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Abstract

We prove that, for any finite field F and positive integer n, there exists an integer 4 such that
if M is a simple F-representable matroid with no M (K,)-minor, then |E(M)|<Ar(M).
© 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
We prove the following conjecture of Kung [5].

Theorem 1.1. For any finite field F and graph G there exists an integer . such that, if M
is a simple F-representable matroid with no M(G)-minor, then |E(M)|</r(M).

Note that it suffices to consider the case that G is a clique. Kung [3,4] proved
Theorem 1.1 in the case that G = K4 and F is any finite field and in the case that
G =Ks and F = GF(2).

For the remainder of the introduction we focus primarily on the class of binary
matroids. Theorem 1.1 shows that, in the class of simple binary matroids with no
M (K,)-minor, the number of elements grows linearly with the rank. Note that, if we
consider all (simple) binary matroids this growth rate becomes exponential. Also, if
we exclude a non-graphic matroid instead of M (K,), then the growth rate is at least
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quadratic (since the class will contain all graphic matroids); Kung conjectures that
this is the correct order of magnitude.

Conjecture 1.2 (Kung [5]). For any binary matroid N there exists an integer J. such

that, if M is a simple binary matroid with no N-minor, then |E(M)|<ir(M)*.

To prove this conjecture it would suffice to consider the case that N is a binary
projective geometry. Kung has analogous conjectures for other finite fields, but for
fields of non-prime order there are complications. For example, all binary matroids
are in the class of GF(4)-representable matroids with no U, 4-minor.

Restricted to the class of graphic matroids, Theorem 1.1 specializes to the
following theorem of Mader [7].

Theorem 1.3 (Mader). For any graph H there exists an integer J. such that, if G is a
simple graph with no H-minor, then |E(G)|<AV(G)].

Mader’s theorem readily implies the following theorem of Wagner [9].

Theorem 1.4 (Wagner). For any positive integer n there exists an integer A such that,
if G is a graph with no K,-minor, then G has chromatic number at most J.

Let M be a simple rank-m GF(g)-representable matroid. Consider a representa-
tion of M as a restriction of PG(m — 1,q). The critical exponent of M is the
minimum of r(M) — r(U) among all subspaces U of PG(m — 1, ¢) disjoint with M.
The critical exponent of M is not dependent on the particular GF(g)-representation
of M see [6]. The critical exponent of a representable matroid is closely related to the
chromatic number of a graph (see, for example, [6]), and there is an analogue of
Wagner’s theorem for representable matroids. Kung [5] conjectured the following
result and showed that it is implied by Theorem 1.1.

Theorem 1.5. For any finite field F and integer n there exists an integer 1 such that, if
M is an F-representable matroid with no M (K,)-minor, then the critical exponent of M
is at most A.

Kung’s argument [5] is short, but non-trivial, so we repeat it here. By Theorem 1.1,
there is an integer A such that, for any simple F-representable matroid M with no
M (K,)-minor, |[E(M)|<Ar(M). Let M be a simple rank-m F-representable matroid
with no M(K,)-minor. Consider M as a restriction of PG(m — 1, g), where g denotes
the size of F. By our choice of 4, | X|<Ary(X) for each set X < E(M). Then, by the
Matroid Partition Theorem [1], E(M) can be partitioned into 4 independent sets.
Given any one of these independent sets, we can find a hyperplane of PG(m — 1, g)
disjoint from it. Intersecting all such hyperplanes, we obtain a subspace U of
PG(m — 1, q) disjoint from M with r(U)=r(M) — /. Hence, the critical exponent of
M is at most 4.
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2. Matroids with no U ,>-minor

We assume that the reader is familiar with standard definitions in matroid theory.
We use the notation of Oxley [8], with the exception that we denote the simple
matroid canonically associated with the matroid M by si(M).

While we are primarily interested in GF(g)-representable matroids, we prove the
following extension of Theorem 1.1 that was also conjectured by Kung [5].

Theorem 2.1. For any positive integers n and q there exists an integer A such that, if M
is a simple matroid with no U, 4.2- or M(K,)-minor, then |E(M)|<Ar(M).

If ¢ is a prime power, then U,,.» is the shortest line that is not GF(g)-
representable. For any positive integer ¢ we define %(g) to be the class of matroids
with no U, 4o-minor. It is well-known that a simple rank-r GF(g)-representable
matroid has at most ‘2%11 elements; Kung [5] showed that the same bound holds for
matroids in %(q).

Lemma 2.2. For any integers r=0 and q=2, if M €U (q) is a simple rank-r matroid,
then |E(M)]| <%.

The generality gained in extending Theorem 1.1 to Theorem 2.1 comes at the cost
of increasing the constant A. (This is of little concern, since the constants we obtain
are tremendously large in either case.) We shall require an upper bound on the
number of hyperplanes avoiding an element e of a rank-r matroid M. If M is GF(gq)-
representable, then, by considering PG(r — 1,¢), we see that there are at most ¢!
such hyperplanes. On the other hand, when Me%(q), we cannot prove a
comparable bound and settle for the following crude upper bound.

Proposition 2.3. Let r=1 and q=2 be integers and let M €% (q) be a simple rank-r
matroid. Then, M has at most ¢""~") hyperplanes.

Proof. Let n = |E(M)|; thus n<%<q". Each hyperplane is spanned by a set of

r — 1 points, so the number of hyperplanes is at most (,",)<n~'<g'"~V. O

r—

3. Round matroids

We call a matroid M round if each cocircuit of M is spanning. Equivalently, M is
round if and only if £(M) cannot be written as the union of two proper flats. For a
simple graph G, M(G) is round if and only if G is a clique.

Theorem 3.1 (Geelen et al. [2]). There exists an integer-valued function f(n,q) such
that, for any integers n=1 and q=2, if M € (q) is a round matroid with rank at least
f(n,q), then M contains an M (K,)-minor.
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The following properties are straightforward to check:

1. If M is a round matroid and e€ E(M) then M /e is round.
2. If N is a spanning minor of M and N is round, then M is round.

Let F be a flat of a matroid M. We call F round if the restriction of M to F is
round. Each rank-one flat is round. Moreover, a rank-two flat is round if and only if
it contains at least 3 rank-one flats. We call a rank-two flat with at least 3 rank-one
flats a long line.

Lemma 3.2. There exists an integer-valued function n(c, q) such that, for any integers
c=0and g=2,if MeU(q) is a simple matroid with |[E(M)| > n(c,q)r(M), then there
exists a simple minor N of M that contains more than c|E(N)| long lines.

Proof. Let 5(c,q) = cq*. For each veE, let N, =si(M/v). Inductively, we may
assume that |E(N,)|<#n(c,q)r(N,) for each veE. Now, r(N,) =r(M)—1 and
|[E(M)| > n(c,q)r(M), so [E(M)| — |E(Ny)|Zn(c,q) + 1. Since M e%(q), any long
line in M has at most ¢+ 1 points; so when we contract an element the parallel
classes contain at most ¢ elements. Thus v is on at least 5(c, ¢)/(¢ — 1) long lines. So

the number of long lines is at least %\E(Mﬂ > c|E(M)]. O

Lemma 3.3. Let M be a matroid, let F\ and F; be round flats of M such that ry(F\) =
ryu(Fy) =k and ry (FyOF,) =k + 1, and let F be the flat of M spanned by Fy O F,. If
F#F,UF, then F is round.

Proof. Let ee F — (F; UF,); we may assume that E(M) = F;uF,u{e}. Suppose
that M is not round, and let C, C’ be a pair of disjoint cocircuits of M; we may
assume that e¢ C. Also, since e is not a coloop, by possibly swapping F; and F,, we
may assume that C'nF) is non-empty. Note that, E(M)— F, is a cocircuit
(containing e), so Cn F| is nonempty. Let M| be the restriction of M to F;. Then,
CnF; and C'nF; both contain cocircuits of M, and these cocircuits are disjoint.
This contradicts the fact that Fj is round. [O

Let 7 be a set of round flats in M. A rank-k flat F is called % -constructed if there
exist rank-(k — 1) flats Fy, F, € Z such that F = cly (Fi U F;) and F#F, UF,. Thus,
the # -constructed flats are round. To facilitate induction, we prove the following
technical lemma that readily implies Theorem 2.1.

Lemma 3.4. There exists an integer-valued function A(c,n, q) such that, for all integers
n=2,c¢20, and q=2, if MeU(q) is a simple matroid with |E(M)| > A(c,n, q)r(M),
then there exists a simple minor N of M and a set F of round rank-(n — 1) flats of N
such that the number of F -constructed flats is greater than c|F|.

Proof. Let A(2,¢,q9) = n(c,q), and, for n>2, we recursively define

Mn+1,¢,q) = An,q" Ve + ¢, q).
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The proofis by induction on n. Consider the case that n = 2. Now, let M €% (q) be a
simple matroid with |E(M)| > A(2,¢,q)r(M). By Lemma 3.2, there exists a simple
minor N of M with more than ¢|E(N)| long lines. Let # be the set of rank-one flats.
The long lines are # -constructed flats and ¢|E(N)| = ¢|Z#|; as required.

Suppose that the result holds for n = k and consider the case that n = k 4+ 1. Now
let M €% (q) be a simple matroid with |E(M)| > A(k + 1,¢,q)r(M). We let ¢ denote

q(“l)zc + ¢*. By the induction hypothesis there exists a simple minor N of M and a
set # of round rank-(k — 1) flats of N such that the number of & -constructed flats is
greater than ¢/|.Z |; suppose that N is minor-minimal with these properties.

Let #! be the set of #-constructed flats in N and let #> be the set of 7 !-
constructed flats in N. Now, for each ve E(N), let N, = si(N/v). Let &, denote the
set of rank-(k — 1) flats in N, corresponding to the set of flats in % in N. That is, if
FeZ and v¢ F thencly, (F)eZ,. Let 9"; be the set of # ,-constructed flats in N,. By
our choice of N, |#!| — ¢|#| > 0, and, by the minimality of N, |# | — ¢/|#,| <0 for
all ve E(N). Thus,

(17'1- 17 - ¢ (17

—|Z,]) > 0.
Let
4=3(7| - |7 veE(N))
and
A =D (17" = |7,|: ve E(N)).
This proves:
Ay —A>0. (1)

Consider a flat Fe#!. By definition there exist flats F, F»e.# such that F =
cly(FiuF>) and there exists an element ve F — (Fy U Fa). Now cly, (F1) = cly, (F»),
so these two flats in & are reduced to a single flat in %#,. This proves:

A=|F. (2)

Now, for some ve E(N), compare Z' with 97,} There are two ways to lose
constructed flats; we can either contract an element in a flat or we contract two flats
onto each other. Firstly, suppose F €% and ve F. Note that F — {v} only has rank
k — 1'in N /v, so it will not determine a flat in @’i Now F has rank k and, by Lemma

. k_ .
2.2, a rank k flat contains at most ‘i]—_ll< ¢ elements; we destroy F if we contract any

one of these points. Secondly, consider two flats F, F, e % ! that are contracted onto
each other in N,. Let F be the flat of N spanned by F; U F; in N. Since F; and F, are
contracted onto a common rank-k flat in N,, we see that F has rank k + 1 and
veF — (F{UF,). Thus, Fe#?% Now, F has rank k + 1, so it has at most ¢**! points.
Moreover, by Proposition 2.3, in a flat of rank k + 1 there are at most ¢**1* rank-k
flats avoiding a given element. Thus, F — {v} contains at most ¢*+D¥ flats of 7
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these flats will be contracted to a single flat in & i This proves:
<7 |+ "7, 3)
Now, combining (1)—(3), we get
¢H(72 = d7 ) = NP = (¢ = N F 2 A - A > 0.

Thus, | 72| > ¢|Z|. That is, the number of #'-constructed flats in N is greater than
c|71; as required. O

Proof of Theorem 2.1. Let A = A(f(n,q),0,q) and let M €% (q) be a simple matroid
with |E(M)| > Ar(M). By Lemma 3.4, M contains a simple minor N and a set # of
round rank-(f(n, q) — 1) flats such that the set of # -constructed flats is non-empty.
Let F be an Z -constructed flat. Then, the restriction of N to F is a round rank-
f(n,q) matroid, and hence, by Theorem 3.1, contains an M(K,)-minor. [
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