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Abstract

We prove that a binary matroid with huge branch-width contains the cycle matroid of a large grid as a
minor. This implies that an infinite antichain of binary matroids cannot contain the cycle matroid of a planar
graph. The result also holds for any other finite field.
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1. Introduction
We prove the following conjecture of Johnson, Robertson, and Seymour [9].

Theorem 1.1. For any positive integer 6 and finite field IF, there exists an integer w such that if M
is an F-representable matroid with branch-width at least o, then M contains a minor isomorphic
to the cycle-matroid of the 6 by 6 grid.

In fact we prove a stronger theorem (see Theorem 2.2) that does not require representability.
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Let H be a planar graph. For large enough 6, H is a minor of the § by 6 grid. Thus, by
Theorem 1.1, there is an integer w, depending only on H and F, such that any F-representable
matroid with no M (H )-minor has branch-width at most w. Combining this with the results in [4]
we obtain the following corollary.

Corollary 1.2. For any planar graph H and finite field IF, the class of F-representable matroids
with no M (H)-minor is well quasi-ordered with respect to taking minors.

For graphs such results were obtained by Robertson and Seymour [12].

We hope that Theorem 1.1 will lead to progress on Rota’s Conjecture, which says that for
any finite field F there are only finitely many excluded minors for the class of F-representable
matroids. Combining Theorem 1.1 with results in [2] we obtain the following.

Corollary 1.3. For any finite field F and positive integer 0, there are, up to isomorphism, only
finitely many minor-minimal non-F-representable matroids that do not contain the cycle matroid
of the 0 by 6 grid as a minor.

Theorem 1.1 also has interesting algorithmic consequences. Let H be a planar graph and let
F be a finite field. Consider the following problem:

Given an F-represented matroid M, does M have an M (H)-minor?

Since H is planar, H is a minor of some grid. So, by Theorem 1.1, there exists an integer wy
such that every F-representable matroid with branch-width at least wy has an M (H)-minor.
While we cannot determine the branch-width of a matroid efficiently, there is a straightfor-
ward polynomial-time algorithm that, given an F-represented matroid M with branch-width at
most wy, will find a branch-decomposition of M with width at most 3wy . Thus, it remains to
solve the problem for matroids with a given branch-decomposition of width at most 3w ; this is
done by Hlinény [8].

2. Notation

We assume that the reader is familiar with matroid theory; we use the notation of Oxley [11],
except that we denote the simplification of a matroid M by si(M) and the cosimplification by
co(M). We also use different conventions with respect to connectivity. For subsets A and B of
E(M) welet My (A, B) =ry(A) +ry(B) — ry (AU B). In a representation of M, My, (A, B)
is the dimension of the intersection of the subspaces spanned by A and B. Now, for a set A C
E(M), we let Ay (A) =Ny (A, E(M) — A); we call Ay the connectivity function of M. This
function is submodular; that is, Ay (X NY) + Ay (X UY) < Ay(X) + Ay (Y) forall X,Y C
E(M). Also, Ay is monotone under taking minors; that is, if N is a minor of M with X C E(N),
then Ax(X) < Ap(X). Finally, Ay is invariant under duality; that is Ay (X) = Ap=(X) for all
X C E(M). A partition (A, B) of E(M) is called a separation of order Ay (A) (note that we do
not have conditions on |A| and | B]).

The following fact is geometrically intuitive and we frequently use it without reference; we
prove it here for completeness.
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Lemma 2.1. Let A, B, and C be sets of elements in a matroid M where A is disjoint from both
B and C. Then

Mm/a(B,C) =Ny (AUB,C) —Ny (A, C).

Proof.

Muya(B, C) = (ru(AUB) —ry(A)) + (ru(AUC) —ry(A))
— (rM(AUBUC) —ry(A))
= (rmM(AUB) +ry(C) —ry(AUBUC))
— (rm(A) +ru(C) — r (AU C))
=nu(AUB,C) —Nu(A, C),

as required. O

We mostly use the previous lemma when B and C are disjoint, but it is also interesting in
other cases. For example, when B = C it shows that /4 (B) =ry (B) — Ny (A, B).

Two sets A and B of elements of a matroid M are called skew if My (A, B) = 0 or, equiv-
alently, 7y (A U B) = rp(A) + ry(B). More generally, a collection S of subsets of E(M) is
called skew if ry(LUJ(S: S€8) =D rm(S): S€8).

Let S be a collection of subsets of E(M). Where there is no possibility of ambiguity, we
shall on occasion associate | J(S: S € S) with S. For example, we may write M /S in place of
M/J(S: S €8). Also, for a matroid M and set X, we write M|X in place of M|(E(M) N X).

For any positive integer g we let U/ (g) denote the class of matroids with no Uz 44 2-minor and
we let U*(gq) denote the class of matroids with no U, ,42-minor. Note that, if g is a prime-power,
then U (q) NU*(g) contains all GF(q)-representable matroids. We prove a more general version
of Theorem 1.1 by extending it to the class U(g) NU*(g).

The 6 by 6 grid is the graph, denoted gridy, with vertex-set {v;;: i, j € {0, ..., 0}} and edge-
set {e;j: i €{0,...,0},je{l,...,0U{fij:ie(l,...,0},je{0,...,0}}, where edge e;; is
incident with vertices v; ;1 and v;; and edge f;; is incident with vertices v;_1,; and v;;. Itis easy
to see that M*(gridy) contains an M (grid,_;)-minor. Nevertheless, to facilitate duality, we shall
exclude both M (gridy) and its dual. By A(6, g) we denote the class of matroids in U/ (g) NU*(gq)
that have neither the cycle matroid of the 6 by 6 grid nor its dual as a minor. The main result of
this paper is as follows.

Theorem 2.2. There exists an integer-valued function w (0, q) such that for any positive integers
0 and q, if M € A0, q), then M has branch-width at most w (6, q).

To prove Theorem 2.2, we work toward building a large clique minor (see Lemma 9.2). We
start with a very large set of pairwise highly connected circuits (see Lemma 8.1) and then try
to disentangle the connectivities (see Lemma 7.1); grids arise explicitly when we cannot disen-
tangle. When we can disentangle, we construct either a large clique minor or the dual of a large
clique as a minor (see Section 10); in each case we get a large grid as a minor.

We conclude this section by defining branch-width. In fact, we do not use the definition in this
paper, instead we use results that we obtained jointly with Neil Robertson [5,7]; see Lemmas 8.2
and 8.3.



974 J. Geelen et al. / Journal of Combinatorial Theory, Series B 97 (2007) 971-998

A tree is cubic if its internal vertices all have degree 3. The leaves of a tree are its degree-1
vertices. A branch-decomposition of M is a cubic tree T whose leaves are injectively labeled by
the elements of M. That is, each element of M labels some leaf of 7', but some leaves may be
unlabeled. If T’ is a subgraph of T and X C E (M) is the set of labels of 7', then we say that T’
displays X. The width of an edge e of T is defined to be A (X) where X is the set displayed by
one of the components of T \ e. The width of T is the maximum among the widths of its edges.
Finally, the branch-width of M is the minimum among the widths of all branch-decompositions
of M.

3. Extremal results

For positive integers n and g we let G(n, g) denote the class of matroids M € U*(g) with no
M*(K,)-minor. We let G*(n, ¢) denote the class of matroids obtained by dualizing each of the
matroids in G(n, q); that is, G*(n, ¢) is the class of matroids M € U(g) with no M (K, )-minor.
Forall n > 5 and ¢ > 2, the class G(n, ¢) contains all graphic matroids. The following result is a
generalization of the Erd6s—Pésa Theorem on edge-disjoint circuits [1].

Theorem 3.1. (See Geelen, Gerards, and Whittle [6].) There exists an integer-valued function
p1(n, g, m) such that for all positive integers n, q and m, if M € G(n, q) has corank at least
p1(n,q,m), then M has m disjoint circuits.

The next result is a generalization of a theorem of Mader [10].

Theorem 3.2. (See Geelen and Whittle [3].) There exists an integer-valued function §(n, q) such
that for any positive integers n and q, if M € G*(n, q) is simple, then |E(M)| < B(n, q)r(M).

Note that A6, ) € G((0 + 1), q) NG*((8 + 1)%, ), so we obtain the following easy corol-
lary of Theorem 3.2.

Corollary 3.3. There exists an integer-valued function o (0, q) such that for any positive integers
0 and q, if M € A0, q) is simple, then |E(M)| < a (0, ¢)r(M).

Combining Theorems 3.1 and 3.2 we obtain the following.

Corollary 3.4. There exists an integer-valued function py(n, q,t) such that for any positive in-
tegers n, q, and t, if e is an element of a cosimple matroid M in G(n, q) with corank at least
0(n, q,t), then M \ e contains a circuit with length at most r*(M)/t.

Proof. Let px(n,q,t) = p1(n,q,2tB(n,q)), and assume that M € G(n, g) is a cosimple ma-
troid with corank at least p>(n, ¢, t). By the dual of Theorem 3.2, |E(M)| < B(n, g)r*(M), and,
by Theorem 3.1, M has a collection 2¢8(n, q) disjoint circuits. The sum of the lengths of the
two shortest of these circuits is at most 2|E(M)|/(2tB(n, q)) < 2B(n,q)r*(M)/(2tB(n, q)) =
r*(M)/t; one of these two circuits does not contain e. O

A bundle in a matroid M is a restriction N of M such that co(N) is a matroid that either
consists of only loops or has exactly one parallel class; the series classes of a bundle N are its
strands. An n-bundle is a bundle with n strands. The main result of this section is as follows.
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Theorem 3.5. There exists an integer-valued function p3(n, q, 8) such that for any positive in-
tegers n, q, and 8, if M € G(n,q) N G*(n, q) has corank at least p3(n,q,3d), then M has a
S-bundle.

Before proving Theorem 3.5 we need some preliminary results.

Lemma 3.6. Let M € G*(n, q) be a cosimple matroid, let C be a circuit of M, and let e an
element of M. Then M has a restriction N containing C and e such that Ay (C U {e}) < 1 and

r*(N) Zr*(M)/(B(n, q)|C).

Proof. Lett = |C|+ 1 —ry(C Ue), let J be a basis of M/(C U {e}), and let R = E(M) —
(J U C U {e}). Then, by Theorem 3.2, si(M/J) has at most B(n,q)r(M/J) < B(n,q)|C|
elements. So there exists a set Z in R with ry/;(Z) <1 and at least [R|/(B(n,q)|C|) =
r*(M) —1)/(B(n, q)|C|) elements. Hence the restriction N of M to J U C U {e}U Z has corank
at least (|R|/(B(n,@)|ICI)) +1 = r*(M)/(B(n,q)|C]|). Moreover Ay (C U{e}) =rn(C U{e}) +
rN(JUZ)—ry(JUCU{UZ)=r(M) —ry(J) +ruy(JUZ)—r(M)=ry;y(Z)<1. O

Lemma 3.7. There exists an integer-valued function ps(n, q, p) such that for any positive inte-
gers n, q, and p, if e is an element of a matroid M € G(n, q) N G*(n, q) with corank at least
p4(n, q, p), then there exist a circuit C in M \ e and a restriction N of M containing C U {e}
such that Ay (C U {e}) < 1and r*(N) > p.

Proof. Let ps(n,q, p) = p2(n,q, pB(n,q)). Let M and e be as claimed; we may assume that M
is cosimple. Then, by Corollary 3.4, M \ e has a circuit C with length at most r*(M)/(pB(n, q)).
Hence, by Lemma 3.6, M has a restriction N containing C U {e} such that Ay (C U {e}) < 1 and
PE(N) = (M) /(B @)IC) = p. O

The element e in the statement of the following result is only to facilitate induction.

Corollary 3.8. There exists an integer-valued function ps(n, q, 8) such that if e is an element of a
matroid M € G(n, q) NG*(n, q) with corank at least ps(n, q, 8), then M \ e contains a collection
of disjoint circuits Cy, ..., Cs such that My (CoU---UC;,Ciy1 U---UCs U{e}) < 1 for each
ief0,...,6 —1}.

Proof. Recursively we define p5(n, ¢, 0) =2 and p5(n, q,8) = pa(n,q,2 + p5(n,q,8 — 1)) for
6 > 1. Let M and e be as claimed. Then, by Lemma 3.7, there exist a circuit Cs of M \ e and a
restriction N of M containing Cs U {e} where Ay (Cs U{e}) < land r*(N) >2+ ps(n,q,8 —1).
Hence, N is the 1- or 2-sum of two matroids N; and N> where Cs U {e} C E(N) and E(N) —
(Cs U {e}) € E(N>). In case N is a 2-sum of Nj and N, let f be the base-point of the 2-
sum; otherwise, let f be any element of N;. Clearly, r*(N2) > r*(N) — (|C U {e}| — ry(C U
{e})) = r*(N) —2 > ps(n,q,8 — 1). Hence, by induction to 8, N, \ f contains a collection of
disjoint circuits Co, ..., Cs—1 such that My, (CoU---UC;,Cipg U---UCs—1 U{f}) <1 for
i=0,...,8 —2.Now Co, ..., Cs are circuits in M \ e with the required properties. O

From this we finally prove Theorem 3.5.

Proof of Theorem 3.5. Let m = 2§ — 1 and p3(n,q,8) = p5(n,q,(§ — 1)m). Take M €
G(n,q) N G*(n, q) with corank at least p3(n, g, ). So, by Lemma 3.8, M has a collection of
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disjoint circuits Co, C1, ..., Cs—1)m such that My (C;U---UC;, Cip1 U---UC_1y,) <1 for
i=0,1,...,(6—1m—1.
We now break the proof into two cases. First suppose that for each i € {0, 1, ..., (§ —2)m}

we have My (Ci, Ciym U Cigmp1 U -+ U Ci—1)m) =0. Then, {Co, Cyy, ..., C5—1)m} is a set of
& skew-circuits. So, in this case, M has a §-bundle.

In the remaining case, there exists i € {0, 1, ..., (8§ — 2)m} such that My (C;, Cigppy U --- U
C—1ym) = 1. Therefore, foreach j € {i +1,...,i +m — 1}, we have My/c, (C1U---UC;1 U
C,'_HU”-UC/', Cit1U---UCE-1)m) =0.Thus Ciy 1, ..., Ciyy are skew in M /C;.Foreachk €
{1,...,m} let S C Ci4¢ be a circuitin M/C;. Thus Sy, ..., S, are skew-circuits in M/C; and
My (Ci, S1U---US,,) < 1. Now, there exists € € {0, 1} and a §-element subset S of {S1, ..., Sy}
such that My, (C;, S) = € for each S € S. It is now straightforward to check that M|S is a §-
bundle. O

4. Connectivity

For disjoint subsets A and B of E(M) we let
km(A, B)y=min(Ay(X): AC X C E(M)— B).

Let S, T be disjoint subsets of E(M). It is straightforward to show that Mz, (S, T) <«kpm (S, T)
for any subset J of E(M) — (S UT). Tutte [14] proved that there exists a J for which equality
is attained.

Theorem 4.1 (Tutte’s Linking Theorem). If S and T are disjoint sets of elements in a matroid M,
then there exists J C E(M) — (X UY) such that Ny (S, T) =xm (S, T).

Tutte’s Linking Theorem is a generalization of Menger’s Theorem. Indeed, let s and ¢ be non-
adjacent vertices in a connected graph G and let S and T be the sets of edges incident with s and
t respectively. It is straightforward to show that the size of the smallest vertex cut separating s
and 1 is kp(G)(S, T) + 1 and that there exist k internally vertex disjoint paths from s to ¢ if and
only if there exists J C E(G) — (SUT) such that MG, (S, T) > k — 1 (one such choice for
J is the set of internal edges in the paths).

We will prove a slightly stronger version of Tutte’s Linking Theorem. Let S and T be disjoint
subsets of E(M). AsetJ C E(M) — (SUT) iscalled an (S, T)-linking set if

(i) J is independent, and
(i) Jisskewto Sandto T;

the capacity of J is Mpy5(S, T).

Theorem 4.2. If S and T are disjoint sets of elements in a matroid M, then there exists an
(S, T)-linking set of capacity kp (S, T).

Proof. By Theorem 4.1, there exists J € E(M) — (S U T) such that My, s (S, T) = kp (S, T).
Among all such sets choose J as small as possible. It is routine to show that J is independent.
Assume that J is not skew to both S and 7. Then, up to symmetry, we may assume that there is
an element j € J such that j € cly/y—(j)(S);set J' =J —{j}. Then rpr) s (SUT) =rp )y (SU
T)—=1,rpg(S) =ryyp(S)—1,and rpr;y(T) < rppp5(T). Hence
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Mg (S, T)=rpy g (S) +ryyp(T) —rpypr(SUT)
2rmyg(S) +rmg(T)—rpyy(SUT)
=Mmys(S,T)
=km(S,T),

contradicting the minimality of J. O

The series classes of (M /(S UT))|J are called the strands of J. In the graphic case discussed
above, a strand would be the set of internal edges of an (s, #)-path in G. The following results
show that the strands of J behave somewhat like “(S, T)-paths.”

Lemma 4.3. If S and T are disjoint sets of elements in a matroid M and J be an (S, T)-linking
setin M, then

My (S, T)=mp(S, T) +r*((M/(SUD)IJ).
Proof.

Mg (S, T)=rpyg () +ryyg(T) —rpyg(SUT)
=rm(S) +ru(T) —ru(SUTUJ) +|J|
=mp(S, T)+ | = (rm(SUTUJ) —ry(SUT))
=np(S, T)+r*((M/(SUT))J),

as required. O

Unfortunately there is one significant failure in extending from paths in graphs to linking sets
in matroids; the number of strands of J may be considerably larger than My, 7 (S, T) — My (S, T).

Lemma 4.4. Let S and T be disjoint sets of elements in a matroid M, let J be an (S, T)-linking
set, and let P be the set of strands of J. If P' C P then

|P'| = r(co((M/(SUT)IT)) < Mpgypr (S, T) — Ny (S, T) < [P

Proof. Let N = (M/(SUT))|J, let J/ = J(P": P' €P’), and let J” be the set of elements
in co(N) obtained from J’ in the cosimplification. By Lemma 4.3, Ay (S, T) =Ny (S, T) =
r*(N|J") =r*(co(N)|J") = |P’| — r(co(N)|J"). The result follows since 0 < r(co(N)|J") <
r(co(N)). O

Lemma 4.4 is very useful when r(co((M/(S U T))|J)) is small. An (S, T)-linking set J
is called graphic it M/(SUT)|J is a bundle of M /(S U T); if J is graphic, then r(co(M /(S U
T))|J) < 1.By Lemma4.4,if J is a graphic (S, T)-linking set with § strands, then J has capacity
at least 6 — 1. We now state the main result of this section; the function p3(n, ¢, 8) is defined in
Theorem 3.5.

Theorem 4.5. For any positive integersn, q, § >3, if M € G(n,q) NG*(n,q) and S,T C E(M)
are skew with kp(S,T) > p3(n,q,d), then there exists a graphic (S, T)-linking set with §
strands.
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Proof. By Theorem 4.2, there exists an (S, T)-linking set J of capacity «p (S, T). Let N =
(M/(SUT))|J. By Lemma 4.3, r*(N) = kp (S, T). Therefore, by Theorem 3.5, there exists a
8-bundle N’ in N. Thus E(N’) is a graphic (S, T)-linking set with §-strands. O

We conclude this section with some easy results on connectivity.

Lemma 4.6. Let T be a set of elements of a matroid M, and, for each X C E(M) — T, let
Y (X)=xp(X, T). Then  is the rank function of a matroid on E(M) — X.

Proof. It follows easily from the definition of ¥ that:

(i) if X € E(M) — T, then 0 < (X) < |X|, and
(ii) if X CY C E(M) — T, then ¢ (X) < ¥ (Y).

Thus it only remains to prove that ¥ is submodular. Consider X, X, € E(M) — T. By defin-
ition, for each i € {1, 2}, there exists a set A; such that X; C A; C E(M) — T and Ay (A;) =
km(Xi, T) =1 (X;). Note that X1 N X2 C A1 N Az, s0kpy(X1NX2, T) < Ay(A; N A3). Simi-
larly, kpr (X1 U X2, T) < Ap(A1 U Az). Moreover, Ay is submodular. Thus

V(X1 + ¥ (X2) =Am (A1) +Am(A2)
ZAim(A1NA2) + Ay (AL UA2)
ey (ALNALLT)+ ey (ALUAL, T)
=y (A1 NA)+Y(A1UA2),

asrequired. O

Lemma4.7. Let S and T be disjoint sets of elements of a matroid M. Then there exist sets S| C S
and Ty C T such that |S1| = |T1| =«m(S1, T1) =«kp (S, T).

Proof. By Lemma 4.6, there exists S; € § such that |Si| = «kp(S1,T) = kp (S, T) (in-
deed, take S; to be a maximal independent subset of the matroid defined in Lemma 4.6).
Now, xkp(S1,T) = kpm (T, S1), so, again by Lemma 4.6, there exists 71 € T such that |T7| =
kp (T, S1) =wp(T,81)=«(S,T). O

Lemma 4.8. Let S and T be disjoint sets of elements of a matroid M such that |S| = |T| =
kpm (S, T). Then there exists J C E(M) — (SUT) such that J U S and J U T are both bases
of M.

Proof. Firstly, since |S| = |T| =«xpm (S, T), we easily see that S and T are independent. Let J be
a maximal (S, T)-linking set of capacity «/ (S, T). Thus, J U S and J U T are independent and
Muyyg(S,T) =S| =1T|. So § and T span each other in M/J and, hence, S C cly(J UT) and
T Ccly(JUS). Now, if S U J is not a basis, then there exists some e € E(M) — cly(SU J). It
is easy to see that J U {e} is an (S, T')-linking set of capacity «; (S, T'); contradicting our choice
of J. Thus SU J and T U J are bases of M, as required. O
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Lemma 4.9. Let S and T be disjoint subsets of a matroid M such that S U T is independent and
km(S,T) > y. Then, there exist sets S' C S and T’ C T such that kp/sur)—sury (S, T') =
IS1=1T"|=y.

Proof. Let S € S and 7' € T be minimal such that k7 (sur)—(s'ur’y) (', T') = y. Now sup-
pose by way of contradiction that |§'| > y. Let M' = M/(SUT) — (S'UT’)) and let J be an
(8, T')-linking set in M’ of capacity y. Now, My /s (8", T") = y < |S'|. Thus, there exists e € S’
such that e ¢ clyy /7 (T"). So, My gugen (" — {e}, T') = y and, hence, kpy /(S —{e}, T) > y.
This contradicts our choice of ', so |S’| = y. By symmetry, |[T'|=y. O

Lemma 4.10. Let X, S, and T be disjoint sets of elements of a matroid M. If kp (S, X) =
i (T, X) = X1, then iy (S, T) = 51X|.

Proof. Let AC E(M) — T with S C A and Ly (A) =k (S, T). By symmetry we may assume
that |[X N A| > %|X|. Now, | X| =k (X, T) <kpy(XNAT)+ X — Al <Ay(A) + %|X| =
km (S, T)+ %|X|. Therefore kp (S, T) > %|X|, as required. O

Lemma 4.11. Let X and Y be disjoint sets of elements of a matroid M with ky(X,Y) 2 k. If
EM) - (XUY)#D and kpyje(X,Y) <k or kpype(X,Y) <k for eache € E(M) — (X UY),
then Ay (X) = k and there exists an ordering (x1,...,x;) of E(M) — (X UY) such that Ap (X U
{x1,....,xi}) =k foreachi e {l,...,1}.

Proof. Let Z be the family of sets Z with X € Z € E(M) — Y such that A;(Z) = k. Note that,
as ky (X, Y) > k, it follows by submodularity that Z is closed under union and intersection.

Choose a maximal collection X1,...,X;in Zwith X ¢ X; & --- G X; G E(M) — Y. Let
Xo=Xand X;;1 = E(M) —Y. Consider any i € {1,...,]+ 1} and any e € X; — X;_1. Since
kmse(X,Y) <k or kpne(X,Y) <k, there exists A C E(M) — {e} such that A and A U {e} are
in Z.

Let Ay=AUX;_1andlet A, = A NX;.Ifi =1 then A| = A. If i > 1 then, since Z is
closed under union, both of the sets A; and A U {e} are in Z. In any case, A1, A1 U {e} € Z.
Similarly, if i =1 + 1, then A> = Ay, and if i <[, then, since Z is closed under intersection,
both of the sets A, and Ay U {e} are in Z. In any case we have shown that A,, Ay U {e} € Z.
However, note that X;_; € Ay & A U {e} € X;. So, by our choice of X, ..., X; we must have
Xi—1=Azand X; = Ao U{e}. Thus, | X; — X;_1| = 1 for all i and, hence, we obtain the required
ordering. O

Bundles play a significant role throughout this paper; the following lemma, in particular, is
used frequently.

Lemma 4.12. Let N be a bundle of M and let S be a strand of N. If S is not a series class of M,
then Ay s(E(N) — S) < Ay (E(N)).

Proof. Let A=E(N)—Sand B=E(M)— E(N). By Lemma 2.1,

AmM(B) =Ny (A, B) +Apm/a(B)
=ms(E(N) = 8) + Aumya(S).
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Now suppose that Apyns(E(N) — S) = Ay (E(N)), and, hence, Ay a(S) = 0. Then, since
M|(A U S) is a bundle, S is a circuit in M/A. Thus, S is a series class of M/A and, hence,
alsoof M. O

Note that if each strand of a bundle N of M is also a series class of M, then Ay (E(N)) < 1.
If, moreover, N is a set of skew-circuits, then Ay (E(N)) =0.

Note also that if N is an n-bundle in a matroid M with Ay (E(N)) = k where k <n — 3,
then N has a collection S of k strands such that N \ S is an (n — k)-bundle whose strands are
series-classes of M\ S.

5. Extracting a grid

This section shows how to extract a grid from a particular structure. This is the only place
in the proof where we are forced to explicitly identify a grid; in other cases we find cliques or
cocliques using Theorem 3.2. The proofs in this section and in the next section rely heavily on
the techniques of Johnson, Robertson, and Seymour [9].

The main result of this section is as follows.

Lemma 5.1. For all positive integers 0 and q there exist positive integers n = n(0,q) and
m =m(0,q) such that, if M € U(q) N U*(q) is a matroid and (Ay,..., Ayy1,T1,...,Ty) is
a partition of E(M) such that:

(1) M|(A1U---U A1) has m series classes,

(ii) for each series class S of M|(A1U---UA,y1) andeachie{l,...,n+ 1}, AiNS#0,
(iii) foreach j €{l,...,n}, T; is spanned by both AyU---UAjand Aj 1 U---UA, 1, and
(iv) foreach je(l,...,n}, M|(AyU---UA; UT)) is connected,

then M has an M (gridy)-minor or M*(gridy)-minor.
Before proving this lemma we need some preliminary results. The first of these allows us to
recognize graphic matroids; this is essentially due to Seymour [13]. For a vertex v of a graph G

we let 8g (v) denote the set of edges of G that are incident with v.

Lemma 5.2. Ler ¥ be a vertex of a connected graph G = (V, E) and let M be a matroid on E
such that:

@) r(M) =1V(G)| -1, and
(ii) 8¢ (v) is a cocircuit of M for each v € V(G) — {v}.

Then, for each spanning tree T of G, E(T) is a basis of M. Moreover, if 8 () is also a cocircuit
of M, then M = M(G).

Proof. The following claim is an immediate consequence of (ii).
5.2.1. If C is a circuit of M and v # 0 is a vertex of G, then |C N3¢ (v)| # 1.

Let T be a spanning tree of G. By 5.2.1, E(T') cannot contain a circuit of M. Thatis, E(T) is
independent in M. Then, by (i), E(T) is a basis of M. Now suppose that 8 (D) is also a cocircuit



J. Geelen et al. / Journal of Combinatorial Theory, Series B 97 (2007) 971-998 981

of M. It remains to prove that any circuit C of G is a circuit of M. Let e € C and let T be a
spanning tree of G with C — {e} € E(T'). Now, E(T) is a basis of M, so E(T) U {e} contains a
unique circuit C’ of M. By an obvious extension of 5.2.1, the subgraph of G induced by C’ has
no vertices of degree 1,soC=C’. O

Lemma 5.3. Let G = (V, E) be a 2-connected planar map, let F be a face of G, and let M be a
matroid on E such that:

@® r(M)=1V(G)| -1, .
(1) for each face F of G other than F, E(F) is a circuit of M, and
(iii) for each vertex v of G that is not on the boundary of F, 8 (v) is a cocircuit of M.

Then M = M(G).

Proof. By applying Lemma 5.2 to M* and the plane dual G* of G, it suffices to prove that
E (f? ) is a circuit of M. Moreover, we also see that if T is a spanning tree of G, then E(T) is
a basis of M. As each proper subset of E (F) is contained in a spanning tree of G, all proper
subsets of E(F) are independent in M. Now, by way of contradiction, suppose that E(F) is
independent in M. Let e € E(ﬁ) and let T be a maximal tree in G such that E(ﬁ) —{e} S E(T)
and E(T) U {e} is independent in M. Since r(M) = |V(G)| — 1, T is not a spanning tree of G.
Thus there exists an edge f of G with ends u € V(T) and v € V(G) — V(T). Now, v is not
incident with F' so 8g (v) is a cocircuit of M and, hence, (E(T) U {e}) U {f} is an independent
set of M. This contradicts our choice of 7. O

Lemma 5.4. Let M be a matroid with E(M) = {a;;: i,j € {1,...,n}} U{e;j: i e {l,...,
n—1},je€f{l,...,n}} such that

(1) {aij: i,j€{1,...,n}} is a basis of M,

(1) {a1,...,ain} is a series class of (M /{ein,...,en—1nPDHaij: i, j €{1,...,n}} foreachl €
{1,...,n},

(iii) {aij,aiy1,,ei j—1,¢€; j} is a circuit foreachi € {1,...,n —1}and j €{2,...,n}, and

@iv) {ai1,aiy1.1,ei1} is a circuit for each i € {1,...,n —1}.

Then M has an M (grid,_,)-restriction.

Proof. Let G be a graph with V(G) = {x} U {v;;: i €{1,...,n},j €{l,...,n}} and E(G) =

E (M) where e;; is incident with v;; and v;41,; foreachi € {1,...,n — 1} and j € {1,...,n},
a;j is incident with v; j_ and v;; foreachi € {1,...,n} and j € {2,...,n}, and g;; is incident
with x and v;; for each i € {1, ..., n}. It suffices to prove that M = M (G), for which we shall

use Lemma 5.3. Note that G is planar and, by (i), r(M) = |V(G)| — 1. Moreover, by (iii) and
(iv), all but at most one face of G is a circuit in M. Thus, we need only show that 5 (v’ ) is a
cocircuit of M foreachi’ €{2,...,n—1}and j' €{l,...,n —1}.

Let A={a;;: i,j€{l,...,n}} and P ={e1n,...,ey—_1,n}). By (iD), {a;/j7, a7 js41} is a series
pair of M|(A U P). So the set (AU P) —{a;’, a;, j»11} does not span M. However, considering
the small circuits we see that this set spans E(M) — g (vj7 7). Thus, 8 (v;7 /) contains a cocircuit
C of M. Circuits and cocircuits cannot meet in a single element so, considering the small circuits
of G incident with v;s j/, we see that C = dg(vyrj/). O



982 J. Geelen et al. / Journal of Combinatorial Theory, Series B 97 (2007) 971-998

Proof of Lemma 5.1. (Recall that the function « is defined in Corollary 3.3.) Let t = 2a(8, q),
d=0+1,m=1+Y" ¢ —1), n; =max(t,d(g 4+ 1)%), and n = 2"~ Dp; Now let M be
a matroid satisfying the hypotheses of the theorem.

We may assume that M is cosimple. Let A=A{U---UA,+1 and let S, ..., S;; be the series
classes of M|A. Since each §; and A; have a nonempty intersection, A — A is an independent
set for each j € {1,...,n + 1}. Consider some i € {1,...,m} and j € {1,...,n 4+ 1}. Since

T,....,Tj1 Cecly (A U---UA;_) and T;,..., T, ECIM(A]'_H U---UAu41), we have Th U
-+ UT, Ccly(A — Aj). Hence the members of S; N A; are in series in M. Then, since M is
cosimple, S; N A consists of a single element, say a;;.

For I C{l,...,m}and J C{1,...,n+ 1} we let A(/,J) denote {a;;: i € I, j € J}. For
each j € {1,...,n}, let B; = A({L,...,m},{1,...,j}) and let M; = M|(B; U T;). We may

assume that 7} is minimal such that M j is connected. Let i € {1, ..., m}. Since the members of
A({i}, {1, ..., j}) are in series in M|A and since T; C cly(A({L,...,m},{j +1,...,n+ 1}))
we see that the members of A({i}, {I,..., j}) are in series in M|(A U T;) and, hence, also in

M;. Since B; is a basis of M, for each e € T there exists a unique circuit C, € B; U {e}.
We let S, be the set of all i € {1,...,m} such that C, N A({i}, {1,...,j}) # @. Thus, C, =
A(S., {1, ..., jh U{e}. Now we define the hypergraph H; with vertex set {1, ..., m} and edge set
{Se: e € T;}. Since M; is connected H; is connected, and, by our choice of 7}, the hypergraph
H; \ S, is not connected for any e € T;. It follows that |T;| < m — 1. Thus there exist K C
{1,...,n} with |K| =n; and a hypergraph H on {1, ..., m} such that H; = H forall j € K.

5.4.1. If there exists S € E(H) such that |S| > t, then M has an M (gridg)- or M*(gridg)-minor.

Subproof. Suppose that M has no M (gridy)- or M*(gridg)-minor; thus, M € A0, q). Now,
for each j € K there exists e; € T; such that Se_l. = S§. Let N = co(M[(A U {e;: j €
KW /A({L,...,m} = S8,{1,...,n+ 1})). Now |[E(N)| = |S|(n1 + 1) + n; and r(N) = |S|n;.
So r*(N) < |S| 4+ n1. Note that, |S| >t =2a(0,q) and ny >t =2a(0, q), so a(0,¢)r*(N) <
a®,¢)(IS| +n1) < An1|S| + 31SIny <|S|ny < |E(N)|; contradicting Corollary 3.3. O

5.4.2. If there exists v € V(H) that is in at least t hyperedges of H, then M has an M (gridy)- or
M*(gridy)-minor.

Subproof. Let S7,...,S/ be hyperedges of H containing v. Since H is minimally con-
nected, none of the sets S{,...,St’ is contained in the union of the rest. Thus there exist
vertices vy, ...,v; of H such that v; € S;. if and only if i = j. For each j € K and i €
{L,...,1} let ¢;; be the element in 7; such that Se,-, = Slf. Now let Ny = (M[(AU {e;j: i €
{1,...,¢},j € K}))/A{L,...,m} — {v,vy,..., v}, {1,...,n}). For each j € K, let M} =
Nil(A(v, v, ..., v ), {1, ..., jD Ufetj, ..., e D). Thus, A({{v, v1, ..., v}, {1,..., j}) is a ba-
sis for M;. and, foreachi € {1,...,1}, A{v,v;}, {1,..., j}) U{e;;} is a circuit of M}. Now, for
elements i,i" € {1,...,1} it is easy to check that A({v;, v}, {1, ..., j}) U {e;j, ei/;} is a circuit
of M.

Choose distinct elements {1, ..., j:} in K. Now let N» = (N1|(A({v1, ..., v}, {1,...,n}) U
{eij: i e{l,....t},l e {l,....t}}))/(A{{vr, ..., v}, {2,....n}) U {erj,.... e }). Now,
{av,,1,...,ay,1} is a basis of Ny and foreach / € {1,...,t} and i € {1,...,¢} — {I}, the triple
{@y, 1, @y, 1, € ;) is a triangle of Na. Thus 7(N2) =t and |E(si(N2))| = 5 > a (8, ¢)r(No),
contradicting Corollary 3.3. O
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Henceforth we may assume that each vertex of H is in at most ¢ hyperedges and that each hy-
peredge has size at most 7. It is now routine to show that H contains a long “induced” path. That
is, H contains a sequence of vertices (vo, ..., vq) and a sequence of hyperedges (Si, el S;,)
such that S7 N {vo, ..., vq} = {vj—1,v;} foreachi e {1,...,d}.

For each j € K and i € {I,...,d} let ¢;; be the element in T} such that Se,-,— = S[f. Now
let Ny = (M[(AU{e;: i €{l,...,d},je K))/A({L,...,m} —{vo,...,vq},{1,...,n}) and
let No = Ni/A({vo, ..., vq},{2,...,n}). Now, {e;;: j € K} Ccly,(ay,_,,1,av,1) for each i €
{1,....d}, so rn,({e;j: j € K}) <2. Since |K| > d(g + l)d, it follows easily that there ex-
ists K1 C K such that |[Ky| =d and ry,({e;;: j € K1}) =1 foreach i € {1,...,d}. Now let
N3 =Ni\{ej:iefl,...,d},j e K— K} Itis straightforward to show that N3 satisfies the
hypotheses of Lemma 5.4 and, hence, that N3 has an M (gridy)-minor. O

6. Disentangling

In this section we obtain various results saying that given two highly connected sets X and Y
and a very large bundle either we can route some of the connectivity between X and Y in a way
that avoids many of the strands of the bundle or we will find a large grid.

Lemma 6.1. There exist integer-valued functions 81(8, y, 0, q) and y1(y, 8, q) such that for any
positive integers 8, y, 0, and q > 2, if M € A0, q), X and Y are disjoint subsets of E(M) with
km(X,Y) 2 vi(y,0,q9), and N is a §1(6, y,0,q)-bundle in M \ (X UY), then there exists a set
S of strands of N such that |S| =6 and kpy;s(X,Y) > y.

Proof. (Recall that « is defined in Corollary 3.3 and that m and n are defined in Lemma 5.1.)
Let p1 =m@,q) +y + 1 and y1(y,0,q9) = 1. Let n’ =n(0,q), n =2 +279) + 1, I' =
ne@-on (8, )y1 + 1), 8y = I'(h + 1), 81 = 8,290 D7 and §,(s, v,0,q) = 81 + 8. Now, let
M, N, X and Y be as given in the lemma.

By Lemma 4.7, we may assume that | X| = |Y|=«xpy(X,Y) =p1. Let C; C E(N) and D; C
E(M) — (E(N)U X UY) be maximal sets such that k\p, /¢, (X,Y) > 71. Now let M1 =M \
D1/Cy and N1 = N/Cj. Note that N; is a bundle and we may assume that N; has at least 31
strands. Let R = E(M;) — (X UY U E(Ny)). By our choice of D and Cy, if e € E(N7), then
Kk, /e(X,Y) < 71, and if e € R, then kpy\o(X,Y) < 1. By Lemma 4.11, Ay, (X) = p; and
there exists an ordering (x, ..., x;) of RU E(Ny) such that Ay, (X U{x, ..., x;}) = p; for each
ief{l,....l}.Let Xo=Xand X; =X U {xy,...,x;} foreachi e {1,...,1}.

6.1.1. X U R and Y U R are bases of M| and for eachi € {1,...,1}, (XU R) N X; spans X; and
(YUR) — X; spans E(M) — X;.

Subproof. By Lemma 4.8, there exists J C E(Mj) — (X UY) such that XU J and Y U J
are both bases of M. Evidently, J is an (X, Y)-linking set of capacity y;. So, for each e € J,
kmpje(X,Y) = y1. Thus, J is disjoint from E(Np). Similarly, if f € E(M) — (X UY U J), then
km\ (X, Y) = 71.S0 R C J. It follows that R = J and, hence, X UR and Y U R are bases of M.

Now consider i € {1,...,[}. Let M' = M{|(X UY U R). Since R is an (X, Y)-linking set
of M’ of capacity 71, we have Ay (X; N (X U R)) = Ay, (X;). Now, since r(M') =r(M)), we
have

raw (Xi V(X UR)) +ry ((YUR) — X;)
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=n (Xi N(XUR)) +r(M"
=Am, (X;) +r(My)
=ru, (Xi) +ru, (E(Ml) — Xi)-

Then, since M’ is a restriction of M, we have ryp(X; N (X UR)) =ry, (X;) and rpp (Y UR) —
X;) =rm (E(My) — X;), asrequired. O

For each e € E(Ny), let F, be the fundamental circuit of e with respect to the basis X U R
of My.Let Ly = (M /(X UY))|R; by Lemma 4.3, r*(L1) < 1.

6.1.2. For eachi € {1, ...,1}, if x; € E(Ny) then Fy, C X;, Fy, N X # @, and if S is a series class
of Ly such that Fy, NS # 0, then SN X; C Fy,.

Subproof. Since (X U R) N X; spans X; it follows that Fy;, € X;. Now, if Fy, N X =, then
x; would be a loop in M1 /R and, hence, k,/x; (X,Y) = P1. However, this is not the case since
xi € E(N1), so Fy, N X # @. Now consider M = M[(X UY U R U {x;}). If S is a series class
of L; the elements of S are in series in M’ \ x;. Moreover, since x; € cly, (Y U R) — X;), the
elements of SN X; are in series in M’. Therefore, if SN Fy, # @, then SNX; C Fy,. O

Now, for each e € E(Ny), let S, be the set of series classes S of L such that SN F, # 0,
and, for each strand P of Nj, let S(P) = | J(S,: e € P). By Corollary 3.3 and the fact that
r*(L1) < p1, L1 has at most a(6, q)7; series classes. So there are at most 2¢-971 distinct sets
among (S(P): P astrand of Ny). Thus, there exists a set S of series classes of L| and a set P
of strands of N; such that |P| > 52 and S(P) =S foreach P € P.

6.1.3. If P’ C P is nonempty, then there exists i € {1, ...,1} such that X; contains a strand in P’
and X; is disjoint from at least |P'| — 1 — 1 strands in P’.

Subproof. Choose i minimal such that X; contains a strand, P; say, of P’. Let, P” be the
strands in P’ that have a nonempty intersection with X;. Note that, P N X; and P — X;_; are
both nonempty for each P € P”. However, |P"| — 1 < Ay (E(ND) N X;—1) < Ay (Xiz1) =71
Thus, X; satisfies the claim. O

By 6.1.3 and an easy inductive argument we have the following.

6.1.4. There exists a subsequence (Zy, ..., Zy) of (Xo, ..., X1) such that for each i € {1,...,1'}
the set Z; — Z;_1 contains a strand of P.

6.1.5. There exists a subsequence (W, ..., Wy) of (Zo, ..., Zy) such that for each series class
S of L either:

M Wi —=Wi_pnNS#£Bforallie{l,...,n}, or
2) W, —Wyp)NS=40a.

Subproof. Let p be the number of series classes of L;. By Corollary 3.3 and the fact that
r*(Ly) <71, p <a(d,q)p). For each i € {0, ..., p}, define B; = n?"(a(0,q)y; + 1). Now
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choose t € {0, ..., p} maximal such that there exist i, j € {1,...,I'}, j —i > B, and such that
Z; — Z; is disjoint from at least ¢ series classes of L.

If t =p,then Z; — Z; € E(Ny1). So, by 6.1.1, Z; — Z; C cly(Z;). However Ay, (Z;) = 71,
sor(Z; — Z;) < y1. Therefore |i — j| < |Z; — Z;| < «(8, ¢)y1. This contradiction shows that
r<p.

Now define W, = Z; 14, , fora € {0, ..., n}. Evidently this satisfies the claim. O

Foreachi € {1,...,n}let P; be a strand of P where P; C W; — W;_;. Recall that S(P;) =S
foreachi € {1,...,n}. Let S| be the collection of sets S € S such that S N (W,, — Wp) # @. Now
let X' =Wy, Y = E(M;)—W,,Co =(RN(W,, — W) —JS1, R = (RN(W, — Wp)) —C, and
My = M/ C,. Note that R’ is an (X', Y’)-linking set in M, of capacity p;; let L' = (M, /(X' U
Y)IR'.Foreachi € {l,...,n}let W =W; — Cs.

6.1.6.Ifi, je{l,...,n}and j > i, then W — X' and E(M>) — Wj’. are skew in M/ X'.

Subproof. Let X" =W/, Y" = E(M;) — W’ and R" = R’D(W’ W/). Then R” isan (X", Y")-
linking set of capacity y; in Mp; let L” = (M2/(X” Y”))|R” By Lemma 4.3, My, (X', Y') +

r*(L") = p1 =Ma, (X7, Y") + r*(L"). However, by 6.1.5, co(L’) and co(L"”) are isomorphic.
Thus, r*(L’) = r*(L") and, hence, My, (X', Y') = Mpr, (X7, Y”). It follows that X" — X" and Y”
are skew in Mp/X'. O

6.1.7. C» is skewto PLU---U P, in M.
Subproof. Foreache € Py U---U P,, the fundamental circuit F, is disjoint from C;. O
Thus, M>|(P;U---U Py,) is an n-bundle.

6.1.8. There exists Py C {Pa, P4, ..., Po_1} such that |Pz2| 2 n', My, (P2, X' UY') < 1, and P2
is a set of skew-circuits in My /(X' UY').

Subproof. Let No = Mal(PyU P U -+ U Py1). Note that My, (E(Na), X' U Y') < gy (X') +
A, (Y') =271. Thus, by Lemma 4.12, there exists a set of strands P, of N, such that [P>| > n’

and each member of P is a series class of M2 |(X' UY'UP,). Hence, My, (P2, X’UY’) < 1 and
N>|P5 is abundle in M, /(X' UY’). However, by 6.1.6, the sets in P, are skew in My /(X' UY’);
thus P, is a set of skew-circuits in M»/(X'UY’). O

6.1.9.If |S1| <1 —y — L, then iy, ypy (X, Y) 2 y.

Subproof. Suppose that |S;| < 1 —y — 1. By Lemma 4.3, My, (X', Y') > y + 1. However,
M, (P2, X' UY') < 1,80 My, o, (X', Y') > . Thus, kpy, yp, (X', Y) 2y, O

Thus, we may assume that |S;| > 71 —y — 1 =m(9, q).
6.1.10. For each P € P, and e € P, F, — X' is a circuit in M> /(X" U Y’).

Subproof. Evidently, F, — X’ is a circuit in M>/X’ and, by 6.1.6, F, — X’ is skew to Y’ in
M/ X'. Thus, F, — X' is a circuitin M /(X' UY’). O
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Let (o1, ..., 0,) be the subsequence of (2,4, ...,n — 1) such that P, = {P,, ..., Pﬂn,}. For
ief{l,....n"},let T; = Py, and B; = R' N (W, — W(’Tﬁ]). Let o9 =0, for i € {1,...,n'} let
A = R’ N(W,_y—W;_),and let Ay =R — W, . Now, let A=A;U---UAy and
let M5 be the restrlctlon of Mp/( X’ UY' UBU---UB,) to AUT{U---UT,. Now M;
satisfies the hypotheses of Lemma 5.1. Indeed, for (i), (ii), and (iii) this is obvious, and (iv)
follows as, foreachi € {1,...,n'} and e € T;, if S is a series class of M3|A and S N F, # @, then
SNF,=SN(A1U---UA;). Thus, by Lemma 5.1, we have a contradiction. O

Lemma 6.2. There exist integer-valued functions 62(8,y,0,q) and y2(y,0,q) such that for
any positive integers 8, v, 0, and q > 2, if M € A(0,q), X and Y are disjoint subsets of
EM) with |X| =1Y| = y(y,0,q), and N is a 62(8,y,0,q)-bundle of M \ (X UY) such
that Ky ey (X, Y) = v2(y, 0, q), then there exist a 5-bundle N’ in N and a flat F of M such
that XUY C F C E(M) — E(N), kmr(X,Y) > vy, and each strand of N’ is a series class of
M|(E(N")UF).

Proof. Lety =y +2a(6, ¢) and § =28+ + (@ (8, 9)y + )29 Now let 6:(3, v, 0, ¢) =
§ and w(y,0,q)=y,and let M, N, X and Y be as given in the statement of the lemma.

Let t =r(co(N)); thus t € {0, 1}. By Lemma 4.8, there exists / C E(M) — (X UY U E(N))
such that X U J and Y U J are bases of M/E(N).Let M\ = M|(XUY UJ U E(N)) and let B
be a basis for N. Note that BU J U X is a basis for My, so r*(M}) =r*(N)+ |Y|=8 —t + 7.
By definition, 5> a(#, q)y. Now, by Corollary 3.3,

|E(co(M1))| < (0, g)r*(M))
<a0, ) +39)
<d+a(,q)s.
Now note that BU J is an (X, Y)-linking set of capacity y in My;let L1 = (M /(XUY))|(BUJ).
Let P be the set of strands of N and for each strand P € P let Sp be the set of series classes

S of Ly such that P N S # . Thus, |P N E(co(M1))| > |Sp|. Hence, |E(co(M1))| = |P| +
> (ISpl: P €P). Now, |P| =6 so

> (1Spl: PeP)<a@.9)IP.

Let P; be the collection of sets P € P such that |Sp| 2a(8,q). Now, |Pla(d,q) =
> (ISpl: P €P)>|P—Pi|2a(6, q) and, hence, |P;| > 25 Now, by Lemma 4.3, r*(L;) < y,
so, by Corollary 3.3, L has at most @(#, q)y series classes. So there are at most (« (6, q)y +
1)2*®-9) distinct sets among (Sp: P € P;) and, hence, one of these sets is repeated at least
8 + py + 1 times. That is, there exist a set S of series classes of L and P, € P; such that
[P2l=84+7p +1and Sp =S forall P € P;.

Let Z=JPy, F=XUYUJUB—2Z), BB=BNZ, and My = M|(F' U Z). Now,
Z intersects at most 2« (0, q) series classes of L1, so, by Lemma 4.4,

() km\z(X,Y) 2P —20(0,9) =y

Now, Ay, (rrupy (B') < r*(Ma|(F'U B')) = |Y| = p. Moreover, since N is a bundle, ry, (B") >
rm,(Z) —t, s0

(i) Ay (Z2) <7 +1.
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Thus, by Lemma 4.12, there exists P3 € P, such that |P3| > § and each strand of N|P3 is a
series class of M|(F' U (|JP3)). Therefore, the §-bundle N = N|P;3 and the flat F = clys(F’)
satisfy the lemma. O

The following result is a strengthening of Lemma 6.1.

Lemma 6.3. There exist integer-valued functions 53(8, y, 0, q) and y3(y, 0, q) such that for any
positive integers 8, y, 0, and q > 2, if M € A0, q), X and Y are disjoint subsets of E(M) with
I X|=YI=cm(X,Y)=y3(y,0,q), and N is a §3(5, v, 0, q)-bundle in M \ (X UY), then there
exists a §-bundle N' in N and a flat F of M containing X and Y such that ky (X, Y) >y and
each strand of N' is a series class of M|(F U E(N")).

Proof. Let 7» = 1»(y,0,9), 71 = y1(72,60,¢), and § = 8,(8 + 291 + 1,y,60,q). Now, let
83(8,y,0,q) =9 (3, 12,0,q) and y3(y,0,q) = 71, and let M, X, Y and N be as stated above.

By Lemma 6.1, there exists a 5-bundle Ny in N such that «py/pv)(X,Y) 2> 72. By
Lemma 4.7, there exist sets X1 € X and Y1 C Y such that | X | = |Y1| = kp ) (X1, Y1) = 7.
Now, by Lemma 6.2, there exists a (§ + 21 + 1)-bundle N in Nj and a flat F; of M such that
X1 UY, CFi, kmiF (X1,Y1) 2 v, and each strand of N, is a series class of M|(F; U E(N2)).
Let F=cly(FiUXUY). Since My (F1, E(N2)) < 1,wehave My (F, E(N2)) <1+ |XUY| <
1+ 271. So, by Lemma 4.12, there exists a §-bundle N’ of N, such that each strand of N’ is a
series class of M|(F; U E(N’)). Now, N’ and F satisfy the lemma. O

The final strengthening establishes high connectivity avoiding several bundles at the same
time.

Lemma 6.4. There exist integer-valued functions §4(8, v, 1,0, q) and ys(y,1, 0, q) such that for
any positive integers 8, v, 1, 0, and q > 2, if M € A(0,q), X and Y are disjoint subsets of
EM) with | X|=Y|=ku(X,Y) =y4(y,1,0,q), N is a restriction of M and (Z1, ..., Z;) is
a partition of E(N) such that for each i € {1,...,1} we have N|Z; is a 64(8,v,1, 0, q)-bundle
and each strand of N|Z; is a series class of N, then there exists a restriction N' of N and a flat
F of M containing X and Y such that kyp(X,Y) > y and, for eachi € {1,...,1}, N'|Z; isa
8-bundle and each strand of N'|Z; is a series class of M|(F U E(N")).

Proof. The proof is by induction on /; the case [ = 1 is proved in Lemma 6.3. Let k > 2 and
suppose that the result holds for / = k — 1; now consider the case that [ = k.

Let 3 = na(y,l — 1,0,9), v» = »3(13.0,.9), "1 = va(2 + 1,1 — 1,0,49), and
va(y,1,0,q) = y1. Let 83 =8 + 2(y1 + 1), 61 = 84(82,¥,1 — 1,60,q) and 84(8,,1,6,q) =
max(84(81, 72 +1,1—1,6,9),83(62,73,60,9)). Nowlet M, N, Zy, ..., Z;, X,and Y be as given
above.

By the induction hypothesis, there exist Z| C Zi,...,Z;_, € Z;_1 such that N|Z],...,
N|Z;_, are &;-bundles in M and kmpzju-vz) )X Y) = Po Let M= M/(Z{U---U Z]_)).
By Lemma 4.7, there exist sets X; € X and Y1 C Y such that | X | = [Y1]| = kp, (X1, Y1) = 7.

By Lemma 6.3, there exist Z; C Z; and a flat Fi of M; such that M{|Z] is a $>-bundle,
Ky F (X1, Y1) > 73, and each strand of M1|Z; is a series class of M|(F1 U Z)). Let M> =
M|{(XUYUF UZ, U---UZ). Now

M (Z) S IXUY |+, (2], RUZiU---UZ_))
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<201+, (Z), F) + Ny (27, 21U -0 Z) )
<291+, (2, Fr) + An(Z))
<291 +2.

Therefore, there exists Z;" C Z; such that M;|Z;" is a §-bundle and each strand of M3|Z;" is a
series class of M\ (Z] — Z}').

Let M3 = M>\(Z;—Z]'). Note that M3|Z;' = M>|Z} is a §-bundle, Ay, (Z]") < r(co(M3|Z))),
and kp, (X, Y) 2> 73. By Lemma 4.7, there exist sets Xo C X and Y» C Y such that | X;| = |Y3| =
kmy (X2, Y2) = 73. Now, by the induction hypothesis, there exists Z C Zi U.--u Zl’_1 and a
flat > of M3 such that X, U Y, C F2, kpy R (X2, Y2) 2 v, and, for each i € {1,...,] — 1},
M3|(ZNZ))isa Sz—bundle and each strand of M3|(Z N Z}) is a series class of M3|Z.

Let My =M3|(XUY UF,UZUZ/). Then, foreachi € {1,...,1 -1},

iy (ZNZ) <IXUY|+nu,(ZNZ, F,U(Z - Z)))
=271 + 1.

Thus, there exists Z! € Z! such that M|Z! is a §-bundle and each strand of M|Z is a series
class of My \ (Z] — Z['). Let M5 = M4y|(X UY U F, U Z{ U---U Z/). Now it is easy to check
that N' = Ms|(Z{ U---UZ/) and F =cly (X UY U F,) satisfy the lemma. O

7. An application of disentangling
In this section we prove the following corollary to Lemma 6.4.

Lemma 7.1. There exists an integer-valued function ys(y, 1,0, q) such that for positive integers
v, 1, 0, and q, if I is an independent set of a matroid M € A(0, q) and, for eachi € {1,...,1},
(Si, T;) is a pair of disjoint subsets of 1 with kp/q—s;ut)(Si, T;) 2 y5(v, 1,0, q), then there
exist disjoint subsets Jy, ..., J; of E(M) — I such that for each i € {1,...,1} J; is an (S;, T;)-
linking setin M /(1 — (S; U T})) with capacity y and Ny (J;, (J1 U---U Jp) — Ji) < 1.

(Note that the sets S1 U T1, ..., S; U T; above need not be disjoint.)

Proof. The proof is by induction on /; the case that [ = 1 is trivial. For some integer k > 2,
assume that the result holds when [ = k — 1 and consider the case that [ = k.

(Recall that the function p3 was defined in Theorem 3.5 and the functions §4 and y4 were
defined in Lemma 6.4.) )

Let 3 = p3((O + 17,y +1+ 1. 72 = ya(s, 1 = 1,60.9), 8 =84 + 1. 75.1 = 1,0.9),

=p3(0+12,¢,8 +292+ 1), and ys5(y. 1,0, q) = max(ys(P1, ] — 1,0, q), 7). Now, let M,
(Sl, T1),...,(S;, T;), and I be as stated in the lemma.

By the induction hypothesis there exist disjoint subsets Ji, ..., Ji—1 of E(M) — I such that
foreachi € {1,...,1 — 1} J; is an (S;, T;)-linking set in M /(I — (S; U T;)) with capacity p; and
My (i, (J1U---U Jj-1) — J;) < 1. By Lemma 4.9, there exist sets § € §; and T' C 7; such
that |S| = |T| = kpya—sury(S, T) =P let My =M/(I —(SUT)). Letie{l,....] —1}.
By Lemma 4.3, r*((M/1)|J;) = p1, so r*(M1|(SU T U J;)) = 91. Thus, by Theorem 3.5, there
exists a (31 + 22 + 1)-bundle N; in M;|(SUT U J;). Note that, My, (E(N;),SUT U ((J; U

UJ—D) = ID) SIS+ IT I+ 0y (Ji, (JU---U Ji—1) — J;) <292 + 1. Thus, there exists a
§1-bundle N!in N; \ (SUT) such that My, (E(N/), SUT U((J1U---UJi_1) = J;)) <r(co(N))).
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Let N = M[(E(N{)U---UE(N/_,)). By Lemma 6.4, there exist a flat F of M and a restriction
N” of N such that

(i) SUTCF,

(i) kay F (S, T) = 73,
(iii) foreachi € {1,...,1—1}, N”|J; is a (y + 1)-bundle, and
(IV) foreachi € {1, ce ,l— 1}, )\Mll(FUE(N”))(Ji N E(N//)) <1

Fori e ({l,...,l — 1}, let J/ = E(N") N J;. By Theorem 4.5, there exists a graphic (S, T)-
linking set J; in M;|F of capacity y 4 [. Note that, M7 (J;, J{ U---U J/_;) <1 — 1. Thus,
there exists a set J/ C J; such that M1|J; is a (y + 1)-bundle and My (J/, J{U--- U J/_)) <
1. Thus, for each i € {1,...,1}, Jl.’ is an (S;, T;)-linking set in M /(I — (S; U T;)) of capacity
r(co((M/D|J))) >y. O

8. Finding highly-connected skew-circuits

In this section we find a large collection C of skew-circuits that are pairwise highly connected.
Moreover, we would like to keep high connectivity between any given pair of circuits when all of
the other circuits have been contracted. Eventually these circuits will be contracted to the vertices
of a clique. In particular, we prove the following lemma.

Lemma 8.1. There exists an integer-valued function w1(8,y,0,q) such that for any positive
integers 8, y, 0, and g = 2, if M is a matroid in A0, q) with branch-width at least w1 (8,7, 0, q),
then M or M* contains a minor N such that N contains a collection {C1, ..., Cs} of skew-
circuits where KN/((C[UWUC@)*(C,‘UCJ'))(Ci7 C;j) 2 y for each distinct pair i, j € {1, ..., §}.

The remainder of this section is devoted to proving Lemma 8.1; we need some preliminary
results. For positive integers é and y, we define a (8, y)-frame in a matroid M to be a pair (N, P)
such that N is a minor of M, P is a set of series-classes of N, |P| > 4, and |P| > y for each
P € P. The following result was proved in [7].

Lemma 8.2. There exists an integer-valued function w2 (8, y, q) such that for any positive inte-
gers 8, y and q =2, if M is a matroid in U(q) NU*(q) with branch-width at least @ (8, y, q),
then M or M* contains a (8, y)-frame.

Let f be an integer-valued function defined on the set of positive integers. A matroid M is
called (m, f)-connected if whenever (A, B) is a separation of order ¢ < m, then either |A| <
f@) or |BI< f(0).

The following result was proved in [5].

Lemma 8.3. Ler g(£) = 6(751_1 for all positive integers €. If M is a minor-minimal matroid with
branch-width k, then M is (k + 1, g)-connected.

Lemma 8.4. There exists an integer-valued function w3 (8, y, 0, q) such that for any positive inte-
gers$ =3,y,0,and q > 2, if M is a matroid in A(0, q) with branch-width at least w3 (8, v, 0, q),
then M or M* contains a 8-bundle N and a set A C E(M) — E(N) such that |A| = y and, for
each strand S of N, ky (S, A) = .
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Proof. Let §, = q"’3((9+1)2’q'8+1) (recall that p3 is defined in Theorem 3.5), §; = gz(gg/y))’

and w3(8,y,60,q) = max(wg(gl,g(y),q),g(y)). Now let M be a matroid in 4(6, q) with
branch-width at least w3 (8, y, 0, q), and let M be a minimal minor of M with branch-width
w3(8,y,0,q9). By Lemma 8.2 and by possibly replacing M and M; by their duals, we may
assume that there exists a (Sl,g(y))-frame (N1,P1) in M. Let P; € P; and let A; C P,
with |A{| = g(y). By Lemma 8.3, «y, (A1, P) > y for all P € Py — {Pi}. Thus, for each
P € Py — {P1}, there exists a subset Ap of A such that |[Ap| =k (P, Ap) = y. So there
exist a subset P> of P; — {P;} of size at least 32 and a set A C A such that Ap = A for all
P ePs.

Now let N; be a restriction of M that contracts to N;. Note that no two series classes of N
are in the same series class of N>. Now let N3 be a minimal restriction of N, that contains each
of the sets in P, and such that no two of these sets is in the same series class of N3. Let P3 be the
set of series classes of N3 that contain the sets in P,. Note that (A, P) =y for each P € Ps.

Consider any element e of N3 that is not contained in any of the sets in P3. By the definition
of N3, deleting e must merge two of the series classes in P3. Thus there is a triad containing e
and two of the elements in | P3. Hence, any circuit containing ¢ must contain an element of
(JPs. Thatis, E(N3) — (U P3) is an independent set of N3.

Since N3 has at least 82 series classes, r*(N3) > p3((0 + 1)2 q,6 + 1). So, by Theorem 3.5,
N3 contains a (8 + 1)-bundle N4. Since r(co(N4)) < 1, the union of any two series classes of N4
contains a circuit. Moreover, any circuit of N4 contains a set from P3. Thus there is at most one
series class of N4 that does not contain a set from P3. Hence, by deleting a single series class we
can obtain a §-bundle N in N4 such that each series class of N contains a set from 7P3. Thus for
each series class S of N we have ks (S, A) > y as required. O

Proof of Lemma 8.1. Let 5 = 1 and 7% = 2y. Now, for i =8 — 1,...,0, we inductively
define §; = 51(5,+1 + 1, 941,06, q) and yi = y1(¥i+1,60,q) (Where & and y) are defined in
Lemma 6.1). Let 55 =1 and 7’5 = . Now, for i =8y — 1,...,0, we inductively define

8i = 8141 + L, 9i41.6.¢) and 7 = y1(Pi11. 6. q). Now let w1(8, ¥, 0,q) = 3(d0, Y0,6, )
and let M € A(0, g) be a matroid with branch-width at least w; (8, y, 0, q).

By Lemma 8.4 and by possibly replacing M with its dual, we may assume that M has a
So-bundle N and a set A C E (M) — E(N) such that |A| = 9 and, for each strand S of N,
km (S, A) = 7o

8.4.1. There exist:

(i) a sequence (Py, ..., P ) of strands of N
(ii) a sequence (S, .. S ) of sets of strands of N where |S;| > 8; + 1 and, for each i €
{1,...,80), P1,..., Pi ¢3 and Py, ..., Ps € S5 and
>iii) a seque~nce (A],...,Ago) of subsets of A where ASO C.-.-C Ay C Ay and, for i €
{1,..., 00}, |1Ail = Vi,
such that, for each i € {1, ..., 5}, kmys; (Pis Ai) = |A;l.
Subproof. Let Sy be the set of strands of N and let Ag = A; we construct the sequences in-

ductively. Choose any P; € S;_1. Since kp(P;, A) =|A| and A;j_1 C A, «p(P;, Ai_}) >9Yil1.
Therefore, by Lemma 6.1, there exists a subset S; of S;_1 — {P;} such that |S;| =6; + 1 and
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ks (Pis Ai—1) 2 7;. Then, by Lemma 4.7, there exists A; € A;_ such that kpys; (Pis Ap) =
|Ail=7i. D

Let P € SSO and let M1 = M/P. Now let (Cl’-“’CSO) denote (P~O,..., Pp), let A6 = A~0,

and let S(/) ={1,..., So}. Since N is abundle, Cy, ..., CSO are skew-circuits in M;. Moreover:

8.4.2. ky, (C1, Ap) = |Aj| = 80 and, for eachi € {2, ..., 8}, KMy /(Cyu-uci_) (Ciy Ap) = |Agl.
8.4.3. There exist:

@) asubsequence(01,...,05)0]”(1,...,50); 3
(ii) a sequence (1y,...,1s) of sets where |1;| > §; + 1 and, for each i € {1, ...,8}, 0i11,...,
os€Ziandl; CT, 1 N{o;+1,...,60}; and
(iii) |aA;¥|eque~nce (A7, ..., AY) of sets where A5 C --- C A C Aj and, for i € {1,...,8)},
il =Y

such that, for eachi € {1, ..., 65}, KM]/({CJI veenCop JUWU(C): JET))) (Co"- s A:) = |A; l.

Subproof. The proof is very similar to that of 8.4.1; we construct the sequences inductively.
Suppose that we have constructed the first i — 1 terms in the sequences. Let o; be the smallest
elementinZ; 1. If i =1,let M{ = My and, if i > 2,let M = M /(C5U---UCy,_,). By 8.4.2,
K (Co;, Ap) = |A|. Since A]_| C Ay, K (Co;, A;_}) = ¥i—1. Therefore, by Lemma 6.1, there

1
exists a subset Z; of Z;_; — {07} such that |Z;| = §; + 1 and KM!/(C;: ez (Copy Aim1) 2 ;. Then,
by Lemma 4.6, there exists A} C A!_, such that kmtyc;: jezn(Cops AD)=|All=y. O

Let A" = Aj§ and, for each i € {1,...,8}, let C; = C,,. Thus, for each i € {1,...,4},
KM/((CiU-nUC(g)fC’)(Cl{’A/) = |A’| = 2y. Therefore, by Lemma 4.10, for each distinct pair

i,j € {1, ey 5}, KM/((C;UmUCé)—(C,{UC})) (Cl/a C;) z y. O
9. More disentangling

Using Lemma 8.1 we obtain many pairwise highly connected skew-circuits. We can then use
Lemma 7.1 to disentangle the connectivities between these circuits. However, while we have
disentangled the connecting sets from each other, the connecting sets for one pair of circuits may
remain tangled with some of the other circuits; this is overcome by the following two lemmas.
(We only use the following lemma with y =2.)

Lemma 9.1. There exists an integer-valued function w4(8,y,0,q) such that for any positive
integers 8, y, 0, and q, if M is a matroid in A(0, q) with branch-width at least w4(8,7y,0, q),
then M or M* contains a minor N such that N contains a collection {Cy, ..., Cs} of skew-
circuits and a collection {J;j: 1 <i < j <8} of disjoint subsets of E(N) — (C1 U ---U Cs) such
that C1U---UC;s spans N and, for eachi, j € {1,...,8} withi < j,

(@) «njcuc;usp(Ci, Cj) =y, and
(i) rn(C;UC; U J;) <ry(C;UCH) + 1.
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Proof. (Recall that functions p3, y5, and w; are defined in Theorem 3.5, Lemma 7.1, and
Lemma 8.1, respectively.) Let y» = 3a (0, q) + p3((0 + 1)2, q,y + 3, q) +2). For a func-
tion w and positive integer n we let u™(n) = 0 and, for each nonnegative integer i < n,
we recursively define u[i](n) =1+ u(u[“r]](n)). For any positive integer n we let f(n) =
(max(n, a(@,g)ﬁz))2°‘(9’q)372. Let 1(n) = %), g(n) = h!%(n), and §; = g(g(g(5))). Now, let
7=y, (3).0,9) and w4(8, v.6.9) = w1 (81, 71,6, q).

By Lemma 8.1 and duality, we may assume that there is a minor N of M that contains a
collection {Cy, ..., Cgl} of skew-circuits where KN/((CIU“'UCSI)*(CiUCj))(Cl" Cj) > y, for each

distinct pair i, j € {1, ..., 31}. Now,let X=CU---U C31 and let / be a maximum independent
subset of X in N. Note that KN\(X—I)/(I—(C,UC/-))(C[ NnI,C;NI)> 1 for each pair of distinct
elements i, j € {1,...,81}. Now, applying Lemma 7.1 to N \ (X — I), there exist disjoint subsets
(Jij: 1<i <8y1) of E(N) — X such that J;; is a (C;, Cj)-linking setin N /(X — (C; U C})) of
capacity p» and AN 1<i<j<by irit) < 1, for each i',j €{l,...,8) where i’ < j'. Let
Nij =N|(X U J;;). Foreachi e {1, .. .,31}, let ¢; be the element in C; — 1.

The proof of the following claim is essentially the same as that of Lemma 6.2.

9.1.1. Let i, j € {1,...,31} with i < j and let n be a positive integer. If C C {C1,~~,Cg]} -
{Ci,C;} and |C| = f(n), then there exists Ci € C such that |Ci| > n and, for any C' C Cy,
An; (C) < a8, ).

Subproof. Assume that C satisfies the hypotheses above. Let m = max(n, (6, ¢)72). Let X| =
U(C: Ce(C),and let X =X — (C; U C; U X1). Note that J;; is a (C; — {ei}, Cj — {e;})-
linking set of capacity p» in N;;/(X — (C; U Cj)) \ {e;, ej}. Therefore, by Lemma 4.9, there
exists Z; C C; — {¢;} and Z; CCj— {e.,'} such that |Z;| = |1Zj| = 7, and Jij is a (Z;, Zj)-
linking set of capacity y» in (N;; /(X —(C; UCj)) \{ej,e;j})/((C;UC;) —(Z; UZ;U{e;, e;})).
Let N' = Nij\{ei,ej}/(C;UC)) —(Z; UZ;U{e;,e;}))/ Xo, let J = Jij U(X1N1T),and let
L'=(N'/(Z; UZ)|J .

Now, for each C € C, let Sc denote the set of series classes of L’ that contain an element
of C. Now, r*(L") =y, so, by Corollary 3.3, L’ has at most «(6, q) 75 series classes. Thus, there
exists C; € C and a set S of series classes of L such that |C;| =m and S¢c = S for all C € ;.
Let N"=N'/(C—Cy)andlet J” =J N E(N’).

It is straightforward to check that Z; U J” and Z; U J” are bases of N”. Therefore, r*(N") =
|Z;|+ |Ci] = p2» + m. So, by Corollary 3.3,

|E(co(N"))| < (8, g)r*(co(N"))
=a@,q)r*(N")
=a(0,q)(y2+m)
<m+a(@,q)m
= (05(9, q) + l)m.

However, |E(co(N"))| =2 Y (ISc| + 1: C € Cy) = (|S| + 1)m. Therefore, |S| <« (8, q).

Let " € Cy and let X' = [J(C: C € (). Since the circuits in C; are skew, Ay, (X') =
ANij/(X,X/)(X’) + My (X' X — X') = )LN,,-/(X—X’)(X/)' Moreover, X’ N I spans X', so
)‘Nij/(X—X’) (X/) = )LN,-J'/(X—X’)\(X’—I)(X/QI)- However, Nij/(X—X/)\(X/—I) is a minor of L’
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and X’ only intersects |S| < a (6, q) series classes of L', so ANi_//(X_X/)\(X/_,)(X’ﬁl) <ad,q).
Thus, Ay, (X') < (6, q), as required. O

?.1.2. Let a € {l,...,gl} and let (o1, ...,0n) be a sequence of distinct elements in {1, ...,
81} —{a}. If m > h(n), then there exists a subsequence (61, ..., 6y) of (o1, ..., 0n) such that for
anyi €{l,...,n} and any subset C of {C; ,Cs, } we have AN, s (C) 01(9, q).

Giy1> "

Subproof. We construct the sequence inductively. Suppose that m > h(n) = f%(n), and, for

some [ > 0, we have a subsequence (61, ...,0;7) of (o1, ...,0n) Where 6; = oy and we have a
subsequence (o7, ...,0,,) of (o741,...,0,) such that m’" > fW(n) and, for any i € {1,...,1}
and any subset C of {CU PETRTR Cs YU {CUf’ e, CG’;/}, we have )‘Na.ﬁi ©) <a,q).

Let 6741 = o}. By 9.1.1, there exists a subsequence (of,...,0,,) of (03,...,0,,) such that
m” > fUr(n) and, for any subset C of {CUI//, oy Con, } we have AN, 5 s (C) <a@,q9). O
9.1.3. Let (01, ..., 0m) be a sequence of distinct elements in {1, ..., 31}. If m > g(n), then there
exists a subsequence (61, ..., 0y) of (01, ...,0n) such that forany i, j € {1, ...,n} wherei < j,

and any subset C of {C;

Gjy1o e

, Cs,} we have )“N?’iﬁj ©) <a,q).

Subproof. We construct the sequence inductively. Suppose that, for some [/ > 0, we have

a subsequence (41,...,0;) of (o1,...,0,) where 6; = oy and we have a subsequence
6141+ .-+ 614m') Of (Gp41,...,0n) such that m’ > hU](n) and, for any i, j € {1,...,1 +m'}
with i </ and j > i and any subset C of {C;,J.H, ... ‘71+ .}, we have AN ,(C) <o, q).

By 9.1.2, there exists a subsequence (01/,..., o, ,) of (01+2,...,01+m/) such that m” >

() and, for any j € {I,...,m”} and any subset C of {CUJ(H,...,CJ’;N}, we have
)\NAZ Lo (©) < a(f,q). Now, fori € {1, ...,m"} we redefine 67414 as o/. O

O'+ .D'j
9.1.4. Let (01, ...,0m) be a sequence of distinct elements in {1, ..., 31}. If m > g(n), then there
exists a subsequence (61, ...,6y) of (01, ...,0n) such that forany i, j € {1,...,n} wherei < j,
and any subset C of {Cs,,, ..., Cs,_,} we have Ay, ; (C) <a(0,q).

i9j

Subproof. We construct the sequence inductively. Suppose that, for some / > 0, we have
a subsequence (41,...,67) of (o1,...,0,) where 6; = oy and we have a subsequence
(61415 -+ »61gm) O (Gp41,...,00) such that m’ > hll(n) and, for any i, j € {1,...,1 +m’}
with i < l and j > i and any subsetC of {C<71+1’ ..., Cs, ), wehave Ay, . (C) <a(0,q).
9]

By 9.1.2, there exists a subsequence (07,...,0,,) of (Gi4m,...,0142) such that m” >

() and, for any j € {I,...,m”} and any subset C of {CU(H,...,CJ/ }, we have
J m!

AN (C) <a(b,q). Now, fori € {1,...,m"} we redefine 6,4 4 (m'+1-i) as of. O

G141:9;

9.1.5. There exists a subset {01, ...,05} of {1,..., 31} such that, for each i, j € {1,...,8)} with
i < j; )\’N(rl-'(rj ((CO'I LERIL L) CO'(;) - (CO',' U ng)) < 3“(97 Q)

Subproof. Apply 9.1.3, reverse the order of the resulting subsequence, apply 9.1.3 again, and
then apply 9.1.4. We obtain a subsequence (o1, ...,0s) of (1,...,81) such that, for each 7, j €



994 J. Geelen et al. / Journal of Combinatorial Theory, Series B 97 (2007) 971-998

{1,...,8} with i < j, we have AN%GJ, (Coys-., Coy) < (0, q), )LNoivgj (C,TIH,...,C(TJ.?]) <
«(d,q), and )\'N”iv“j (Cojyys--Co) Sa(f,q). O

Let C; = C,, foreachi e ({l,...,8} and Ji’j = Joo; foreachi, je{l,...,8} withi < j. Let
X'=C{U---UCjandlet Ny =N/((Cy U---UCs) — X’). Note that, for each i, j € {1,..., 8}
with i < j, we have KN2|(X/UJi/j_)(le, C;.) >y and )‘Nz\(X’UJl.’j)(X/ —(CluU C})) < 3a(9, q); so
KNZKC;UC}UJ{/)(C;, C}) > p3((0 + 1%, q,y + 38, q) + 2). Therefore, there exists a graphic
(Ci, C})-linking set Jl.’/’. - Jl.’j of capacity y +3a(6, ¢) 4+ 1. Now, (N2/(C/U C;.))|Jl.f; is a bundle
and HNZ/(C;UC})(Ji/]/'v X' —(Clu C})) < 3a(, q). Therefore, there exists a graphic (C;, C})-
linking set fij C J;} of capacity y + 1 such that ”Nz/(c;uc})(fij’ X' —(CiUC)) < 1.Let N3 =
N |(X'U (JA,:/: 1 <i < j <§)). By possibly contracting some elements of the sets JA,:/, we may
assume that X’ spans N3. These contractions may reduce some of the connectivities, but since
)‘(N/X)I(Ji/,-/t 1<i’<j’<$1)(‘]ij) < 1 for each i < j, the connectivities reduce by at most one. That

is, KN3|(C{UC;.UJA,~J-)(CZ{’ C;) 2 y. Now, ry, (C;UC} UJij) —rn; (CZ{UC}) = HNg/(C;UC})(Jij’ X' —

(C/u C})) < 1, asrequired. O

Lemma 9.2. There exists an integer-valued function ws (8,0, q) such that for any positive inte-

gers 8, 0, and q, if M is a matroid in A(0, q) with branch-width at least ws(8,0, q), then M or

M* contains a minor N such that N contains a collection {C1, ..., Cs} of skew-circuits and a

collection {e;j: 1 <i < j <8} of elements such that e;; € cly(C; U C;) — (cly (Cy) Ucly (C)))

foreachi, je{l,...,8} withi < j.

Proof. For integers a and n with 1 < a < n we recursively define f(a, n) as follows:
fm—1,n)=n and f(a,n)=2f(a+1,n)—a—2 whenevera<n—1.

Now, let g(n) = f(0,n), §; = g(g(g(8))), ws(8,6,q) = ws(51,2,6,q), and let M be a matroid

in A(6, g) with branch-width at least ws(§, 0, q).
By Lemma 9.1 and duality, we may assume the following.

9.2.1. There exists a minor N of M such that N contains a collection {C1,...,C 51} of skew-
circuits and a collection {J;j: 1 <i < j < 31} of subsets of E(N) such that C;1U---U C31 spans
N and, foreachi, j € {1,...,31} withi < j,

M) knicuc;ui(Ci, Cj) 22, and
(i) rn(C;UC; U Jij) <ry(C;UCH) + 1.

Let & = g(g(8)).

9.2.2. There exist a minor N1 of N and a subsequence (o1, ..., 082) of (1,..., 81) such that

(CF ng ) are skew-circuits of N1, Cq U- - -UC(,(§ spans N1, and, foreachi, j € {1,..., 32}
2 2

withi < j,

(1) KN]‘(CgiUngU.]gigj)(CO’,'a CUj) 2 1 +rN1 (thi U CG_,' U J(T,'(Tj) - rN] (C(T,' U Caj),
(ii) Ny (CU,' UC(Tj U J(T,'(Tj) < 'y (C(T,' U Co'j) +1, and

(ii1) ANll(C"lu"'Ucﬂg Ujgiaj)(c,g—k) =0 forallke{j+1,...,8]}
2
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Subproof. We build the sequence inductively. Each step in the construction is associated with
a pair (a, b) of positive integers; in the base case a = b = 1, in the other cases we have b > a,
and we index through the cases lexicographically. Let (a, ) be such a pair of integers, and let
m(a,b) = f(a —1, 32) — (b — a). Suppose that we have a minor Ny of N and a subsequence
(61,...,6m) of (1,...,81) with m = m(a, b) such that (Cs,, ..., Cs,) are skew-circuits of Ny,
Cs, U---UCs, spans Ny and, foreach i, j € {1,...,m} withi < j,

(@) Kny|(csUCs Ysia; )(Cs,,Cs,) 2 141N, (Co, UCs, U Js5.) — vy (Co; U Cs ),
(b) rn, (Cs, UC UJ(,,,) rn, (Cs, U Cs )+1 and
(c) if elther i< a or both i=a and Jj < b then )W”(c U--UC; U]M_)(C&k) =0 for all k €
i%j
{(j+1,...,m}.

(In the base case, when a = b = 1, the condition (c) is vacuous.) If a = 32 —2and b= 32 -1,
then the claim is proved; suppose otherwise. If b=m — 1, thenleta’=a+ 1 and b’ =a’ + 1.
If b<m—1,then let a’ =a and b’ = b + 1. It is straightforward to check that m(a’, ') =
m(a,b) — 1. If )"N1|(C&1U'“UC&MUJ& ,&b,)(C(;k) =0forall ke {b' +1,...,m}, then we are done
with this step of the induction; we replace a by a’, b by &', and Ny by Ni/C;, . Thus, we may
assume that there exists some k € {b’ + 1, ..., m} such that Ay, |(C,U-UCs, U ,6b/)(C5k) > 0;
we choose the largest such k. Let C; denote Cj,, let S ' denote Jj, 6; VE(Ny), and let Z =
CiU---UC,,. Since (C},..., C,,) are skew and ry, (C/, U C,UJ, ) <ry(C,UC,)+1,we
have )‘Nll(C;,UC,’,,UJa’/h,)(Cl/c) =1landry,(C,,UC,UJ., ) =rN(C,UC,)+1.

Choose an element e € J;,b, that is not spanned by C;, U Cl’],. Now, let I € C; U {e} be a
maximal independent set of N1/(Z — C}) containing e. Let N' = N;/I. Note that, I is skew
to Z — Cy; thus, the circuits {C{,...,C,,} — {C;} are skew in N' and span N’. Now, since
J),,; is spanned by C/, U C;, U {e} in Ny, J/,,, is spanned by C/, U C,, in N'. So, for each
Kell,...,m}—{d, b, k}, )‘N’I((Z—C,Q)UJ/,b/)(Cl/c’) = 0. Moreover, it is easy to see that, for each
i,jefll,....,m}— (k) withi < j,

KN,KC,UC,_U,_,_)(C{, Ci) =1+ ry (C U CiUJ))—rx(CiUC)), and
ry(CTUC; U L) <ry(CTUCh) + 1.

Finally, consider elements i, j, k' € {1, ...,m} — {k} such that ¥’ € {j + 1, ..., m} and either
i<aori=aand j<b.By(c), Ay, zusy(Cp) =0.1f Jl./j is in the closure of Z — C} in Ny,
ij

then, since I is skew to Z — C;, Ayr(z—c DU, )(Ci) = 0. So, suppose that J; is not in the
closure of Z — Ck in Np, and, hence, that )‘Nll(ZUJ )(C ) = 1. Then, by (¢), k < j; so k < k'.
Hence, by our choice of k, Ay, |zu J, )(Ck/) =0. Therefore J),,; is spanned by Z — C;, and,
hence, I is skew to C}, in Nj. Then )”N/\((Z—Ck)UJ,-,)(Ck’) AN”(ZUJU_)(C,(/) = 0; as required.

Now, replace N| by N’ and (61, ..., 6,) by (G1,...,0k—1,Ok+1, ..., 0m); We have shown that
(a), (b), and (c) are satisfied by this choice. O

In the proof of the above claim we considered pairs i, j € {1, ..., m} withi < j and “cleaned”
the stretch after j. Repeating the same proof we can also clean the stretch preceding i and again
repeating the proof we can clean the stretch between i and j. Thus, we obtain the following.
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9.2.3. There exist a minor Ny of N and a subsequence (ty, ..., 1s) of (o1,..., 032) such that
(Cqy, ..., Cy) are skew-circuits of Ny, Cy; U ---U Cyy spans N, and, for each i, j € {1, ..., 8}
withi < j,

(1) KNZ‘(CriUerUJrirj)(CTi’ C‘L'j) > 1 + er(C‘L',' U C‘L’j U J‘L'l"L'j) - er(CT,' U C‘[j);
(ii) er(C‘L’,' U C‘[j U Jt,'tj) < er(CT,' U C‘[j) +1, and
(iii) )»NZKC” U"‘UCT5UJrirj)(CTk) =0forallkef{l,...,8} —{i, j}.

For eachi € {1,..., 8} let C! denote C,, for each i, j € {1,...,8} withi < j, let J[/j denote
Ji NE(Ny), andlet Z=C},....C}.
Consider i, j € {1,...,8} with i < j. By (iii), )\.NZI(ZUJi;_)(CI/{) =0forall ke{l,...,8} —
{i, j}. It follows that Ay, |z ) (C] U C;. U Ji/j) = 0. Then, since (C{, ..., Cj) are skew and span
ij
N2, J{; is spanned by C} U C} in N». Moreover, KNZKC;UC;UJ{/)(C;, C}) = 1, so there exists
ejj € Jl.’j that is spanned by neither C; nor C ; in N;. This completes the proof. O

10. Finding cliques

Lemma 9.2 provides us with a lot of structure. In this section we will show that this structure
implies the existence of either a large clique or the dual of a large clique as a minor. Recall that
the function 8 was defined in Theorem 3.2.

Lemma 10.1. Let m, q, and n be positive integers with m = 2(B(n, q) + 1). Now, let M €
U*(q) be a matroid with E(M) = {a;;: i,j e{l,....m},i # j}U{e;j: 1 <i < j <m} such
that ({a;j: j €{l,...,m} —{i}}: i € {1,...,m}) is a collection of skew-circuits and, for each
i,jell,....mywithi < j, {a;;, eij,aj;} is a circuit. Then, M has an M*(K,)-minor.

Proof. Let C; denote the circuit {a;;: j € {1,...,m} — {i}} of M and let J = {¢;;: 1 <i <
J < m}. Let N be the matroid obtained from M /J by simplifying the parallel pairs {a;;, aj;}.
Thus, in N we have a;; = aj;. We claim that N is cosimple; consider an element a;; of N. Since
a;j is in the circuit C; in M, there is a circuit Ci’ of N with g;; € le C C;. Similarly, there is a
circuit C’; of N with a;; € C} C Cj. Since C; N C} = {a;;}, a;; is not in series with any other
element in NV; thus, N is cosimple as claimed.

Note that, |[E(N)| = W > B(n, q)m. Now, each circuit C; of M has m — 1 elements, so
r(M) =m(m — 2). Moreover, |J| = (). Hence, r*(N) = |[E(N)| — r(N) < |[E(N)| — r(M) +
|J| = 2(”21) — m(m — 2) = m. Therefore, applying Theorem 3.2 to N*, we see that M has an
M*(Ky,)-minor. O

Lemma 10.2. Let m, q, and n be positive integers with m = 28 (n, q). Now, let M € U(q) be a
matroid with E(M) ={ay, ..., an}U{e;j: 1 <i < j <m}suchthat {ay,...,an} is an indepen-
dent set of M and, for each i, j € {1,...,m} withi < j, {a;, e;j, a;} is a circuit. Then, M has an
M (K,)-minor.

Proof. Note that r(M) = m and E(M) = m + (3) = @™ > B(n, ¢)r(M). Thus, by Theo-
rem 3.2, M has an M (K,)-minor. O

Now, the last step.
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Lemma 10.3. For any positive integers n and q there exists a positive integer m such that if
M e U(q) NU*(q) is a matroid containing skew-circuits (C1, ..., Cy) and elements {e;;: 1 <
i < j<m}where ejj € cly(C; UC;) — (cly(Cy) Ucly(Cj)), then M has an M(K,)- or an
M*(K,)-minor.

Proof. Let f (k) = B(n, q)k>, and let f Y denote the composition of f with itself j times; that is,
f) = fk) and, for j > 1, £ (k) = f(f/7" (k). Now, let 11 =2(B(n,q) + 1), 2 =2(n. q),
and 1 = 1, +t2;1etm=r+f’(@);andletM, (Ci.....Cp)., and {e;j: 1<i < j <m}be

as stated above.

103.1. Ifief{l,...,m}and SC{i +1,...,m} where |S| > f(k), then there exists S’ C S with
|S’| = k and there exists X C C; such that either

() |Ci — X|=2and, foreach j € §', e;j & clu;x(Cj), or
(ii) there is a bijection 7 : (C; — X) — §’ such that, for eacha € C; — X, a € cly/x(Cr@y U
{eiﬂ(a)})~

Subproof. Choose X C C; maximal such that for each j € S ¢;; ¢ cly/x(C;) and let N =
M/ X. We may assume that |C; — X| > 2. By our choice of X, for each element a € C; — X
there exists an element 7(a) of S such that e;; () € cly/a(Cr(q)). Since the circuits C; and
Cr(a) are skew, a € cly(Cra) U {ein@}). Let 8" = {n(a): a € C; — X}. Since |C; — X| > 2,
cIy (Cr(ay Y lein@}) N (Ci — X) = {a}. Thus, 7 is a bijection from C; — X to §’. Therefore, we
may assume that |S’| < k and, hence, |C; — X| < k.

Let J = U(Cj5 J €5) and let A = {e;;: j € S}. Note that A C cly,y(C; — X). Thus,
rnyj(A) <rynyj(Ci — X) < k. Then, by Theorem 3.2, |[E(si((N/J)|A))| < B(n, g)k. However,
|A| = f (k) =B(n, q)k2 > k|E(si((N/J)|A))|. Therefore, there exists A’ C A with |A’| = k such
that ry s (A)=1.Let " ={j: jeS,ejj € A} andlet J'=J(Cj: j€S"). Since C; — X is
skew to J in N, Ny (C; — X, J'UA") <ry;j(A") = 1. Now choose a set X' with X € X' C C;
that is maximal such that e;; ¢ cly/x/(C;) for each j € §”. Since My(C; — X, J ' UA") <1,
C; — X' will be a parallel pairin N/X'. O

By repeatedly applying the above claim fori =1, ..., t we get the following.

10.3.2. There exist S C {t+ 1, ..., m} with |S| = @ and X € C1U---UC; such that for each
iefl,..., t} either

(i) |Ci — X|=2and, for each j € S, e;j ¢ cly;x(Cj), or
(ii) there is a bijection 7 : (C; — X) — S such that, for each a € C; — X, a € cly/x(Cr@) U
{ein@ -

Let S and X be as given by 10.3.2. Now, fori € {1, ..., ¢}, let le =Ci—XandletN=M/X.
Note that either |C/| =2 or |C}| = |S|. We break the proof into two cases; among (C{, ..., C})
either there are #; circuits of size | S| or there are 1, circuits of size two.

Case 1. At least t| of the circuits (Cy, ..., C)) have size |S]|.

By possibly reordering we may assume that |C;| = |S| foreachi € {1,...,1}.
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Consider some k € S and i € {1, ..., t}. By construction, le Ncly(Cr U {ejr}) contains ex-
actly one element, say a,i. Moreover, the elements (aj.: Jj € §) are distinct.

Since there are at least as many elements in S as there are pairs of elements in {1, ..., 71}, we
can choose a sequence (k;;j: 1 <i < j <11) of distinct elements in S. For each i, j € {I,...,1}
withi < j, weleta;; = a,iij andaj; = a,i,f.

Consider some i, j € {1,..., 11} with i < J»and let k = k;;. Obviously N|(Cy U {ejk, a;;}) is
connected, and, hence, N |[(Cy U {ejx, ejk, aij, aj;}) is connected. Therefore, there exists a circuit
C of N such that {a;j,a;;} € C € Cy U {ej, ejk, a;j, a;;}. We can then contract elements of C
to make a triangle through the pair {a;;, a;;}; moreover, we can do this for each pair. Note that
the circuits (C i o, C;]) remain skew after these contractions. Then, by Lemma 10.1, M has an
M*(K,)-minor.

Case 2. At least t| of the circuits (Cy, ..., C{) have size two.

This is essentially the same as the first case, but we use Lemma 10.2 in place of
Lemma 10.1. O

Finally, Theorem 2.2 is an immediate corollary of Lemmas 9.2 and 10.3.
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