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Abstract

We consider the nonconvex minimization problem, with quartic objective function, that arises
in the exact recovery of a configuration matrix P € R"*? of n points when a Euclidean distance
matrix, EDM, is given with embedding dimension d. It is an open question in the literature
under which conditions such a minimization problem admits a local nonglobal minimizer, Ingm.
We prove that all second order stationary points are global minimizers whenever n < d+ 1. For
n > d 4+ 1, we numerically find a local nonglobal minimum and show analytically that there
indeed exists a nearby Ingm for the underlying quartic minimization problem. Thus, we answer
in the affirmative the previously open question about their existence. Our approach to finding
the Ingm is novel in that we first exploit the translation and rotation invariance to reduce the
size of the problem from nd variables in P to (n—1)d—d(d—1)/2 = d(2n—d—1)/2 variables. This
allows for finding examples that satisfy the strict second order sufficient optimality conditions.
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1 Introduction

EDM (completion) problems have been widely studied in the scientific literature for the past
decades, see e.g., the surveys, book collections and some recent papers [2—1, 0,8, 12]. It is well
known that one can obtain the Gram matrix G from a given EDM D. Then, a configuration
matrix P of points p; € R? such that D;j = ||pi — pj||*,4,5 = 1,...,n, can be obtained from a full
rank factorization

G=PDP", PT=[p,...,pa] € R™™.

In this work, we consider the question of exact recovery from the unconstrained minimization
problem

i K(PPT) - D|? 1.1
pin - |K(PPT) = Dlf (1.1)

that arises from application of the Lindenstrauss operator on symmetric matrix space K : S — S™:
K(G) = diag(G)eT + ediag(G)T — 2G.

Here e is the vector of ones and diag(G) is the linear mapping providing the vector of diagonal
elements of the square matrix G. The objective function of (1.1), given by

n n
— 92
02(P) = [IK(PPT) = Dl = > > (Ilpi = pjlI* = 15 = 551°)" (12)
i=1 j=1
is quartic in P, known in multidimensional scaling (MDS) literature, e.g. [l1], as the smooth

stress.t

Since o3(P) is nonconvex, and most optimization methods are local, we investigate the possibil-
ity for such a quartic to have all its local minimizers being global ones. This is a prevalent question
in multidimensional scaling literature [9, 11, 13] with no definitive answer in previous publications.

The question about the existence of a Ingm was previously considered for another type of stress
function, called the raw stress:

o(P) =Y > (lpi = psll = ll5: = 5511)*- (1.3)

i=1 j=1

'For notational convenience, we use f(P) = 202(P) as our objective function.



It was analytically verified that a Ingm exists for the raw stress function o1 (P) [11]. However, the
question about the existence of such a Ingm for the smooth stress function o2(P) remained open
for a much longer time.

A few years after the result in [11] for the raw stress function, the authors of [9], while studying
the problem in the context of “metric” multi-dimensional scaling, already wondered whether the
same example could work for the smooth function oo(P). Unfortunately, the example constructed

in [11] for raw stress (1.3) does not produce a nonglobal minimizer for the smooth stress (1.2) as
discussed in the technical report [10]. In [15], an example of the inexact EDM recovery problem,
i.e.,

. T 2
pmin - [K(PPT) = Al
was presented to have a Ingm , where A € S” is not an EDMin R? as in (1.1). In a PhD Thesis
focusing on EDMs and published in 2013 [13], the question related to the nonglobal minimizers of
o2(P) was mentioned and considered to be open.

In this work, we finally give a definitive answer to this question. We find examples where the
function o9(P) has a local nonglobal minimum, Ingm, and we provide an analytic verification.
In our numerical investigation of stationary points of o3, we have used a trust region approach
for obtaining points satisfying the second order necessary optimality conditions for (1.1). We also
prove that, for n < d+ 1, no stationary point of smooth stress with oo(P) > 0 satisfies the second
order necessary optimality conditions. In other words, in this latter case all local minimizers are in
fact global ones.

We continue in Section 2 with a description of our main unconstrained minimization problem.
We include two additional equivalent problems with reduced numbers of variables. The reduction
allows for strict optimality conditions that can be used for the analytic existence proof. In Section 3,
we include various linear transformations, derivatives, and adjoints. Many of these are used in the
paper. It is hoped that these are a useful addition to the literature of EDMs as they emphasize the
use of linear transformations rather than individual elements or points. In Section 4, we consider the
optimality conditions and present a sufficient condition under which o3(P) has no local nonglobal
minimizer. In Section 5, we give two examples and use a modified Kantorovich theorem to prove
the existence of Ingms.

2 Notation and Main Problem Formulations

Before presenting the problem, we look at some of the required notation and background from
distance geometry. Further notation and background can be found in the book [3].

2.1 Notation

We let S,T € S™ denote matrices in the space of n X n symmetric matrices equipped with the
trace inner product (S,T) = tr ST; we use diag(S) € R™ to denote the diagonal of S; the adjoint
mapping is diag®(v) = Diag(v) € S™. We let [k] = {1,2,...,k} and use ® to denote the Kronecker
product. Unless stated otherwise, || - || denotes the Frobenius norm.

The cone of positive semidefinite matrices is denoted S’} C S", and we use S = 0 for S € S'}.
Similarly, for positive definite matrices, we use S" |, .S > 0.



For a set of points p; € R?, we let
P = p2 e Rnxd

denote the configuration matriz. Here we denote by d the embedding dimension. We denote the
corresponding Gram matriz, G = PPT. In addition, we define the quadratic mapping M : R»*? —
s", M(P) = PPT.

The classical result of Schoenberg [11] relates a Fuclidean distance matriz, EDM , with a Gram
matrix by applying the Lindenstrauss operator, K : S* — S™, given by

G=PPT, D= (|lp; —p;||*) = K(G) = diag(G)e” + ediag(G)" - 2G.
We define D : R™*4 — §" such that

D(P) = K(PPT) = K(M(P)).

Moreover, the mapping K is one-one and onto between the centered subspace, S¢ and the hollow
subspace, S7;, given by

St={5€8": Se=0}, Sg={5S€S": diagS=0}.

We ignore the dimension n when the meaning is clear. Note that the centered assumption PTe =
0 = G=PPT eS8y

Further detailed properties and a list of (non)linear transformations and adjoints are given
in Section 3.

2.2 Main Problem Formulations

Suppose that we are given the data P € R"*% PTe = 0, of n (centered) points in the embedding
dimension d. This gives rise to the corresponding Gram matrix G = PPT ¢ S¢ and EDM,

D = K(G) = diag(G)e! + ediag(G)" — 2G. (2.1)

We now present the main problem and two reformulations that reduce the size and help with
stability.

Problem 2.1 (point recovery). Let D be the above given EDMin (2.1). Consider the nonconvex
minimization problem of recovering a corresponding point matriz P given by

) 1 _ 1
min f(P):= ;||[K(PP") - D|f =: S ||IF(P)|[}, (2.2)
PeRnXd 2 2

which defines the function F : R™*? — S%. Does P* € R"*? exist such that it is a Ingm for (2.2)?



Problem (2.2) is a nonlinear least squares problem. It has nd variables. By taking advantage
of symmetry and the zero diagonal, the objective function can be seen as a sum of squares of a
triangular number, t(n — 1) := n(n — 1)/2 of quadratic functions. Note that P is clearly a global
minimum for Problem (2.2) with optimal value f(P) = 0. The problem is to determine whether
or not all stationary points where the second-order necessary optimality conditions hold are global
minimizers. If it is true, then the gradient descent method with a small stepsize can find the global
minimizer of problem (2.2) with probability one [7].

Note that a distance matrix is invariant under translations and rotations. Without loss of
generality, we can translate the points and assume they are centered, i.e.,

PTe =0, e vector of ones.

We let
VeRv"LyTy =1, 1, Vie=0. (2.3)

Then, PTe = 0 if, and only if, P = VL for some L € R"~1*¢ We can take advantage of this to get
equivalent smaller dimensional problems.

Problem 2.2 (centered point recovery). Let D be the above given EDMin (2.1). Let V be as
in (2.3). Cor_Lsider the nonconvex minimization problem of recovering a corresponding centered
point matric P =V L, i.e.,
. 1 _ 1
min fr(L) = S[IK(VL(VL)T) = D|f =: S|FL(L)|%. (2.4)
LER™ 1xd 2 2
which defines the function Fy : RP—1xd SFy- Does L* € R 1% exist such that it is a lngm for
(2.4)?

We let O = {Q € R . QTQ = I;} be the orthogonal group order d. We note that LLT =
LQQT LT holds for all Q € O. If LT = QR is the QR-factorization, then RT = LQ, i.e., fr(L) =
fo(RTQT) = fr(RT), where R € R™"~! is upper triangular(trapezoidal). We can in fact reduce
the problem further using the rotation invariance, i.e., fr(LQ) = fr(L) for any Q € O.

We define the linear transformation that takes a vector and changes it into a lower triangular
matrix RT. For d < n — 1, R is a lower triangular matrix of size n — 1 x d, but with #(d — 1)
elements being zero at the top right. For d > n—1, R” is a lower triangular matrix of size n —1 x d
with t(n — 1) elements being nonzero at the bottom left. This yields ¢, nonzeros:

_ t(n—1) ifd>n—1
te= { (n—1)d —t(d—1) otherwise. (2:5)
We now define
L, Nt if § <4
. . Tote n—1xd . = nj—n—t(j)+i+1 J=
LTriag : R* — R , LTriag(€); ) { 0 otherwise, (2.6)
and
JoiRY SR, fu(b) = fu(CTriag(0). (2.7)

Notice that the adjoint of £Triag, LTriag* : R"~1*¢ — R¥ takes the lower triangular part of L €
R™~1%4 and maps it to the corresponding vector £ in R*, such that £Triag* £LTriag(¢) = £. Moreover
LTriag LTriag®(L) is the projection of L onto the subspace of lower triangular(trapezoidal) matrices.



Problem 2.3 (centered and triangular point recovery). Let D be the above given EDMin (2.1).
Let Vity, fo(£), be as in (2.3), (2.5) and (2.7), respectively. Consider the nonconvex minimization
problem of recovering a corresponding centered point matric P = VL = V LTriag(£)QT, with
Qe0,ie.,

min fi(0) 1= [(V LTriag(e)(V LTriag(0)T) — DI = 3| FLTriag (D), (23)

which defines the function Fy : R*~1x4 S} Does * € R' exist such that it is a Ingm for (2.8)7

Remark 2.4. Analogously to the main Problem 2.1, this reduced problem (2.8) is a nonlinear least
squares problem but with a further reduced number of variables t; < (n — 1)d < nd in £, and still
t(n — 1) = n(n — 1)/2 quadratic functions (K(V LTriag(¢)(V LTriag(¢))”) — D)ij i < j. When
d < n —1, the underlying system of equations is overdetermined, and it is square otherwise (for
d>n—1, from (2.5) we observe that the number of variables is t(n — 1), the same as the number
of quadratic equations).

In the following, we shall present conditions for determining whether a Ingm exists. But first,
the next section provides useful formulae for linear transformations and derivatives.

3 Properties and auxiliary results

We now provide appropriate notation and formulae for transformations, adjoints and derivatives
involved in EDM, and then give the equivalence relationships among local minimizers of the three
reformulations.

3.1 Transformations, Derivatives, Adjoints, Range and Null Spaces

We now provide Lemma 3.1 with a list of results including proofs that follow immediately after the
result is presented.

Lemma 3.1. Let

PeR™ p=vecP e R" AP € R"™? Ap = vec AP € R",
LeR"™ ™ yecRY" S TeS"

We use the previously defined functions:
MR 5§ K:S" =S F:R™ - 8" f: R SR,
LTriag : RY — R Fp R4 - 87, f R4 5 R,

Fy:RY* - S" f, : R* - R.
Then, the following and their proofs hold:

1. M'(P)(AP) = PAPT + APPT, M"(P)(AP,AP) = 2APAPT: follow directly from the
expansion

M(P+AP) = (P+AP)(P+AP)T
= PPT + APPT + PAPT + APAPT
= M(P)+ M'(P)(AP) + SM"(P)(AP, AP).

6



10.
11.

12.

M/ (P)*(S) = 2SP:

(M'(P)(AP),S) = (PAPT + APPT S)
= tr(PAPTS + APPTYS)
= tr(SPAPT + SPAPT)
(MI(P)*(S),AP).

Se : R" — S, Se(v) = vel + evl': is a definition.
. S¥(S) = 28e:
(Se(v), S) = tr(ev” S +vel §) = tr(vT Se) + tr(Sev?) = (2Se, v).
K(G) = Se(diag(G)) — 2G, range(K) = Sp, null(K) = range(S.): see [I, Prop. 2.2].

Diag = diag®: clear from the definitions.

K*(S) = 2(Diag(Se) — S), range(K*) = Sg; null(K*) = Diag(R™):  see [/, Prop. 2.2].
Moreover, S > (<)0 = K*(S) = (X)0.

K*(S) = 2(Diag(Se) — 5):

This follows from

(K(T),S) = (diag(T)e! + ediag(T)T — 2T, S)
= 2tr(ef Sdiag(T)) — 2tr(T9)
= 2(Se,diag(T)) — 2(T, S)
= 2(Diag(Se) — S5, T).

The last equality is due to Diag = diag”.
Moreover, for S € S”, we have by diagonal dominance that S > (<)0 = K*(5) = (X)0.

DR — §", D(P) = K(M(P)) = S.(diag(M(P))) — 2M(P).

D'(P)(AP) = S.(diag(M'(P)(AP)) — 2M'(P)(AP): this follows from the linearity of diag
and Se.

F:R™4 - §" F(P) = K(M(P)) — D: follows from the definitions.

F'(P)(AP) = K(M'(P)(AP)) and F"(P)(AP,AP) = K(M"(P)(AP,AP)) : both follow
from the definitions and linearity of IC.

F'(P)*(S) = M'(P)*(K*(S)) = 4(Diag(Se) — S)P:

(F'(P)(AP),S) = (K(M'(P)(AP)),S)
= (M(P)(AP),K*(S))
= (AP, M'(P)*(K*(5)))-

Then, the proof is complete by bringing M'(P)* and K*(S) into the formula.



13. Denote the symmetrization linear transformation S : R™" — S§" S(K) = (K + K1)/2, and
T for the transpose operation whose adjoint is transpose again. Then,

J(P) = F/(P)"(F(P)) = 4[Diag(F(P)e) — F(P)|P (3.1)

and
f"(P)(AP,AP) = (K(PAPT + APPT) K(PAPT + APPT))

+2(F(P),K(APAPT)).
From the expansion of f(P + AP),

(3.2)

P+ AP)
(P + AP), F(P + AP))
(P)+ F'(P)(AP) + 3 F"(P)(AP, AP) + o |AP|*)|1%,

(P), F(P)) + (F(P), F'(P)(AP))

F'(P)(AP),F'(P)(AP)) + 3(F(P), F"(P)(AP,AP)) + o( | AP]?),

w\»—ttﬂ—tw\»—l\
o E o

+
)]
& /\._l

we get (3.1), and with Item 11, we obtain

f"(P)(AP,AP)

(F'(P)(AP), F'(P)(AP)) + (F(P), F"(P)(AP, AP))
(KM'(P)(AP)), K(M'(P)(AP))) + (F(P), K(M"(P)(AP,AP)))
(K(PAPT + APPT), K(PAPT + APPT)) + 2(F(P), C(APAPT)).

(3.3)

Note that we can isolate the matriz representation with

f"(P)(AP,AP) (f"(P)(Mat vec(AP)), Mat vec(AP))
([vec f(P) Mat] (Ap) , (Ap))-

The first term in (3.3) is

4(K(S(P(Mat vec AP)T)), K(S(P(Mat vec AP)T)))
4((PTS*K*KSP)((Mat vec AP)T), (Mat vec AP)T)
4((PTS*K*KSP)(T Mat vec AP), (T Mat vec AP))
4 < [vec T*PTS*K* ICSP'TMat] Ap, Ap>.

The second term in (3.3) is

(F(P),K (APAPT))
(K*(F(P)), APAPT)
(AP,K*(F(P))AP)

([vec K*F(P)Mat] Ap, Ap) .

(3.6)

1
S IO

Recall that F'(P)(AP) = K(M'(P)(AP)). We combine (3.5) and (3.6) and obtain the matriz

representation of the Hessian (not necessarily positive semidefinite) :

[vec f"(P)Mat] = 4 [vec T*PTS*K*KSPT Mat|
+2 [vec K* F(P) Mai] (3.7)
= 4[J*J] + 2[vec K*F(P)Mat],

where
J(Ap) := KSPT Mat Ap. (3.8)

8



Theorem 3.2. The second order necessary optimality conditions for Problem 2.1, (2.2), are

0 = f(P)= P(P)(F(P)) = 4" (F(P)P (3.9)
and

0 =< [vecf”(P)Mat] =4[J*J] + 2[vec KL*(F(P))Mat]. (3.10)
Proof. This follows from (3.7) and Lemma 3.1, Item 13. O

Throughout the paper, we denote the images of the following two mappings as two matrices in
Snd.
Hy =[J*"J], Hy = [vec (K* (F(P))Mat]. (3.11)

We call P a stationary point if (3.9) holds.

3.2 Optimality conditions of three problem formulations

According to the chain rule, the derivatives and optimality conditions of f; defined in problem
(2.4) and f; defined in problem (2.8) can be easily obtained from that of f.

Proposition 3.3. The derivatives of fr.(L) are

f1(L)=VTf (VL) (3.12)
and
(L) =VTf(VL)V. (3.13)

Proposition 3.4. The derivatives of fo({) are

f;(€) = LTriag* f (LTriag(¢)) (3.14)
and
[/ (0) = LTriag* f(LTriag(¢)) LTriag . (3.15)

Before and after the two reduction processes, problems are equivalent in regards to the objective
functions and global minimizers. In the following, we show that the optimality conditions of the
three problem reformulations (2.2), (2.4), and (2.8) are equivalent to some extent.

Firstly, we find that any local minimizer of (2.2) or (2.4) corresponds to a family of local
minimizers which are obtained from translations or rotations.

Theorem 3.5. The configuration P* € R™ % is a local minimizer of (2.2) if, and only if, any
configuration in {P¥ = P* +vT ® e : v € R} is a local minimizer of (2.2).

Proof. By the definition of the local minimizer, if P* is a local minimizer, then there exists § > 0
such that
f(P*) < f(P), VP : |P—P*| <. (3.16)

Since f(-) is invariant under any translation, (3.16) is equivalent to
F(Py) = f(P*) < f(P)= f(P), VP : |P = P}|| =P~ P*|| <4,
where P = P —vT @e. O



Theorem 3.6. The configuration L* € R" %4 is q local minimizer of (2.4) if, and only if, {L* =
L*QT : Q € O} is a local minimizer set of (2.4).

Proof. By the definition of the local minimizer, L* is a local minimizer, if, and only if, there exists
0 > 0 such that
fo(L®) < fo(L), VL« L - L*[| < 6. (3.17)

Since fr(+) is invariant under any rotation, (3.17) is equivalent to
f(L*) = fo(L*) < fu(@) = fu(L), VL : |IL-L*| = |L - L*| <4,
where L = LQT. O
Local minimizers of (2.2) and (2.4) have the following relationships.

Theorem 3.7. Let P* € R™*? and V be as defined in (2.3). Denote
1
v =—-PTeeR! P =P —(wTwe), L*=VTP:.
n

Then, L* is a local minimizer of (2.4) if, and only if, P} and P* are local minimizers of (2.2).

Proof. Firstly, notice that V'V is the orthogonal projection onto et and that the columns of P
are centered, thus, we have VL* = VVT P¥ = P*. Sufficiency: Let P} be a local minimizer of (2.2),
Then, there exists § > 0 such that

F(Py) < $(P), VP« |P—Pl|| <6, (3.18)
For any L € R" 1P guch that ||L — L*|| <, let P = VL. Then, we have
L7y = F(VLY) = [(P]) < f(P) = (VL) = fu(L),

where the inequality is due to ||[P — P*| = |[VL — VL*|| = |L — L*|| < 6 and (3.18), and the
equalities are due to the definition of fr.
Necessity: Suppose that L* is a local minimizer of f7,(L), i.e., there exists 6 > 0 such that

fu(L?) < fr(L), VL = |[L = L*[| < 6. (3.19)

For all P such that |P — P¥|| < 6, let v = PTe/n. Then, there exists L € R* 1 such that
P =VL+v" ®e, which implies that P — P} = V(L — L*) +vT ® e. As V(L — L*) and v? ® e are
orthogonal,

1L = L2 = V(L = L)II* = |P = PII* = [lo" @el* < 6% (3.20)

Now, from (3.19) and (3.20), we have
[(P)=f(VL+vT@e)=[(VL) > [(VL) = [(P)),

implying that P is a local minimizer of f(P); and, by Theorem 3.5 we also have P* is a local
minimizer of f(P). O

10



From the above analysis, we know that for the case of d > 2, if L is a local minimizer of fr (L),
then any configuration in {LQ : Q € O} is also a local minimizer of fr(L). When d > 2, any
local minimizer of fr,(L) is nonisolate, thus the Hessian matrix at any local minimizer of fr,(L) is
singular.

Next, we consider the correspondence between the local minimizers of (2.4) and its rotation-
reduction formulation (2.8).

Theorem 3.8. The following assertions hold.
1. If L* is a local minimizer of fr, then any £* satisfying
L* = LTriag(*)QT (3.21)
with @ € O, is a local minimizer of f.

2. If * is a local minimizer of fy, and the first d rows of LTriag(¢*) are linearly independent,
then L* = LTriag(¢*) is a local minimizer of fr .

Proof. 1. Suppose that L* is a local minimizer of f7, i.e., there exists 7 > 0 such that
fo(L) > fr(L*), for all L satistying ||L — L*||p <. (3.22)

For any £ € R¥ satisfying
[ =] <,

by taking L = LTriag(¢)Q” we obtain
IL = L*|| = || LTriag(£) — LTriag(¢)[|r = ([ — ]| < 7
Then, from (3.21) and (3.22) we have
fe(€) = fL(LTriag(0)) = fL(L) = fL(L*) = fL(LTriag(€")) = fo(C7).
Thereore, £* is a local minimizer of f.

2. We prove Item 2 by contradiction. Suppose that L* = LTriag(¢*) is not a local minimizer of

fr, i.e., there exists a sequence Ly, k = 1,2, - such that
im Ly =L" fo(Ly) < fo(LF). (3.23)
k—4o00
Considering the QR decomposition of Lz,k = 1,2,---, there exist orthogonal matrices

Qr,k=1,2,---, and upper triangular matrices R,k =1,2,---, such that
LT = QuRp k=1,2,---. (3.24)

Since ||Qk|| < 1 for all £ = 1,2,---, the bounded sequence has a convergent subsequence.
Without loss of generality, we directly assume that limg_, . Qr = Q*. According to (3.23)
and (3.24), we have
RT .= L*Q*= lim L;Qn= lim R
k—+o00 k—+o00

11



Since the first d rows of L* := LTriag(¢*) are linear independent, the QR-factorization of
L*T" is unique except for signs in every dimension, i.e., with diagonal Q* = A, A? = I,; and
R* = AL*T. Considering

¢* = LTriag"(L*) = LTriag*(R*TA), ¢}, := LTriag*(REA), k=1,2,-- -,
we get

k——+o0

By (3.23), we have
folr) = fL(RY) = fu(Ly) < fu(L*) = fL(R*TQ*T)
= fL(RT) = fu(0").

Thus, ¢* is not a local minimizer of fy, a contradiction.
O

The optimality conditions of (2.2) and (2.4) also have an equivalence relationship. To this end,
we first note that the directional derivatives of f(P) are zero in any translation.

Lemma 3.9. For any w € R?, we have
(f'(P),wT ®e) =0, and f"(P)(w! @e)=0. (3.25)
Proof. For t € R, we have
fP+twT @e) = f(P)+t{f/(P),w! @e)+ L (f"(P)(w’ @e),wT @e)+ oft?).
Since f(P + tw! ®e) = f(P) holds for all w € R? and t € R, we get
(f'(P),w" @e) = (f"(P)(w" @e),w’ @e)=0.

Moreover, by the form of f”(P) in (3.3) and the fact that range(K*) C {w” ®e : w € R¥}+ (Item 7
of Lemma 3.1), we have f”(P)(w’ ®e) = 0. O

Theorem 3.10. For P € R™*?, denote v = (PTe)/n € R, P, = P —v' ®@e, L = VTP, where
V is defined in (2.3), denote LT = QR where R is upper triangular and Q € R¥™? is orthogonal.
Then, the following conditions are equivalent:

(i) the first (resp., second)-order necessary conditions of (2.2) hold at P;
(ii) the first (resp., second)-order necessary conditions of (2
) (
) (

(iii) the first (resp., second)-order necessary conditions of (2.4) hold at L;

)

2) hold at P,;
)
)

(iv) the first (resp., second)-order necessary conditions of (2.4) hold at R.
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Proof. We first notice that

f'(Py) = f'(P), f"(P,) = f"(P) (3.26)
and
fL(R) = fL(L)QT, fl(R)=Qf(L)Q" (3.27)

by the chain rule. So, it is straightforward that (i)<(ii) and (iii)<(iv). In the following, we prove
that (ii)<(iii) .

Firstly, we prove the equivalence of their first-order necessary conditions. According to (3.1)
and range(C*) = Sf (Lemma 3.1, Item 7), we have

el f/(P) = 2T K*(F(P))P = 0. (3.28)
By (3.28) and the definition of V', we obtain
f'(P) =0 <= fi (L) =VTf(P,) =0. (3.29)

Secondly, we prove the equivalence of their second-order necessary conditions. According to (3.13),
for any AL € R"1%4 we have

(L)AL, AL) = VT f"(VL)V(AL, AL) = f"(VL)(VAL, VAL). (3.30)
According to Lemma 3.9 and (3.30), we have f/(L)(AL,AL) > 0 if, and only if,

" (P,)(AP,AP) = f"(P,) (VAL + w” @ ¢, VAL +w’ ®¢) > 0.
The proof is complete. ]

Remark 3.11. The reduction from (2.4) to (2.8) can introduce additional stationary points. Let
LTriag(¢*) = R*T. According to (3.14), f}(£) = 0 holds if, and only if, the lower triangular part of
f’L(R*T) is zero. Moreover, the linear independence assumption in Theorem 3.8, Item 2 is needed.

4 Second Order Conditions

We now consider the optimality conditions and give a sufficient condition such that there is no
Ingm. First of all, the necessary and sufficient characterization for the global minimizer is made
clear.

Lemma 4.1. A matriz P € R"*? is a global minimizer of (2.2) if, and only if, D(P) = D.

Proof. Since f(P) > 0 holds for all P € R"*¢ and f(P) = 0, the global minimum of f is 0. By the
definition of f and property of norms , f(P) = 0 holds if, and only if, F(P) =D(P)— D =0. O

In order to further characterize the second order optimality conditions we shall discuss essential
properties of the matrices Hy and Hs.

Lemma 4.2. The matriz Hy defined in (3.11) is always positive semidefinite. The matrix Hy = 0
(resp., Ha = 0) holds if every element of F(P) is nonnegative (resp., nonpositive), i.e., F(P) >0
(resp., F(P) <0).
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Proof. For any z € R™,
eTHix = (z, J"Jz) = (Jz, Jz) > 0.

Thus, H; is always positive semidefinite. By Lemma 3.1, Item 7, if F(P) > 0, then K*(F(P)) = 0
holds, i.e.,
2l Hyx = (x, Mat* K*F(P)Mat z) = (Mat z, K*(F(P)) Mat z) > 0

holds for all 2 € R™. Thus, Hy > 0 (resp., Hy = 0 ) if F(P) >0 (resp., F(P) <0). O
Lemma 4.3. The matriz Hy is the zero matriz if, and only if, F(P) = 0 holds, i.e., P is a global
minimaizer.

Proof. By Lemma 3.1, Item 7, K*(S) = 2(Diag(Se) — S) for any S € S" and null(K*) = Diag(R"™).
Since diag(F(P)) = diag(D(P)) — diag(D) = 0 is always true, we get X*(F(P)) = 0 holds if, and
only if, F(P) = 0. O

Lemma 4.4. Suppose that P is a stationary point for (2.2) but is not a global optimum. Then Hs
is not positive semidefinite, i.e., p* Hop < 0, for p = vec(P).

Proof. By (3.9) we have

plHyp = (P,K*F(P)P)— (P,K*F(P)P)
= (K(PPT),F(P)) — (K(PP"),F(P))
= (K(PPT) - K(PP"),F(P))
= (D-D(P),F(P))
= —(F(P),F(P))
< 0
The last inequality holds since P is not a global minimizer, i.e., F'(P) # 0 by Lemma 4.1. O

Under the condition of Lemma 4.4, we have known that
(P,K*F(P)P) <0,
which implies that
K*F(P) *# 0. (4.1)

Otherwise,

(P,K*F(P)P) = Tr(K*F(P)PPT) > 0,

which contradicts Lemma 4.4.
We analyze the extreme case of D = 0.

Corollary 4.5. If D = 0, then every stationary point is a global minimizer.

Proof. As D =0, we get py = - - - = p,, holds. Since K*F(P) is a Laplacian?, we have K*F(P)P = 0.
Combining this with the first-order condition (3.9), we have

pTHyp = (P,K*(F(P)P)— (P,K*(F(P))P)
= 0.

From Lemma 4.4 we conclude P is a global minimizer. O

2sum of its columns is zero
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Next, we consider another extreme case, that of D # 0 and D(P) = 0.

Theorem 4.6. Let D # 0, and let P satisfy D(P) =0, i.e., py = --- = p,. Then P is a stationary
point but the Hessian matriz is nonzero and negative semidefinite, i.e.,

Proof. Since p; = --- = p, and K*(F(P)) is a Laplacian, P satisfies the first-order optimality
condition (3.9). Since f(P) = |D —D(P)|[z = |D|% > 0, P is not a global minimizer. By
p1 = -+ = ppn, and Lemma 3.1, Item 5, J = 0 defined in (3.8) holds, and then H; = 0. Since
D(P) =0 and D > 0, F(P) < 0 holds. According to Lemma 4.2 and Lemma 4.3, 0 # Hy < 0
holds. Therefore, the Hessian matrix satisfies 0 # 4Hy, + 2Hs < 0. ]

Remark 4.7. In fact, one can show that if P is a local maximizer of f, then D(P) = 0, i.e.,
p1 = -+ = pp. Indeed, if P is a local maximizer of f, then t = 1 is a local mazximizer of
g(t) = f(tP). By the second order necessary conditions, we have ¢'(1) = 0 and ¢"(1) < 0. Since
g () = 43| D(P)||% — 4t(D,D(P)), 0 = ¢'(1) implies that |D(P)||% = (D,D(P)). Then, 0 >
g"(1) = 8||D(P)||% and we conclude that D(P) = 0.

In the following, we present the condition under which there is no Ingm . Recall the equivalence
between local minimizers of (2.4) and (2.2) in Theorem 3.7. For convenience, we use (2.4) for the
analysis instead of (2.2).

Theorem 4.8. Any stationary point L of (2.4) satisfying rank(L) = n — 1 is a global minimizer.

Proof. Since f;(L) = VIK*F(VL)VL = 0, the span of columns of L is an n — 1 dimensional
eigenvector space corresponding to the zero eigenvalue of the (n—1) x (n—1) matrix VI C*F(VL)V.
Therefore VIKC*(F(P))V = 0. Combining this with range(K*) = S% from Lemma 3.1, Item 7, we
conclude that K*(F(P)) = 0, and moreover Hy = 0. Thus, L is a global minimizer according to
Lemma 4.3. O

As L € R4 the condition in Theorem 4.8 holds only in the case of d > n — 1 and L full
row rank. Next, we consider another case where L is not full rank.

Theorem 4.9. Suppose that L is a non-globally-optimal stationary point of (2.4) and
rank(L) < d. (4.2)
Then, the second-order necessary optimality conditions fail at L.

Proof. Denote P = VL. According to Lemma 4.4 and the subsequent discussion, (4.1) holds. Thus
there exists a € R” such that a7 K*F(P)a < 0. Then, for any nonzero w € R?,

vec(a ® wh)THyvec(a @ w?) = (a®@w!,K*F(P)(a®wl))

TH (K F(P)(a ® wT)(a @ wT)T)
wlw Tr (K*F(P)aa™)

wlwa” K*F(P)a

< 0.

15



By (4.2), there exists a nonzero w € R? such that w € null(L), i.e.,
Lw = 0. (4.3)
We claim that H; vec(a ® w’) = 0 holds. First, we have
Jvec(a ® wl) = KSVLT (a ® w?).

By (4.3), we have
LT(a®@wh) =1L [aw aw -+ ap_qw] =0.

Thus, H; vec(a ® w!) = 0 holds. In sum, we have
vec(a @ wh)T(4H, + 2H;) vec(a ® wl) <0,
i.e., the second-order necessary optimality conditions (3.9)-(3.10) fail. O
Combining Theorem 4.8 and Theorem 4.9, we present the main result of this section.

Theorem 4.10. If n < d+ 1, then any stationary point satisfying the second-order necessary
optimality condition is a global minimizer.

Proof. Suppose that n < d+ 1, and L is a stationary point satisfying the second-order necessary
optimality condition. If rank(L) = n — 1, then L is globally optimal by Theorem 4.8. If rank(L) <
n — 1, then rank(L) < d. If we assume L is not a global minimizer, according to Theorem 4.9, L
does not satisfy the second-order necessary optimality condition, a contradiction. O

Recalling Remark 2.4, we note that n < d+ 1 is exactly the condition such that the underlying
system of equations is square. When n > d+1 (overdetermined), it is possible to find local nonglobal
minimizers. We prove this claim below by presenting two examples where we are able to numerically
obtain second order stationary points. Then, we will analytically prove that the assumptions of
the Kantorovich theorem hold at these two points. This implies that in a neighborhood there exist
strict Ingms.

5 Kantorovich Theorem and Sensitivity Analysis

We now consider the sensitivity analysis needed to analytically prove that we have a Ingm. We
exploit the strength of the classical Kantorovich theorem for convergence of Newton’s Method to a
stationary point.

For d = 1, we consider an example where we have the following: rational matrices L e
Q"X P = VL € Q™! with the function value f(P) = fr(L) > fr > 0; the gradient is ap-
proximately zero, i.e., we have a near stationary point |V fr(L)|| < gr, for small jr; and the
Hessian is positive definite, Ayin(V? fL(f/)) > Az > 0. Then for d = 2, we consider another case
with a ¢ with similar properties.

We emphasize that P, L have rational entries and that we are doing finite precision arithmetic
for which both sensitivity and roundoff error analysis can be done. In our calculations, the roundoff
error in every step is less than 10715, and all of the absolute values of elements in the original data
L and L are greater than 5 x 10~%. This yields a relative error of at most 2 x 1072, As the number
of arithmetic calculations increases, this relative error can accumulate. However, as the number of
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all arithmetic operations in this section, including the calculations of gradients, Hessians and all
parameters used later, is definitely less than 10'0, the relative error in the end will be less than
(2 x 10712 + 1)1010 —1 < 1071, In this section, we choose 107! as a bound on the relative error
contained in the calculated data.

In fact, for our first numerical example, fL ~2.6x10% >0, jr ~1.8x1073, AL~ 2.1%x10%2 > 0.
We apply sensitivity analysis to guarantee that these properties hold in a r-neighbourhood of L and
then apply the classical Kantorovich theorem, e.g., [5, Thm 5.3.1], to show that there is a stationary
point nearby where the function value is positive and the Hessian is still positive definite. This
provides an analytic proof that we have a proper Ingm near L.

Example 5.1. 3 An ezample with n = 50,d = 1 is given, with data L, L € R" ¥4 see Footnote 5.
Matriz D is the distance matriz obtained from L by D = IC(VL(VL) ). Thus, L is a global

minimizer, and we verify that L is a numerically convergence point, where the objective value is
fr(L) > 2.6 x 103, (5.1)

the absolute and relative gradient norms are

= \Y
IVfL(L)|| < 1.8 x 1073, IV LD )” ~6x 1077, (5.2)
1+ fr(L)
and the least eigenvalue of the Hessian matriz is
Amin(V2f2 (L)) > 211. (5.3)

Remark 5.2. The problem to find a Ilngmis a nonlinear least squares problem. The standard
approach for monlinear least squares is to use the Gauss-Newton method rather than the Newton
method, i.e., relax the Hessian and only use 4H; (or the corresponding one for L) by discarding the
second order terms from 2Hs (or the corresponding one for L) in (3.11) and (3.13). However, one
magor reason for the success of Gauss-Newton is that one expects fr.(L) to be near 0, a root. In
our case, we want the opposite as we do not want to be near a root of fr, as that yields the global
MINIMUM.

Now, we calculate a Lipschitz constant estimate v > 0 of the Hessian matrix of fr. From
our numerical output, we have that the smallest eigenvalue Apn (V2 fL(i)) > 0. By continuity of
eigenvalues, we are guaranteed that this holds in a neighbourhood of L, which can be estimated
out by Proposition 5.3.

Proposition 5.3. Let r > 0, L € R*'%% pe given. If

v >48V2r [ Y I(VL)[i, o] = (VI)[j, ]|l + 2nv/nr | (5.4)

,L'7j

then ~ is a Lipschitz constant for the Hessian of f1, in the radius-r neighborhood of L, i.e.,

IV2fo(L) = V2 fr(D)| <AL= LI, if L, L € By(L). (5.5)

Moreover, R 3
)‘min(vgfL(L)) > )‘min(VQfL(L)) —qr, if L € Br(L). (5.6)
3 The preprint and a link to the data and codes are available at

www.math.uwaterloo.ca/ hwolkowi/henry/reports/ABSTRACTS.html
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Proof. By the definition of the induced norm, we see that (5.5) is equivalent to
|[L(L)AL,AL) = fL(L)(AL,AL)| < ~|L - L],
for all L, L € B.(L),||AL||p = 1. Let
P=VLP=VL AP =VAL.
According to Lemma 3.1 and Proposition 3.3, we have

"(L)(AL, AL)
= f'(P)(AP,AP)
IK(PAPT + APPT)|2 + 2(F(P),K(APAPT))
321207 Api 4 207 Apj — 2p] Ap; — 2p] Apil* + 23, 5 i — ;1711 Api — Apjll?
=AY (i — p) T (Api — Apy)P + 232, 5 15 — Bill* | Api — Apyll*.

The calculations about L are similar, implying

7(L)(AL,AL) — f{(L)(AL, AL)
= 4y, {1 — )T (Aps — Ap)IP = [(5i — 5)T (Api — Ap))}
+237 B = 531> = [lpi — B511°) 1 Api — Apj?
=AY, (i —pj — Pi +Pj) " (Api — Apy) (i — Dy + i — P;)" (Api — Apy)
+232, (B = pj — Bi + D) (i — By + Pi — i) | Api — Apj*.

Then, )
[fL(L) (AL, AL) = f(L)(AL,AL)|
< 62, 16 — By — i+ bjll 16 — By + Bi — B; | Api — Apj|1*.
Since AP = |[VAL| = | AL| =1,
|Ap; — Apj||?

< 2(1apl? + 1Aps]?)
< 2

From L,L € B, (L) and the Cauchy-Schwarz inequality, we have

Ipi — D5 — i + 05/l < |(Pi — i) — (Bj — Bj) — (P — Pi) + (Bj — D))l

< g = pill + 1p; — Bl + lIpi — pill + lp; — Bsl

< g —Bill? + 165 — 55117 + Ipi — Bal> + |15 — B511%)
xV12+12 412 + 12

< Vor2.2

= Qﬂr,

and R R § i}
> i 1P = B+ pi — pj|
20 120 = pj) + (Bi — Bi) — (B — B3) + (Bi — Bi) — (B — Py)

IA I

235 15 = ol + 225 5 16 — pall + 3255 165 — sl +
>ij o = will + 32 5 155 — o5l
= 2355 = Bill + n 32 1B — pill + n 325 (1B — Bsll+
n Y 1B — pill +n 325 15 — Bl
<

2 Z” 1D — Bl + 4ny/nr.
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Thus,

IFZ(L)(AL, AL) — f(L)(AL, AL)| 24v/2r 37, \bi — By + Bi — B

18v/2r (32, I5i = Byll + 2ny/mr )

IN A

implying (5.4) and (5.5). By (5.7), we have

T(L)(ALAL) = fJ(L)AL,AL) — (f{(L)(AL,AL) — f{(L)(AL, AL))
> JL()(AL,AL) = [ff(L)(AL, AL) — f{(L)(AL, AL)]
> Nein(V2S2(E) — AL - L] ~
> Amin(V2fr(L)) —vr, forall L € B.(L),||AL| = 1.
Thus, we obtain (5.6). O

To verify the existence of a Ingm for Example 5.1, we calculate the Lipschitz constant estimated
in Proposition 5.3. Let » = 1072, Since 2130 > Zw H(V[?)[i,:} — (Vf/)[j, Il € (2127.8,2127.9),
(5.4) gives

v = 145.

Moreover, by (5.6),

Amin(V2fL(L)) > 211 — 145 > 0, for all L € B,(L). (5.8)

That is, we find a neighbourhood where the Hessian stays positive semidefinite. Next, we prove
that the objective stays sufficiently positive in a region around L.

Lemma 5.4. Let the configuration P=VL e R [ ¢ R4 gnd positive parameters fr,,r €
Ry, be given. Suppose that fo(L) > fr and that the Hessian V2 fr, is uniformly positive definite
in the r-ball around L, i.e.,

Amin(V2fL(L)) >0, for all L € B,(L). (5.9)

Then, f1, is positively uniformly bounded below in B,(L), i.e.,

, - : fr(L) — fr
fo(L) > fr. >0, forall ||L — L|| < min {r, w} )

Proof. By the positive definiteness of the Hessian in the r-ball B,(L), we can apply the convexity
of fr in the ball, implying that

L) > @)+ (Vi) L~ L), it LeB(L),
> (D)~ IVADIIL L. if L€ B(L),
>

/| ] ~ . fo(D)—fr
Il < i
7> 0, if [L — L|| < min {T’ ||VfL(L)II}
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By (5.1), (5.2) and considering f;, = 103, we get

fr(L) - f1 _ 26 103 —1 % 103

IV fr(L)]| isx103 " (5.10)

According to Lemma 5.4,

fo(L) > fr. >0, forall L € B,(L).
We now apply the classical Kantorovich theorem to obtain a unique Ingm point (within a certain
neighborhood) without needing the assumption of the existence of a stationary point. We reword
the version in [5, Thm 5.3.1].

Theorem 5.5. Let the configuration matric P = VL € R™4 [ € R" %4 pe given. Let r € Ry,
be found such that

V2f (L) =0, forall L € B,(L),
and f1, satisfying

fL(L) > fr. >0, forall L € B,(L).
Let v be a Lipschitz constant for the Hessian of fr in the r-ball about L. Set
8=V (D) and n:=|IV2 (L) VD).

1 1—v/1—2a
By

Define yg = By and o = vgn. If a < 5 and r > 19 =
L,Ly,Lo,..., produced by

Liy1 = Ly, — V2 fr(Ly) 'V (Lg), k=0,1,...,

, then the sequence Lo =

is well defined and converges to L*, a unique root of the gradient V f1, in the closure of By, (L). If
a < %, then L* is the unique zero of V fr, in the closure of By, (L),

1+M}
By ’

* k _ % -
and || Ly — L*|| < (2a)**2, k=0,1,.... Moreover, L* is a Ingm.

71 := min {7‘,

Proof. The proof is a direct application of the Kantorovich theorem, e.g., [5, Thm 5.3.1], along
with the above lemmas and corollaries in this section. The fact that V2f;, is invertible and pos-
itive definite follows from finding r in Proposition 5.3. The strict positive lower bound follows
from Lemma 5.4. O

As mentioned previously in this section, the conditions required in Lemma 5.4 and Theorem 5.5
are fulfilled with B
r=1073, v =145, f; = 10°.

Plugging into Theorem 5.5, we have

B 5.7x 1074,
ne2.4x1075,

YR~ 8.2 x 1072,
a=ygn~2.0x10"7,
ro~ 2.4 x107% < r,
re=r=1073.
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According to Theorem 5.5, there exists a Ingmin B,,.

As mentioned above, for the case of d = 2, any local minimizer of fr (L) is nonisolate, implying
that the Hessian matrix at any local minimizer of fr(L) is singular. We consider the model f(¢)
for an example with d = 2. We use Kantorovich Theorem to verify that this example has a strict
local nonglobal minimizer ¢*, where the first 2 rows of LTriag(¢*) are independent. According to
Theorems 3.7 and 3.8, this local nonglobal minimizer corresponds to local nonglobal minimizers of

fo(L) and f(P).

Example 5.6. The details for the data and codes are given in Footnote 3. An example with
n = 100,d = 2 is given, with data 17,57 € RY7 presented, see Footnote 3. Matrixz D is the distance
matriz obtained from € by

D = K(V LTriag(f) LTriag(€)T V7).

Thus, £ is a global minimizer, and we verify that ¢ is a numerically convergence point. The objective
value s 3
fo(f) > 9 x 103, (5.11)

the absolute and relative gradient norms are

IVfe(D)] < 1.7 x 1072, Iv£@I 107°, (5.12)

L+ fo(£)

and the least eigenvalue of the Hessian matriz is
Amin (V2 fo(0)) > 8.
The analysis process for f;(¢) is similar to fr(L). For completeness, we present it as follows.

Proposition 5.7. Let r > 0,0 € R" 4 pe given. If

v > 48V2r | Y |(V LTriag())[i,:] — (V LTriag(6))[4, ]| + 2nv/nr | ,

1,J
then v is a Lipschitz constant for the Hessian of fp in the radius-r neighborhood of l, ie.,
IV2£e) = V2 £l < AN1E =2, if 6.0 € B (D).

Moreover,

Amin(V2£2(0)) > Anin(V2fe(0)) —yr,  if £ € B,(0).

Lemma 5.8. Suppose that fg(g) > f; and that the Hessian V2 f, is uniformly positive definite in
the r-ball around ¢, i.e.,

Amin(V2fe(0)) > 0,  for all ¢ € B,.(0).

Then, fy is positively uniformly bounded below in By ({), i.e.,

fi — 0 min L@) I
fe(0) > fe >0, forall || —{| < {r, IV AD }
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Theorem 5.9. Let { € R be given and r € R4y be found such that

V2fo(0) =0, for all £ € B,(f), (5.13)

and fo satisfy B R }
fo(£) > fo,  for all £ € B,(£).

Let v be a Lipschitz constant for the Hessian of fo in the r-ball about (. Set

B:= V(D)7 and 5=V (€)Y fol£)].

Define yr = By and a = ygn. If a < % and r > ry = 1122 W‘, then the sequence by = 0,01, 0o, . . .,

produced by
U1 = e = V2 o) 'V follr), k= 0,1,

is well defined and converges to £*, a unique root of the gradient V fy in the closure of By, 0). If
a < %, then 0* is the unique zero of V fy in the closure of By, ({),

1+\/1—20¢}
By

r1 := min {7",

and
l6 — ) < @)L k=0,1,....
«

Moreover, £* is a lngm .

The conditions required in Proposition 5.7 and Lemma 5.8 are fulfilled with
r=10"%, y =651, f, =10
Plugging into Theorem 5.5, we have

fa1.0x 1074,

n~~1.3x 1075,

YR~ 6.5 x 1072,
a=7rn~87x 1077 < 1,
ro =

1=v1-2a vﬁlfa ~1.3x107° <,
ro=r=1073

According to Theorem 5.5, there exists a Ingmin B,.

6 Final remarks

In this paper, we addressed the nonconvex optimization problem arising from the exact recovery
of points from a given Euclidean Distance Matrix (EDM). Our investigation led to significant
advancements in understanding the conditions under which local nonglobal minima (lngm ) exist
for the smooth stress function (as known in MDS literature) in EDM problems. We established that
for the smooth stress function, which is a quartic in P € R™ ¢, all second-order stationary points
are global minimizers when n < d+1. For n > d+1, we not only identified Ingm through numerical
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methods but also provided rigorous analytical proofs (via Kantorovich’s theorem) confirming their
existence.

Our methodology was characterized by a reduction in the problem’s dimensionality, leveraging
translation and rotation invariance, which simplified the analytical process and computational
efforts.

The findings of this research settle longstanding open questions regarding the existence of
Ingmin the context of multidimensional scaling and highlight the importance of second-order
methods for minimizing the smooth stress function.
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Index

D'(P)(AP) = S.(diag(M'(P)(AP))—2M'(P)(A Pyentered subspace, S¢, 4

T 3 configuration matrix, P, 2, 3
Bs(L), 6-ball about L, 20
F R4 7 F(P)=K(M(P))— D, 7 embedding dimension, d, 3, 5
F-Rexd _y Sn, 4 Fuclidean distance matrix, EDM, 4

FI(P)(AP) = K(M'(P)(AP)), 7

1 — T
FW//(P)(AP7 AP) = ,C(M//(P)(AP, AP))7 7 Gram matrlX, G = PP , 4

Fp R S5 hollow subspace, S}, 4

Fy:Rr1xd 5 816

Hy =1[J*J],9 Laplacian matrix, K£*(S) = 2(Diag(Se) — 5), 7

Hy = [vec (K* (F(P)) Mat], 9 Lindenstrauss operator, I : S — S™, 4

S, TeS™, 3

Se :R" — S, Su(v) = vel +ev?, 7 nonnegative symmetric matrices order n, N, 3
e 9 € - 9

S*(S) = 2Se, 7

] = {12 k). 3 orthogonal group order d, O = {Q € R¥? .

T —
Diag = diag™*, 7 @Q=1Ia}, 4
K(G), Lindenstrauss operator, 4 raw stress, o1(P), 2
8¢, centered, 4
S}y, hollow, 4 smooth stress, oa(P), 2

P, configuration matrix, 2, 3 .

K*(S) = 2(Diag(Se) — S), Laplacian matrix, 7 trgee inner product, 3

O = {Q € R4 ; QTQ = I,}, orthogonal group triangular number, t(n — 1) :=n(n —1)/2, 5
of order d, 4

SR 5 S" S(K)=(K+K")/2,8

d-ball about L, Bs(L), 20

diag(S) € R", 3

diag*(v) = Diag(v) € S™, 3

o1(P), raw stress, 2

o2(P), smooth stress, 2

F(P) = Las(P), 2

fL(L)7 5

felb) = fr(LTriag(0)), 5

t(n —1) = n(n — 1)/2, triangular number, 5

D(P) = K(PPT), 4

D : R4 - §" D(P) = K(M(P)) = S,(diag(M(P)))—
2M(P)., 7

K(G) = Se(diag(G)) — 2G, 7

M(P) = PPT 4

M'(P)(AP) = PAPT + APPT, 6

M (P)*(S)=2SP, 7

EDM, Euclidean distance matrix, 4

Ingm, local nonglobal minimum, 4, 5
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