Convex Optimization — Boyd & Vandenberghe

6. Approximation and fitting

e norm approximation
e |east-norm problems
e regularized approximation

e robust approximation
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Robust approximation

minimize ||Az — b|| with uncertain A
two approaches:

e stochastic: assume A is random, minimize E ||Ax — b||

e worst-case: set A of possible values of A, minimize sup 4¢ 4 ||Az — b||

, distributions, sets A)

tractable only in special cases (certain norms || -

example: A(u) = Ay + uA;
® T,om Minimizes ||Agz — b||5

® Zgioch Minimizes E ||A(u)z — b3
with « uniform on [—1, 1]

® Ty Minimizes sup_;.,« ||A(u)z — b||3

figure shows 7(u) = |[|[A(u)z — b||2 0
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stochastic robust LS with A = A+ U, U random, EU =0, EUTU =

minimize E||(4A+ U)z — b||3

e explicit expression for objective:

E|Az —b||3 = E|Az—-b+Uxz|3
= ||Az - b||3+E2'U Uz
= |[Az —b||53 + 2! Px

e hence, robust LS problem is equivalent to LS problem
minimize || Az — b||3 + ||P/2x||3
e for P =01, get Tikhonov regularized problem

minimize ||Ax — b||2 + 6||z||3
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worst-case robust LS with A = {A +ujA; + - +u,A, | |ull2 < 1}
minimize  sup ¢ 4 [|Az — b[|3 = sup, <1 | P(x)u + q(z) |5
where P(z) = | Az Asz -+ Apz |, q(x) = Az —b

e from page 5—14, strong duality holds between the following problems

maximize ||[Pu + ¢||3 minimize ¢+ A
subject to  ||ul|3 < 1 I P q
subject to P X 0| =0
L 0t

e hence, robust LS problem is equivalent to SDP

minimize t-+ A\

~
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subject to P(z)t A 0 =0
t
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example: histogram of residuals
r(u) = H(AO -+ ’LL1A1 + ’LLQAQ)CE — bHQ

with u uniformly distributed on unit disk, for three values of x

sl

2 3 4 5
r(u)

e 1)s minimizes ||Agx — bl|2
e I minimizes ||Aox — b||3 + ||z||5 (Tikhonov solution)

® Ty Minimizes sup, <1 || Aoz — bl|5 + |l=||5
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