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Question: For o givev\ Srapk \\, w\\a‘- is Hm. S\'Pmcl'ure. cc a
3{'0.91\ uih\ no H-m‘v\or?

Nole: We. IASuo."a c.onsidu' H:Ke,



G hoa lreewdlh sk i G con be oblaned Ffrom o seb ob  gmphs eack

w-\\v\ a\ ms‘- \m w.r\m.s via c\io,u.-s«ms.

G—(‘io\ T\Ae-rew Ig *m-w.‘o«-\ ((r\z f(k\ ’ “\!n (;' \M [ \(%\L—aﬁ'd wminof.

Eq'uiva\ev\Hg: Llet H be a p\amc srqph. T G has no H-minor, then
Yeeawidth (6) ¢ Fen.



Tangles.

IL‘ T is a h.ush o\- order L in G “\au
o each semmbion oF order <k han o wnigre T-siall side,
o no three T-small siden cover G, and
® no Y-small side s SPanm't\a-

Dualify Theorem: T8 G han ree-widhh 3 10k, Hlan G hon & banghe of
order L.

Lemma: Kg(x) is We cank-funclion of a mabroid on V().



Teee of +angles.
\_e.\- 'I,.-,Tn Av.v\c\'c "’\\L \‘M\s\es oc oro\er k.

Theorew. There is a Yree-decomposttion (TR itk V(T)=fu-ind
such that, for cach edge.  e=ij of T, (Ge:, Gu3)e Y and
(Crc,',, G‘c,tx‘ ‘Tl

Ge.s

(D

e Ge,3
N
(2) —®



Grio\s Qrom -\-ams\e.s.

Grid Theorem (celined ) Ic ow‘(')’)) t(k\, n\en G »\M Q
\(x\L-gﬁ‘A- minoe Mo s conbeolled \:S Y.



Gadworks

minoe

subgaph



KQ&A Too\s.

Gallavs  A-Paths Theorewa. I& A is o sed of vechices in a guph &, Jhuen
either

() Fhere exist & Jisf)o-'u‘- (-\-pal\s,

A or
(2) there exishs X< V) with Wk such Mol C\X has no  A-paths.

FrrR

00 0



Keg Tools.
T'\e. Two-Rth Theorem: T¢ C s o cycle in a smplr\ G=(YE) rew eclher

@) thece exist a disoint paic of pabhs that cross an C. or

@2 G han a fla} Qn\;uuiua in He dese with € i the Lowdog




Loca\ s"rud-um m\q\-'\vv. "-o o 3«o‘uorl¢.

"t k-24) —gdmfk (nx k)- Q«Jwr\.
d=dw) n»n,



Weak Structuce Theorem. Leb G be o gaph wih no Ki-wminar and leb

T be o bangle of ordee 3 Ok,e), then Freve s 0 (6,7)-sheuchure
(X, D, 6, G, 0, T)  wheve D= (0,01} is o disc, Ix1< &), and
T is  C-represenlative.

&

(G, K.




C.oro“wﬂ. Led G be a goph Witk no Ki-winar and leb T e

o -‘-ana‘t. oC ordec )9(&:"), l'\»\m \’\um 13 o (G,‘]\-S"ruc‘-w‘t
(62, 6,6, 0, T) whee Z=30061) is o sphere with U5 56 holes,

IXl=wm & (&), T, has cepresenbabiviby ¢ % c(hw) and each veckex in X
has nld,w) mco\\\nouﬂ in G whos pairwse didance s ot least d e, m)

G

@

(G, H)




G(qp‘. M-‘nors S\Tuc‘-um —n\eomw\. LQ\‘ Cr \:g (13 sfﬂp\n ul'l-L no K;-—Mn‘uor awi ch

T be o tawale with ocder OCE, ). Then Yhere s 0 localized (6, T) - shrudrure
(%,2,6,6,0,T)  swch thak

W =2 (h,c;0) vhere 2hecs 28 and Yo A,

@ T s r-repasm\-a\-ivc.

GO IXls wm(t), and

) ecach hole \\M. Leusicn a\- ms‘ s(d).

AR

(G, H)




Teee of +angles.
\_e.\- 'I,.-,Tn Av.v\c\'c "’\\L \‘M\s\es oc oro\er k.

Theorem. There is a \—re.f_-o(ec.omposthoﬂ (T.8) with V()= i
such that, for each edge. e« of T, (Ges:, G-q..j)e T and

(Gey, Gaide T,
0

(2)
() O—®



Findiv\s a \L.,—vm‘noc (“is‘\ se_vms.\

Theorem A. TF Cen S (W) where 2hice ia.&‘, 7.{'-12 ond G b rgpusu‘ra.\\wh,
at \eas! o), -\'\\ev\ G hen @ ‘Le-\mtuof‘.



Fimihns o \L.,—vm‘noc (Manﬂ ‘-\nr aPnr‘- \0“5 :)unps\

-T»\EOmw\ B. Lel (6,6 b%e a sepaml'wu in a graph G, le! G TaZne;) hewe
2hee s 24, kL 3 ‘e om r—repusenhhv( )cmna\o. im G e oy Clb), and

\0.\- “,-,Pn \ot. A&jo-‘u‘- P..uv\ in C-; Ut\-\\ euo‘s in 2w o‘-‘sLh«‘ »\6143 U\\u‘- wz mit),
-mh C- \\M G V\g-hiur.



F-iwd(v\s Qa \(*-wu'aoc (M°“5 cor aPar’- Crossinss\

Theorew B. Let (6,6) be o seporatiom in a gragh G, feb CeaZoZTinet) wilh
Woles ‘\...-.‘\g where 2hec s 2 ond !)l«\, kb 7 e 0w r-reprc:cnhhr( \tue\t.
m G ket k), awd \et PP, 00,0 be disjoiul- paus where P aud O
cfoss own ll\.. l\olo. l\: g-«- tefuy3. Then G hon a \Ll--him.




Proof of the G-mp\\ Minors Steuchuca Theorem,

Ll G be a 5rqp\\ will wo Kiomwiner, b T be a \-o.ns\c in &, ond ek
(%, %, 6,60,,H0,7) be a (6,7)-shrwture where Z=Z(h,;0)  such thak:

() 2hse sz(-",

(2) 1Xl= wms wmit),

@) hs Mawec,m, b,

(W T b mpauul-a‘-m\rb c e clawe, t,mt),

() eachh verlex veX han  withee, L,m, t) V\eis\\\ncws m (A Whese pairwise destauce.
in (G,W,T) i o+ LM"" dl2nee;L,m, D),  and

(G\ Fw- euk \w‘t \\ ot b8 e-'“u‘ \-\u«. a pa“a (TN C'u. 9«... \\ \-o a;«o"\uu' \\o\n. , of
Yace are buo dispink palls n Go Wak cross on h awd whis ewds Sorm o T,- independent  set-.

Tk._ cuv\c\-icv\s ore Atu‘e-.sma in
e, m, and L and incrensing in t.

(W)




Moximalit 9 Condikions

Among all such (G, T)-shruckures we choose (X,Z,6.,6, 00, ) such bhate

(o) 1‘\0@ iS MoXximum,
Q"\ M s moaXimam su\»’)«.\ ‘o ©, owd
© ! S WMoaximam Su\"tc\- \-o (v,

Note thal.

o 2hic < 28 (\03 Theorem A)

o wmewmby, (\;5 Theorem B)

o L lmme,mit)  (by Me movimality

Condikions)

ZL“:‘JQ)

(0



Disewmbedd ng.

\-Q\' \\-a"'s\'\l k& \-\\v. \\e\es in I., av\J cor ea.c\'\ ie'i\,---,u, ‘e.L C \:w. [

cycle ot diskance }(Z\qc,l,m.ﬂ acound  hole hi. Now leb (X,=,G\, G, W, T)
\)a. obkained from (X;'S..G-.,G\,“.,T-\ \)5 Aisem\n:k\\‘ns (Cn,“\\ oround each hole.
he oot Yo Cy so Hab € ois in Ne \)Ouhda.rg oF W,




Theocem. Let €. ..Cu be c.sc.\es in a Scap\v\ G. Then either
() There exist diskinct i,jeib-,13 such bhat K (ee), VICNY % p,

(==Y

(2) There exis} disjoint paths P, R with ewds in 24 dishinc} cycles among G- G,

e e R

() There exish XeW(® wibth IXl¢ Wpgr + 2.0, such Phat dthece is wo path in
G\ thal comnects ‘\uo ot C,..,Ce.

900 o



A localized (6,7)-s*cuctuce.

B e heorem, Phece s o lowlized (G,7)- shruckure (X35, G, G, H" ")
Suc‘t\ ot IX'1¢ &(2wee, ) and T has (‘e.vmw\’mhlab » (2w, M,Q ).
We. way assume Mol ciaClahe is a cadg

AR X

(G, W)




Crooked connecrors

A comector for C



Crooked connectors
A covmec.‘-or gor C
a peciphecal path

A crooked comector is onme with no periphecal path.



Crooked connecrors
A Covmec.x-of‘ sor C
a peciphecal path

A crooked comector is onme with no periphecal path.

= 2

Cfosscap connector dou\o\ecross Cor\nec_\'or e_qp COmI\ec."or

Examp\es.




Crooked connecrors
A Com\et_x-of‘ sor C
a peciphecal path

A crooked comector is onme with no periphecal path.

= 2

Cfosscap connector dou\;\ecross Cor\ne.c_"or e_qp Connec,"or

Lemma. LF C has o crooked commecher with 5k paths, thew C has
o cressap, doublecross, or leap commeckor with k palhs.

Examp\es.




Connector Theorem. Let C be a cgc.‘o. in a 3"\?\‘ G ond ket %% 7 Then
e\'\'\\tﬁ

€)) ((r,(.\ hos o crooked comnector with k pa“ng, or

@) (G,0) has a ca\ino\n‘co‘ ew\\\d)iﬁ with dewsion < 19 k.




FAR ¥
| x y
(Gr, W)

I8 (WO has o crooked commecror with k(L) paths, thew we get a
belber (C,7) - struckure — contradiction.

% & &



FAR ¥
| z y
(Gr, W)

I8 (WO has o crooked commecror with k(L) paths, thew we get a
belber (C,7) - struckure — contradiction.

% & &

So, bg the Connector Theorem, each hole in (X%=,6, G, B, T") has
'\'u\stov\ ot wost 19 kee).



