`

1 ´ t
n

˘

n2
Diagpnorms2pUqq´1e norms2pUqT Diagpnorms2pUqq´1

“
1

n
Diagpnorms-2pUqq `

1

pn ´ tqn
Diagpnorms-2pUqqeeT .

Therefore, the inverse of KpUq in matrix form is given by594

KpUq
´1

“
1

n

»

—

—

—

–

1
}u1}2

0 . . . 0

0 1
}u2}2

. . . 0
...

...
. . .

...
0 0 . . . 1

}ut}2

fi

ffi

ffi

ffi

fl

`
1

pn ´ tqn

»

—

—

—

–

1
}u1}2

1
}u1}2

. . . 1
}u1}2

1
}u2}2

1
}u2}2

. . . 1
}u2}2

...
...

...
...

1
}ut}2

1
}ut}2

. . . 1
}ut}2

fi

ffi

ffi

ffi

fl

.

Finally, we obtain γ˚ by calculating the product γ˚ “ KpUq´1bpUq which yields595

γ˚
i “

trpAq}wi}
2 ´ pn ´ t ` 1q}ui}

2

pn ´ tq}ui}
2}wi}

2
´

1

pn ´ tq}ui}
2

t
ÿ

j“1,j‰i

}uj}
2

}wj}
2
, (3.15)

for all i “ 1, . . . , t. Since γ˚ is the unique zero of the gradient of ω, we conclude that it596

belongs to Ω and solves (3.10).597

598

599

We note that the optimal ω-preconditioner for the rank one update in Theorem 3.2 is600

obtained from (3.11) when t “ 1. On the other hand, we can also employ the Cholesky601

decomposition of A to derive the optimal ω-preconditioner in Theorem 3.5. We state this in602

the following corollary.603

Corollary 3.6. Given A and U as in Theorem 3.5. Let A “ LLT be the Cholesky decompo-604

sition of A. Then, the formula for the optimal ω-preconditioner γ˚ in (3.11) holds with the605

replacement606

wi Ð L´1ui, i “ 1, . . . , t.

Proof. The proof follows similarly to the one of Theorem 3.5 and thus is omitted.607

608

609
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With the same assumptions as in Theorem 3.5, we now consider the problem of finding610

the optimal ω-preconditioner in the box r0, 1st, i.e.,611

γ̄ “ arg min
γPr0,1st

Apγqą0

ωpγq. (3.16)

For the rank one update (t “ 1), Corollary 3.4 shows that the solution to (3.16) can be612

obtained by first computing the minimum of the unconstrained problem, whose explicit613

expression was given in Theorem 3.2, and then projecting onto the box constraint, which in614

that case was the interval r0, 1s. However, this simple projection can fail in general for the615

low rank update, as we now show in Example 3.8 below.616

The illustration of this phenomenon will require considering a constrained pseudoconvex617

minimization problem. In the following Fact 3.7, see, e.g., [24, Chapter 10], we recall the618

sufficient optimality conditions for this class of optimization problems. We note that no619

constraint qualification is needed for sufficiency.620

Fact 3.7 (Sufficient optimality conditions for pseudoconvex programming). Let Ω Ď Rn be621

nonempty open and convex. Let f : Ω Ñ R be a pseudoconvex function and pgiq
m
i“1 : Ω Ñ R622

a family of differentiable and quasiconvex functions. Consider the optimization problem623

min fpxq

s.t. gipxq ď 0, i “ 1, . . . ,m
x P Ω.

(3.17)

Let x̄ P Ω, λ̄ P Rm, be a KKT primal-dual pair, i.e., the following KKT conditions hold:624

∇fpx̄q `

m
ÿ

i“1

λ̄i∇gipx̄q “ 0

λ̄i ě 0, i “ 1, . . . ,m

λ̄igipx̄q “ 0, i “ 1, . . . ,m

x̄ P Ω and gipx̄q ď 0, i “ 1, . . . ,m.

(3.18)

Then x̄ solves (3.17).625

Example 3.8 (Failure of projection for constrained problem (3.16)). Let n “ 3, t “ 2 and
consider the following initial data for the ω-minimization problem:

A :“

»

–

1 0 0
0 2 0
0 0 2

fi

fl and U :“

»

–

1?
2

0
´1?
2

0

0 1

fi

fl .

Then, we get the following:626

• From (3.15) and Theorem 3.5, the ω-optimal preconditioner is γ˚ “ 1
3

ˆ

1
´1

˙

;627
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• projecting onto r0, 1s2 yields γ˚
p “ 1

3

ˆ

1
0

˙

, where ωpγ˚
p q “ 16{p9 3

?
5q;628

• however, with γ̄ :“ 1
2

ˆ

1
0

˙

, we get a lower value:629

ωpγ̄q “ 1{

´

3 3
a

p2{11q2
¯

« 1.0386 ă 1.0397 « 16{p9
3
?
5q;

and γ̄ is the ω-optimal preconditioner in r0, 1s2, as we now show.630

To prove the last statement, note that (3.16) can be written as the pseudoconvex program
in (3.17) by setting f :“ ω : R2 Ñ R, g1pγq “ ´γ1, g2pγq “ ´γ2, g3pγq “ γ1´1, g4pγq “ γ2´2
and Ω defined as in (3.13). In particular, the only active constraint for γ̄ “ p1{2, 0qT is
g2pγq “ 0, so the KKT conditions become

0 “
Bωpγ̄q

Bγ1
,

0 “
Bωpγ̄q

Bγ2
´ λ̄2,

for some λ̄2 ě 0. This can be verified by simply substituting using the expressions of the631

partial derivatives of ω obtained in (3.14). By Fact 3.7, we conclude that for the given data,632

γ̄ is the solution of (3.16).633

As done in the previous example, obtaining the ω-optimal preconditioner in the box r0, 1st634

would require obtaining a KKT point for the constrained pseudoconvex problem (3.16).635

This is not an easy task. To the author’s knowledge, closed formulas for this kind of box636

constrained minimization problems are not known even when the objective is a quadratic.637

Nevertheless, using the projection of γ˚ onto r0, 1st as an approximation to γ̄ appears to give638

good results in practice. We see this in our numerical tests in Section 4.639

4 Numerical Tests640

We now present empirics for: the various preconditioners Section 4.1; and the optimal641

preconditioned low rank updates Section 4.2. The experiments were done on: Intel Core642

i7-12700H 2.30 GHz with 16GB RAM, under Windows 11 (64-bit). We used Matlab643

version 2024a. The Matlab source code and data of all the experiments is available at644

https://github.com/DavidTBelen/omega-condition-number.645

4.1 Comparisons of Preconditioners for Sparse Positive Definite646

Linear Systems647

In this section, we analyze the performance of an iterative method for approximately solving648

positive definite linear systems subject to different preconditioning strategies. Specifically,649
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we compare the ω-optimal diagonal and incomplete upper triangular ω-optimal precondi-650

tioners introduced above with state-of-the-art preconditioners, e.g., the incomplete Cholesky651

preconditioner. Our test enviroment follows the line of the extensive numerical comparisons652

presented in the survey [14].653

4.1.1 Test Enviroment654

The problems used in our experiment are all constructed with data from the SuiteSparse655

Matrix Collection [23]. We consider the symmetric positive definite matrices in this reposi-656

tory whose number of rows (columns) range from 5, 000 to 30, 000; but without “duplicates”657

(i.e., without similar matrices belonging to the same group). The right hand side of our658

linear system b “ e, is always set as the vector of all ones.659

As the iterative method for solving the positive definite linear systems, we consider the660

implementation of the Preconditioned Conjugate Gradients Method given by pcg Matlab’s661

in-built function. This is Matlab’s benchmark solver for positive definite linear systems.662

In all our experiments, our stopping criterion for pcg is when the relative residual reaches a663

tolerance smaller than 10´6, i.e.,664

}Wx ´ b}

}b}
ă 10´6.

Finally, in order to avoid “trivialities”, we discard matrices that generate problems that665

can be solved to the desired tolerance in less than 10 seconds, by pcg with no preconditioner.666

This leaves a subset of 16 matrices whose specific characteristics are detailed in, for instance,667

Table A.1. In the following we use P to denote the set of these 16 problems.668

4.1.2 Preconditioning Strategies669

We use the following strategies (with acronyms):670

• No preconditioning (NONE).671

• The ω-optimal diagonal preconditioner (DIAG) given by (2.1).672

• The ω-optimal incomplete triangular preconditioner (ITRIU) given by (2.5).673

The dimension k of the triangular block is chosen according to the nonzero entries674

nnzpW q of the matrix of interest W as675

k “

R

0.1

2

´

1 `
a

1 ` 4nnzpW q

¯

V

` 1,

where ras stands for the minimum integer upper bound of a P R. The motivation on676

this choice resides in obtaining a preconditioner with fewer nonzero entries than in W ,677

i.e., tpk ´ 1q ăă nnzpW q. The last summand 1 ensures that the preconditioner is not678

diagonal.679
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• Incomplete Cholesky factorization (ICHOL). This preconditioning strategy con-680

sists in considering a Cholesky factorization ofW , given by LLT , but where some of the681

entries of L are ignored agreeing with the sparsity pattern of W . The preconditioned682

system then becomes683

L´1WL´Ty “ L´1b, y “ LTx.

We use Matlab’s ichol to construct L. To ensure that the process does not break684

down (which can happen if a non positive pivot is encountered) we shift W and obtain685

an approximation of W ` αDiagpdiagW q. To choose α we follow the recommended686

procedure in the Matlab Help Center.687

4.1.3 Performance Profile688

Besides illustrating the output from the experiments as displayed in Tables A.1 to A.4, we689

also employ performance profile plots, e.g., [11]. These plots are constructed as follows. Let690

Γ :“ tNONE, DIAG, ITRIU, ICHOLu be the set of preconditioners for our comparisons. For691

each p P P and γ P Γ, we denote as tp,γ the measure we want to compare. In particular, we692

will separately consider the number of iterations and the time required for solving the system693

(to the desired tolerance) for the preconditioned linear system described in Section 4.1.1. In694

the cases where we consider a preconditioned system (i.e., all except NONE), the time for695

computing the preconditioner is also included in tp,γ, i.e.,696

tp,γ “ ttime for computing the preconditioneru

` ttime for solving the preconditioned problem by pcgu.

Then, for every problem p P P and every γ P Γ, we define the performance ratio as

rp,γ :“

" tp,γ
minttp,γ : γPΓu

if convergence test passed,

`8 if convergence test failed.

In our experiments, a convergence test passed if it succeeded in solving the linear system697

with the required relative residual tolerance in less than 100, 000 iterations, and otherwise it698

failed. Note that the best performing preconditioner with respect to the measure under study699

(time or number of iterations), say γ̃, for problem p will have performance ratio rp,γ̃ “ 1. In700

contrast, if the preconditioner γ underperforms in comparison with γ̃, but still manages to701

pass the test, then702

rp,γ “
tp,γ
tp,γ̃

ą 1

is the ratio between the overall time (number of iterations) required for solving the problem p703

for this particular choice and the time (number of iterations) employed by γ̃. Consequently,704

the larger the value of rp,γ, the worse the preconditioner γ performed for problem p.705

Finally, the performance profile of γ P Γ is defined as706

ργpτq :“
1

|P |
size tp P P : rp,γ ď τu ,
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where |P | is the number of problems in P . This can be understood as the relative portion707

of times that the performance ratio rp,γ is within a factor of τ ě 1 of the best possible708

performance ratio. In particular, ργp1q represents the number of problems where γ is the709

best choice. Also, the existence of a τ ě 1 such that ργpτq “ 1, indicates that γ passed the710

convergence test for every single problem in P . In Figure 4.1, we display our performance711

profiles, with log2 scale on τ .

Figure 4.1: Iterations and time performance profiles for solving the system with the different
choices of preconditioner.

712

4.1.4 Summary of the Empirics713

Our empirics suggest that the diagonal (DIAG) and the incomplete upper diagonal ω-optimal714

(ITRIU) preconditioners have very similar behaviour. More precisely, ITRIU seems to do715

slightly better than DIAG, both time and number of iterations. The incomplete Cholesky716

(ICHOL) appears to be the best solver for reducing the number of iterations, but this does not717

translate into a reduction in time. This phenomenon has already been observed previously718

(see, e.g., [14] and the references therein). In fact, the times for ICHOL is substantially large719

in comparison with the other two preconditioning strategies. Finally, the residuals obtained720

by each one of the methods can be checked in Table A.3. This shows that the ω-optimal721

preconditioners also outperform the ICHOL in this aspect.722

4.2 ω-Optimal Low Rank Updates for Generalized Jacobians723

We now present tests with different choices of γ for efficient iterative solutions of linear724

systems of the form Apγqx “ b , where Apγq is given in (4.1). We use Matlab’s builtin725

preconditioned conjugate gradient function pcg. We focus our attention on the case where726

Apγq P Sn
`` is a low rank update that appears in choosing subgradients in nonsmooth Newton727
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methods, see Example 3.1. Our aim is to lower conditioning to improve convergence, thus728

we call this γ conditioning .729

4.2.1 Problem Generation730

Specifically, we generate random instances as follows:731

• Set732

Apγq :“ A ` ϵI ` U DiagpγqUT ; (4.1)

• ϵ is a random number in the interval r10´7, 10´9s;733

• A “ AT
0A0 with A0 P Rrˆn a normally distributed random sparse matrix with density734

at most 0.5{ logpnq; r P rn{2 ` 1, n ´ 1s is a random integer;735

• t P r2, r{2s is the randomly chosen rank of the update, U P Rnˆt is a normally dis-736

tributed random sparse matrix of density at most 1{ logpnq;737

• The right hand side, b, is chosen as the sum of two random vectors in the range of A738

and U , respectively. More precisely,739

b “ Ab1 ` U b2,

with b1 P Rn and b2 P Rt vectors randomly generated using the standard normal740

distribution.741

As explained in Example 3.1, in this application the γ for conditioning is required to belong742

to the hypercube r0, 1st. Therefore, in our experiments we test the performance of four743

different choices of γ conditioning:744

• The zero vector (γ “ 0).745

• The vector of ones (γ “ e).746

• Another common choice consists in setting the ith component of γ as747

γi “ mint1, 1{}ui}
2
u,

where we recall ui denotes the ith column of U . In order to simplify notation, we use748

γ “ u´2 in the plots for this choice.749

• Finally, we project the ω-optimal (γ “ γ˚
p ) obtained in Theorem 3.5 onto r0, 1st. We750

recall that this is not necessarily the ω-optimal γ in the set r0, 1st, i.e., it is not the751

solution of (3.16); but rather it is a heuristic approximation of it.752
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4.2.2 Descriptions of Parameters and Outputs753

For each dimension choice n P t100, 200, 500, 1000, 2000u, we generate 10 instances of random754

problems (50 problems in total) and solve the corresponding systems with the four different755

choices of γ conditioning and with Matlab’s pcg.756

Table 4.1 shows the average over the 10 instances of: κ- and ω-condition numbers of every757

Apγq; relative residual; number of iterations; and time used by pcg for every choice of γ.758

We stop if a tolerance of 10´12 is reached or the maximum 50, 000 iterations is exceeded. We759

use the origin as our initial starting point. Note that pcg can stop early if two consecutive760

iterations are the same. This often happens for γ “ 0. The two last columns of the tables761

indicate the time required for computing γ˚
p by making use of the spectral and the Cholesky762

decompositions, respectively. Regarding the difference in time, we want to mention that763

although obtaining the Cholesky decomposition A “ LLT is in general less costly than764

computing its eigenvalue decomposition, the computation of the ω-optimal preconditioner in765

this case requires solving the system LW “ U , see Corollary 3.6. This means that, for larger766

dimensions, employing the spectral decomposition for computing γ˚ is seen to be more time767

efficient.

n γ κpApγqq ωpApγqq Rel. Residual No. Iterations Time T. γ˚ Spec T. γ˚ Chol

100

0 5.1176e+10 1.3955e+04 6.8822e-08 174.20 0.0016 - -
e 6.2576e+10 1.5794e+03 5.5075e-13 123.60 0.0005 - -

u´2 5.1860e+10 1.5917e+03 4.5831e-13 141.00 0.0006 - -
γ˚
p 5.2773e+10 1.5055e+03 4.8912e-13 121.80 0.0003 0.0012 0.0006

200

0 2.8445e+10 9.4045e+03 2.3621e-08 242.10 0.0026 - -
e 3.9524e+10 3.1707e+02 8.6685e-13 169.30 0.0017 - -

u´2 2.6057e+10 3.6045e+02 8.1646e-13 253.00 0.0018 - -
γ˚
p 2.9029e+10 2.9642e+02 8.5278e-13 165.10 0.0010 0.0021 0.0018

500

0 1.1976e+11 5.3664e+03 3.7855e-08 442.40 0.0288 - -
e 1.0145e+11 2.4445e+02 8.8041e-13 345.60 0.0296 - -

u´2 5.6245e+10 2.8308e+02 9.0425e-13 728.30 0.0084 - -
γ˚
p 6.5105e+10 2.1025e+02 8.8884e-13 304.30 0.0031 0.0138 0.0205

1000

0 8.5673e+11 1.0529e+04 5.2252e-08 343.40 0.1128 - -
e 7.4309e+11 2.2239e+03 9.3920e-13 326.00 0.1065 - -

u´2 7.1303e+11 2.4369e+03 9.3184e-13 809.50 0.0319 - -
γ˚
p 7.5403e+11 2.2234e+03 8.8928e-13 325.90 0.0124 0.0539 0.0928

2000

0 4.6865e+11 1.4188e+04 8.4903e-08 663.60 0.6598 - -
e 2.0223e+12 2.6540e+03 9.2101e-13 224.80 0.6963 - -

u´2 4.7477e+11 2.2786e+03 9.1504e-13 418.20 0.3186 - -
γ˚
p 5.7969e+11 1.9914e+03 9.4093e-13 144.50 0.1117 0.6658 1.5234

Table 4.1: For different dimensions n, every choice of γ conditioning, average of 10 instances:
κ- and ω-condition numbers of Apγq; residual; number of iterations; solve time. Last two
columns: time for computing γ˚

p , with spectral and Cholesky decomposition.

768

We also use performance profiles to compare the different choices of γ; details in Sec-769

tion 4.1.3. Again, let P denote the set of problems, and now set Γ :“ t0, e, u´2, γ˚
p u as the770

set of γ conditioners. We separately consider the number of iterations and the time required771
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for solving the system Apγqx “ b. We set the time772

tp,γ˚
p

“ ttime for solving the system Apγqx “ bu ` ttime for computing γ˚
p u.

The latter quantity is taken as the minimum between the spectral and Cholesky approach.773

For constructing the performance ratio in this setting, we consider that a convergence test774

passed, rather than failed, if it succeeded in solving the linear system with the required775

tolerance in less than 50, 000 iterations. The output appears in Figure 4.2.776

Figure 4.2: Peformance profiles for the time and number of iterations required for solving
the system Apγq “ b with the different choices of preconditioner γ using Matlab’s pcg.

4.2.3 Summary of Empirics777

The performance profiles reveal that, in more than 90% of the tested instances, the choice778

γ “ γ˚
p leads to a problem that can be solved with the least number of iterations. Table 4.1779

confims that γ˚
p is also the best choice for cpu time for pcg, for every dimension n. However,780

we cannot conclude that in practical applications γ˚
p should be chosen over, for instance,781

γ “ u´2, due to the time cost of computing γ˚
p . Nonetheless, our empirics for this application782

suggest that the minimization and/or reduction of the ω-condition number translates into783

an enhancement of the performance of the iterative solver. This is the main point we want784

to convey in this manuscript.785

5 Conclusion786

In this paper we have studied the nonclassical matrix ω-condition number , i.e., the ratio787

of the arithmetic and geometric means of eigenvalues. We have shown that this condition788

number has many properties that are advantageous over the classic κ-condition number that789

is the ratio of the largest to smallest eigenvalue. In particular, the differentiability of ωpAq790
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facilitates finding optimal parameters for improving condition numbers. This was illustrated791

by characterizing the optimal parameters for low rank updates of positive definite matrices792

that arise in the context of nonsmooth Newton methods. As well as for obtaining ω-optimal793

preconditioning matrices for positivde definite linear systems. We empirically show that794

the ω-optimal preconditioners obtained in this work improve the performance of iterative795

methods.796

The ω-condition number, when compared to the classical κ-condition number, is signif-797

icantly more closely correlated to reducing the number of iterations and time for iterative798

methods for positive definite linear systems. This matches known results that show that799

preconditioning for clustering of eigenvalues helps in iterative methods, i.e., using all the800

eigenvalues rather than just the largest and smallest is desirable. This is further evidenced801

by the empirics that show that ωpAq is a significantly better estimate of the true conditioning802

of a linear system, i.e., how perturbations in the data A, b effect the solution x.803

Finally, we have shown that an exact evaluation of ωpAq can be found using either the804

Cholesky or LU factorization. This is in contrast to the evaluation of κpAq that requires805

either a spectral decomposition or }A}}A´1} evaluation.806

The results we presented here can be extended beyond A positive definite by replacing807

eigenvalues with singular values in the definition of ωpAq.808
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A Tables819

We now present the tables for the empirics for the three preconditioners in Section 4.1. We820

use matrices from the SuiteSparse Matrix Collection.821

name n nnzpW q NONE DIAG ITRIU ICHOL
mhd4800b 4800 27520 ą97633 26 26 26
s3rmt3m3 5357 207123 ą99172 14283 14300 14275
ex15 6867 98671 ą98296 46299 46798 44614
bcsstk38 8032 355460 - 10104 9302 9289
aft01 8205 125567 ą8452 786 786 592
nd3k 9000 3279690 6012 9245 9228 7993
bloweybq 10001 49999 - - - -
msc10848 10848 1229776 56719 5274 5016 5200
t2dah_e 11445 176117 ą99495 33 35 26
olafu 16146 1015156 ą90196 28028 27448 27472
gyro 17361 1021159 28942 11605 11287 10044
nd6k 18000 6897316 6589 9857 10033 8439
raefsky4 19779 1316789 - 82865 81846 76736
LFAT5000 19994 79966 - ą4984 ą5008 ą4985
msc23052 23052 1142686 - ą91699 ą91374 ą91378
smt 25710 3749582 9764 3343 3345 2787

Table A.1: preconditioners; number of iterations

name n nnzpW q NONE DIAG ITRIU ICHOL
mhd4800b 4800 27520 ą2.62 0.01 0.01 0.00
s3rmt3m3 5357 207123 ą8.89 1.27 1.27 2.33
ex15 6867 98671 ą6.17 2.79 2.86 769.15
bcsstk38 8032 355460 ą21.52 2.19 2.02 1.99
aft01 8205 125567 ą0.77 0.07 0.07 25.91
nd3k 9000 3279690 13.40 20.39 20.50 383.22
bloweybq 10001 49999 ą5.93 ą5.85 ą6.15 ą2142.80
msc10848 10848 1229776 44.50 4.10 3.97 24.31
t2dah_e 11445 176117 ą11.95 0.01 0.01 5.72
olafu 16146 1015156 ą62.84 17.32 16.60 1719.67
gyro 17361 1021159 20.44 7.78 7.92 1412.04
nd6k 18000 6897316 31.35 46.07 46.51 1639.17
raefsky4 19779 1316789 ą80.52 67.88 66.46 4575.00
LFAT5000 19994 79966 ą11.18 ą11.11 ą11.09 ą11.85
msc23052 23052 1142686 ą81.67 ą81.52 ą81.57 ą81.03
smt 25710 3749582 27.78 8.91 8.94 915.44

Table A.2: preconditioners: total time
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name n nnzpW q NONE DIAG ITRIU ICHOL
mhd4800b 4800 27520 - 5.860e-02 5.860e-02 5.882e-02
s3rmt3m3 5357 207123 - 5.149e-02 4.779e-02 5.162e-02
ex15 6867 98671 - 2.327e+00 2.163e+00 2.297e+00
bcsstk38 8032 355460 - 1.148e-01 1.144e-01 8.114e-02
aft01 8205 125567 - 2.083e-04 2.287e-04 3.049e-04
nd3k 9000 3279690 9.084e-05 1.089e-04 1.120e-04 1.152e-04
bloweybq 10001 49999 - - - -
msc10848 10848 1229776 8.705e-05 2.156e-03 2.106e-03 3.433e-03
t2dah_e 11445 176117 - 1.338e-04 1.825e-04 1.871e-04
olafu 16146 1015156 - 2.182e-03 5.365e-04 7.858e-04
gyro 17361 1021159 1.289e-04 1.955e-04 2.035e-04 2.187e-04
nd6k 18000 6897316 1.324e-04 1.602e-04 1.680e-04 1.678e-04
raefsky4 19779 1316789 - 2.273e-01 2.917e-01 2.133e-01
LFAT5000 19994 79966 - - - -
msc23052 23052 1142686 - - - -
smt 25710 3749582 1.450e-04 2.729e-04 2.759e-04 3.224e-04

Table A.3: preconditioners: residual }Wx ´ b}

name n nnzpW q DIAG ITRIU ICHOL
mhd4800b 4800 27520 4.694e-03 1.379e-02 7.880e-04
s3rmt3m3 5357 207123 6.284e-04 2.198e-03 2.075e-03
ex15 6867 98671 6.214e-04 1.532e-03 6.319e-01
bcsstk38 8032 355460 9.071e-04 3.398e-03 1.283e-02
aft01 8205 125567 8.676e-04 3.218e-03 1.510e+00
nd3k 9000 3279690 3.347e-03 1.974e-02 5.378e-01
bloweybq 10001 49999 9.636e-04 8.833e-04 9.084e-01
msc10848 10848 1229776 1.492e-03 8.205e-03 1.236e-01
t2dah_e 11445 176117 5.934e-04 1.529e-03 3.362e+00
olafu 16146 1015156 1.861e-03 6.930e-03 1.174e+00
gyro 17361 1021159 1.633e-03 7.153e-03 7.287e+00
nd6k 18000 6897316 1.177e-02 5.410e-02 4.203e+00
raefsky4 19779 1316789 5.265e-03 1.356e-02 3.667e+00
LFAT5000 19994 79966 2.633e-03 1.139e-03 2.662e-02
msc23052 23052 1142686 2.285e-03 8.209e-03 7.267e-03
smt 25710 3749582 3.570e-03 2.368e-02 1.769e+01

Table A.4: Times (cpu) for computing the preconditioners

B Proof of Theorem 2.6822

Define the transformations (isometries) Triu : Rtpkq Ñ Rkˆk and Triuk : Rtpkq Ñ Rnˆn
823

according to (2.18). We denote the adjoints by triu and triuk, respectively, and note that824

triu:
“ triu˚, Triu:

“ Triu˚ .
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Hence,825

D`kpd, αq “ Diagpdq ` Triukpαq

“
“

Diag Triuk

‰

ˆ

d
α

˙

.

Denote826

ωkpd, αq :“ ω
`

D`kpd, αqTWD`kpd, αq
˘

“
tr

`

D`kpd,αqTWD`kpd,αq

˘

{n

det
`

D`kpd,αqTWD`kpd,αq

˘1{n

“
tr

`

D`kpd,αqTWD`kpd,αq

˘

detpW q
1{n śn

i“1 d
2{n
i

.

For the numerator of ωk we use827

fpd, αq :“ 1
n
tr

`

D`kpd, αqTWD`kpd, αq
˘

“ 1
n

@

D`kpd, αq,WD`kpd, αq
D

“ 1
n

Bˆ

d
α

˙

, D˚
`k

`

WD`kpd, αq
˘

F

“ 1
n

ˆ

d
α

˙T

D˚
`k

`

WD`kpd, αq
˘

“ 1
n

ˆ

d
α

˙T „

diag
triuk

ȷ

`

WD`kpd, αq
˘

“ 1
n

ˆ

d
α

˙T „

diagW
`

Diagpdq ` Triukpαq
˘

triukW
`

Diagpdq ` Triukpαq
˘

ȷ

“ 1
n

ˆ

d
α

˙T „

diagW Diag diagW Triuk

triukW Diag triukW Triuk

ȷ ˆ

d
α

˙

.

and the gradient is therefore

∇fpd, αq “
2

n

„

diagW Diag diagW Triuk

triukW Diag triukW Triuk

ȷ ˆ

d
α

˙

.

The denominator of ωk is828

gpd, αq :“ detpW q
1{n

n
ź

i“1

d
2{n
i

and thus829

∇gpd, αq “
2

n
gpd, αq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1{d1
1{d2
...

1{dn
0
...
0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.
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For simplicity, denote d̄´1 :“ p1{d̄1, 1{d̄2, . . . , 1{d̄nqT P Rn. Then,830

∇ωkpd, αq “ 1
gpd,αq2

`

gpd, αq∇fpd, αq ´ fpd, αq∇gpd, αq
˘

“ 1
gpd,αq

ˆ

∇fpd, αq ´ 2
n
fpd, αq

ˆ

d´1

0tpkq

˙˙

.

Finally, the proof follows from noticing that831

pd̄, ᾱq satisfies (2.20) and (2.21) ðñ n
2
∇fpd̄, ᾱq “

ˆ

d̄´1

0tpkq

˙

ùñ fpd̄, ᾱq “ 1.

Hence, (2.20) and (2.21) implies ∇ωkpd̄, ᾱq “ 0, i.e., pd̄, ᾱq is optimal.832
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