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Abstract

This paper presents a backward stable preprocessing technique for (nearly) ill-posed semidef-
inite programming, SDP, problems, i.e., programs for which the Slater constraint qualification,
existence of strictly feasible points, (nearly) fails.

Current popular algorithms for semidefinite programming rely on primal-dual interior-point,
p-d i-p methods. These algorithms require the Slater constraint qualification for both the
primal and dual problems. This assumption guarantees the existence of Lagrange multipliers,
well-posedness of the problem, and stability of algorithms. However, there are many instances
of SDPs where the Slater constraint qualification fails or nearly fails. Our backward stable
preprocessing technique is based on applying the Borwein-Wolkowicz facial reduction process
to find a finite number, k, of rank-revealing orthogonal rotations of the problem. After an
appropriate truncation, this results in a smaller, well-posed, nearby problem that satisfies the
Robinson constraint qualification, and one that can be solved by standard SDP solvers. The
case k = 1 is of particular interest and is characterized by strict complementarity of an auxiliary
problem.
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1 Minimal Face; 0 < §* | R 19

1 Introduction

The aim of this paper is to develop a backward stable preprocessing technique to handle (nearly)
ill-posed semidefinite programming, SDP, problems, i.e., programs for which the Slater constraint
qualification (Slater CQ, or SCQ), the existence of strictly feasible points, (nearly) fails. The
technique is based on applying the Borwein-Wolkowicz facial reduction process [11] 12] to find
a finite number k of rank-revealing orthogonal rotation steps. Each step is based on solving an
auxiliary problem (AP) where it and its dual satisfy the Slater CQ. After an appropriate truncation,
this results in a smaller, well-posed, nearby problem for which the Robinson constraint qualification
(RCQ) [52] holds; and one that can be solved by standard SDP solvers. In addition, the case k =1
is of particular interest and is characterized by strict complementarity of the (AP).
In particular, we study SDPs of the following form

(P) vp i=sup{b’y : Ay = C}, (1.1)
Yy

where the optimal value vp is finite, b € R™, C € S", and A : S* — R™ is an onto linear
transformation from the space S™ of n x n real symmetric matrices to R™. The adjoint of A is
Aty =37 yiA;, where A; € S",i = 1,...,m. The symbol < denotes the Lowner partial order
induced by the cone S} of positive semidefinite matrices, i.e., A*y < C'if and only if C' — A*y € S'}..
(Note that the cone optimization problem (II]) is commonly used as the dual problem in the SDP
literature, though it is often the primal in the Linear Matrix Inequality (LMI) literature, e.g., [13].)
If (P) is strictly feasible, then one can use standard solution techniques; if (P) is strongly infeasible,
then one can set vp = —o0, e.g., [38] [43], 47, [62] 66]. If neither of these two feasibility conditions
can be verified, then we apply our preprocessing technique that finds a rotation of the problem
that is akin to rank-revealing matrix rotations. (See e.g., [58, [59] for equivalent matrix results.)
This rotation finds an equivalent (nearly) block diagonal problem which allows for simple strong
dualization by solving only the most significant block of (P) for which the Slater CQ holds.
This is equivalent to restricting the original problem to a face of S, i.e., the preprocessing can
be considered as a facial reduction of (P) . Moreover, it provides a backward stable approach for
solving (P) when it is feasible and the SCQ fails; and it solves a nearby problem when (P) is weakly
infeasible.
The Lagrangian dual to (LIJ) is

(D) vp = inf {(C, X) : A(X) = b, X = 0}, (1.2)

where (C, X) := trace CX = }_,. C;; X;; denotes the trace inner product of the symmetric matrices
C and X; and, A(X) = ((A;, X)) € R™. Weak duality vp > vp follows easily. The usual constraint
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qualification (CQ) used for (P) is SCQ, i.e., strict feasibility A*y < C (or C — A*y € ST, the
cone of positive definite matrices). If we assume the Slater CQ holds and the primal optimal
value is finite, then strong duality holds, i.e., we have a zero duality gap and attainment of the
dual optimal value. Strong duality results for (II]) without any constraint qualification are given
in [10} 1T} 12} [72] and [48] [49], and more recently in [50, [65]. Related closure conditions appear in
[44]; and, properties of problems where strong duality fails appear in [45].

General surveys on SDP are in e.g., [4l [63], [68] [74]. Further general results on SDP appear in
the recent survey [31].

Many popular algorithms for (P) are based on Newton’s method and a primal-dual interior-

point, p-d i-p, approach, e.g., the codes (latest at the URLs in the citations) CSDP, SeDuMi,
SDPT3, SDPA [9, [60] [67, [76]; see also the
SDP URL: www-user.tu-chemnitz.de/ helmberg/sdp_software.html.
To find the search direction, these algorithms apply symmetrization in combination with block
elimination to find the Newton search direction. The symmetrization and elimination steps both
result in ill-conditioned linear systems, even for well conditioned SDP problems, e.g., [19][73]. And,
these methods are very susceptible to numerical difficulties and high iteration counts in the case
when SCQ nearly fails, see e.g., [21), 22 23] 24]. Our aim in this paper is to provide a stable
regularization process based on orthogonal rotations for problems where strict feasibilty (nearly)
fails. Related papers on regularization are e.g., [30L B9]; and papers on high accuracy solutions
for algorithms SDPA-GMP,-QD,-DD are e.g., [77]. In addition, a popular approach uses a selfdual
embedding e.g., [16, 17]. This approach results in SCQ holding by using homogenization and
increasing the number of variables. In contrast, our approach reduces the size of the problem in a
preprocessing step in order to guarantee SCQ.

1.1 Outline

We continue in Section [[.2]with preliminary notation and results for cone programming. In Section[2
we recall the history and outline the similarities and differences of what facial reduction means first
for linear programming (LP), and then for ordinary convex programming (CP), and finally for
SDP, which has elements from both LP and CP. Instances and applications where the SCQ fails
are given in Section 2.3.1l Then, Section [B] presents the theoretical background and tools needed
for the facial reduction algorithm for SDP. This includes results on strong duality in Section B.Ik
and, various theorems of the alternative, with cones having both nonempty and empty interior, are
given in Section A stable auxiliary problem (B.0)) for identifying the minimal face containing the
feasible set is presented and studied in Section 3.3} see e.g., Theorem [3.11] In particular, we relate
the question of transforming the unstable problem of finding the minimal face to the existence of a
primal-dual optimal pair satisfying strict complementarity and to the number of steps in the facial
reduction. See Remark and Section The resulting information from the auxiliary problem
for problems where SCQ (nearly) fails is given in Theorem and Propositions BI6] B.I7l This
information can be used to construct equivalent problems. In particular, a rank-revealing rotation
is used in Section B4] to yield two equivalent problems that are useful in sensitivity analysis, see
Theorem In particular, this shows the backwards stability with respect to perturbations in
the parameter § in the definition of the cone T for the problem. Truncating the (near) singular
blocks to zero yields two smaller equivalent, regularized problems in Section 3411

The facial reduction is studied in Section @l An outline of the facial reduction using a rank-
revealing rotation process is given in Section Il Backward stability results are presented in
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Section

Preliminary numerical tests, as well as a technique for generating instances with a finite duality
gap useful for numerical tests, are given in Section [l Concluding remarks appear in Section[@ (An
index is included to help the reader, see page [49)

1.2 Preliminary definitions

Let (V,(-,-)y) be a finite-dimensional inner product space, and K be a (closed) convex cone in V,
e, AK C K,VA >0,and K+ K C K. K is pointed if KN (—K) = {0}; K is proper if K is pointed
and int K # (; the polar or dual cone of K is K* :={¢ : (¢, k) > 0,Vk € K}. We denote by <x
the partial order with respect to K. That is, 1 <g xo means that o — 1 € K. We also write
1 <K T2 to mean that x9 — 21 € int K. In particular with V = §", K = §" yields the partial
order induced by the cone of positive semidefinite matrices in S, i.e., the so-called Lowner partial
order. We denote this simply with X <Y for Y — X € S. cone(S) denotes the convex cone
generated by the set S. In particular, for any non-zero vector x, the ray generated by x is defined
by cone (x). The ray generated by s € K is called an extreme ray if 0 < u <g s implies that
u € cone (s). The subset F' C K is a face of the cone K, denoted F < K if

(s€ F,0 =g u=<gs) = (cone(u)CF). (1.3)

Equivalently, FF < K if F' is a cone and (:E,y €K, %(m +y) € F) = ({z,y} CF). If F <K but
is not equal to K, we write FF < K. If {0} # F < K, then F' is a proper face of K. For S C K,
we let face(S) denote the smallest face of K that contains S. A face F' < K is an exposed face if
it is the intersection of K with a hyperplane. The cone K is facially exposed if every face F' < K
is exposed. If F' < K, then the conjugate face is F¢ := K* N {F}*. Note that the conjugate face
F€ is exposed using any s € relint F' (where relint S denotes the relative interior of the set S),
ie., F¢= K*N{s}t, Vs € relint F. In addition, note that S7 is self-dual (i.e., (S)* = S") and is
facially exposed.

For the general conic programming problem, the constraint linear transformation A4 :V — W
maps between two Euclidean spaces. The adjoint of A is denoted by A* : W — V, and the
Moore-Penrose generalized inverse of A is denoted by Af: W — V.

A linear conic program may take the form

(Peonic) vEMC = sup {(b,y) : C — A*y =k 0}, (1.4)
Yy

with b € W and C € V. Its dual is given by
(Deonic) vt = inf {(C, X) : A(X) =b,X =k 0}. (1.5)

Note that the Robinson constraint qualification (RCQ) is said to hold for the linear conic program
(Peonic) if 0 € int(C' — A*(R™) — S%); see [53]. As pointed out in [61], the Robinson CQ is equiv-
alent to the Mangasarian-Fromovitz constraint qualification in the case of conventional nonlinear
programming. Also, it is easy to see that the Slater CQ, strict feasibility, implies RCQ.

Denote the feasible solution and slack sets of (L)) and (L) by Fp = F = {y: A*y =k C},
Fé={Z: Z=C—-A"y =k 0}, and Fp = {X : A(X) =b, X =g+ 0}, respectively. The minimal
face of (4] is the intersection of all faces of K containing the feasible slack vectors:

fp = f£ :=face(C — A*(Fp)) =N{HAK : C— A*(Fp) C H}.
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Here, A*(Fp) is the linear image of the set Fp under A*.

We continue with the notation specifically for V = §", K = S and W = R™. Then (L)
(respectively, (LH])) is the same as (L)) (respectively, (I2])). We let e; denote the i-th unit vector,
and Ej; := %(eie;ﬁp + eje;fp) are the unit matrices in S™. for specific A; € S*,i =1,...,m. We let
| All2 denote the spectral norm of A and  define the Frobenius norm (Hilbert-Schmidt norm) of
Aas || Allp = /350 Al

Unless stated otherwise, all vector norms are assumed to be 2-norm, and all matrix norms in
this paper are Frobenius norms. Then, e.g., [32, Chapter 5], for any X € S™,

JAX) 2 < [All2lI X7 < [l AP Xl £- (1.6)
We summarize our assumptions in the following.

Assumption 1.1. Fp # 0; A is onto.

2 Framework for Regularization/Preprocessing

The case of preprocessing for linear programming is well known. The situation for general convex
programming is not. We now outline the preprocessing and facial reduction for the cases of:
linear programming, (LP); ordinary convex programming, (CP); and SDP. We include details on
motivation involving numerical stability and convergence for algorithms. In all three cases, the
facial reduction can be regarded as a Robinson type regularization procedure.

2.1 The case of linear programming, LP

Preprocessing is essential for LP, in particular for the application of interior point methods. Suppose
that the constraint in (L4) is A*y <k ¢ with K =R}, the nonnegative orthant, i.e., it is equivalent
to the elementwise inequality ATy < ¢,c € R", with the (full row rank) matrix A being m x n.
Then (Peonic) and (Deonic) form the standard primal-dual LP pair. Preprocessing is an essential
step in algorithms for solving LP, e.g., [20, 27, B5]. In particular, interior-point methods require
strictly feasible points for both the primal and dual LPs. Under the assumption that Fp # (), lack
of strict feasibility for the primal is equivalent to the existence of an unbounded set of dual optimal
solutions. This results in convergence problems, since current primal-dual interior point methods
follow the central path and converge to the analytic center of the optimal set. From a standard
Farkas’ Lemma argument, we know that the Slater CQ, the existence of a strictly feasible point
AT < ¢, holds if and only if

the system |0 # d > 0, Ad = 0,¢’'d = 0|is inconsistent. (2.1)

In fact, after a permutation of columns if needed, we can partition both A, c as
_ cs
A= [A< A:], with A= sizem xt, c=| _],
c

so that we have

A<ng <c<, A7Tj=¢=, for some § € R™, and ATy <¢ = A Ty =(",
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i.e. the constraints A=y < ¢= are the implicit equality constraints, with indices given in
P:={1,....,n}, P<:={1,....n—t}, P i={n—t+1,...,n}

Moreover, the indices for ¢~ (and columns of A=) correspond to the indices in a maximal positive
solution d in (2)); and, the nonnegative linear dependence in ([Z]) implies that there are redundant
implicit equality constraints that we can discard, yielding the smaller (AE)Ty = cp with A% full
column rank. Therefore, an equivalent problem to (Pcopic) is

(P vp = max{b’y : A<Ty < <, ARTy = ¢z} (2.2)

reg)

And this LP satisfies the Robinson constraint qualification (RCQ); see Corollary B.4], Item 2], below.
In this case RCQ is equivalent to the Mangasarian-Fromovitz constraint qualification (MFCQ),
i.e., there exists a feasible § which satisfies the inequality constraints strictly, A<T@ < ¢<, and the
matrix A= for the equality constraints is full row rank, see e.g., [8, [40]. The MFCQ characterizes
stability with respect to right-hand side perturbations and is equivalent to having a compact set of
dual optimal solutions. Thus, recognizing and changing the implicit equality constraints to equality
constraints and removing redundant equality constraints provides a simple regularization of LP.
Let fp denote the minimal face of the LP. Then note that we can rewrite the constraint as

ATy jfp C, with fp = {ZERi:Zi:O,iGP:},

Therefore, rewriting the constraint using the minimal face provides a regularization for LP. This
is followed by discarding redundant equality constraints to obtain the MFCQ. This reduces the
number of constraints and thus the dimension of the dual variables. Finally, the dimension of
the problem can be further reduced by eliminating the equality constraints completely using the
nullspace representation. However, this last step can result in loss of sparsity and is usually not
done.

We can similarly use a theorem of the alternative to recognize failure of strict feasibility in the
dual, i.e., the (in)consistency of the system 0 # ATv > 0,b7v = 0. This corresponds to identifying
which variables x; are identically zero on the feasible set. The regularization then simply discards
these variables along with the corresponding columns of A, c.

2.2 The case of ordinary convex programming, CP

We now move from LP to nonlinear convex programming. We consider the ordinary convex program

(CP)
(CP) vop = sup{bTy 1 g(y) <0}, (2.3)

where ¢g(y) = (¢i(y)) € R", and g; : R™ — R are convex functions, for all . (Without loss of gener-
ality, we let the objective function f(y) = b’y be linear. This can always be achieved by replacing
a concave objective function with a new variable sup ¢, and adding a new constraint —f(y) < —t.)
The quadratic programming case has been well studied, [28, 28, [42]. Some preprocessing results
for the general CP case are known, e.g., [I5]. However, preprocessing for general CP is not as well
known as for LP. In fact, see [6], as for LP there is a set of implicit equality constraints for CP, i.e.
we can partition the constraint index set P = {1,...,n} into two sets

P~ ={i€P:yfeasible = g;(y) =0}, P<=P\P~. (2.4)
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Therefore, as above for LP, we can rewrite the constraints in CP using the minimal face fp to get
9(y) =¢p 0. However, this is not a true convex program since the new equality constraints are not
affine. However, surprisingly the corresponding feasible set for the implicit equality constraints is
convex, e.g., [6]. We include the result and a proof for completeness.

Lemma 2.1. Let the convex program (CP) be given, and let P~ be defined as in (24]). Then the
set F=:={y:gi(y) = 0,Vi € P} satisfies

F-={y:9(y) <0,Vie P~}
and thus is a conver set.

Proof. Let g=(y) = (9i(y));ep= and g=(y) = (9:(y));cp<- By definition of P<, there exists a feasible
g € F with g=(9) < 0; and, suppose that there exists § with ¢=(7) < 0, and g¢;,(y) < 0, for some
ip € P=. Then for small o > 0 the point y, := ag+ (1 —a)y € F and ¢;,(yo) < 0. This contradicts
the definition of P=. O

This means that we can regularize CP by replacing the implicit equality constraints as follows
(CPreg) vop = sup{b’y :g=(y) <0,y € F~}. (2.5)

The generalized Slater CQ holds for the regularized convex program (CP,4). Let

$(A) = sup by — AT g<(y)
yeF =
denote the regularized dual functional for CP. Then strong duality holds for CP with the reqularized
dual program, i.e.

vep =vopp = ;I;f)qﬁ()\)

= o(\),
for some (dual optimal) A* > 0. The Karush-Kuhn-Tucker (KKT) optimality conditions applied
to (23] imply that

y* is optimal for CP,.,
if and only if

yreF (primal feasibility)
b—Vg<(y*)A\* € (F~ —y*)", for some \* >0 (dual feasibility)
g=(y)TA =0 (complementary slackness)

This differs from the standard KKT conditions in that we need the polar set

(F==y")" =come (F= —y*) =(D~(y")", (2.6)

where D=(y*) denotes the cone of directions of constancy of the implicit equality constraints P=,
e.g., [6]. Thus we need to be able to find this cone numerically, see, [T1]. A backward stable
algorithm for the cone of directions of constancy is presented in [37].

Note that a convex function f is faithfully convex if f is affine on a line segment only if it is
affine on the whole line containing that segment; see [54]. Analytic convex functions are faithfully
convex, as are strictly convex functions . For faithfully convex functions, the set F~ is an affine
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manifold, 7= = {y : Vy = V§}, where § € F is feasible, and the nullspace of the matrix V' gives
the intersection of the cones of directions of constancy D=. Without loss of generality, let V be
chosen full row rank. Then in this case we can rewrite the regularized problem as

(CP,ey) vep = sup{d’y : g=(y) <0,Vy = Vg}, (2.7)

which is a convex program for which the MFCQ holds. Thus by identifying the implicit equalities
and replacing them with the linear equalities that represent the cone of directions of constancy, we

9=(v) then writing the constraint
Vy-Vvy)’

g(y) < 0 using g and the minimal cone fp as gf(y) < #p 0 results in the regularized CP for which
MFCQ holds.

obtain the regularized convex program. If we let g(y) = (

2.3 The case of semidefinite programming, SDP

Finally, we consider our case of interest, the SDP given in (II). In this case, the cone for the
constraint partial order is S, a nonpolyhedral cone. Thus we have elements of both LP and CP.
Significant preprocessing is not done in current public domain SDP codes. Theoretical results are
known, see e.g., [34] for results on redundant constraints using a probabilistic approach. However,
[10], the notion of minimal face can be used to regularize SDP. Surprisingly, the above result for
LP in (22) holds. A regularized problem for (P) for which strong duality holds has constraints of
the form A*y <y, C without the need for an extra polar set as in (2.6) that is used in the CP
case, i.e., changing the cone for the partial order regularizes the problem. However, as in the LP
case where we had to discard redundant implicit equality constraints, extra work has to be done
to ensure that the RCQ holds. The details for the facial reduction now follow in Section [Bl An
equivalent regularized problem is presented in Corollary B.22] i.e., rather than a permutation of
columns needed in the LP case, we perform a rotation of the problem constraint matrices, and then
we get a similar division of the constraints as in ([2.:2]); and, setting the implicit equality constraints
to equality results in a regularized problem for which the RCQ holds.

2.3.1 Instances where the Slater CQ fails for SDP

Instances where SCQ fails for CP are given in [6]. It is known that the SCQ holds generically
for SDP, e.g., [3]. However, there are surprisingly many SDPs that arise from relaxations of hard
combinatorial problems where SCQ fails. In addition, there are many instances where the structure
of the problems allows for exact facial reduction. This was shown for the quadratic assignment
problem in [80] and for the graph partitioning problem in [75]. For these two instances, the
barycenter of the feasible set is found explicitly and then used to project the problem onto the
minimal face; thus we simultaneously regularize and simplify the problems. In general, the affine
hull of the feasible solutions of the SDP are found and used to find Slater points. This is formalized
and generalized in [64] [66]. In particular, SDP relaxations that arise from problems with matrix
variables that have 0, 1 constraints along with row and column constraints result in SDP relaxations
where the Slater CQ fails.

Important applications occur in the facial reduction algorithm for sensor network localization
and molecular conformation problems given in [36]. Cliques in the graph result in corresponding
dimension reduction of the minimal face of the problem resulting in efficient and accurate solution
techniques. Another instance is the SDP relaxation of the side chain positioning problem studied
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in [I4]. Further Applications that exploit the failure of the Slater CQ for SDP relaxations appear
in e, [, 25, 69].

3 Theory

We now present the theoretical tools that are needed for the facial reduction algorithm for SDP.
This includes the well known results for strong duality, the theorems of the alternative to identify
strict feasibility, and, in addition, a stable subproblem to apply the theorems of the alternative.
Note that we use K to represent the cone S" to emphasize that many of the results hold for more
general closed convex cones.

3.1 Strong duality for cone optimization

We first summarize some results on strong duality for the conic convex program in the form (4.
Strong duality for (I4]) means that there is a zero duality gap, v%"nic = v%mic, and the dual optimal
value vp (L) is attained. However, it is easy to construct examples where strong duality fails, see
e.g., [45] [49] [74] and Section [ below.

It is well known that for a finite dimensional LP, strong duality fails only if the primal problem
and/or its dual are infeasible. In fact, in LP both problems are feasible and both of the optimal
values are attained (and equal) if, and only if, the optimal value of one of the problems is finite.
In general (conic) convex optimization, the situation is more complicated, since the underlying
cones in the primal and dual optimization problems need not be polyhedral. Consequently, even
if a primal problem and its dual are feasible, a nonzero duality gap and/or non-attainment of the
optimal values may ensue unless some constraint qualification holds; see e.g., [7, [55]. More specific
examples for our cone situations appear in e.g., [38], [51, Section 3.2], and [63] Section 4].

Failure of strong duality is problematic, since many classes of p-d i-p algorithms require not
only that a primal-dual pair of problems possess a zero duality gap, but also that the (generalized)
Slater CQ holds for both primal and dual, i.e., that strict feasibility holds for both problems. In
[10l 11, 12], an equivalent strongly dualized primal problem corresponding to (L4), given by

(SP) v = sup{(b,y) © A"y =y, C}, (3.1)

where fp < K is the minimal face of K containing the feasible region of (I.4]), is considered. The
equivalence is in the sense that the feasible set is unchanged

A*y 2 C <= A%y =4, C.
This means that for any face F' we have
fPIF <LK = {A'y<x C <= A"y <p C}.
The Lagrangian dual of (31]) is given by
(DSP) viSes = nf{(C,X) : AX)=b, X =y 0}. (3.2)

We note that the linearity of the constraint means that an equality set of the type in (Z.0]) is not
needed.
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Theorem 3.1 ([10]). Suppose that the optimal value V"¢ in (L) is finite. Then strong duality
holds for the pair 1)) and B.2), or equivalently, for the pair (L4) and B2); i.e., vE™° = vip =

conic

vigp and the dual optimal value vggiﬁ is attained. W

3.2 Theorems of the alternative

In this section, we state some theorems of the alternative for the Slater CQ of the conic convex
program ([L4]), which are essential to our reduction process. We first recall the notion of recession
direction (for the dual (L)) and its relationship with the minimal face of the primal feasible region.

Definition 3.2. The convex cone of recession directions for ([LH) is
Rp:={DeV:AD)=0, (C,D)=0, D>~ 0}. (3.3)

The cone Rp consists of feasible directions for the homogeneous problem along which the dual
objective function is constant.

Lemma 3.3. Suppose that the feasible set Fp # 0 for (L4), and let 0 # D € Rp. Then the
minimal face of (L4) satisfies
fpAKN{D} < K.
Proof. We have
0=(C,D)— (Fp,A(D)) =(C — A*(Fp), D).

Hence C'— A*(Fp) C {D}*+NK, which is a face of K. It follows that fp C {D}*NK. The required
result now follows from the fact that fp is (by definition) a face of K, and D is nonzero. O

Lemma indicates that if we are able to find an element D € Rp\{0}, then D gives us
a smaller face of K that contains ]:g . The following lemma shows that the existence of such a
direction D is equivalent to the failure of the Slater CQ for a feasible program (I.4]). The lemma
specializes [I2] Theorem 7.1] and forms the basis of our reduction process.

Lemma 3.4 ([12]). Suppose that int K # () and Fp # 0. Then ezactly one of the following two
systems 1s consistent:

1. A(D)=0, (C,D) =0, and 0 # D =~ 0 (Rp\{0})
2. Ay < C (Slater CQ)

Proof. Suppose that D satisfies the system in Item [l Then for all y € Fp, we have (C — A*y, D) =
(C, D) — (y, (A(D))) = 0. Hence FZ C K N{D}*. But {D}* Nint K =) as 0 # D =k~ 0. This
implies that the Slater CQ (as in Item [2]) fails.

Conversely, suppose that the Slater CQ in Item [ fails. We have int K # () and

0¢ (A*(R™) = C) +int K.

Therefore, we can find D # 0 to separate the open set (A*(R™) — C) + int K from 0. Hence we
have

<D7Z> > <D7C_~A*y>v
for all Z € K and y € W. This implies that D € K* and (D,C) < (D, A*y), for all y € W. This
implies that (A(D),y) = 0 for all y € W; hence A(D) = 0. To see that (C, D) = 0, fix any § € Fp.
Then 0 > (D,C) = (D,C — A*y) > 0, s0 (D,C) = 0. O
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We have an equivalent characterization for the generalized Slater CQ for the dual problem.
This can be used to extend our results to (Dconic) -

Corollary 3.5. Suppose that int K* # () and Fp # 0. Then exactly one of the following two
systems is consistent:

1. 0# A*v =k 0, and (b,v) = 0.
2. A(X)=0,X =g~ 0 (generalized Slater CQ).

Proof. Let K be a one-one linear transformation with range R(K) = N(A), and let X satisfy
A(X) = b. Then, Item 2 is consistent if, and only if, there exists @ such that X = X — Kt =+ 0.
This is equivalent to Ku < g+ X. Therefore, IC, X play the roles of A*, C, respectively, in Lemma[3.4]
Therefore, an alternative system is K*(Z) = 0,0 # Z =, 0, and (X, Z> = 0. Since N (K*) = R(A"),
this is equivalent to 0 # Z = A*v = 0, and (X, Z)=0,0r 0# A*v =k 0, and (b,v) = 0. O

We can extend Lemma [3.4] to problems with additional equality constraints.

Corollary 3.6. Consider the modification of the primal (L4]) obtained by adding equality con-
straints:

(PB) Upg ‘= Sup{<bay> : -A*y =k C, By = f}7 (34)

where B : W — W' is an onto linear transformation. Assume that int K # () and (Pg) is feasible.
Let C = C — A*BYf. Then ezactly one of the following two systems is consistent:

1. A(D)+B*v=0, (C,D)=0, 0# D =g~ 0.
2. A%y <x C, By=f.

Proof. Let 4 = BYf be the particular solution (of minimum norm) of By = f. Since B is onto,
we conclude that By = f if, and only if, y = y + C*v, for some v, where the range of the linear
transformation C* is equal to the nullspace of B. We can now substitute for y and obtain the
equivalent constraint A*(y + C*v) <k C; equivalently we get A*C*v < C — A*y. Therefore,
Ttem Bl holds at y = § = 7§ + C*0, for some 0, if, and only if, A*C*0 <x C — A*y. The result
now follows immediately from Lemma B.4] by equating the linear transformation A*C* with A*
and the right-hand side C — A*y with C'. Then the system in Item [ in Lemma [3.4] becomes
C(A(D)) =0,{((C — A*y), D) = 0. The result follows since the nullspace of C is equal to the range
of B*. O

We can also extend Lemma [3.4] to the important case where int K = (). This occurs at each
iteration of the facial reduction.

Corollary 3.7. Suppose that int K =0, Fp # (), and C € span(K). Then the linear manifold
Sy:={yeW: :C - A"y € span(K)}
18 a subspace. Moreover, let P be a one-one linear transformation with
R(P) = (A*)! span(K).

Then exactly one of the following two systems is consistent:
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1. P*A(D) =0, (C,D) =0, D € span(K), and 0 # D >~ 0.
2. C'— A*y € relint K.

Proof. Since C € span(K) = K — K, we get that 0 € Sy, i.e., Sy is a subspace.

Let 7 denote an onto linear transformation acting on V such that the nullspace N (T) =
span(K)*, and 7* is a partial isometry, i.e., 7* = 7. Therefore, 7 is one-to-one and is onto
span(K). Then

Ay g C < A*y <k C and A*y € span(K), since C € K — K
— (A"P)w <k C, y = Pw, for some w, by definition of P
— (TAP)w 27k T(C), y=Tw, for some w, by definition of T,

i.e., (J) is equivalent to
vp = sup{(P"b,w) : (TA"P)w Z7(x) T(C)}.
The corresponding dual is
vp = inf {(T(C),D) : P*AT*(D) = P*b, D =(1(x)- 0} .

By construction, int 7 (K) # ), so we may apply Lemma B4 We conclude that exactly one of
the following two systems is consistent:

1. P*AT*(D) = 0, 0 75 D E(T(K))* O, and <T(C),D> =0.
2. (TA*P)w <7k T(D) (Slater CQ).

The required result follows, since we can now identify 7*(D) with D € span(K), and T (C) with
C. O

Remark 3.8. Ideally, we would like to find D € relint (FZ)° = relint ((C' + R(A*)) N K)°, since
then we have found the minimal face fp = {f)}l N K. This is difficult to do numerically. Instead,
Lemma compromises and finds a point in a larger set D € (N(A)N{C} N K*)\{0}. This
allows for the reduction of K + K N {D}*. Repeating to find another D is difficult without
the subspace reduction using P in Corollary [3.7]. This emphasizes the importance of the minimal
subspace form reduction as an aid to the minimal cone reduction, [65].

A similar argument applies to the reqularization of the dual as given in Corollary [34 Let
Fp = (X+N(A)NK*, where A(X) = b. We note that a compromise to finding Z € relint (F3)¢ =
relint((X + N (A) N K*)¢, fp = {Z} N K* is finding Z € (R(A*) N {X}+ N K)\{0}, where
0=(Z,X) = (A*, X) = (v,b).

3.3 Stable auxiliary subproblem

From this section on we restrict the application of facial reduction to the SDP in (II]). (Note
that the notion of auxiliary problem as well as Theorems B.I1l and B.I5] below, apply to the more
general conic convex program ([4)).) Each iteration of the facial reduction algorithm involves two
steps. First, we apply Lemma 3.4l and find a point D in the relative interior of the recession cone
Rp. Then, we project onto the span of the conjugate face {D}+ N S O fp. This yields a smaller
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dimensional equivalent problem. The first step to find D is well-suited for interior-point algorithms
if we can formulate a suitable conic optimization problem. We now formulate and present the
properties of a stable auxiliary problem for finding D. The following is well-known, e.g., [41],
Theorems 10.4.1,10.4.7].

Theorem 3.9. If the (generalized) Slater CQ holds for both primal problem (1) and dual problem
(I]II) then as the barrier parameter u — 07, the primal-dual central path converges to a point
(X 7, ), where Z C — A*y, such that X s in the relative interior of the set of optimal solutions
of (L2) and (7, ) is in the relative interior of the set of optimal solutions of (L1)). M

Remark 3.10. Many polynomial time algorithms for SDP assume that the Newton search direc-
tions can be calculated accurately. However, difficulties can arise in calculating accurate search
directions if the corresponding Jacobians become increasingly ill-conditioned. This is the case in
most of the current implementations of interior point methods due to symmetrization and block
elimination steps, see e.g., [19]. In addition, the ill-conditioning arises if the Jacobian of the op-
timality conditions is not full rank at the optimal solution, as is the case if strict complementarity
fails for the SDP. This key question is discussed further in Section [, below.

According to Theorem [3.9] if we can formulate a pair of auxiliary primal-dual cone optimization
problems, each with generalized Slater points such that the relative interior of Rp coincides with
the relative interior of the optimal solution set of one of our auxiliary problems, then we can design
an interior-point algorithm for the auxiliary primal-dual pair, making sure that the iterates of our
algorithm stay close to the central path (as they approach the optimal solution set) and generate
our desired X € relint Rp.

This is precisely what we accomplish next. In the special case of K = S'!, this corresponds
to finding maximum rank feasible solutions for the underlying auxiliary SDPs, since the relative
interiors of the faces are characterized by their maximal rank elements.

Define the linear transformation Aq : S — R™*! by

_ (AD)
AC(D) - <<Cv7 D>> )
This presents a homogenized form of the constraint of (LI) and combines the two constraints

in Lemma [34], Item [[I Now consider the following conic optimization problem, which we shall
henceforth refer to as the auziliary problem.

valB™ := min 1)
5,D
(4=I1,D) =1
N
D > 0.

This auxiliary problem is related to the study of the distances to infeasibility in e.g., [46]. The
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Lagrangian dual of ([B3]) is

0 oo (- (o)) -0 =) (o)
w0, | =00
= sup %ng (1-p5)— <D, Afu + 7%] + W> + 1, (3.6)
W0, (§>>Q0 7

where Q := {<§> e R™2: ||lu| < ﬁ} refers to the second order cone. Since the inner infimum

of ([B.0)) is unconstrained, we get the following equivalent dual.

valB'* == sup ~y
~vu,W
* 1 _
(DAP) s.t. ACU+’7%I+W—0 (3.7)
[Jul] <1
W = 0.

A strictly feasible primal-dual point for (3.0 and ([B.7) is given by

1 1
D=t 0> 4e (7o)
showing that the generalized Slater CQ holds for the pair (B.3)-(B1).

Observe that the complexity of solving ([3.0)) is essentially that of solving the original dual (L.2]).
Recalling that if a path-following interior point method is applied to solve (B3], one arrives at
a point in the relative interior of the set of optimal solutions, a primal optimal solution (6*, D*)
obtained is such that D* is of maximum rank.

1

, and v=-1, u=0 W=—
NLD

I, (3.8)

3.3.1 Auxiliary problem information for minimal face of F g

This section outlines some useful information that the auxiliary problem provides. Theoretically, in
the case when the Slater CQ (nearly) fails for (II)), the auxiliary problem provides a more refined
description of the feasible region, as Theorem B.IT] shows. Computationally, the auxiliary problem
gives a measure of how close the feasible region of (I.1]) is to being a subset of a face of the cone of
positive semidefinite matrices, as shown by: (i) the cosine-angle upper bound (near orthogonality)
of the feasible set with the conjugate face given in Theorem BI5} (ii) the cosine-angle lower bound
(closeness) of the feasible set with a proper face of S} in Proposition B.I6} and (iii) the near common
block singularity bound for all the feasible slacks obtained after an appropriate orthogonal rotation,
in Corollary B.I7l

We first illustrate the stability of the auxiliary problem and show how a primal-dual solution
can be used to obtain useful information about the original pair of conic problems.

Theorem 3.11. The primal-dual pair of problems [B0) and 1) satisfy the generalized Slater CQ,
both have optimal solutions, and their (nonnegative) optimal values are equal. Moreover, letting
(0%, D*) be an optimal solution of [BA), the following holds under the assumption that Fp # ():

15



396

397

398

399

400

401

402

404

405

406

407

408

409

410

411

1. If 6* =0 and D* > 0, then the Slater CQ fails for (LT)) but the generalized Slater CQ holds for
(T2). In fact, the primal minimal face and the only primal feasible (hence optimal) solution
are

fr=10}, y" = (AO).
2. If §* = 0 and D* # 0, then the Slater CQ fails for (LI)) and the minimal face satisfies

fp<StN{D*} st (3.9)

3. If §* > 0, then the Slater CQ holds for (I.IJ).

Proof. A strictly feasible pair for (3.5)—(3.7]) is given in ([B.8]). Hence by strong duality both problems
have equal optimal values and both values are attained.

1. Suppose that 0* = 0 and D* = 0. It follows that Ac(D*) = 0 and D* # 0. It follows from
Lemma [3.3] that
fp < ST N{D*} = {o}.
Hence all feasible points for (I.I]) satisfy C' — A*y = 0. Since A is onto, we conclude that the
unique solution of this linear system is y = (A*)1(C).
Since A is onto, there exists X such that A(X) = b. Thus, for every t > 0, A(X + tD*) = b,
and for ¢ large enough, X + tD* = 0. Therefore, the generalized Slater CQ holds for (L2).

2. The result follows from Lemma

3. If 6* > 0, then Rp = {0}, where Rp was defined in [B3)). It follows from Lemma B4 that
the Slater CQ holds for (LI).

O

Remark 3.12. Theorem [3.11] shows that if the primal problem (1) is feasible, then by definition
of (AP) asin BA), 0* = 0 if, and only if, Ac has a right singular vector D such that D = 0 and the
corresponding singular value is zero, i.e., we could replace (AP) with min {|Ac(D)| : ||D|| =1, D > 0}.
Therefore, we could solve (AP) using a basis for the nullspace of Ac, e.g., using an onto linear
function Na, on S™ that satisfies R(N,) = N(Ac), and an approach based on mazimizing the
smallest eigenvalue:

6 ~ sup { Amin(NV4,¥) : trace(V y) = 1, [lyll < 1},
y

so, in the case when §* = 0, both (AP) and (DAP) can be seen as a maz-min eigenvalue problem
(subject to a bound and a linear constraint).
Finding 0 # D > 0 that solves Ac(D) = 0 is also equivalent to the SDP

inf || D]
D

(3.10)
s.t. Ac(D) =0, (I,D)=n, D >0,

a program for which the Slater CQ generally fails. (See Item 2 of Theorem [311.) This suggests
that the problem of finding the recession direction 0 # D = 0 that certifies a failure for (I to
satisfy the Slater CQ may be a difficult problem.
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One may detect whether the Slater CQ fails for the dual (L2) using the auxiliary problem (3.3])
and its dual (B1).

Proposition 3.13. Assume that (IL2) is feasible, i.c., there exists X € St such that A(X) = b.
Then we have that X is feasible for (L2)) if and only if

X =X+Niy>0,

where Na : S — RMHD/2=m s an onto linear transformation such that R(N%) = N'(A). Then
the corresponding auziliary problem

e )

either certifies that ([L2)) satisfies the Slater CQ, or that 0 is the only feasible slack of (L2), or
detects a smaller face of S containing Fp.

<4, (I,D)=+/n, D=0

The results in Proposition B.I3] follows directly from the corresponding results for the primal
problem (LI). An alternative form of the auxiliary problem for (I2]) can be defined using the
theorem of the alternative in Corollary

Proposition 3.14. Assume that ([L2)) is feasible. The dual auziliary problem

sup A s.t. (A v=1, bTo=0, A% = A (3.11)
v,

determines if (L2) satisfies the Slater CQ. The dual of BII)) is given by

iné pe st (1,Q) =1, AQ) — w1 A(I) — pu2b =0, Q2 >0, (3.12)
s

and the following hold under the assumption that (L2]) is feasible:
(1) If BI1) is infeasible, then (L2)) must satisfy the Slater CQ.

(2) If BII) is feasible, then both BII) and BI2) satisfy the Slater CQ. Moreover, the Slater
CQ holds for (I2) if and only if the optimal value of BII]) is negative.

(3) If (v, X*) is an optimal solution of BII) with \* > 0, then Fp C ST N {A* 0"} < St
Since X feasible for (L2) implies that

(A", X) = (v) T (AX)) = (") b =0,

we conclude that Fp C S N {.A*v*}l < S, Therefore, if (L2)) fails the Slater CQ, then, by
solving B.11), we can obtain a proper face of STy that contains the feasible region Fp of (IL2).

Proof. The Lagrangian of ([B.I1]) is given by

L\ Q) = A u(1— (A 0) + pa(—=b"v) + (Q, A*v — \I)
= A1 —(1,2) + 0" (AQ) = mAI) = p2b) + paa.
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This yields the dual program (BI2I).

If (BI1) is infeasible, then we must have b # 0 and A(I) = kb for some k € R. If k£ > 0, then
k=!I is a Slater point for (ILZ). If k = 0, then A(X + AI) = b and X + Al > 0 for any X satisfying
.A(X) = b and sufficiently large A > 0. If £ < 0, then .A(2X + k7)) = b for X = 0 satisfying
A(X) = b; and we have 2X + k1T >~ 0.

If (3I0) is feasible, i.e., if there exists © such that (A(I))"v =1 and b0 = 0, then

(@i):(@i:AmMAwn_1),(mQ):<<%f>€g>

is strictly feasible for BII) and ([BI2]) respectively.

Let (v*, \*) be an optimal solution of [BI2). If \* <0, then for any v € R™ with A*y > 0 and
b"v = 0, v cannot be feasible for (311 so (I, A*v) < 0. This implies that A*v = 0. By Corollary
B0 the Slater CQ holds for ([L2). If \* > 0, then v* certifies that the Slater CQ fails for (I2l),
again by Corollary O

The next result shows that 0* from (AP) is a measure of how close the Slater CQ is to failing.

Theorem 3.15. Let (6%, D*) denote an optimal solution of the auziliary problem [B.XBl). Then 0*
bounds how far the feasible primal slacks Z = C — A*y = 0 are from orthogonality to D*:

5*
— ifC e R(AY),
0< sup <D*, Z> - O'min(-A)
o ez T < (A, O) = * -
oxz=C-ay20 ez S A= Ty if C ¢ R(A"). o
Umin(AC)

Proof. Since <ﬁ[, D*) =1, we get
L1, D*
oo\t 1
HD H > < 1 > =1 =
1= &
If C = A*yc for some yo € R™, then for any Z = C — A*y = 0,
D¢ = Ayl — A (ye — y)ll
[ADI llye — vl

cosOp= 7 =

<

= omin(A*) llye — vl
< 0"

o Omin (-A) )

1
that 0 <= C — A"y # 0,Yy € Fp. Therefore the cosine of the angle p- z between D* and

If C ¢ R(A*), then by Assumption [T} A¢ is onto so (D*,C — A*y) = <AC(D*), <—y>> implies

18



Z =C — A*y = 0 is bounded by

(D", C—A) <AC(D* ()

cos Op+ 7z = ” ” <
[D*[lC = Ay —y
1
Yy
mewn (V)]
<
i (7]
Omin (-AC') .
440 O
aa1 Theorem provides a lower bound for the angle and distance between feasible slack vectors

w2 and the vector D* on the boundary of S". For our purposes, the theorem is only useful when
w3 a(A,C) is small. Given that 6* = || Ac(D*)]|, we see that the lower bound is independent of simple
aa  scaling of A¢, though not necessarily independent of the conditioning of Ax. Thus, 0* provides
ws  qualitative information about both the conditioning of Ax and the distance to infeasibility.

446 We now strengthen the result in Theorem by using more information from D*. In appli-
w7 cations we expect to choose the partitions of U and D* to satisfy Apin(D+) >> Amax(De).

[face(D*)]* = (D*)* NSt

{Z=C—-Ay:yeFp,Z =0}

0

Figure 1: Minimal Face; 0 < §* < 1

Proposition 3.16. Let (6*, D*) denote an optimal solution of the auziliary problem B, and let
* D 0 T
-l |ty plr Q" (3.14)

ag  with U = [P Q] orthogonal, and Dy = 0.
Let0 # Z :=C—-A*y = 0 and Zg = QQTZQQT. Then Zq is the closest point in 72(@-QT)OSCLr
to Z; and, the cosine of the angle 07 7, between Z and the face R(Q - QTN St satisfies

2.79) _1Q"7@|
121Zqll ~ 1121

12
Amin(D—l-)’

cos 0z 7, = >1—a(A,C) (3.15)
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where a(A, C) is defined in BI3). Thus the angle between any feasible slack and the face R(Q -
QTN ST cannot be too large in the sense that

D]

COSHZ7ZQ > 1-— Oé(.A, C)m
min +

inf
0£Z=C—A*y>=0
Moreover, the normalized distance to the face is bounded as in
| D]
)‘min(D-l—)

Proof. Since Z > 0, we have QTZQ ¢ argming .o [|Z — QWQT||. This shows that Zg :=
QQTZQQT is the closest point in R(Q - QT) N St to Z. The expression for the angle in (B.I3])
follows using

1Z — Za|* < 211Z|* |a(A, C) (3.16)

2.29) _ Q"7 _|@"zal

— — 3.17
121Zo] ~ T211Q72q] ~ 121 (3.17)

From Theorem [B.15] we see that 0 # Z = C' — A*y > 0 implies that <mZ,D*> < a(A,C)||D*|.

Therefore, the optimal value of the following optimization problem provides a lower bound on the
quantity in (BI7).
% = min lQ7zq|
st. (Z,D*) <a(A,C)|D| (3.18)
1ZI>=1, Z=o.

Since (Z,D*) = (PTZP,Dy)+ (Q"ZQ,D.) > (PTZP, D) whenever Z = 0, we have

% =7 = min QT ZQ)|
st. (PTZP,D.) < a(A,C)||D¥| (3.19)
1Z]|2 =1, Z=0.

It is possible to find the optimal value ~ of ([B.I9]). After the orthogonal rotation

Z =P @[éﬁ ;}UDcﬂT:fﬁPT+PVQT+QvTPT+QWQﬁ

where S € 7", W € ST and V € RO="*7 ([3T0) can be rewritten as

v = min Iwi
st (S,Dy) < a(A,0)|D|
ISI2+2V|2+ W] =1 (3.20)
S V] _
VT W €S+.
Since
V2 < ISHw| (3.21)
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holds whenever [XET “/If/} > 0, we have that (||S|| + [|[W )2 > ||S||? + 2||[V||? + ||W]|?>. This yields
v> 7:= mingyw [[W]] ¥ 2> mSiH L— |5
s, (. D4) Sa(AOD| st (S,D4) < al(AOND'| (399)
IS+ Wl =1 S=z0
S»=0, W=0.

Since A\min(D4)||S|| < (S, Dy) < a(A, C)||D*||, we see that the objective value of the last optimiza-

tion problem in ([B:22)) is bounded below by 1 —a(A, C)||D*||/Amin(D+ ). Now let u be a normalized
eigenvector of D corresponding to its smallest eigenvalue Apin(Dy). Then S* = %UUT
a(AQ)| D™

solves the last optimization problem in ([3.22)), with corresponding optimal value 1 — = R

Let 8 := min{w,l}. Then v > 1 — 5. Also,

)‘min(D+)
_( Bu VBu Buu” B(1 — Buef

T
S Vv
= = St
v )= (a%50) (0550) =LA 0o a0 | <
Therefore (S, V,W) is feasible for (320, and attains an objective value 1 — 3. This shows that

v =1— f and proves (BI3).
The last claim (3.I6]) follows immediately from

T 2

| all 1Z]l e
ID*\?
1— (1 — (A, C))\min(D—l—)) ]

||
)‘min(D-i-)

IN

1z

< 2|Z|7a(A,C)

O

These results are related to the extreme angles between vectors in a cone studied in [29] [33].
Moreover, it is related to the distances to infeasibility in e.g., [46], in which the distance to infea-
sibility is shown to provide backward and forward error bounds.

We now see that we can use the rotation U = [P Q] obtained from the diagonalization of
the optimal D* in the auxiliary problem (B3] to reveal nearness to infeasibility, as discussed in
e.g., [46]. Or, in our approach, this reveals nearness to a facial decomposition. We use the following
results to bound the size of certain blocks of a feasible slack Z.

Corollary 3.17. Let (0*,D*) denote an optimal solution of the auxiliary problem [B.AH), as in
Theorem [313; and let
D,

with U = [P Q] orthogonal, and D, > 0. Then for any feasible slack 0 # Z = C — A*y = 0, we
have

D' =[P Q] [% 0] P Q. (3.23)

D*
trace PTZP < a(A, C))\ 127

m“z\\a (3.24)

where oA, C) is defined in (3.13).
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Proof. Since

. PTzP PTZQ
D, 2) = <[ } [@TZP QTZ@D
= (Dy,PTZP)+(D.,Q"ZQ) (3.25)
> (D, PT ZpP)
> A D+)tracePTZP
the claim follows from Theorem O

Remark 3.18. We now summarize the information available from a solution of the auziliary
problem, with optima 6* > 0,D* % 0. We let 0 # Z = C' — A*y = 0 denote a feasible slack. In
particular, we emphasize the information obtained from the rotation UT ZU using the orthogonal U
that block diagonalizes D* and from the closest point Zg = QQRTZQQT. We note that replacing all
feasible Z with the projected Zg provides a nearby problem for the backwards stability argument.
Alternatively, we can view the nearby problem by projecting the data A; +— QQT A;QQ™ Vi, C
QRTCQQT.

1. From BI3) in Theorem 313, we get a lower bound on the angle (upper bound on the cosine

of the angle)

D7) _

01y
o802 = AT =

a(A, O).

2. In Proposition [316 with orthogonal U = [P Q], we get upper bounds on the angle between
a feasible slack and the face defined using Q - Q" and on the normalized distance to the face.

(Z,Zq) HQTZQH | D]
cosOz a(A,C)————.
@ Z0Zell ~ 112l Amin (D)
Dl
Z — Zol? < 2/|Z]? ozA,CHi
12~ Zgll* <2127 |o A O)1-
3. After the rotation using the orthogonal U, the (1,1) principal block is bounded as
trace PTZP < a(A, C’)MHZH
)‘min(D-i-)

3.4 Rank-revealing rotation and equivalent problems

We may use the results from Theorem and Corollary B.I7] to get two rotated optimization
problems equivalent to (IT]). The equivalent problems indicate that, in the case when 0* is suffi-
ciently small, it is possible to reduce the dimension of the problem and get a nearby problem that
helps in the facial reduction. The two equivalent formulations can be used to illustrate backwards
stability with respect to a perturbation of the cone S'f.

First we need to find a suitable shift of C' to allow a proper facial projection. This is used in
Theorem [3.20] below.

Lemma 3.19. Let 6*,D* U = [P Q] , D+, D, be defined as in the hypothesis of Corollary [3.17
Let (yg, Wq) € R™ x S™ be the best least squares solution to the equation QW QT + A*y = C, that
is, (yg,Wq) is the optimal solution of minimum norm to the linear least squares problem

1
min - [|C — (QWQT + A*y)|?. (3.26)
y,W 2

)
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Let Cq = QWoQT and Cres .= C — (Cq + A*yg). Then
QTCes@Q = 0, and A(Cps) = 0. (3.27)
Moreover, if 0* =0, then for any feasible solution y of (1)), we get
C—AyeRQ-QT), (3.28)
and further (y, QT (C — A*y)Q) is an optimal solution of [B.206)), whose optimal value is zero.
Proof. Let Q(y, W) := %HC —(QWQT + A*y)||%. Since

0y, W) = ZICI + SIAI? + SIWIE + (QWQT, Ay) — (QTC QW) — (A(©),),

we have (yg, Wg) solves (3.20)) if, and only if,

V,Q = AQWQT - (C—A'y)) =0, (3.29)
and V,Q = W-[QT(C-A%Y)Q]=0. (3.30)

Then ([B.27) follows immediately by substitution.
If 0* =0, then (D*, A;) =0 for i =1,...,m and (D*,C) = 0. Hence, for any y € R™,

(D+, PT(C = A*y)P) + (D, Q"(C = A'y)Q) = (D*,C — A"y) =0

If C — A*y = 0, then we must have P7(C' — A*y)P =0 (as D4 = 0), and so PT(C — A*y)Q = 0.
Hence
C—- Ay = UUT(C - Ay)UUT
T *
= U[P Q] (C-Awy [P QUT,
= QQT(C - AYQQT
i.e., we conclude (3.28]) holds.
The last statement now follows from substituting W = Q7 (C — A*y)Q in (3.26). O

We can now use the rotation from Corollary B.I7 with a shift of C' (to Cies + Co = C — A*yq)
to get two equivalent problems to (P). This emphasizes that when 0* is small, then the auxiliary
problem reveals a block structure with one principal block and three small/negligible blocks. If § is
small, then 3 in the following Theorem B.20lis small. Then fixing 5 = 0 results in a nearby problem
to (P) that illustrates backward stability of the facial reduction.

Theorem 3.20. Let 6*,D*,U = [P Q] , D4, D, be defined as in the hypothesis of Corollary[3.17,
and let yo, Wq, Cq, Cres be defined as in Lemma[3. 13 Define the scalar

107
Bi=a(A,0)—=2 0 3.31
(A,C) o (D) (3.31)
and the convex cone Tg C S} partitioned appropriately as in [3.23)),
A Bl ..
Tp := {Z: [BT C} e St : traceASﬂtraceZ}. (3.32)

Then we get the following two equivalent programs to (P) in (ILT):
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1. using the rotation U and the cone 1,

pPTzp PTZ .
vp = Supy{bTy: [QTZP Qng} =1, 0,Z2=C—-A y}; (3.33)

2. using (yQ, Wq),
PTzp PTZ
vp = bTyQ + sup, {bTy : [QTZP QTZg]
Proof. From Corollary B.17],

T T
Fp= {y 3 [ngi ngg] =1, 0,2 =C— A*y} : (3.35)

tTﬁ 0,7 =Cres + Cg — A*y} . (3.34)

hence the equivalence of (L)) with (333]) follows.
For ([3:34]), first note that for any y € R™,

Z = Ches + CQ - A*y =C - A*(y + yQ)’
so Z = 0 if and only if y +yg € Fp, if and only if Z € Ts. Hence

PTzpP PTZ .
Fp = YQ + {y : |:QTZP QTZg:| ET/; 07 Z = Cros + QWQQT - A y} s (3.36)

and ([3.34) follows. O

Remark 3.21. As mentioned above, Theorem illustrates the backwards stability of the facial
reduction. It is difficult to state this precisely due to the shifts done and the changes to the con-
straints in the algorithm. For simplicity, we just discuss one iteration. The original problem (P) is
equivalent to the problem in B33)). Therefore, a facial reduction step can be applied to the original
problem or equivalently to B33). We then perturb this problem in [B33) by setting 8 = 0. The
algorithm applied to this nearby problem with exact arithmetic will result in the same step.

3.4.1 Reduction to two smaller problems

Following the results from Theorems 311l and 3220 we focus on the case where 0* = 0 and Rp N
S%,. = 0. In this case we get a proper face QS’?FQT < S%. We obtain two different equivalent
formulations of the problem by restricting to this smaller face. In the first case, we stay in the
same dimension for the domain variable y but decrease the constraint space and include equality
constraints. In the second case, we eliminate the equality constraints and move to a smaller
dimensional space for y. We first see that when we have found the minimal face, then we obtain
an equivalent regularized problem as was done for LP in Section 211

Corollary 3.22. Suppose that the minimal face fp of (P) is found using the orthogonal U =
[Pﬁn Qﬁn], so that fp = QﬁnS:_an, 0 <r <n. Then an equivalent problem to (P) is

vp = sup bly
(PPQ,reg) st Qi (A*W) Qi = QF,CQfn (3.37)
Abiny = AfinYQan>
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where (Ygq,, Wog,) solves the least squares problem min, w ||C — (A*y + QanWQL )|, and A}, -
R™ — R is a full rank (onto) representation of the linear transformation

Pg;l(‘A*y)Pﬁn:|
Y '—> |: gn(A*y)Pﬁn ‘

2 Moreover, (Ppq req) is reqularized i.e., the RCQ holds.

5

iy

s Proof. The result follows immediately from Theorem [B.20] since the definition of the minimal face
+ implies that there exists a feasible § which satisfies the constraints in ([837). The new equality
5 constraint is constructed to be full rank and not change the feasible set. O

5

ey

5

-

5

ey

516 Alternatively, we now reduce (LI]) to an equivalent problem over a spectrahedron in a lower
517 dimension using the spectral decomposition of D*.

Proposition 3.23. Let the notation and hypotheses in Theorem hold with 6* = 0 and D* =

T
[P Q] [%Jr 8] [ST], where [P Q] is orthogonal, Q@ € R™ ™ and Dy = 0. Then

vp = sup {bTy QYO - A*y)Q =0,
PT(A*y)P = PT(A*yq)P, (3.38)
QT (A*y)P = QT (A*yq)P }.

s Moreover:
510 1. If R(Q - QT)NR(A*) = {0}, then for any y1,y2 € Fp, b y; = bl ys = vp.
2. If R(Q - Q1) N R(A*) # {0}, and if, for some m > 0, P : R™ — R™ is an injective linear
map such that R(A*P) = R(A*) NR(Q - QT), then we have
vp =bTyo + sup {(P*b)TU W — QT(APY)Q = o} . (3.39)

520 And, if v* is an optimal solution of B39), then y* = yg+Pv* is an optimal solution of (LTI).

Proof. Since §* = 0, from Lemma we have that C' = Cg + A*yg,Co = QWoQT, for some
yo € R™ and Wy € S™. Hence by (3.35),
Fp = {yeR™:QT(C - Ay)Q = 0,PT(C — A*y)P =0,Q7(C — A*y)P =0}

= {yeR™:QT(C - Ay)Q = 0,PT(A*(y — yg))P = 0,QT (A*(y — yo))P = 0}& |
3.40

s21 and (3.38]) follows.
—A*y;) — (C — A*ya) €

1. Since C — A*y € R(Q - QT),Yy € Fp, we get A*(y2 —y1) = (c |
R(Q - Q7)) NR(A*) = {0}. Given that A is onto, we get b = A(X), for some X € S", and

v (yo — 1) = <X,A*(y2 - y1)> =0.
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2. From (3.40),
Fr = yo+{y: Wo—Q"(Ay)Q = 0, PT(A*y)P = 0,Q" (A*y)P = 0}
= yo+{y:Wo—-QT(Ay)Q =0, Ay e R(Q-Q")}
= yo+{Pv:Wo - QT (APv)Q = 0},
the last equality follows from the choice of P. Therefore, (8:39) follows, and if v* is an optimal
solution of (8:39), then yg + Pv* is an optimal solution of (LII).

O

Next we establish the existence of the operator P mentioned in Proposition B.231
Proposition 3.24. For any nxn orthogonal matriz U = [P Q] and any surjective linear operator
A S* = R™ with m = dim(R(A*) N"R(Q - QT)) > 0, there exists a one-one linear transformation
P :R™ — R™ that satisfies

R(AP) = R(Q-Q")NR(AY), (3.41)
R(P) = N (PT(A*)P)nN (PT(A*)Q). (3.42)
Moreover, A :S™ — R™ is defined by
A () = QT(AP())Q
15 onto.
Proof. Recall that for any matrix X € S”,
X =vUTxvuUT = PPTXPPT + PPTXQQT + QQTXxPPT + QQTXQQ".

Moreover, PTQ = 0. Therefore, X € R(Q - Q") implies PTXP = 0 and PTXQ = 0. Conversely,
PTXP =0 and PTXQ = 0 implies X = QQTXQQT. Therefore X € R(Q - Q") if, and only if,
PTXP =0and PTXQ =0.

For any y € R™, A*y € R(Q - QT) if, and only if,

m

S (PTAP)y; =0 and > (PTAQ)y; =0,
i=1 1=1

which holds if, and only if, y € span{3}, where 8 := {y1,...,ymn} is a basis of the linear subspace

{y : Em:(PTAiP)yi = 0} N {y : Em:(PTAiQ)yi _ 0} _ N(PT(.A*-)P) ﬂN(PT(A*-)Q).

i=1 1=1
Now define P : R™ — R™ by )
Pov = Zviyi for A € R™.
i=1
Then, by definition of P, we have
R(A*P) =R(Q - Q1) NR(A*) and R(P) =N (PT(A*)P) NN (PT(A*)Q).

The onto property of A follows from (34I)) and the fact that both P, A* are one-one. Note that
if A*v = 0, noting that A*Pv = QWQ" for some W € S” by ([B4I)), we have that w = 0 so
A*Pv = 0. Since both A* and P injective, we have that v = 0. O
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s 3.5 LP, SDP and the role of strict complementarity

s37 The (near) loss of the Slater CQ results in both theoretical and numerical difficulties, e.g., [46]. In
533 addition, both theoretical and numerical difficulties arise from the loss of strict complementarity,
s39. [(0]. The connection between strong duality, the Slater CQ, and strict complementarity is seen
ss0  through the notion of complementarity partitions, [65]. We now see that this plays a key role in
sa1 the stability and in determining the number of steps k for the facial reduction. In particular, we
522 see that k = 1 is characterized by strict complementary slackness and therefore results in a stable
53 formulation.

sa0 Definition 3.25. The pair of faces Fy < K, F5 < K* form a complementarity partition of K, K* if
sis )y C (F)°. (Equivalently, Fy C (F1)¢.) The partition is proper if both Fy and Fy are proper faces.
sas  The partition is strict if (F1)¢ = Fy or (F3)¢ = Fy.

547 We now see the importance of this notion for the facial reduction.

sis Theorem 3.26. Let 6* = 0, D* = 0 be the optimum of (AP) with dual optimum (v*,u*, W*). Then
s the following are equivalent:

T
550 1. If D* = [P Q] [D(;' 8] [ST] is a mazimal rank element of Rp, where [P Q] is orthogo-
551 nal, Q € R™"™ and D, = 0, then the reduced problem in [3.39) using D* satisfies the Slater
552 CQ; only one step of facial reduction is needed.

553 2. Strict complementarity holds for (AP); that is, the primal-dual optimal solution pair (0, D*), (0,u*, W*)
554 for B3) and B1) satisfy rank(D*) + rank(W*) = n.

555 3. The faces of S defined by

vwp = face({De€S": A(D)=0, (C,D)=0, D= 0})
f}jm,D = face({WeS": W =A5z =0, for some z € Rm+1})
556 form a strict complementarity partition of S’} .

Proof. () <= [@): If B39) satisfies the Slater CQ, then there exists o € R such that W —A*0 >
0. This implies that Z := Q(Wg — A*3)Q7 is of rank 7. Moreover,

0=7=QWoQ — AP = C — A*(yg + PD) = AL <—(yQ +7>@)>‘

1
yg + Pv
-1 1 -

[e==0 ™ T Tee

ss7 we have that (0, @, W) is an optimal solution of (7). Since rank(D*)+rank(W) = (n—7)+7a = n,
sss - we get that strict complementarity holds.

Conversely, suppose that strict complementarity holds for (AP), and let D* be a maximum rank

optimal solution as described in the hypothesis of Item [Il Then there exists an optimal solution

Hence, letting

and W =

u =

27



559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

(0,u*, W*) for B7) such that rank(W*) = n. By complementary slackness, 0 = (D*, W*) =
<D+,PTW*P>, so W* e R(Q-QT) and QTW*Q = 0. Let u* = ( y~>’ SO

W* = aC — A" = aCq — A*(ij — ayo).
Since W*,Cg € R(Q - Q1) implies that A*(j — dyg) = A*P7 for some & € R™, we get
0=<Q'W*Q =al — A*v.

Without loss of generality, we may assume that & = +1 or 0. If & = 1, then C — A*0 >~ 0 is a
Slater point for (3.39). Consider the remaining two cases. Since (L)) is assumed to be feasible, the
equivalent program (B.39) is also feasible so there exists ¢ such that C' — A*0 = 0. If & = 0, then
C—A*(v+70)=0. If @ =—1, then C — A*(20 + v) > 0. Hence (339)) satisfies the Slater CQ.

@) < B): Notice that f0 , and f(?ux’ p are the minimal faces of S} containing the optimal

auz,

slacks of [B.5) and (B.1) respectively, and that [0 fowz,p form a complementarity partition of

aux, P>
ST = (S%)*. The complementarity partition is strict if and only if there exist primal-dual optimal
slacks D* and W* such that rank(D*) + rank(W™*) = n. Hence (2] and (3]) are equivalent. O

In the special case where the Slater CQ fails and () is a linear program (and, more generally,
the special case of optimizing over an arbitrary polyhedral cone, see e.g., [57, [56, [79] [78]), we see
that one single iteration of facial reduction yields a reduced problem that satisfies the Slater CQ.

Corollary 3.27. Assume that the optimal value of (AP) equals zero, with D* being a mazimum rank
optimal solution of (AP). If A; = Diag(a;) for some a; € R™, fori=1,...,m, and C = Diag(c),
for some ¢ € R™, then the reduced problem [B39) satisfies the Slater CQ.

Proof. In this diagonal case, the SDP is equivalent to an LP. The Goldman-Tucker Theorem [25]
implies that there exists a required optimal primal-dual pair for (35]) and ([B.7) that satisfies strict
complementarity, so Item 2 in Theorem holds. By Theorem [3.26] the reduced problem (B.39])
satisfies the Slater CQ. O

4 Facial Reduction

We now study facial reduction for (P) and its sensitivity analysis.

4.1 Two Types

We first outline two algorithms for facial reduction that find the minimal face fp of (P) . Both are
based on solving the auxiliary problem and applying Lemma B4l The first algorithm repeatedly
finds a face I’ containing the minimal face and then projects the problem into F'— F', thus reducing
both the size of the constraints as well as the dimension of the variables till finally obtaining the
Slater CQ. The second algorithm also repeatedly finds F'; but then it identifies the implicit equality
constraints till eventually obtaining MFCQ.
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4.1.1 Dimension reduction and regularization for the Slater CQ

Suppose that Slater’s CQ fails for our given input A : S™ — R™, C' € §”, i.e., the minimal face
fp < F :=8". Our procedure consists of a finite number of repetitions of the following two steps
that begin with k£ = n.

1. We first identify 0 # D € (fp)¢ using the auxiliary problem (B.35]). This means that fp <IF <«
(S% N{D}*) and the interior of this new face F' is empty.

2. We then project the problem (P) into span(F'). Thus we reduce the dimension of the variables
and size of the constraints of our problem; the new cone satisfies int ' # (). We set k <«
dim(F).!

Therefore, in the case that int F' = (), we need to to obtain an equivalent problem to (P) in the
subspace span(F') = F'— F. One essential step is finding a subspace intersection. We can apply the
algorithm in e.g., [26, Thm 12.4.2]. In particular, by abuse of notation, let Hy, Ho be matrices with
orthonormal columns representing the orthonormal bases of the subspaces Hi, Hsa, respectively.
Then we need only find a singular value decomposition HY Hy = UXVT and find which singular
vectors correspond to singular values ¥, = 1,...,7, (close to) 1. Then both H1U(:,1 : r) and
HyV (:,1 : r) provide matrices whose ranges yield the intersection. The cone S’} possesses a “self-
replicating” structure. Therefore we choose an isometry Z so that Z(S%} N (F — F')) is a smaller
dimensional PSD cone S, .

Algorithm [41] outlines one iteration of facial reduction. The output returns an equivalent
problem (A,b,C) on a smaller face of S’ that contains the set of feasible slacks .7-"1% ; and, we
also obtain the linear transformation P and point yg, which are needed for recovering an optimal
solution of the original problem (P) . (See Proposition 3.23])

Two numerical aspects arising in Algorithm Bl need to be considered. The first issue concerns
the determination of rank(D*). In practice, the spectral decomposition of D* would be of the form

pote o ] wenme e o a2 Y5

We need to decide which of the eigenvalues of D* are small enough so that they can be safely
rounded down to zero. This is important for the determination of (), which gives the smaller face
R(Q-QT) N S’ containing the feasible region F g . The partitioning of D* can be done by using
similar techniques as in the determination of numerical rank. Assuming that A;(D*) > Ao(D*) >
<o > Ap(D*) > 0, the numerical rank rank(D* e) of D* with respect to a zero tolerance £ > 0 is
defined via

)‘rank(D*,E) (D*) >e2 Arank(D*,E)-ﬁ-l(D*)'
In implementing Algorithm 1] to determine the partitioning of D*, we use the numerical rank

with respect to Mjfj” where € € (0,1) is fixed: take r = rank <D*’ ell\%ll),

D, = Diag (Al(D*)a K 7)‘7”(D*)) ,  De = Diag ()‘T’+1(D*)7 R 7)‘n(D*)) )

'Note that for numerical stability and well-posedness, it is essential that there exists Lagrange multipliers and
that int F # (). Regularization involves both finding a minimal face as well as a minimal subspace, see [65].
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Algorithm 4.1: One iteration of facial reduction

1 Input( A:S" - R™, be R™, C € S");
2 Obtain an optimal solution (0%, D*) of (AP)
3 if 6* > 0, then
4 ‘ STOP; Slater CQ holds for (A, b,C).
5 else
6 if D* > 0, then
7 ‘ STOP; generalized Slater CQ holds for (A, b, C) (see Theorem B.I1));
8 else
. e N Dy 0 . .
9 Obtain eigenvalue decomposition D* = [P Q] [ 0 ] [ QT] as described in
Proposition B.23] with Q € R™*";
10 if R(Q-QT)NR(A*) = {0}, then
11 ‘ STOP; all feasible solutions of supy{bTy : C — A*y = 0} are optimal.
12 else
13 find m, P : R™ — R™ satisfying the conditions in Proposition [3.23}
14 solve ([3.26) for (yg, Wq);
15 C + WQ 5
16 b < P*b;
i A e QTAP()Q;
18 Output( A:S" - R™, b e R™, C € S"; yg € R™, P: R™ — R™);
19 end if
20 end if
21 end if

and partition [P Q] accordingly. Then

e|| D] .
)\min D > )\max DE DE < Dr|.
(D4) > NG (De) = [|De|| < €| D7
Also,
D> _ [D|? 22 |

IDAF ~ D72~ D = (G- )0~ 21 oy
that is, D, is negligible comparing with D, .

The second issue is the computation of intersection of subspaces, R(Q - QT) N R(A*) (and in
particular, finding one-one map P such that R(A*P) = R(Q - QT) N R(A*)). This can be done
using the following result on subspace intersection.

Theorem 4.1 ([26], Section 12.4.3). Given Q € R™ "™ of full rank and onto linear map A : S" —
R™, there exist Uy",...,U" VP v € S™ such that

min{m,n2}’ min{m,n2}

"= (U 1)

max {(U.V) : [U| = 1= [V, UeR(@Q- Q7). V & R(A")}.
o = (U (

max {(U,V): [U| =1=|[V|, UeR(@Q-Q"), V € R(A*), (4.2)
(U, UPY=0=(V,VP), Vi=1,....k—1},
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for k=2,... min{m,n?}, and 1 > o}* > o3’ > - Zaffm{mng} >

0. Suppose that

o= =0 =1>00 > Zaifin{ﬁm}, (4.3)
then
R(Q-QT)NR(A*) = span (USP, ..., UP) = span (V;P,..., V=P), (4.4)

and P : R™ — R™ defined by Pv =31 vy’ for v € R™, where A*y® = VP fori=1,...,m, is
one-one linear and satisfies R(A*P) = R(Q - QT) N R(A*).

In practice, we do not get o;° =1 (for i = 1,...,m) exactly. For a fixed tolerance £ > 0,
suppose that
120 > 2op 21=eP >0 > >0l o >0 (4.5)

Then we would take the approximation
R(Q-QT) NR(A*) = span (USP, ..., UPL) ~ span (V;P,..., ViP). (4.6)

Observe that with the chosen tolerance %P, we have that the cosines of the principal angles between
R(Q - Q) and span (VP, ..., V;P) is no less than 1 — &P; in particular, U — VP < 2P and

Y m
HQTV;pQH > azp >1—¢ePfork=1,....,m
Remark 4.2. Using V;°, .. lefn{m’#} from Theorem[{.1}, we may replace Ay, ..., Am by Vi ... VP
(which may require extending Vi*, ... ’VniIi)n{m,ﬁZ} to a basis of R(A*), if m > n?).

If the subspace intersection is exvact (as in [A3) and @A) in Theorem [-1), then R(Q - Q1) N
R(A*) = span(Ay,..., Am) would hold. If the intersection is inexact (as in (A1) and [@6)), then
we may replace A by A :S™ — R™, defined by

Al— UZSp Zfzzl,,m,
VR fi=m41,...,m,

2

which is a perturbation of A with |A* — A*|p = \/Z:zl (U —V2P|2 < V2mesP. Then R(Q -
QT)NR(A*) = span(Ay, ..., An) because A; € R(Q - QT)NR(A*) fori=1,...,m and

max {(U,V): U € RQ-Q"), U]l = 1,V € R(A), |V = 1,

| <U,U?P>=0=<V,U?P> VjZI,...,m,}

m{<U LU S Sp>:UGR(Q-QT),HUH:LHyH=1,

i=m+1

<U,U?p>:0Vj:1,...,m,}

= max{<U Z y]VSp>:UGR(Q.QT),HUH:1,|]yH:1,<U,U;p>:0Vj:1,...,m,}

i=m+1

IN

= o <1-eP <1

To increase the robustness of the computation of R(Q - Q) NR(A*) in deciding whether 03" is
1 or not, we may follow similar treatment in [I8] where one decides which singular values are zero
by checking the ratios between successive small singular values.
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4.1.2 Implicit equality constraints and regularization for MFCQ
The second algorithm for facial reduction involves repeated use of two steps again.
1. We repeat step [[lin Section LTIl and use (AP) to find the face F'.
2. We then find the implicit equality constraints and ensure that they are linearly independent,

see Corollary B.22] and Proposition [3.23]

4.1.3 Preprocessing for the auxiliary problem

We can take advantage of the fact that eigenvalue-eigenvector calculations are efficient and accurate
to obtain a more accurate optimal solution (6*, D*) of (AP), i.e., to decide whether the linear system

(Ai,D)=0 Vi=1,....m+1 (where Apy1:=C), 0#D >0 (4.7)

has a solution, we can use Algorithm as a preprocessor for Algorithm EIl  More precisely,

Algorithm 4.2: Preprocessing for (AP)

1 Input( Ay, A, Ay = C € Sn),
2 Output( 6*, P € R D, € S* " satisfying D, > 0; (so D* = PD,_PT));
3 if one of the A; (i € {1,...,m+ 1}) is definite then
4 ‘ STOP; (41) does not have a solution.
5 else

: - [D o] [UT : , .
6 if some of the A = [U U] [0 0} [04 e{A;:i=1,...,m+ 1} satisfies D = 0, then

‘ reduce the size using A; < UL A;U, Vi;
else
if 30#£V € R™" such that A,V =0 foralli=1,...,m+ 1, then

10 % We get (A;, VVT)=0Vi=1,...,m+1;
11 STOP; we get 6* = 0, D* = VVT solves (AP);
12 else
13 | U
14 end if
15 se an SDP solver to solve (AP).
16 end if
17 end if

Algorithm .2l tries to find a solution D* satisfying (7)) without using an SDP solver. It attempts to
find a vector v in the nullspace of all the A;, and then sets D* = vv’. In addition, any semidefinite
A; allows a reduction to a smaller dimensional space.

4.2 Backward stability of one iteration of facial reduction

We now provide the details for one iteration of the main algorithm, see Theorem L9l Algorithm [T
involves many nontrivial subroutines, each of which would introduce some numerical errors. First
we need to obtain an optimal solution (6%, D*) of (AP); in practice we can only get an approximate

32



638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

optimal solution, as §* is never exactly zero, and we decide whether the true value of 0* is zero when
the computed value is only close to zero. Second we need to obtain the eigenvalue decomposition
of D*. There comes the issue of determining which of the nearly zero eigenvalues are indeed zero.
(Since (AP) is not solved exactly, the approximate solution D* would have eigenvalues that are
positive but close to zero.) Finally, the subspace intersection R(Q-Q7)NR(A*) (for finding m and
P) can only be computed approximately via a singular value decomposition, because in practice
we would take singular vectors corresponding to singular values that are approximately (but not
exactly) 1

It is important that Algorithm [£J] is robust against such numerical issues arising from the
subroutines. We show that Algorithm 1] is backward stable (with respect to these three cate-
gories of numerical errors), i.e., for any given input (A, b, ¢), there exists (A,b,C) ~ (A,b,C) such
that the computed result of Algorithm E1] applied on (A,b,C) is equal to the exact result of the
same algorithm applied on (A, b, C’) (when (AP) is solved exactly and the subspace intersection is
determined exactly).

We first show that ||Cies|| is relatively small, given a small (A, C).

Lemma 4.3. Let yg,Cq, Cres be defined as in Lemmal3 19 Then the norm of Cyes is small in the
sense that

* 1/2

mm(D+) C—A*y=0

Proof. By optimality, for any y € F),
[Cres|| < mmi/n [C— A"y — QWQTH =Z - QQTZQQTHa

where Z := C' — A*y. Therefore ([{8) follows from Proposition O

The following technical results shows the relationship between the quantity minj,— | Ay —
QT (A*y)Q||? and the cosine of the smallest principal angle between R(A*) and R(Q-Q7), defined
in (2.

Lemma 4.4. Let Q € R™ " satisfy QTQ = I,. Then

7= 1ol 111 {HA*yH2 HQT A*y) Q” } ( ip)2) O'min(_A*)2 > (), (4.9)

where o\ is defined in [£2). Moreover,
T=0 = o’ =1 <= R(Q -Q")NR(A*) # {0}. (4.10)

Proof. By definition of o7",

max{ max (U, V) V| =1,V € R(A*)}
Vo UIU[=LUER(Q-QT)

U VP > (UP VP = P
||U||=1,g127%((QvQT)< )=z UV oy

v

> max{ max (U, V) V| =1,V € R(A*)} ,
Vo UIU[=1,UeR(Q-QT)
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so equality holds througout, implying that

ol = max{ max {U,V)y:|VIl=1,V € R(.A*)}
Vo UIU[=LUER(Q-QT)

_ T %0\ A%l —
= mfx{||$ﬁi{1 (QWQ', Ay) : | A™y| = 1}
= ij{HQT(A*y)QII ATyl =1}

Obviously, || A*y|| = 1 implies that the orthogonal projection QQT (A*y)QQT onto R(Q - Q7) is of
norm no larger than one:

1QT (A" QI = QQT (A" QQT| < A%yl = 1. (4.11)
Hence 0" € [0,1]. In addition, equality holds in @II]) if and only if A*y € R(Q - QT), hence
of =1 <= R(A)NRQ- Q) +# {0}. (4.12)
Whenever ||y|| =1, || A*y|| > omin(A*). Hence
T = mZ}H{HA*yHZ — QT (A QI : lyll = 1}
— o min {41 < 10T AP < Lol = —— |
y Omin (A*)
> Umin(A*)2myin{HA*yH2 — QT (A )QI* - Ayl = 1}
= (A min (A~ QT (AQIP : | A = 1)
— ol (1= max (1Q7 (A DQI? 4wl = 13
= Omin(A*)? (1 - (O’ip)2) .
This together with o}” € [0,1] proves [@9). If 7 = 0, then 0" = 1 since oyin(A*) > 0. Then ([ZI2)
implies that R(A*) NR(Q - QT) # {0}. Conversely, if R(A*) NR(Q - QT) # {0}, then there exists
¢ such that ||g]| = 1 and A*j € R(Q - QT). This implies that
0<7 < [AgI° QT (A QI =0,
so 7 = 0. This together with (£I2]) proves the second claim (£.I0]). O

Next we prove that two classes of matrices are positive semidefinite and show their eigenvalue
bounds, which will be useful in the backward stability result.

Lemma 4.5. Suppose Ay, ..., A, D* € S™. Then the matriz M € S™ defined by

is positive semidefinite. Moreover, the largest eigenvalue Amax (M) < 32 (As, D*)2.
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Proof. For any y € R™,

m

2
yTMy = Z <AZ7-D*> <A]7D YiYy; = <Z AZ7-D > .

ij=1
Hence M is positive semidefinite. Moreover, by the Cauchy Schwarz inequality we have
m 2 m
y My = (Z <Ai,D*>yi> < <Z <Ai,D*>2> ly3-
i=1 i=1
Hence Apax (M) < 327 (A;, D*)2. O

Lemma 4.6. Suppose Ay,..., Ay € S™ and Q € R™™ ™ has orthonomral columns. Then the matriz
M € S™ defined by

Mi; = (Ai, A;) — (QTAQ,QTA;Q), i.j=1,....m,
is positive semidefinite, with the smallest eigenvalue Apin(M) > 7, where T is defined in ([Z9]).

Proof. For any y € R™, we have

= * * 2
yTMy = (Widi yiA5) — QT AiQ,y;QT A;Q) = | A*y|* — |QT (A" )Q” = Tyl
ij=1
Hence M € ST and Ayin(M) > 7. O

The following lemma shows that when nonnegative §* is approximately zero and D* = PD, PT+
QD.Q"T ~ PD,PT with D, = 0, under a mild assumption ([@I5) it is possible to find a linear
operator A “near” A such that we can take the following approximation:

§*+ 0, D*« PD,PT, A"+ A%,
and we maintain that A(PD,PT) =0 and R(Q - QT) NR(A*) = R(Q - QT) N R(A*).

T
Lemma 4.7. Let A:S™ — R™: X s ((4;, X)) be onto. Let D* = [P Q)] [l?;r 1(; } [ST} S
where [P Q] € R™ ™ js an orthogonal matriz, Dy > 0 and D > 0. Suppose that

R(Q-QT)NR(A*) = span(Ay, ..., Ay), (4.13)

for some m € {1,...,m}. Then

2 s 2
. T
min Q" Ami@Q > 0. 4.14
lyll=1, yekm—m ; e #19
Assume that
m—m 2 m—m 2 9 m
. T "N 2 2
min YiAmti|| — YiQ AntiQ| 0 > 757z | D)™+ D]l A" | -

lyll=1, yeRm—m ; o ; e A ,.:%:H '
(4.15)
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Define A; to be the projection of A; on {PD+PT}J‘

_ A;,PD,PT .
Ai = Ai_ﬁpDﬁ-PTa Vz:l,...,m. (416)
Then .
R(Q-QT) NR(AY) = R(Q - Q") N R(A"). (4.17)

Proof. We first prove the strict inequality ([£.I4]). First observe that since

2 2 2

>0

m—m

> yilAmri — QQT Am1iQQT)

i=1

)

Q" Am1iQ
1

the optimal value is always nonnegative. Let ¢ solve the minimization problem in (@I4]). If

sz’;—lm giAm+iH2 - HZZ’Zm ﬂiQTAmHQHZ = 0, then

0# > FiAmti € R(Q-QT) NR(A") = span(Ay, ..., Ap),
i=1
which is absurd since A4, ..., A,, are linearly independent.

Now we prove ([{I7)). Observe that for j = 1,...,m, A; € R(Q - QT) so <Aj,PD+PT> =0,
which implies that flj = A;. Moreover,

span(Ar, ..., An) CR(Q - Q1) NR(A").
Conversely, suppose that B := A*y € R(Q - QT). Since flj =4, eRQ-QF) forj=1,...,m
B=QQ"BRQ" = Y y;i(4;-QQT4;QQ") =
j=m+1

We show that ys11 = -+ = ym = 0. In fact, since QT (PD.PT)Q = 0, Dt yi(A; —
QQTA]-QQT) = 0 implies

= o ™ (A;, PD.PT
Z y,QQTA;QQ" = Z yjA; — ( Z <]Jr>y]) PD,PT.

j=m+1 j=m+1 j=m+1 <D+7D+>
For i =m +1,...,m, taking inner product on both sides with A4; ,
Ui i " (A;,PD,.PTY{(A; PD,PT
> (QTAQ,QTA;Q) y; = Z (A, Ajyy; — > < +P ) Ay, PDy >yj,
Ty . - (D4, Dy)
j=m+1 j=m+ j=m+1
which holds if, and only if,
Ym+1
(M — M) : =0, (4.18)
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where M, M € S™ ™ are defined by

M-y —my = (Ai4;) —(QTAQ,Q"A;Q),

- (Ai, PD,P") (A;, PDyPT) S

M) Giem) = Ni,j=m+1,....m
(i—m),(j—m) (D, D.) J

We show that ([@I8) implies that y;41 = - - = ym = 0 by proving that M — M is indeed positive
definite. By Lemmas .5 and .6,

Amin(M - M) 2 )\min(M) - )\max(M)

2 2

=y m o (A, PDLPTY
Q" Ay X (An PDy
2 uiQ AniQ (D+, D)

i=1

v

min
lyll=1

To see that Amin(M — M) > 0, note that since D* = PD,PT + QD.QT, for all 4,
< [(4; D)+ A 1QD.QT |
= [(Ai, D)+ [|Asll[| Dell

. 1/2
V2 (1(4i, D9 + | Al 2D ?)

IN

Hence
S [(APDPTYE <2 Y (1 DO + IAJIDR) < 2ADE +2ADE Y AP,
1=m+1 i=m+1 i=m+1

and that A\pin(M — M ) > 0 follgws from the assumption (£I5]). This implies that yz41 = -+ =
Ym = 0. Therefore B = >"", y;A;, and by ([ZI3)

R(Q - Q1) NR(A*) = span(Ay, ..., An) = R(Q - QT) N R(A).
O

Remark 4.8. We make a remark about the assumption [ID) in Lemma [[.7] We argue that the
right hand side expression

2 . -
(DA (HA(D WP+ 1D > IIAZ-H2>

i=m—+1
is close to zero (when 6* =~ 0 and when D, is chosen appropriately). Assume that the spectral
decomposition of D* is partitioned as described in Section[{.1.1 Then (since | D.|| < | D*|)

0*)? 2(6%)2 2n(6%)2
2 apnpe 20 A0 2l
o D — D = (0P =D = 1-¢

and

2|D|” < 2 2¢? S 2
Al < A7
HD+H2 Z H ZH — 1—52 Z H ZH
i=m-+1 i=m-+1
Therefore as long as € and §* are small enough (taking into account n and 1" . ||Ag]|?), then
the right hand side of [LI5) would be close to zero.
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678 Here we provide the backward stability result for one step of the facial reduction algorithm.
679 That is, we show that the smaller problem obtained from one step of facial reduction with 6* > 0
60 1S equivalent to applying facial reduction exactly to an SDP instance “nearby” to the original SDP
es1  instance.

Theorem 4.9. Suppose A : S* — R™, b € R™ and C € S" are given so that (L) is fea-
sible and Algorithm [.1] returns (6%, D*), with 0 < 0* ~ 0 and spectral decomposition D* =

T —_ - —
[P Q] [DO+ lge] [ST]’ and (A,b,C,yq,P). In addition, assume that

P:R™ - R"™: v (g) , 80 R(A*P) = span(A41, ..., Am).

e Assume also that (EIB) holds. Fori=1,...,m, define A; € S™ as in @IB), and A*y := S 7" 1yZAZ
s Let C = A*y yo + QCQT. Then (A,b, C) is the exact output of Algorithm [J-1] applied on (A,b,0),
+  that is, the following hold:

_ APD,PT
w (1) Ax(PD,PT) = ( 0(,PD++PT)>> —0

6

@

(2) (yg,C) solves
min 5 HA*y owQT - OH (4.19)
o (3) RAP)=R(@Q-QT)n R(A*).
67 Moreover, (A, b, é) is close to (A,b,C) in the sense that

dolA— AP < ”D A ((5* +[|De|l? ZHA |!2) (4.20)
i=1 i=1
1/2
. V2 N
Ic=Cl < N (6%)% + |1 De|1? ZHA 1] el

+f[ | D] (A,C)rﬂ(:mm ”zH), (4.21)

Amin(D+) Z=C—A*y>=0
s where (A, c) is defined in [BI3).
80 Proof. First we show that (A,b,C) is the exact output of Algorithm ET] applied on (.%I, b, é)
0 (1) Fori=1,...,m, by definition of A; in ({@IG)), we have <14L~, PD+PT> = 0. Hence A(PD, PT) =
oo 0. Also, (€, PDPT) = yb(A(PD4PT)) + (C,QT(PD, PT)Q) = 0.
2 (2) By definition, C' — ft*yQ —QCQT =0, so (yg,C) solves the least squares problem (I9).
(3) Given (4I%]), we have that
RQ-QTYNRA) =R(Q - QT)NR(A*) = R(A1, ..., An) = R(A1, ..., An) = R(A*P).
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The results ([E20) and 2] follow easily:

m ) ™ |(A;, PD, PT)|” 2| (Ai, D + 20| AP De )1
A, — A7 = ‘< = - < =
2| I ; D2 = Z: 1D

< B ((5* + 1D ZHA |!2)

and
[C—Cl < Ao — Aol + [|Cresl|
< ) 1wl Ai — Al + 1| Ces|
i=1
m 1/2
< yell (ZHAZ-—AZ-H?) + [|Cres |
i=1
1/2
V2 °
< (A (6%)* + || D|l? ZHA 2 lyall
(12 1/2 .
e [Amm(m wol(,_amm 121),
from ([@20) and (LS]). O

5 Test Problem Descriptions

5.1 Worst case instance

From Tuncel [66], we consider the following worst case problem instance in the sense that for n > 3,
the facial reduction process in Algorithm ] requires n — 1 steps to obtain the minimal face. Let
b=ey € R", C =0, and A:S"} — R" be defined by

A = ele{, Ay = 6162T + egelT, A = ei_leiT_l + eleiT + eie{ fori=3,...,n.
It is easy to see that
fZ:{C—A*yES:‘_:yeR"}:{,ueler{:,uZO},
(so FZ has empty interior) and
sup{b’y : C — A*y = 0} = sup{ys : —A*y = pesef , >0} =0,

which is attained by any feasible solution.
Now consider the auxiliary problem

1/2

n
min | Ac(D)|| = | D}, +4D%, + > (Di—1,-1 +2D1;) st. (D,I)=+/n, D= 0.
=3
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An optimal solution is D* = \/nepel, which attains objective value zero. It is easy to see this is
the only solution. More precisely, any solution D attaining objective value 0 must satisfy D1 = 0,
and by the positive semidefiniteness constraint Dy; = 0 for ¢ = 2,...,n and so D; = 0 for
i=2,...,n—1. So Dy, is the only nonzero entry and must equal \/n by the linear constraint
(D,I) = /n. Therefore, ) from Proposition must have n — 1 columns, implying that the
reduced problem is in S”~!. Theoretically, each facial reduction step via the auxiliary problem can
only reduce the dimension by one. Moreover, after each reduction step, we get the same SDP with
n reduced by one. Hence it would take n — 1 facial reduction steps before a reduced problem with
strictly feasible solutions is found. This realizes the result in [I2] on the upper bound of the number
of facial reduction steps needed.

5.2 Generating instances with finite nonzero duality gaps

In this section we give a procedure for generating SDP instances with finite nonzero duality gaps.
The algorithm is due to the results in [65] [70].

Algorithm 5.1: Generating SDP instance that has a finite nonzero duality gap

1 Input(problem dimensions m, n; desired duality gap g);
2 Output(linear map A : S™ — R™, b € R™, C € S" such that the corresponding primal dual

pair ([LI)-(L2) has a finite nonzero duality gap);

1. Pick any positive integer r1,r3 that satisfy ri + r3+ 1 =n,
and any positive integer p < rs.

2. Choose A; = 0 fori=1,...,p so that dim(face({A4; : i =1,...,p})) = rs.
Specifically, choose A1,..., A, so that

00 O

face({4;: 1,...,p}) =10 0 0 (5.1)

00 S7

3. Choose Apy1,..., Ay, of the form
0 0 (Ai)s
A = 0 (Aj)22 * ,
(415 * *

where an asterisk denotes a block having arbitrary elements, such that (Apy1)13,--., (Am)13

are linearly independent, and (A;)22 > 0 for some i € {p+ 1,...,m}.

4. Pick

X =

o O O

0 0
N (5.2)
0 0

5. Take b= A(X), C = X.
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Finite nonzero duality gaps and strict complementarity are closely tied together for cone op-
timization problems; using the concept of a complementarity partition, we can generate instances
that fail to have strict complementarity; these in turn can be used to generate instances with finite
nonzero duality gaps. See [65], [70].

Theorem 5.1. Given any positive integers n, m < n(n+1)/2 and any g > 0 as input for Algorithm
[21, the following statements hold for the primal-dual pair (LI)-(2) corresponding to the output
data from Algorithm [51):

1. Both [L1)) and [L2)) are feasible.
2. All primal feasible points are optimal and vp = 0.
3. All dual feasible point are optimal and vp = g > 0.
It follows that ([IL1]) and ([L2]) possess a finite positive duality gap.

Proof. Consider the primal problem (). (L)) is feasible because C' := X given in (5.2 is positive
semidefinite. Note that by definition of A in Algorithm 5.1 for any y € R™,

p 0 0 0 m 0 0 =
C’—ZyiAi: 0 g 0| and — Z yid; = |0 % x|,
i=1 0 0 =« i=p+1 *ook K

so if y € R™ satisfies Z := C — A*y = 0, then Z?;pﬂ y;iA; = 0 must hold. This implies
Z?;pﬂ yi(A;)13 = 0. Since (Ap41)13,---,(Am)13 are linearly independent, we must have y,;1 =
-+« =y, = 0. Consequently, if y is feasible for (I.]), then

00 0
Ay=10 0 0
0 0 —Zs

for some Zs3 = 0. The corresponding objective value in (L)) is given by
by = (X, Ay)=0

This shows that the objective value of (I.T]) is constant over the feasible region. Hence vp = 0, and
all primal feasible solutions are optimal.

Consider the dual problem (LZ). By the choice of b, X = 0 is a feasible solution, so (2) is
feasible too. From (5.II), we have that by = --- = b, = 0. Let X > 0 be feasible for (II]). Then
(A;, X) =b; =0 fori=1,...,p, implying that the (3,3) block of X must be zero by (EI]), so

0
X = 0
0

S ¥ ¥
S ¥ ¥

Since av = (Aj)22 > 0 for some j € {p+1,...,m}, we have that
OéXgQ == <AJ,X> == <A],X> == Oé\/g,
so Xop = /g and (C, X) = g. Therefore the objective value of (L2) is constant and equals g > 0

over the feasible region, and all feasible solutions are optimal. O

41



27

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

5.3 Numerical results

Tabledlshows a comparison of solving SDP instances with versus without facial reduction. Examples
1 through 9 are specially generated problems available online at the URL for this paper given in
the footnote on page [l In particular: Example 3 has a positive duality gap, vp = 0 < vp = 1;
for Example 4, the dual is infeasible; in Example 5, the Slater CQ holds; Examples 9a,9b are
instances of the worst case problems presented in Section 5.1l The remaining instances RandGenl-
RandGenll are generated randomly with most of them having a finite positive duality gap, as
described in Section These instances generically require only one iteration of facial reduction.

The software package SeDuMi is used to solve the SDPs that arise.

Name n m True primal True dual Primal optimal value Primal optimal value
optimal value optimal value with facial reduction without facial reduction

Example 1 3 2 0 0 0 -6.30238e-016
Example 2 3 2 0 1 0 +0.570395
Example 3 3 4 0 0 0 +6.91452e-005
Example 4 3 3 0 Infeas. 0 +Inf
Example 5 10 5 * * +5.02950e+02 +5.02950e+02
Example 6 6 8 1 1 +1 +1
Example 7 5 3 0 0 0 -2.76307e-012
Example 9a | 20 | 20 0 Infeas. 0 Inf
Example 9b | 100 | 100 0 Infeas. 0 Inf
RandGenl1 10 5 0 1.4509 +1.5914e-015 +1.16729e-012
RandGen2 | 100 | 67 0 5.5288e+003 +1.1056e-010 NaN
RandGen4 | 200 | 140 0 2.6168e+-004 +1.02803e-009 NaN
RandGenb | 120 | 45 0 0.0381 -5.47393e-015 -1.63758e-015
RandGen6 | 320 | 140 0 2.5869e+005 +5.9077e-025 NaN
RandGen7 | 40 | 27 0 168.5226 -5.2203e-029 +5.64118e-011
RandGen8 | 60 | 40 0 4.1908 -2.03227e-029 NaN
RandGen9 | 60 | 40 0 61.0780 +5.61602e-015 -3.52291e-012
RandGenl0 | 180 | 100 0 5.1461e+004 +2.47204e-010 NaN
RandGenll | 255 | 150 0 4.6639¢+004 | +7.71685e-010 NaN

One general observation is that, if the instance has primal-dual optimal solutions and has zero
duality gap, SeDuMi is able to find the optimal solutions. However, if the instance has finite nonzero
duality gaps, and if the instance is not too small, SeDuMi is unable to compute any solution, and

returns NaN.

SeDuMi, based on self-dual embedding, embeds the input primal-dual pair into a larger SDP
that satisfies the Slater CQ [I6]. Theoretically, the lack of the Slater CQ in a given primal-dual
pair is not an issue for SeDuMi. It is not known what exactly causes problem on SeDuMi when

Table 1: Comparisons with /without facial reduction

handling instances where a nonzero duality gap is present.
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6 Conclusions and future work

In this paper we have presented a preprocessing technique for SDP problems where the Slater CQ
(nearly) fails. This is based on solving a stable auxiliary problem that approximately identifies the
minimal face for (P) . We have included a backward error analysis and some preliminary tests that
successfully solve problems where the CQ fails and also problems that have a duality gap. The
optimal value of our (AP) has significance as a measure of nearness to infeasibility.

Though our stable (AP) satisfied both the primal and dual generalized Slater CQ, high accuracy
solutions were difficult to obtain for unstructured general problems. (AP) is equivalent to the
underdetermined linear least squares problem

min |Ac(D)|5 st. (I,D)=+/n, D=0, (6.1)

which is known to be difficult to solve. High accuracy solutions are essential in performing a proper
facial reduction.

Extensions of some of our results can be made to general conic convex programming, in which
case the partial orderings in (ILT]) and (L2) are induced by a proper closed convex cone K and the
dual cone K*, respectively.

References

[1] A. Alfakih, A. Khandani, and H. Wolkowicz. Solving Euclidean distance matrix completion
problems via semidefinite programming. Comput. Optim. Appl., 12(1-3):13-30, 1999. A tribute
to Olvi Mangasarian.

[2] B. Alipanahi, N. Krislock, and A. Ghodsi. Manifold learning by semidefinite facial reduction.
Technical Report Submitted to Machine Learning Journal, University of Waterloo, Waterloo,
Ontario, 2010.

[3] F. Alizadeh, J-P.A. Haeberly, and M.L. Overton. Complementarity and nondegeneracy in
semidefinite programming. Math. Programming, 77:111-128, 1997.

[4] A.F. Anjos and J.B. Lasserre, editors. Handbook on Semidefinite, Conic and Polynomial
Optimization. International Series in Operations Research & Management Science. Springer-
Verlag, 2011. @

[5] M.F. Anjos and H. Wolkowicz. Strengthened semidefinite relaxations via a second lifting for
the Max-Cut problem. Discrete Appl. Math., 119(1-2):79-106, 2002. Foundations of heuristics
in combinatorial optimization.

[6] A. Ben-Israel, A. Ben-Tal, and S. Zlobec. Optimality in nonlinear programming: a feasible di-
rections approach. John Wiley & Sons Inc., New York, 1981. A Wiley-Interscience Publication.
M8

[7] A. Ben-Israel, A. Charnes, and K. Kortanek. Duality and asymptotic solvability over cones.
Bulletin of American Mathematical Society, 75(2):318-324, 1969.

[8] J.F. Bonnans and A. Shapiro. Perturbation analysis of optimization problems. Springer Series
in Operations Research. Springer-Verlag, New York, 2000. [1

43



T

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

B. Borchers. CSDP, a C library for semidefinite programming. Optim. Methods Softw., 11/12(1-
4):613-623, 1999. projects.coin-or.org/Csdp. @

J.M. Borwein and H. Wolkowicz. Characterization of optimality for the abstract convex pro-
gram with finite-dimensional range. J. Austral. Math. Soc. Ser. A, 30(4):390-411, 1980/81. []

9, @J, IO

J.M. Borwein and H. Wolkowicz. Facial reduction for a cone-convex programming problem.
J. Austral. Math. Soc. Ser. A, 30(3):369-380, 1980/81. Bl @ [I0I

J.M. Borwein and H. Wolkowicz. Regularizing the abstract convex program. J. Math. Anal.
Appl., 83(2):495-530, 1981. [3 [ 00 011

S. Boyd, V. Balakrishnan, E. Feron, and L. El Ghaoui. Control system analysis and synthesis
via linear matrix inequalities. Proc. ACC, pages 21472154, 1993.

F. Burkowski, Y-L. Cheung, and H. Wolkowicz. Efficient use of semidefinite programming for
selection of rotamers in protein conformations. Technical Report 30 pages, submitted Dec.
2012, University of Waterloo, Waterloo, Ontario, 2012.

R.J. Caron, A. Boneh, and S. Boneh. Redundancy. In Advances in sensitivity analysis and
parametric programming, volume 6 of Internat. Ser. Oper. Res. Management Sci., pages 13.1—
13.41. Kluwer Acad. Publ., Boston, MA, 1997. [1

E. de Klerk. Interior point methods for semidefinite programming. PhD thesis, Delft University,
1997. [

E. de Klerk. Aspects of Semidefinite Programming: Interior Point Algorithms and Selected
Applications. Applied Optimization Series. Kluwer Academic, Boston, MA, 2002. [

J. Demmel and B. Kagstrom. The generalized Schur decomposition of an arbitrary pencil
A— \B; robust software with error bounds and applications. part II: software and applications.
ACM Trans. Math. Softw., 19(2):175-201, June 1993. 311

X.V. Doan, S. Kruk, and H. Wolkowicz. A robust algorithm for semidefinite programming.
Optim. Methods Softw., 27(4-5):667-693, 2012. @] [14]

R. Fourer and D.M. Gay. Experience with a primal presolve algorithm. In Large scale opti-
mization (Gainesville, FL, 1993), pages 135-154. Kluwer Acad. Publ., Dordrecht, 1994.

R.M. Freund. Complexity of an algorithm for finding an approximate solution of a semi-definite
program with no regularity assumption. Technical Report OR 302-94, MIT, Cambridge, MA,
1994. [

R.M. Freund. Complexity of convex optimization using geometry-based measures and a refer-
ence point. Math. Program., 99(2, Ser. A):197-221, 2004. [

R.M. Freund, F. Ordénez, and K.C. Toh. Behavioral measures and their correlation with IPM
iteration counts on semi-definite programming problems. USC-ISE working paper #2005-02,
MIT, 2005. url: www-rcf.usc.edu/ fordon/. @

44



813

814

815

816

817

818

819

820

821

822

823

824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

[24]

[25]

[26]

R.M. Freund and J.R. Vera. Some characterizations and properties of the “distance to ill-
posedness” and the condition measure of a conic linear system. Technical report, MIT, Cam-
bridge, MA, 1997. @

A.J. Goldman and A.W. Tucker. Theory of linear programming. In Linear inequalities and
related systems, pages 53-97. Princeton University Press, Princeton, N.J., 1956. Annals of
Mathematics Studies, no. 38.

G.H. Golub and C.F. Van Loan. Matriz Computations. Johns Hopkins University Press,
Baltimore, Maryland, 3"¢ edition, 1996. 29

J. Gondzio. Presolve analysis of linear programs prior to applying an interior point method.
INFORMS J. Comput., 9(1):73-91, 1997.

N.ILM. Gould and Ph.L. Toint. Preprocessing for quadratic programming. Math. Program.,
100(1, Ser. B):95-132, 2004. [0

D. Gourion and A. Seeger. Critical angles in polyhedral convex cones: numerical and statistical
considerations. Math. Programming, 123(1):173-198, 2010. 211

G. Gruber and F. Rendl. Computational experience with ill-posed problems in semidefinite
programming. Comput. Optim. Appl., 21(2):201-212, 2002. [

J-B. Hiriart-Urruty and J. Malick. A fresh variational-analysis look at the positive semide?nite
matrices world. Technical report, University of Tolouse, Toulouse, France, 2010. @

R.A. Horn and C.R. Johnson. Matrixz Analysis. Cambridge University Press, Cambridge, 1990.
Corrected reprint of the 1985 original.

A. Tusem and A. Seeger. Searching for critical angles in a convex cone. Math. Program., 120(1,
Ser. B):3-25, 2009. 211

S. Jibrin. Redundancy in Semidefinite Programming. PhD thesis, Carleton University, Ottawa,
Ontario, Canada, 1997.

M.H. Karwan, V. Lotfi, J. Telgen, and S. Zionts. Redundancy in mathematical programming.
Springer-Verlag, New York, NY, 1983.

N. Krislock and H. Wolkowicz. Explicit sensor network localization using semidefinite rep-
resentations and facial reductions. SIAM Journal on Optimization, 20(5):2679-2708, 2010.
9)

M. Lamoureux and H. Wolkowicz. Numerical decomposition of a convex function. J. Optim.
Theory Appl., 47(1):51-64, 1985.

7Z-Q. Luo, J.F. Sturm, and S. Zhang. Conic convex programming and self-dual embedding.
Optim. Methods Softw., 14(3):169-218, 2000. [3]

J. Malick, J. Povh, F. Rendl, and A. Wiegele. Regularization methods for semidefinite pro-
gramming. SIAM Journal on Optimization, 20(1):336-356, 2009. [

45



848

849

850

851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882

[40]

[41]

[42]

[43]

O. L. Mangasarian and S. Fromovitz. The Fritz John necessary optimality conditions in the
presence of equality and inequality constraints. J. Math. Anal. Appl., 17:37-47, 1967. [0

R.D.C. Monteiro and M.J. Todd. Path-following methods. In Handbook of Semidefinite Pro-
gramming, pages 267-306. Kluwer Acad. Publ., Boston, MA, 2000. [I4]

Cs Mszros and U. H. Suhl. Advanced preprocessing techniques for linear and quadratic pro-
gramming. OR Spectrum, 25:575-595, 2003. 10.1007/s00291-003-0130-x. [1]

Y.E. Nesterov, M.J. Todd, and Y. Ye. Infeasible-start primal-dual methods and infeasibility
detectors for nonlinear programming problems. Math. Program., 84(2, Ser. A):227-267, 1999.

G. Pataki. On the closedness of the linear image of a closed convex cone. Math. Oper. Res.,
32(2):395-412, 2007. [

G. Pataki. Bad semidefinite programs: they all look the same. Technical report, Department
of Operations Research, University of North Carolina, Chapel Hill, 2011. [4],

J. Pena and J. Renegar. Computing approximate solutions for convex conic systems of con-
straints. Math. Program., 87(3, Ser. A):351-383, 2000. [I4] 211

I. Pélik and T. Terlaky. New stopping criteria for detecting infeasibility in conic optimization.
Optim. Lett., 3(2):187-198, 2009.

M.V. Ramana. An Algorithmic Analysis of Multiquadratic and Semidefinite Programming
Problems. PhD thesis, Johns Hopkins University, Baltimore, Md, 1993. @

M.V. Ramana. An exact duality theory for semidefinite programming and its complexity
implications. Math. Programming, 77(2):129-162, 1997. [,

M.V. Ramana, L. Tuncel, and H. Wolkowicz. Strong duality for semidefinite programming.
SIAM J. Optim., 7(3):641-662, 1997. @

J. Renegar. A Mathematical View of Interior-Point Methods in Convex Optimization.
MPS/STAM Series on Optimization. Society for Industrial and Applied Mathematics, Philadel-
phia, PA, 2001.

S.M. Robinson. Stability theorems for systems of inequalities, part i: linear systems. SIAM J.
Numerical Analysis, 12:754-769, 1975.

S.M. Robinson. First order conditions for general nonlinear optimization. SIAM J. Appl.
Math., 30(4):597-607, 1976.

R. Tyrrell Rockafellar. Some convex programs whose duals are linearly constrained. In Nonlin-
ear Programming (Proc. Sympos., Univ. of Wisconsin, Madison, Wis., 1970), pages 293-322.
Academic Press, New York, 1970.

R.T. Rockafellar. Convex analysis. Princeton Landmarks in Mathematics. Princeton University
Press, Princeton, NJ, 1997. Reprint of the 1970 original, Princeton Paperbacks.

46



883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

[56]

[57]

[58]
[59]

A. Shapiro. On duality theory of conic linear problems. In Semi-infinite programming (Alicante,
1999), volume 57 of Nonconvex Optim. Appl., pages 135-165. Kluwer Acad. Publ., Dordrecht,
2001.

A. Shapiro and A. Nemirovskii. Duality of linear conic problems. Technical report, School of
Industrial and Systems Engineering, Georgia Institute of Technology, Atlanta, Georgia, 2003.
28]

G.W. Stewart. Rank degeneracy. STAM J. Sci. Statist. Comput., 5(2):403-413, 1984.

G.W. Stewart. Determining rank in the presence of error. In Linear algebra for large scale and
real-time applications (Leuven, 1992), volume 232 of NATO Adv. Sci. Inst. Ser. E Appl. Sci.,
pages 275-291. Kluwer Acad. Publ., Dordrecht, 1993. [3

J.F. Sturm. Using SeDuMi 1.02, a MATLAB toolbox for optimization over symmetric cones.
Optim. Methods Softw., 11/12(1-4):625-653, 1999. sedumi.ie.lehigh.edu. @

D. Sun. The strong second-order sufficient condition and constraint nondegeneracy in nonlinear
semidefinite programming and their implications. Math. Oper. Res., 31(4):761-776, 2006.

M. J. Todd and Y. Ye. Approximate Farkas lemmas and stopping rules for iterative infeasible-
point algorithms for linear programming. Math. Programming, 81(1, Ser. A):1-21, 1998.

M.J. Todd. Semidefinite programming. Acta Numerica, 10:515-560, 2001. [

L. Tungel. On the Slater condition for the SDP relaxations of nonconvex sets. Oper. Res.
Lett., 29(4):181-186, 2001.

L. Tuncel and H. Wolkowicz. Strong duality and minimal representations for cone optimization.

coap, 53(2):619-648, 2012. [ I3} 27, 29, 40|, ET]

Levent Tuncel. Polyhedral and semidefinite programming methods in combinatorial optimiza-
tion, volume 27 of Fields Institute Monographs. American Mathematical Society, Providence,

RI, 2010. B, @

R.H. Titinci, K.C. Toh, and M.J. Todd. Solving semidefinite-quadratic-
linear programs using SDPTS3. Math.  Program., 95(2, Ser. B):189-217, 2003.
www.math.nus.edu.sg/ mattohke/sdpt3.html. [

L. Vandenberghe and S. Boyd. Semidefinite programming. SIAM Rev., 38(1):49-95, 1996. [

H. Waki, S. Kim, M. Kojima, and M. Muramatsu. Sums of squares and semidefinite program
relaxations for polynomial optimization problems with structured sparsity. SIAM J. Optim.,
17(1):218-242, 2006.

H. Wei and H. Wolkowicz. Generating and solving hard instances in semidefinite programming.
Math. Programming, 125(1):31-45, 2010. 27], 40, 4]

H. Wolkowicz. Calculating the cone of directions of constancy. J. Optim. Theory Appl.,
25(3):451-457, 1978. B

47



918

919

920

921

922

923

924

925

926

927

928

929

930

931

932

933

934

935

936

937

938

939

940

941

[72]

73]

[74]

H. Wolkowicz. Some applications of optimization in matrix theory. Linear Algebra Appl.,
40:101-118, 1981. @

H. Wolkowicz. Solving semidefinite programs using preconditioned conjugate gradients. Optim.
Methods Softw., 19(6):653-672, 2004. [

H. Wolkowicz, R. Saigal, and L. Vandenberghe, editors. Handbook of semidefinite programming.
International Series in Operations Research & Management Science, 27. Kluwer Academic
Publishers, Boston, MA, 2000. Theory, algorithms, and applications. [,

H. Wolkowicz and Q. Zhao. Semidefinite programming relaxations for the graph partitioning
problem. Discrete Appl. Math., 96/97:461-479, 1999. Selected for the special Editors’ Choice,
Edition 1999.

M. Yamashita, K. Fujisawa, and M. Kojima. Implementation and evaluation of SDPA 6.0
(semidefinite programming algorithm 6.0). Optim. Methods Softw., 18(4):491-505, 2003.
sdpa.indsys.chuo-u.ac.jp/sdpa/. @l

M. Yamashita, K. Fujisawa, K. Nakata, M. Nakata, M. Fukuda, K. Kobayashi, and K. Goto. A
high-performance software package for semidefinite programs: Sdpa7. Technical report, Dept.
of Information Sciences, Tokyo Institute of Technology, Tokyo, Japan, 2010. [

Constantin Zalinescu. On zero duality gap and the Farkas lemma for conic programming.
Math. Oper. Res., 33(4):991-1001, 2008.

Constantin Zalinescu. On duality gap in linear conic problems. Technical report, University
of Al I. Cusa, lasi, Romania, 2010.

Q. Zhao, S.E. Karisch, F. Rendl, and H. Wolkowicz. Semidefinite programming relaxations
for the quadratic assignment problem. J. Comb. Optim., 2(1):71-109, 1998. Semidefinite
programming and interior-point approaches for combinatorial optimization problems (Fields
Institute, Toronto, ON, 1996).

48



942

943

944

945

946

947

948

949

950

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

Index

Co = QWoQT,

E;j, unit matrices,

K*, polar (dual) cone,

Wao,

AT, Moore-Penrose generalized inverse,
Ac, homogenized constraint, [I4]

F=,

Q, second order cone,

Rp, cone of recession directions, [T
a(A, C), distance from orthogonality, [I8]
cone (5), convex cone generated by S,
Cres = C — Cg — A*yq,

face(S),

)\maX(M ), largest eigenvalue, [34]

Amin (M), smallest eigenvalue,

(C,X) =" C;;X,j, trace inner product,
0;(A), singular values of A,

e;, unit vector,

fp, minimal face of (I.1]),

vp, dual optimal value,

vp, (finite) primal optimal value,

Y, 122

(AP), auxiliary problem (33]), [I4]
(DAP), dual of auxiliary problem (B.7),

auxiliary problem, (AP) (3.5), 14

complementarity partition,
complementarity partition, proper,
complementarity partition, strict,
cone of recession directions, Rp, [l
cone partial order,

cones of directions of constancy, B
conjugate face,

constraint qualification, CQ, [l
convex cone generated by S, cone (),
convex cone, K,

CP, ordinary convex program, [

distance from orthogonality, a(A, C), [§]
dual cone, K*,

dual of auxiliary problem, (DAP) [B.7),
dual SDP,

982

983

984

985

986

987

988

994

995

996

997

998

999

1000

1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

49

exposed face,
extremal ray,

face, FF <4 K,

facial reduction,

facially exposed cone,
faithfully convex functions,
feasible sets, Fp, Fp, Fp, Fp,

implicit equality constraints, [7]
implicit equality constraints for CP, [0

Lowner partial order, Bl
largest eigenvalue, Apax(M ), B4

Mangasarian-Fromovitz CQ, MFCQ, B [
MFCQ, Mangasarian-Fromovitz CQ, Bl [7]
minimal face of (I.1), fp, [l

Moore-Penrose generalized inverse, Af,
numerical rank,
ordinary convex program, CP,[T]

p-d i-p, primal-dual interior-point, @
partial order induced by K,
pointed cone,

polar cone, K*,

preprocessing,

primal SDP,

primal-dual interior-point, p-d i-p, &
problem assumptions, [0

proper cone,

proper face,

rank-revealing,

RCQ, Robinson CQ, Bl H, @
regularization of LP, [

regularized convex program,
regularized dual functional for CP,
regularized dual program,

Robinson CQ, RCQ, Bl B, [@

SCQ, Slater CQ, Bl Bl B
SCQ,Slater CQ, @



1018

1019

1020

1021

1022

1023

1024

1025

1026

second order cone, Q,
singular values of A, 0;(A), @

Slater CQ, SCQ, BHeE, IO

smallest eigenvalue, Apin(M),
strong duality,

strong infeasibility, Bl

strongly dualized primal problem,

theorems of alternative, [I]

weak infeasibility,

50



1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

A Replies from authors to referee report2

The replies from the authors follow below within the text/report provided by the referee. The
replies are prefixed by REPLY:, and indented. These replies follow the questions/concerns raised
in the file report2.pdf.

Most of the changes are limited to Section Ml

A.1 Circular: Theorem 4.4 and Proposition 4.7

As I indicated in the initial referee report, this manuscript contains interesting and original work
but there were some weaknesses in the material concerning stability. Although the authors have
revised the paper, it is disappointing to see no responses to several of the concerns clearly spelled
out in the previous referee report. The authors have ignored the concerns about Theorem 4.4
and Proposition 4.7 previously raised. As I stated before, these results are circular and weak. In
particular, the bound (4.5) in Theorem 4.4 can be rephrased as follows: there exists y feasible for
the original problem such that

C?"es

ly = Pvl| £ ——5~
Cres + )\min(Z)

19— Po

where 7 is feasible for the original problem and Z = C' — A*j) . This effectively bounds ||y — Puv||
in terms of another quantity of the same kind. This type of tautology is obviously universally true
and does not require any proof. I must be missing something and hence urge the authors to add
some kind of discussion on the merit of Theorem 4.4. Perhaps there is something special about
and Z? The same can be said about Proposition 4.7.

REPLY: We have removed the section on sensitivity analysis. Therefore, these “circu-
lar” arguments are not a concern. Note that ¢ was fixed and so the error bounds made
sense for large v, i.e., |ly — Pv|| < O(||v||) when |Jv|| is large.

A.2 Four additional ignored concerns

e First line in the proof of Lemma 4.2: since y is already fixed, I believe the inequality should
read

ICres]| = min [|C = A"y — QWQT| = | Z - QQ"ZQQ™|"

REPLY: The variable under the min has been changed. Please note that we have
removed the old section 4.2 on sensitivity analysis, but have kept this Lemma. It is
now Lemmal£3l Also note that the first equality has been changed to an inequality
since the y is arbitrary and not necessarily optimal.

e The matrix Cg in Corollary 4.3 is not defined.

REPLY: First, note that we no longer have this Corollary as it was part of the
old Section 4.2. But, Cg = QWoQ first appears in a comment following Lemma
We have added an appropriate definition in Lemma and an index entry.
We have changed the appearance throughout the paper.
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e Last step in the proof of Theorem 4.4: I could not see why the inequality holds.

REPLY: This Theorem was part of the old Section 4.2 and has been removed.

e The quantity x in Corollary 4.5 is not defined.

REPLY: This Corollary was part of the old Section 4.2 and has been removed.

A.3 New added subsection on backward stability

The authors have added a new subsection with a formal statement on backward stability (Theorem

REPLY: We would like to emphasize again that we included a modified backward
stability statement in Section 34l i.e., backwards stability with respect to a perturbation
in the cone.

This certainly addresses some of the main weaknesses mentioned above. However, I was unable to
get the punch line in the last statement of the proof of Lemma 4.10: First, I do not see why it
follows that ym4+1 =+ = ym = 0.

REPLY:: Since we removed the section on sensitivity, Lemma 4.10 is now Lemma [£.7]
in this new revision. We have added extra details to explain the conclusions of the
Lemma, e.g., Yym+1 =+ = Ym = 0 is due to Apin(M — M) > 0 and equation (£IS)).

Second, I do not see why this shows the desired inclusion.

REPLY: This inclusion is now in Lemma 7, and the proof is on page

We started out with an arbitrary B € R(Q - QT) N R(A*), ie., B = Z;ﬂzl yjflj €
R(Q - QT) for some y.

Ymnt+l = - = Yym = 0 together with flj = Aj for j = 1,...,m (from the second
paragraph of the proof) implies that

m

B=Y yA; = Z A :Z ;jAj € span{Aj,..., An},
= =1

Jj=1

ie, BeR(Q-QT)Nspan{Ay,...,An} = R(Q-QT)NR(A*), where the equality follows
from the assumption ([EI3)).

In addition, Theorem 4.12 would be far stronger if the authors could argue that (4.15) typically
. Does it?

REPLY: We justify the assumption ([AI5]) in Remark (4.8
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ws A.4 FErrors in cross references in the manuscript

1077 e Proposition 4.6: “Corollary 3.20” does not exist. Should it be “Theorem 3.20”7

1078 REPLY:: This cross reference was in the section that was removed.

1079 In addition, Z is not defined. Is it Z := Cyes + Cg — A*y?

1080 REPLY: This cross reference was in the section that was removed.

1081 e Remark 4.11: "Lemma 4.11” does not exist. Should it be "Lemma 4.9” or ”Lemma 4.10”7
1082 REPLY: The cross reference was fixed using the latex label command.

1083 e We found some additional errors, e.g. the word Proposition was missing in the reference to
1084 Prop 3.13 near the top of page 17.
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