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Economic Interpretation of
Duality (Section 4.6, Pg 51)

General Production Problem

A factory makes n products from m resources. Each unit
of product j requires a;; units of resource ¢ and makes a
profit of ¢; dollars. Each day, the factory has b; units of
resource ¢ available.

Mathematical Model

maximize >0 cjz;
subject to 2?21 Aij T b; (Z =1,2,... ,m)

z; > 0 (j=1,2,...,n)

IA

Suppose the resource constraints are not hard: i.e., we can
either buy or sell each resources at certain fixed price.

What is the fair price for each resource?

Fair Price: There is no advantage to either buy or sell
small amount the resource.

Fair prices are also called shadow prices.
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Example (Not in notes)

maximize 2x; +
subject to 2x1 +
r1 +
—T1 +
I ,
392“
Oranges
N\

Water
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Feasible Region
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10 (Electricity)
6 (Oranges)
4 (Water)
0

2¢x1 + 3xo = 17

»
'

1

Electricity

Answer: %

Question: What is the fair price on water?
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Let x; = amount of product j produced,
y; = Fair price of resource <.

1. y; <0 =— advantageous to buy resource 1.
Contradiction. So |y; > 0.

2. ONE unit of product j cost >  a;y:.
1=1

m
Zaijyi < ¢; = advantageous to buy resources to
1=1

m
make product j. Contradiction. So | ~ayyi > c;.
1=1

n
3. ) ajw; < b and y > 0 => advantageous to sell
j=1

n
resource ¢. Contradiction. So E a;jrj = b; or y; = 0.
j=1

m
4. x; > 0 and » ajy; > ¢; => advantageous to not
1=1
make product 57 and sell the associated resources.

m
Contradiction. So |z; =0 or Z aijyi = c;.
1=1
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So z;'s and y;'s satisfy

n
Zaija:j S bz (221,2, ,m)
j=1
X > 0 (]:1727 7n)
m
Zafzgy’t > Cj (]:1727 7n)
=1
Y; Z 0 (221,2, ,m)
n
Za@-jazj S b@' or Y, =— 0 (i:1,2,...,m)
j=1
m
Zaijyi > ¢j or xz; = 0 (j=1,2,...,n)
1=1

By CS Theorem, x and y are optimal solutions.
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Feasibility Theorems (Section
4.7, Pg 52)

Suppose an LP has no feasible solution.

How to we convince someone that the
LP is infeasible?

We have seen a very short proof of infeasibility before:

r1 — 2x2 + 2x3 = 2 — (1)

—x1 + 393 — x3 = -3 — (2)

r, , x2 , 3 > 0 —(3)
(1) +(2): x2 + x3 = —1
(3) implies x2 4+ x3 > 0

Contradiction!
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In general:

n
Zaijaﬁi = bi (i:1,2,...,m)
g=1

r, > 0 (j=1,2,...,n)

General idea: Find linear combination of the equations
such that coefficients of z;'s are non-negative

AND right hand side is negative.

Algebraically: Find y = [y1,vy2,...,ym]’ .

such that Y ayy >0 (j=1,2,...,n)
1=1
AND > by <O0.
1=1

This idea always work!
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Theorem 4.10 (Farkas'’ Lemma)
Az = b, x > 0 has no solution

<= thereis ay=|[y,y2,...,ynm]’ such that
ATy >0, bTy <0

Proof:
(<=) [By contradiction]
Suppose Az =b, x>0, ATy >0 and by < 0.

0>bly = (Az)'y = 2" (A"y) > 0
Contradiction!

(=) [Using Duality Theorem]
Suppose Ax = b, x > 0 has no solution.

max 07z min  bly
st. Az = b (P) st. ATy > 0 (D)
z > 0

o (P) infeasible ~WEL"™M (

D) not optimal.
e By Fundamental Thm, (D) is unbounded or infeasible.
e (D) has feasible solution “y = 0" = (D) is unbounded.

e SO there is feasible solution y of (D) with arbitrarily
small value, say < 0;
i.e., there is y such that ATy > 0 and b’y < 0.
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Farkas-type theorems for other forms

Theorem 4.11
Az < b, x > 0 has no solution

<= thereis ay=|[y,y2,...,ynm]’ such that
y >0, Ay >0, bly <0

Proof: («<—) [By contradiction]

Suppose Az <b, >0, y >0, ATy >0 and bly < 0.
0>bly > (Ax)Ty = 27 (ATy) >0

Contradiction!

(=) [Using Duality Theorem]
Suppose Ax < b, x > 0 has no solution.

max 0’z min by
s.t. Az < b (P s.t. Ay > 0 (D)
z > 0 y > 0
e (P') infeasible """ (DN not optimal.

e By Fundamental Thm, (D) is unbounded or infeasible.
e (D’) has feasible solution (y = 0) = (D’) is unbounded.

e SO there is feasible solution y of (D) with arbitrarily
small value, say < 0;
i.e., there is y such that ATy >0, y >0 and b'y < 0.
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Theorem 4.12
Az < b has no solution

< thereis ay=|[y,y2,...,ym]’ such that
y>0, ATy =0, by <0

Proof: Exercise

We will learn how to detect an infeasible LP problem,
and how to compute the y guaranteed by Farkas’'s Lemma
in Chapter 7.

For now, pay no attention on how to obtain the solutions
to Question 10 of “Section 4.8: Exercises’.
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Summary: Chapter 4

e Definition of dual LP problems (see table on pg 41).
e Weak duality and its corollaries (pg 38).
e Duality Theorem (Thm 4.6, pg 42).

e Duality Thm 4+ Fundamental Thm — 4 possible
scenarios for primal-dual pairs of LP problems.

e Complementary Slackness condition and CS Theorem
(pg 47).

e Economic Interpretation of Duality (more to come in
Chapter 6).

e Farkas'-type Theorems (more to come in Chapter 7).




