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Chapter 1. Introduction

In this paper we prove the following theorem.

Theorem 1.1. Let p be a prime number. Then there is an integer y (p) such that a 4-connected matroid has at
most y (p) inequivalent GF(p)-representations.
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Fig. 1.1. A rank-5 free swirl.

We also prove a somewhat stronger theorem that obtains the same conclusion for a weaker notion
of connectivity. Before discussing this, and other results in this paper, we provide some background.

It is easily seen that if a matroid M is binary, then M is uniquely representable over any field
for which it is representable. It is also straightforward to show that ternary matroids are uniquely
representable over GF(3). In [15], Kahn proved that 3-connected quaternary matroids are uniquely
representable over GF(4). In that paper he made the conjecture that for any finite field GF(q), there is
an integer 1 (q) such that a 3-connected matroid has at most £ (q) inequivalent GF(q)-representations.
In [25] Oxley, Vertigan and Whittle proved that Kahn’s Conjecture holds for GF(5), but, unfortunately,
examples in that paper show that the conjecture fails for all fields larger than GF(5).

One may hope to recover the situation by increasing the connectivity. What about 4-connected
matroids? For non-prime fields, the situation is somewhat dire. It is shown in [10] that there are
4-connected matroids with an arbitrary number of inequivalent representations over any non-prime
field with at least 9 elements. Indeed, for n > m, there is a vertically (m + 1)-connected matroid that
has at least 2"~ inequivalent representations over any finite field of non-prime order q > m™.

As Theorem 1.1 shows, the situation is much better for prime fields. Before turning to a more de-
tailed discussion of the contents of this paper we mention a significant application of the results of
this paper. Seymour [28] showed that in the worst case it requires exponentially many rank evalua-
tions to prove that a matroid is binary and this negative result extends easily to other fields [14]. In
contrast to this, it is proved in [14, Theorem 1.1] that, for any prime p, an n-element matroid can be
proved to be not representable over GF(p) using only O (n?) rank evaluations. Results from this paper
form an essential ingredient in the proof of this result.

We also obtain other consequences that we believe are interesting in their own right. Here is one.
Recall that a Mersenne prime is one that has the form 2" — 1 for some integer n. A very well-known
conjecture is that the number of Mersenne primes is infinite. For a prime power g, let R(q) denote
the set of matroids representable over all fields with at least g elements.

Theorem 1.2. There are infinitely many Mersenne primes if and only if, for each prime power q, there is an
integer mq such that a 3-connected member of R(q) has at most mq inequivalent GF(7)-representations.

The results that we have highlighted so far are all to do with representations of matroids over
fields. It is striking that it is not until the short last chapter of this paper that fields play a role. Until
then all of our results are purely structural and are valid independently of any assumptions about
representability. The potential for a matroid to have inequivalent representations is due to certain
structural features that are inherent in the matroid. These are the features that we focus on. The
applications to fields are obtained as consequences of our structural results.

We now outline our stronger theorem on inequivalent representations. Let M be a matroid with a
basis B ={b1, b3, ..., bn} such that, for all i € {1,2,...,n— 1}, there are elements P; = {pj, q;} placed
freely on the line spanned by {b;, b;+1} and a pair of points P, = {ps,qn} placed freely on the line
spanned by {b,, b1}. Then the matroid M\B is the rank-n free swirl, denoted A,. Fig. 1.1 illustrates As.
For prime fields, the class of free swirls provide the counterexamples to Kahn’s Conjecture given
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Fig. 1.2. A swirl-like flower.

in [25]. It is natural to ask if all such counterexamples are, in some sense, related to free swirls. In
this paper we provide what is, essentially, a positive answer to that question.

Note that a set X of elements of A, is non-trivially 3-separating if and only if it is a union of
members of (Pq, Py, ..., P;) that are consecutive in the cyclic order. More generally, a 3-connected
matroid M has a swirl-like flower with n petals if there is a partition P = (P1, P2, ..., Py) of E(M)
into exactly 3-separating sets called the petals of P such that a union of petals is 3-separating if and
only if it is consecutive in the cyclic order. Fig. 1.2 illustrates a swirl-like flower with five petals. It is
possible for petals to be degenerate in a way that we explain later. If n > 4, then the order of a swirl-
like flower is the number of non-degenerate petals it has. To control inequivalent representations we
control swirl-like flowers. Let k > 5 be an integer. Then a matroid is k-coherent if it is 3-connected
and has no swirl-like flowers of order k. The main theorem of this paper is really the following.

Theorem 1.3. Let k > 5 be an integer and p be a prime number. Then there is a function y (k, p) such that a
k-coherent matroid has at most y (k, p) inequivalent representations over GF(p).

As 4-connected matroids are k-coherent for any k > 5, Theorem 1.1 is an immediate corollary of
Theorem 1.3. While Theorem 1.3 is somewhat more technical than Theorem 1.1, it is considerably
stronger. We also observe that it is, in general, easiest to prove a theorem for the weakest version
of connectivity for which the theorem is true. This is because weaker notions of connectivity are
usually easier to keep in minors and therefore facilitate inductive arguments. We know of no way to
obtain a bound on the number of inequivalent representations of 4-connected matroids other than as
a consequence of a stronger theorem using a weaker connectivity notion.

We now consider the structure of this paper. It was always clear that this was going to be a
long paper, although it never occurred to us that it would be this long. Our original intention was to
partition it into a sequence of papers, but the interconnectivity of the material was so high that this
strategy seemed increasingly artificial and we eventually abandoned it. In the discussion that follows
we use loosely a number of terms that are defined formally later in the paper.

Chapter 2 contains known material, mainly on connectivity, that is fundamental to this paper.
Flowers are structures in matroids that arise when 3-separations cross. Flowers come in several dif-
ferent types and there is a natural equivalence and partial order on the flowers in a matroid. Flowers
were introduced and studied in [20] and further studied in [21]. It seems that just about every known
elementary fact on flowers is needed at some stage in this paper, and some facts are needed many
times. Chapter 3 is primarily a survey of basic properties of flowers.

Let k > 5 be an integer. As noted above, a k-coherent matroid is one that is 3-connected and has
no swirl-like flower of order at least k. This is our basic notion of connectivity. Chapter 4 describes
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properties of this connectivity notion. If M is a k-coherent matroid and T is a triangle of M, then one
would typically expect there to be an element t € T such that M\t is k-coherent. Unfortunately this
is not always the case and triangles that do not have this property are called k-wild. The structure
of M relative to a k-wild triangle is described. If f is an element of the k-coherent matroid M and
M\ f and M/f are both 3-connected, then one might hope that at least one of these matroids is
k-coherent. Again this is not always the case. If neither M\ f nor M/f is k-coherent, then we say
that f is feral. The structure of M relative to a feral element is described. Feral elements and k-wild
triangles arise repeatedly in proofs in later chapters of the paper. We prove a wheels and whirls type
theorem for k-coherent matroids.

The underlying cause of inequivalent representations in matroids is that an element may have
freedom. A k-skeleton is a k-coherent matroid whose elements have, in some sense, maximum free-
dom. It is easily seen, and shown in Chapter 12, that the number of inequivalent representations of a
k-coherent matroid over a finite field is bounded above by the maximum of the number of inequiv-
alent representations of its k-skeleton minors. In Chapter 5 k-skeletons and their basic properties are
described. Again we find that certain structures arise that are counterexamples to expected behaviour;
we call these structures bogan couples and gangs of three. In a way that is entirely analogous to the
theorems for k-wild triangles and feral elements, we give theorems that describe the local structure
of a matroid relative to a bogan couple or a gang of three.

Chapter 6 gives a chain theorem for k-skeletons. It is shown that if M is a k-skeleton, then unless
M is trivially small, M has a k-skeleton minor N such that |E(M) — E(N)| < 4. Viewed from a bottom
up perspective it gives us a way of building all k-skeletons in a class. A 4-element jump may seem
somewhat daunting, but it is shown that the structure when 3- and 4-element jumps are required
is quite specific. Indeed reasonably special structure arises even in the 2-element case. Apart from a
handful of lemmas the results of Chapter 6 are not needed in the rest of the paper. We expect that
these results will be used to obtain an explicit bound on the number of inequivalent representations
of 4-connected matroids over GF(7).

Chapter 7 marks a sharp change in the techniques of this paper. Up to this stage we have focussed
on exact structure. From now on techniques are extremal. The rank-q free spike Aq is defined in
Chapter 2.4. Let £(q) denote the class of matroids with no Uz g42-, Ugg42- or Ag-minor. The goal is
to eventually show that there are only a finite number of k-skeletons in £(q). This gives immediate
corollaries for matroids representable over fields as, if g is prime, the matroids representable over
GF(q) are a subclass of £(q).

A path of 3-separations in a matroid is an ordered partition of the ground set that induces a nested
sequence of 3-separations in M. In Chapter 7 it is shown that a k-skeleton with a sufficiently long
path of 3-separations cannot be in £(q). This begins the process of taming the structure of a suffi-
ciently large k-skeleton in £(q). In Chapter 8 this process is continued. We show that a sufficiently
large k-skeleton must contain, as a minor, a large 4-connected matroid all elements of which are
neither fixed nor cofixed. This refining process is continued and it is shown that a sufficiently large
4-connected matroid with the above property has a large 4-connected minor whose ground set con-
tains many clonal pairs.

The refining process is further continued in Chapter 9 where we consider unavoidable minors
of 4-connected matroids whose ground set contains many clonal pairs. In fact it suffices to focus on
3-connected matroids whose ground set has a partition into clonal pairs. It is shown that a sufficiently
large such matroid M in £(q) must have a large free-swirl minor. Moreover, we can also guarantee
that all of the clonal pairs in this minor are clonal pairs in M.

We now have a guaranteed large free-swirl minor. If we delete a clonal pair from this minor we
obtain a matroid with a natural partition that gives a certain type of path of 2-separations. This is a
minor of a matroid in which all of the 2-separations are bridged. Moreover the minor has a partition
into clonal pairs that remain clonal pairs in the large matroid. In Chapter 10 it is shown that if the
path of 2-separations is sufficiently long, then unless the 2-separations are bridged in a very specific
way, the bridging matroid cannot be in £(q).

Chapter 11 returns attention to our large free-swirl minor. Such a matroid displays a path of
3-separations. These 3-separations are bridged by our larger matroid. Here we obtain the final win
by showing that, if the swirl is sufficiently large and the clonal pairs of the free swirl remain clonal
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in the matroid M that bridges the separations, then M cannot be in £(q). In other words there are a
finite number of k-skeletons in £(q).

Having achieved the climax of the paper—which has no doubt been reached in a fever pitch of
excitement—the reader can relax and enjoy the denouement which consists of the applications to
fields given in the final chapter. Alternatively one could cheat and begin by reading the last chapter
first. This strategy is recommended.

Chapter 2. Background material

It is assumed that the reader is familiar with matroid theory as set forth in Oxley [19]. Terminology
and notation generally follows [19]. This chapter attempts to cover some of the additional terminology
and known results that we will need. It is largely an accumulation of material scattered in research
papers, although results covered in [19] that are of particular significance here are restated. Much of
it will be needed throughout although some of it is not needed until later in the paper; for example
blocking sequences are not used until Chapter 9. It just seemed more natural to include blocking
sequences in a chapter primarily concerned with connectivity techniques. On the other hand some
introductory material is delayed; for example basic facts on freedom in matroids are not introduced
until Chapter 5.

We note that duality plays an integral role throughout this paper. Almost all of our concepts and
results are either self-dual or have dual formulations that need to be grasped. This applies, for exam-
ple, to something as elementary as the closure operator of a matroid where we need to understand
the behaviour of the dual operator, the coclosure operator. We often neglect to state dual versions of
results and in any unexplained context the phrase “by Lemma x” should always be taken to mean “by
Lemma x or its dual”.

We note that, as with all matroid structure theory, in one way or another it is all about connec-
tivity.

Let M be a matroid on ground set E with rank function r. The connectivity function Ap; of M is
defined, for all subsets A of E, by Ap(A) =1(A) +r(E — A) — r(M). If the matroid is clear from the
context then Ay (A) will be denoted by A(A). We extend the notation to a partition (A, E — A) of E,
by defining Ap (A, E — A) = Ay (A).

The set A or the partition (A, E — A) is k-separating if A(A) < k. The partition (A, E — A) is
a k-separation if A is k-separating and |A|, |[E — A| > k. Fussing about the distinction between
3-separating partitions and 3-separations leads to constipated prose, but the distinction is at times
important, so we appear to be stuck with it. The matroid M is k-connected if it has no (k — 1)-
separations. A k-separating set A, or k-separation (A, E — A) is exact if A(A) =k — 1. A matroid is
connected if it is 2-connected.

It is immediate from the definition that the connectivity function of a matroid is symmetric, that
is, Ay (X) = Apm(E — X) for all subsets X of E. Moreover, one readily checks that if r* is the rank
function of the dual M* of the matroid M, then Ay (X) =r(X) + r*(X) — | X] for all subsets X of E.
This establishes the next lemma.

Lemma 2.1. For any matroid M we have Ay = Ay+.

We freely use Lemma 2.1 without mention throughout the paper. Another elementary fact about A
is that it is monotone under minors.

Lemma 2.2. Let N be a minor of the matroid M. Then An(A) < Ap(A) for any subset A of E(N).
An easy rank calculation proves that A is submodular, that is A(X) +A(Y) > A(XUY)+A(XNY) for
all X,Y C E. The submodularity of A is frequently used to establish that certain sets have bounded

connectivity. The next lemma is an instance of this.

Lemma 2.3. Let M be a matroid and let X and Y be subsets of E(M) such that A(X) = A(Y) = 2. If
AMXUY) > 2, then A\(XNY) < 2. In particular, if M is 3-connected and A(X) = A(Y) = 2, the following hold.
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(i) IfIXNY|>2,then X UY is 3-separating.
(ii) If|[E(M) — (X UY)| > 2, then X NY is 3-separating.

We make frequent use of Lemma 2.3 and often write by uncrossing to mean “by an application of
Lemma 2.3".

Keeping connectivity A key role that connectivity plays in matroid structure theory is to eliminate
degeneracies caused by low-order separations. This is precisely the role played by connectivity when
sufficient connectivity enables us to bound the number of inequivalent representations of a matroid.
To make inductive arguments possible it is necessary to have theorems that enable us to remove
elements keeping a given type of connectivity. It seems that Tutte was the first to appreciate the
need for such results. Indeed a number of the results proved by Tutte have become basic tools. The
following is the most elementary.

Lemma 2.4. Let M be a connected matroid. Then, for any element e of M, either M\e or M /e is connected.

Let n > 2 be an integer. Recall that the wheel W, is the graph consisting of a cycle of length n
together with another vertex v that is incident with all of the vertices in the cycle. The rim edges
of W, are the edges in the cycle. The remaining edges are the spoke edges. If we lapse and say
that a matroid is a wheel we mean that it is the cycle matroid of a wheel. The rim edges of W,
form a circuit-hyperplane of M(Wy). The whirl W" is obtained from M(W,) by declaring this circuit-
hyperplane to be a basis; see [19, Chapter 8.4]. The next theorem of Tutte [30] is fundamental.

Theorem 2.5 (Tutte’s Wheels and Whirls Theorem). Let M be a 3-connected matroid. Then, unless M is a whirl
or the cycle matroid of a wheel, there is an element e of M such that either M\e or M /e is 3-connected.

A set X of a matroid M is a parallel set if every 2-element subset of X is a circuit. A parallel class
of M is a maximal parallel set. Dually, X is a series set of M if every 2-element subset of M is a
cocircuit. A series class of M is a maximal series set. A matroid M is 3-connected up to parallel pairs if
whenever (X,Y) is a 2-separation of M, then either X or Y is a parallel pair and is 3-connected up
to series pairs if whenever (X, Y) is a 2-separation of M, then either X or Y is a series pair. Bixby [3]
proved the next very useful result.

Theorem 2.6 (Bixby’s Lemma). Let e be an element of the 3-connected matroid M. Then either M\e is
3-connected up to series pairs or M /e is 3-connected up to parallel pairs.

To say that a matroid M has the matroid N as a minor means that we may delete or contract
elements from M to obtain a matroid equal to N. To say that M has an N-minor means that M has
a matroid isomorphic to N as a minor. It is often the case that we would like to keep connectivity
and keep a minor. Typically isomorphism needs to be invoked. The version of Seymour’s Splitter
Theorem [27] below is not the strongest possible. See Oxley [19, Chapter 11] for a more detailed
discussion of the Splitter Theorem and its consequences.

Theorem 2.7 (Seymour’s Splitter Theorem). Let N be a 3-connected matroid that is not a wheel or a whirl. If
N is a proper minor of the 3-connected matroid M, then there is an element e of M such that either M\e or
M /e is 3-connected with an N-minor.

Tutte’s Linking Theorem Let M be a matroid and let X and Y be disjoint subsets of E(M). We
let kp(X,Y) =min(Apy(A): X CAC EM)—Y). If the matroid M is clear we abbreviate ky; to k.
Intuitively «(X,Y) measures the connectivity between X and Y provided by the rest of the ma-
troid.

If N is a minor of M and X,Y € E(N), then xn(X,Y) < km(X,Y). The next theorem provides
a good characterisation for «p(X,Y). This theorem is, in fact, a generalisation of Menger’s Theo-
rem.
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Theorem 2.8 (Tutte’s Linking Theorem). (See [29].) Let M be a matroid and let X and Y be disjoint subsets
of E(M). Then there exists a minor N on X UY such that An(X) = kp (X, Y).

The following lemma shows that if we apply Tutte’s Linking Theorem when Ap(X) = kp(X,Y),
the resulting minor N satisfies M|X = N|X.

Lemma 2.9. Let N be a minor of a matroid M and let X be a subset of E(N). If Apq(X) = An(X), then
M|X = N|X.

Local connectivity For subsets X and Y in M, the local connectivity between X and Y, denoted
My (X, Y), or N(X,Y) if the matroid is clear from the context, is defined by ry (X, Y) =r(X) +r(Y) —
r(X UY). Evidently My (X, Y) = Amxuy) (X, Y). We denote My« (X, Y) by my, (X, Y). The next lemma
follows from an easy rank calculation.

Lemma 2.10. Let x be an element of the matroid M and let A and B be disjoint subsets of E(M) — {x}. Then
(i) Mmyx(A, B) =M (A, B) if either x ¢ cl(A U B) or x € cl(A), but x ¢ cl(B);
(ii) Muyx(A, B) =y (A, B) +1ifx e cl(AU B) but x ¢ cl(A) and x ¢ cl(B); and
(iii) Mm/x(A, B) =Nm (A, B) — 1ifx e cl(A) and x € cI(B).
Let {A, B, C} be a partition of the ground set E of a matroid M. Then A and B are skew in M if
r(AUB) =r(A) +r(B) and are coskew in M if they are skew in M*. Equivalently, A and B are skew if
MM (A, B) =0 and are coskew if 1y, (A, B) =0.

Recall that sets X and Y in a matroid M form a modular pair if r(X) +r(Y)=r(XUY)+r(XNY).
An easy argument from duality proves

Lemma 2.11. Let M be a matroid and let {A, B, C} be a partition of E(M). Then the following are equivalent.
(i) A and B are coskew in M.

(ii) rmyc(A) +rmyc(B) =rm/c(AUB).

(iii) r(AUC) +r(BUC) =r(M) +r1(C).

(iv) E — A and E — B form a modular pair in M.

The next lemma is proved in [20].

Lemma 2.12. For disjoint subsets X and Y of M,

AMXUY)=rX)+1(Y) —n(X,Y) —* (X, Y).

We will say that A and B are fully skew if they are both skew and coskew. An immediate corollary
of Lemma 2.12 and the submodularity of the connectivity function is

Corollary 2.13. A and B are fully skew if and only if A\(A U B) = A(A) + A(B).

1. Structure related to connectivity

Sequential and equivalent 3-separations Let A be a set in a matroid M. The coclosure cl*(A) of A is
the closure of A in M*. If cI*(A) = A, then A is coclosed in M. Let (A, {x}, B) be a partition of E(M).

Then x € cl(A) if and only if x is a loop of M/A. So by duality, x € cI*(A) if and only if x is a coloop
of M\A = M|(A U {x}). In other words, we have

Lemma 2.14. If (A, {x}, B) is a partition of E(M), then x € cl*(A) if and only if x ¢ cl(B).
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Throughout this paper we freely use properties of coclosure that are obtained by dualising standard
properties of closure. For example, x € cl’,@,\a(Z) if and only if x € cly;(Z U {a}).

If A is both closed and coclosed in M, then A is fully closed. The full closure of a set A, de-
noted fcly(A), or fcl(A) if M is clear from the context, is the intersection of all the fully-closed
sets containing A. Evidently the full closure is a closure operator in that it satisfies the properties
that fcl(A) 2 A and fcl(fcl(A)) = fcl(A) for all subsets A of E(M). The set A is cohesive if E(M) — A is
fully closed.

We use the notation x € cI*)(A) as a shorthand way of saying that either x e cl(A) or x € cI*(A).
Note that x € c1*)(A) if and only if A(A U {x}) < A(X).

Lemma 2.15. Let A be a set of elements of the matroid M. Then the following are equivalent:

(i) B = fcl(A).

(ii) B is a maximal set containing A, for which there is an ordering (aq,...,a,) of B — A such that a; €
Ad(AU{ay,...,ai_1}) forallie(1,...,n).
(iii) B is a maximal set containing A for which there is an ordering (a1, ...,a,) of B — A such that A(A U

{ai,...,ai}) <AM(AU{aq,...,ai_1}) forallie{1,...,n}.

Via the full closure operator we can obtain an equivalence on 3-separating sets of a 3-connected
matroid M as follows. Say A(A) = A(B) = 2. Then A is equivalent to B, denoted A = B, if fcl(A) =
fcl(B). Say that (A1, Az) and (B1, B) are exactly 3-separating partitions in M. Then (A1, A2) is equiv-
alent to (Bq, By), denoted (Aq, Ay) = (B1, By) if, for some ordering (Cq, C2) of {Bq1, B2}, we have
A1 =Cy and Ay =C,.

Let X be a 3-separating set of the 3-connected matroid M. Then X is sequential if it has an or-
dering (x1,...,xy) such that {x1,...,x;} is 3-separating for all i € {1,...,n}. By the symmetry of
the connectivity function, X is sequential if and only if fcl(E(M) — X) = E(M). Under the equiva-
lence defined earlier one can regard sequential 3-separating partitions as being equivalent to trivial
3-separating partitions. If X is not sequential, then we say that X is a non-sequential 3-separating
set. A 3-separation (X, Y) of M is non-sequential if neither X nor Y is sequential; otherwise (X, Y) is
sequential. Thus (X, Y) is non-sequential if fcl(X) # E(M) and fcl(Y) # E(M).

The next lemma gives a test for equivalence of 3-separations.

Lemma 2.16. Let (A1, A2) and (B1, B2) be 3-separating partitions of the 3-connected matroid M.

(i) If (A1, A) is sequential, then (A1, A2) = (B1, By) if and only if there is an ordering (C1, C2) of {B1, B2}
such that fcl(A1) = fcl(Cy) and fcl(Ay) = fcl(Cy).

(ii) If (A7, Ay) is non-sequential, then (A1, A2) = (Bq, By) if and only if there is an ordering (C1, C2) of
{B1, By} such that fcl(Ay) = fcl(Cy).

Guts, coguts, blocking, coblocking Let (A, {x}, B) be a partition of the ground set of the matroid M.
Assume that A(A) = A(A U {x}) = k. Then either x € cl(A), in which case we say that x is in the guts
of (A, BU{x}), or x € cI*(A), in which case we say that x is in the coguts of (A, B U {x}). Note that, as
A(A) = A(AU{x}), it is also the case that if x is in the guts of (A, BU {x}), then x € cI(B) and if x is in
the coguts of (A, B U {x}), then x € cI®(B).

Let N be a minor of M and (A, B) be a partition of E(N) such that Anx(A) = k. Then (A, B) is
induced in M if there is a partition (A’, B’) of E(M) with A C A’ and B C B’ such that Ay (A") =k. If
(A, B) is not induced in M, then (A, B) is bridged by M.

The case when N is obtained by removing a single element from M is of particular interest and
has its own terminology. Assume that N = M\x and that (A, B) is bridged by M. Then we say that
(A, B) is blocked by x. At times we will say that x blocks A, or A is blocked by x to mean that (A, B) is
blocked by x. On the other hand, if N= M/x and (A, B) is bridged by M, then we say that (A, B) is
coblocked by x. As with blocking we frequently say that x coblocks A or A is coblocked by x to meant
that (A, B) is coblocked by x.

The next lemma follows from easy rank calculations. Recall that A is k-separating if A(A) <k.
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Lemma 2.17. Let M be a matroid and let (A, {x}, B) be a partition of E(M) where A(A) = (AU {x}) = k.
Then the following are equivalent.

(i) xis in the guts of (A, B U {x}).

(ii) x € cl(A) and x € cl(B).

(iii) x ¢ cI*(A) and x ¢ cl*(B).

(iv) Ifx is not a loop of M, then (A, B) is a k-separation of M /x that is coblocked by x.

Dualising we obtain:

Lemma 2.18. Let M be a matroid and let (A, {x}, B) be a partition of E(M) where A(A) = A(A U {x}) = k.
Then the following are equivalent.

(i) xis in the coguts of (A, B U {x}).
(ii) x € cI*(A) and x € cI*(B).
(iii) x ¢ cl(A) and x ¢ cl(B).
(iv) Ifx is not a coloop of M, then (A, B) is a k-separation of M\x that is blocked by x.

The fact that to coblock the k-separation (A, B) of M/x we must have x € cly(A) and x € cly(B)
is used many times in this paper. We similarly use the dual observation on blocking, although rather
than observe that x € cly;(A) and x € cl};(B) we more typically make the equivalent observation that
x ¢ cly(A) and x ¢ clp(B); no doubt this is because we are, after all, more habituated to the closure
operator.

Exposed 3-separations Let N be a 3-connected minor of the 3-connected matroid M. A 3-separation
(A, B) of N is exposed in N if every 3-separating partition of N that is equivalent to (A, B) is bridged
in M. Again the case where N is obtained by deleting or contracting a single element is of most
interest. If (A, B) is exposed in N and N = M\x or M/x for some element x, then we say that (A, B)
is exposed by x. The next lemma is immediate.

Lemma 2.19. Let M be a 3-connected matroid with an element x such that M\x is 3-connected. If the
3-separation (A, B) is exposed by x, then (A, B) is non-sequential.

It is shown in [24] that, if M is a 3-connected matroid that is not a wheel or a whirl, then
there is an element x in E(M) such that either M\x or M/x is 3-connected and does not expose
any 3-separations. This result has an important application in this paper and we state it formally as
Theorem 4.3 immediately prior to its use.

If we are looking from a different perspective we alter the terminology. Let x be an element of the
3-connected matroid M such that M\x is 3-connected. Let (A, B) be a 3-separation of M\x. Then we
say that (A, B) is well blocked by x if every 3-separating partition of M\x that is equivalent to (A, B)
is blocked by x. In other words, (A, B) is well blocked by x if and only if (A, B) is exposed by x.

Split sets A set B of a matroid M is split if some partition (B’, B”) of B into nonempty subsets has
the property that B’ and B” are fully skew. An element b € B is isolated in B if B — {b} and {b} are
fully skew.

Lemma 2.20. Let M be a 3-connected matroid.
(i) Let (X, Y) be a 3-separation of M. Then neither X nor Y is split.
(ii) Let (X,Y) be an exact 4-separation of M. Then X is split if and only if there is an element x € X that is
isolated in X, and this holds if and only if (X — {x}) = 2 for some element x € X.

We can regard split 4-separating sets as being in some sense degenerate. We omit the easy proof
of the next lemma.
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Fig. 2.1. A schematic diagram.

Lemma 2.21. Let M be a 3-connected matroid and B be a set of elements of M such that A(B) =3.Ifb € B,
then the following are equivalent.

(i) b isisolated in B.
(ii) b ¢ cl(B — {b}) and b ¢ cI*(B — {b}).
(iii) b € cIl(E(M) — B) and b € cI*(E(M) — B).

Lemma 2.22. Let z be an element of the 3-connected matroid M such that M /z is 3-connected. Let (R, B) be a
3-separation of M /z that is coblocked by z. Assume that R is split in M with isolated element x. Then, in M /z,
the 3-separation (R, B) is equivalent to (R — {x}, R U {x}) and x is in the guts of (R, B).

Proof. By Lemma 2.21, x € cly(E(M) — R), that is x € cly (B U {z}). Hence x € cly/;(B), so that x is in
the guts of (R, B). O

As a consequence of Lemma 2.22, we obtain the useful fact that exposed 3-separations in M/z
correspond to certain unsplit 4-separations in M and M\z.

Corollary 2.23. Let M be a 3-connected matroid, let z be an element of M for which M /z is 3-connected, and
let (R, B) is a 3-separation of M /z that is exposed by z. Then the following hold.

(i) (R, BU{z}) is an unsplit 4-separation of M.
(ii) If M\z is 3-connected, then (R, B) is an unsplit 4-separation of M\z.

Proof. Assume that R is split in either M or M\z. Let x be an isolated element. By Lemma 2.22,
x € cly/z(B) so that, in M/z, (R, B) is equivalent to (R — {z}, B U {z}). But R — {z} is not coblocked
by z, that is Ay (R — {z}) = Am\2z(R — {z}) = 2. This contradicts the fact that (R, B) is well coblocked
by z. Both parts of the lemma follow from this contradiction. O

2. Schematic diagrams

Intuition for matroids can be gained by giving geometric representations. Of course geometric rep-
resentations are impossible for matroids of high rank. If a matroid has 2-separations or 3-separations
some attempt can be made to give geometric insight by the use of schematic diagrams. Such dia-
grams are not infallible and are never a substitute for logic, but we find them invaluable as an aid
to intuition in conducting research in matroid structure theory, and we believe that they can aid the
reader as well. There are no hard and fast rules for their precise interpretation and ambiguity can al-
ways threaten. With that warning we give some examples to illustrate their use. Other examples are
scattered throughout the paper; indeed Figs. 1.1 and 1.2 of the introduction are schematic diagrams.

Fig. 2.1 illustrates a matroid where the sets A, B, C and D are 3-separating. Note that (AUB, CUD)
is also a 3-separation. The sets A, B, C and D look like planes, but should simply be interpreted
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e

Fig. 2.2. Elements in the guts and coguts.

simply as sets having rank at least three. Note that n(C, D) =2 and Mn(A, B) =1, so that r(M) =
Tr(C)+r(D)—2)+ (r(A)+r(B)—1)—2=r(A)+r(B)+r(C)+r(D) —5. In particular, if A, B, C and D
are in fact planes, then r(M) =7.

Fig. 2.2 illustrates a matroid with a 3-separation (A U {a}, B U {b}). Note that a is in the guts of
this 3-separation and b is in the coguts. This illustrates a case of Lemmas 2.17 and 2.18 as deleting b
gives a schematic diagram of a matroid with a 2-separation A U {a} and contracting a corresponds
to projection from a and reveals a 2-separation (A, B U {b}). Note also that the 3-separating sets A,
AU {a}, and A U {a, b} are equivalent.

3. Blocking and bridging sequences

Blocking sequences for matroids were introduced by Geelen, Gerards and Kapoor in their proof of
Rota’s Conjecture for GF(4) [7]. They have since proved to be a valuable technique in matroid theory.
In the application for [7], matroids are given by standard matrix representations and hence come
naturally with a fixed basis. Thus blocking sequences are defined relative to a fixed basis. In this
section we give a basis-free version of blocking sequences that we call “bridging sequences”.

Let N be a matroid with an exact k-separation (Xi, X2), so that An(X1,X2) =k — 1 and let
M be a matroid with an N-minor. Recall that (X1, Xp) is bridged in M if xp (X1, X2) > k. Let
V = (vo, Vv1,...,vp) be an ordering of the elements of E(M) — E(N) and let S’ and T’ denote the
elements of V with even and odd indices respectively. Then V is a bridging sequence for (Xi, Xz) if
there is a permutation (S, T) of {S’, T’} such that the following hold:

(i) S is coindependent, T is independent and N = M\S/T;

(ii) if i € {0, 1,..., p}, then Ay (X1 U {vo, ..., vi}, Xo U{Vit1,..., Vp}) =Kk;
(iii) if v; € S, then App\y; (X1 U {vo, ..., vic1}, Xo U{viq1,...,vp})) =k —1; and
(iv) if vi € T, then Apyv; (X1 U {vo, ..., Vic1}, Xo U{Vigq, ..., vph =k —1.

Lemma 2.24. Let (X1, X2) be an exact k-separation for the matroid N and let M be a matroid having N as
a minor such that there is an ordering V = (vo, v1, ..., Vp) of E(M) — E(N) that is a bridging sequence for
(X1, X2). Then (Xq, X3) is bridged in M.

Proof. Assume that the lemma fails. Then there is a subset W of V such that Ap(X; U W) <k.
Assume that W is maximal with this property. Let i be the first integer such that v; ¢ W.
Such an i certainly exists. By the definition of bridging sequence A(Xi U {vq,V1,...,Vi_1}) =
A(X1U{vg, v1,...,Vi}) =k. But then, by uncrossing, A(X; UW U {v;}) <k, contradicting the choice
of W. O

If V is a bridging sequence for (X1, X3) and (S, T) is the partition of V given in the definition of
bridging sequence, then it is easily seen that there is a basis B of M that contains T and avoids S.
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Readers familiar with blocking sequences will observe that V is a blocking sequence relative to this
basis. Thus properties of bridging sequences can be derived from properties of blocking sequences.
For example we immediately have

Lemma 2.25. Let (X1, X3) be an exact k-separation in the matroid N and let M be a matroid in which (X1, X2)
is bridged. Then there is a minor M’ of M that has a bridging sequence for (X1, X2).

If (X1, X3) is bridged in M and M has a bridging sequence V, then we say that M is a bridging
matroid for (X1, X2). If no proper minor of M has this property, then we say that M is a minimal
bridging matroid for (X1, X2) and that V is a minimal bridging sequence for (X1, X2).

The next lemma is essentially [11, Theorem 3.4].

Lemma 2.26. If M is a minimal bridging matroid for the exact k-separation (X1, X2) of N, then there is a
unique partition (S, T) of E(M) — E(N) such that N = M\S/T. The set S is coindependent and T is indepen-
dent. Moreover, there exists an ordering of E(M) — E(N) that is a bridging sequence for (X1, X>).

Let M be a bridging matroid for the exact k-separation (X1, Xz) of N and let V be a bridg-
ing sequence for (Xi,X2). Let S and T be the associated partition of E(M) — E(N) given in the
definition of bridging sequence. We refer to the elements of S and T as the delete and contract el-
ements of V respectively. If we are viewing from another perspective, then we may refer to them
as extension and coextension elements. Evidently M* is a bridging matroid for the exact k-separation
(X1, X2) of N* and V is a bridging sequence for this k-separation. If Z C V, then we denote the
matroid M\(S — Z)/(T — Z) by N[Z]. In particular we will often denote the bridging matroid M
by N[V].

We will need just a few properties of bridging sequences.

Lemma 2.27. Assume that V = (vo, ..., vp) is a bridging sequence for the k-separation (X1, X2) of the ma-
troid M.

(i) If vi is a delete element of V, then v; ¢ cInjy,, ..., v;1(X2).

(ii) If v; is a contract element of V, then v; ¢ cl”‘,\,[,,0 ''''' v (X2).
Proof. Assume otherwise. Then v; € clnjy;,...v,1(X2 U {Vit1, ..., Vp}), contradicting the fact that v;
blocks the k-separation (X1 U{vy,...,vi_1}, X2 U{Vit1,...,Vp}) of the matroid N[vq,...,vpl\v;. O

The proof of the next lemma is even easier and we omit it.

Lemma 2.28. Let V = (vq, V1, ..., Vp) be a bridging sequence for the k-separation (X,Y) of N. Say i < p.
Then, in N[vq, ..., vi], we have v € cl(X U {vg, ..., vi_1}) and v € cI*(X U {vq, ..., Vi_1}).

We will also use the next technical lemma.

Lemma 2.29. Let (X1, X3) be an exact k-separation of the matroid N and let V = (vo, v1,...,Vp) be a
bridging sequence for (X1, X2) with associated bridging matroid N[V]. If (V1, V) is a partition of V and
thereisnoi e {0,1,..., p} suchthat V1 = {vo, v1,..., vi}, then Anpy1(X1 U V1, X U V3) > k.

Proof. Assume that |V | =2, so that V = (vq, v1). Consider Anpvj(X U{v1}, Y U{vg}). We may assume
that v, is a delete element, so that vg is a contract element. We have Anpypv, (XU {vo},Y)=k—1.
But vo € cInpyyv, (X) and vo ¢ clnpyyyy, (Y), so that Anpvpw, (X, Y U {ve}) =k. Now vq ¢ clyjv(X), so
ANV (X U{v1}, Y U{vo}) =k + 1. Thus the lemma holds in this case.

Assume that |V| > 2. Under the hypotheses of the lemma, there is an i € {0,1,..., p} such that
vi € V1, and v;_q € V2. We may assume that v;_; is a delete element of V. Let M’ be the minor
obtained by contracting all of the delete elements from V — {v;, vi_1} and deleting all of the contract
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elements from V — {v;, v;_1}. It is an easy consequence of the definition of bridging sequence and Tut-
te’s Linking Lemma that xp; (X1, X2) = k. Indeed (v;_1, v;) is a bridging sequence for the k-separation
(X1, X2) of M'\vi_1/v;. Thus Apy (X1 U{v;}, X2 U{vi_1}) =k +1, and ANVI(X1 UV, XU Vo) >k as
required. O

Lemma 2.30. Let (P1, Py, P3) be a partition of the ground set of a matroid N such that »(P1) = A(P3) =
k(P1,P3) =k — 1. Let (C,D) be a partition of Py, where C is independent, D is coindependent and
ANyc\D(P1,P3) =k — 1. Let V be a bridging sequence for (P1, P2 U P3) such that (P1 U P3, P3) is also
bridged in N[V ]. Then the exact k-separation (P1, P3) of N/C\D is bridged in N[V]/C\D and V is a bridging
sequence for this k-separation.

Proof. Say V = (vg, v1,...,Vp). Let e be an element of C.

2301. Ifi € {0,1,...,p}, then AN[vize(P1 U {vo, ve,...,vi}) = k and ANvize(P3 U {Vig1, Viga, ...,
vph =k

Subproof. Assume that e e clyjy(P1 U V). Then e € cly(P1) so that Anje(P1) <An(P1) =k —1, con-
tradicting the fact that An,c\p(P1) =k — 1. Thus e ¢ clyjy1(P1 U V), and similarly e ¢ clyjy(P3 U V).

It follows from the above that rnpvy/e(P1 U {vo,v1,...,vi}) =N (P1 U {vo, v1,...,Vi}), and it
follows that )\N[V]/e(P1 U{vo, Vi,..., vi}) = Anv)(P1 U {vo, v1,..., Vi) = k. Similarly )\.N[V]/e(P3 U
{(Vit1, Vig2, ..., vpD) =k. O

We now show that V is a bridging sequence for (Py, P; U P3 — {e}) in N[V]/e. Let T be the set
of contract elements of V. As C is independent in N, we see that C U T is independent in N[V],
so that T is independent in N[V]. Thus property (i) of bridging sequences holds. Property (ii) follows
from 2.30.1. Say i > 1 and v; is a delete element of V. Then k —1 = Anpv\v;(P1U{vo, V1,...,Viz1}) >
ANpvisevv; (P1 U {vo, vi, ..., vi—1}) 2 Anyc\p(P1) =k — 1. Thus (iii), and similarly (iv), also hold and V
is indeed a bridging sequence for Py in N[V]/e.

It follows from 2.30.1 and an argument similar to that of Lemma 2.24 that P3 is bridged in N[V]/e.
The lemma now follows from an obvious induction. O

4. Special structures

In this section we review properties of certain highly structured matroids and sets in matroids
that play an important role in this paper. We begin by looking at 3-separating sets.

Sequential 3-separators Let M be a 3-connected matroid on E and let A be a 3-separating subset
of E. Recall that (A, E — A) is sequential if either fcl(A) = E or fcl(E — A) = E. If the latter case holds
we say that A is a sequential 3-separator.

Evidently any subset of E with at most two elements is a sequential 3-separator. If A is a sequen-
tial 3-separator, then there is an ordering (ai,as,...,ay) of A such that, for all i € {1,2,...,n}, the
set {ai,ay,...,a;} is 3-separating. Such an ordering is said to be a sequential ordering of A. Sequential
orderings are typically far from unique. The next few lemmas summarise some elementary properties,
most of which follow immediately from definitions. In all of the lemmas A is a sequential 3-separator
of the 3-connected matroid M on E and (ay,ay,...,a,) is a sequential ordering of A. Recall that a
triangle of a matroid is a 3-element circuit and a triad is a 3-element cocircuit.

Lemma 2.31.

(i) Ifn > 2, then A C fcl({a1, az}).

(ii) Ifn > 3, then {ay, az, as} is either a triangle or a triad.
(i) Ifi € {1,2,...,n}, then a; € A ({aj41, Gi42, . .., G} U (E — A)).
(iv) Ifi€{2,3,...,n—1}, then aj4q € ¥ ({ayq, ..., a;}).
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Lemma 2.32. If A is fully closed and |A| > 4, then either M\a, or M /ay is 3-connected. In particular,

(i) ifay € cl(E — A), then M\ay is 3-connected, and
(ii) if a, € cI*(E — A), then M /ay, is 3-connected.

If A is a sequential 3-separation set, and B is an exactly 3-separating subset of A, then it is not
necessarily the case that fcl(B) contains A, but the behaviour of such sets is not wild.

Lemma 2.33. If B is a 3-separating subset of A, then B is sequential.

Proof. As A is sequential, fcl(E(M)— A) = E(M). As (E(M)— B) 2 (E(M)— A) we have fcl(E(M)—B) =
E(M). Thus B is sequential. O

Finally we note
Lemma 2.34. If x € A and M\x is 3-connected, then A — {x} is a sequential 3-separator of M\x.

Fans Let F be a set of elements of the 3-connected matroid M. Then F is a fan of M if it has an
ordering (f1, f2,..., fn) such that

(i) for all i € {1,2,...,n —2}, the triple {f;, fi+1, fi+2} is either a triangle or a triad, and
(ii) if i € {1,2,...,n — 3} then {fi, fi+1, fi+2} is a triangle if and only if {fi11, fit2, fix3} is a triad.

An ordering of a fan satisfying (i) and (ii) is a fan ordering of F and we will refer to such an ordered
set as an ordered fan. At times we may blur the distinction between a fan and an ordered fan. As
triads and triangles are interchanged under duality, a fan in M is also a fan in M*.

Fans are studied in some detail by Oxley and Wu in [26]. All of the lemmas of this section follow
from results in [26], although note that the terminology of [26] differs significantly from that used
here.

Lemma 2.35. If F is a fan of a 3-connected matroid and |E(M) — F| > 2, then F is a sequential 3-separating
set and any fan ordering is a sequential ordering of F.

Proof. The lemma clearly holds if |F| < 2. Assume that |F| > 3. Let (f1, f2,..., fn) be a fan or-
dering of F. Then F — {f,} is a fan and we may assume that the lemma holds for F — {f}. Now
{fa—2, fn—1, fa} is either a triangle or triad of M. In the former case f, € cI(F —{f;}) and in the latter
fn € cI*(F — {fu}). The lemma follows by induction. O

Note that a fan has many sequential orderings; indeed any triangle or triad of a fan can ini-
tiate such an ordering. Most are not fan orderings. If F = (f1, f2,..., fm) is an ordered fan, and
ie{1,2,...,m}, then we say that {f1, f2,..., fi} is an initial section of F, and {fit+1, fi+2,..., fm} is @
terminal section of F.

Lemma 2.36. Let M be a 3-connected matroid with at least four elements. Then E(M) is a fan if and only if
M is a wheel or a whirl.

Thus fans can, in general, be thought of as partial wheels or whirls. Once we are past degeneracies
called by small size, the structure of fans becomes quite canonical. Subsets of size less than two
are trivially fans. Fans of size three are either triangles or triads and any ordering is a fan ordering.
Assume that F is a fan such that |[E(M) — F| > 2. If |F| > 5, and (fy, f2,..., fn) is a fan ordering
of F, then the only other fan ordering of F is to reverse the order of the indices. Fans with four
elements are not quite canonical. If (f1, f2, f3, f4) is a fan ordering of F, then (f1, f3, f2, f4) is also
a fan ordering of F. This is a fact that is, at times, irritating in the minutiae of arguments.
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Fig. 2.3. A 6-element fan.

We generalise terminology for elements of wheels and whirls to fans as follows. Let (f1, f2,..., fn)
be a fan ordering of a fan F with at least five elements. If { f1, f2, f3} is a triangle, then the elements
of (f1, f2,..., fn) with odd indices are spoke elements and the elements with even indices are rim
elements of F. If {f1, f2, f3} is a triad, then the elements with odd indices are rim elements and the
elements with even indices are spoke elements. Evidently the above labelling of elements is indepen-
dent of the fan ordering. If (fy, f2, f3, f4) is a 4-element fan, then f; is a spoke or a rim element
according as to whether {f1, f2, f3} is a triangle or a triad respectively. This gives fi; and f4 labels,
but we cannot assign canonical labels to f, and f3.

One also sees that any fan with at least four elements has well-defined end elements and internal
elements in an obvious way. We now recall a basic result of Tutte [30].

Lemma 2.37 (Tutte’s Triangle Lemma). Let T be a triangle of a 3-connected matroid with at least four elements.
If T is not contained in a fan with at least four elements, then there are elements t1, t; € T such that M\t; and
M\t, are both 3-connected.

Thus there is at most one element of a triangle whose deletion from M destroys 3-connectivity
unless the triangle is in a larger fan. We can never remove an internal element of a fan to keep
3-connectivity. Nonetheless we can get close. The next lemma is a straightforward consequence of
Bixby’s Lemma.

Lemma 2.38. Let M be a 3-connected matroid; let F be a fan of M with at least five elements; let
(f1, f2, ..., fa) be a fan ordering of F; and let f; be an internal element of F.

(i) If fi is a spoke element of F, then M\ f; is 3-connected up to the single series pair { fi—1, fi+1}.
(ii) If fi is a rim element of F, then M/ f; is 3-connected up to the single parallel pair { fi_1, fi+1}.

A fan is maximal if it is not contained in a larger fan. If M is not a wheel or a whirl, then any
maximal fan F is exactly 3-separating. The next lemma is not quite a special case of Lemma 2.32 as
a maximal fan need not be fully closed.

Lemma 2.39. Let M be a matroid that is not a wheel or a whirl and let F be a maximal fan of M with at least
four elements. Let f be an end of F.

(i) If f is a spoke element of F, then M\ f is 3-connected.
(ii) If f is a rim element of F, then M/ f is 3-connected.

Finally we note that while fans in matroids generalise the eponymous structures in graphs, it
can be misleading for matroidal arguments to visualise them graphically. Fig. 2.3 is a schematic dia-
gram of a 6-element fan in a matroid. The rim elements are {f1, f3, f5} and the spoke elements are

{f2, fa, fe}.
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Fig. 2.4. Illustration of Ajg.

Swirls Let n > 3 be an integer and N be a simple matroid whose ground set is the disjoint union
of a basis B ={b1,by,...,by} and sets P1 ={p1,q1}, P2 = {p2,q2},..., Pn = {pPn, qn} such that, for
allie{1,2,...,n— 1}, we have P; C cl({b;, bi+1}) and P, C cl({bp, b1}). Then M = N\B is a rank-n

swirl. We say that {Pq, P, ..., Py} is the set of legs of the swirl. It is easily seen that swirls are
3-connected.
Evidently P; U Piyq is a circuit of M for all i in the cyclic order on {1, 2, ...,n}. Otherwise, if C is

a non-spanning circuit of a swirl, then C is a transversal of the legs. If M has no such non-spanning
circuits, then M is the rank-n free swirl and we denote it by A,. As noted in the introduction one
can obtain A, by placing the elements of P; freely on the line spanned by {b;, b;11}. Fig. 1.1 in
the introduction illustrates As. Evidently A, is unique up to isomorphism. Note that A, is self-
dual.

It is shown in [25] that if g is a prime power that exceeds five and is not of the form 2P, where
2P — 1 is prime, then A, has at least 2" inequivalent representations over GF(q). In particular, for
a prime field GF(p) of size at least seven, we can obtain free swirls with an arbitrary number of
inequivalent representations. Free swirls are structures that necessarily need to be dealt with in un-
derstanding inequivalent representations of matroids over prime fields.

Spikes Let n > 3 be an integer and let N be a rank-n matroid with ground set {t, p1,q1, p2.q2, ...,
DPn, qn} such that

(i) {t, pi,q;} is a triangle for all i € {1, 2,...,n}, and
(ii) r(UjE]{aj,bj}) =|J|+ 1 for every proper subset J of {1,2,...,n}.

Then the matroid M = N\t is a rank-n spike. Each pair {p;,q;} is a leg of the spike. For distinct
i,je{1,2,...,n}, the set {p;,q;, pj.q;j} is a circuit of M. As with swirls, any other non-spanning
circuit of a spike is a transversal of the legs. If all transversals of the legs are independent then M
is the rank-n free spike and we denote is by A,. Alternatively one can obtain A, by taking M(K2 ),
a matroid that has rank n 4 1, and truncating it to rank n. Note that spikes are 3-connected and that
Ay is self-dual. Fig. 2.4 illustrates Ajg.

Spikes in general have turned out to be fundamental in matroid theory, frequently as sources of
counterexamples to superficially reasonable conjectures. Free spikes are representable over all non-
prime fields and it is shown in [25] that, for every non-prime field with more than four elements,
Ay has at least 2"~ 1 inequivalent representations. Fortunately, it is shown in [12, Lemma 11.6] that if
p >3 is prime, then A, is not GF(p)-representable so, if our eventual goal is to understand inequiv-
alent representations over GF(p), we can exclude A, from consideration.

Other properties of spikes and swirls follow from the fact that the members of the partition of such
a matroid into its legs form the petals of a spike-like or swirl-like flower respectively. Indeed, these
are extremal examples of matroids with many pairwise-inequivalent mutually-crossing 3-separations
and this is part of the reason for the key role that they play in matroid structure theory.

Quads A quad of a matroid is a 4-element set that is both a circuit and a cocircuit. It is easily
checked that if D is a quad, then A(D) =2 so that D is exactly 3-separating. It is immediate from the
definition that if D is a quad in M, then D is also a quad in M*. Note that the complement in M of
a quad is fully closed so that quads are cohesive. Let M be a 3-connected matroid with at least five
elements. Then any 3-separating set of size three is sequential as it is either a triangle or a triad. If D
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is a non-sequential 3-separating set with four elements, then it is easily checked that D is a quad. It
is no doubt the fact that quads are the unique minimum-sized non-sequential 3-separating sets that
account for their frequent appearance in proofs in this paper.

Note also that the union of any pair of legs of a spike is a quad, while the union of any consecutive
pair of legs of a swirl is a quad.

Chapter 3. Flowers

Flowers arise when a matroid has crossing 3-separations. They turn out to be fundamental struc-
tures. Their study was initiated in [20] and continued in [21]. In these papers flowers were defined
only for 3-connected matroids. The definition was extended to arbitrary matroids and, indeed, to
structures that arise from higher-order crossing separations, by Aikin and Oxley [1]. This chapter be-
gins by reviewing material from [20,1] and then developing further material that will be needed for
this paper.

1. Definition and basic properties

We begin by defining a flower in a way that is slightly less restrictive than that of [20], and
somewhat less general than that of [1]. Let M be a connected matroid, and let F = (P1, P2, ..., Pp)
be a partition of E(M). Then F is a flower in M with petals Pq, P, ..., P, if the following hold.

(i) fn>1, then A(P;)=2forallie({1,2,...,n}.
(ii) If n > 2, then A(P; U Pjy1) =2 for all i € {1,2,...,n} where all subscripts are interpreted mod-
ulo n.
(iii) If (X, Y) is a 2-separation of M, then for some petal P;, either X or Y is a subset of P;.

If M is 3-connected, then the definition given here is precisely the definition given in [20]. This
is the case we are usually interested in, but, at times, it will facilitate arguments to allow flowers in
matroids that are not 3-connected.

The ordering of the petals of a flower is always the cyclic order, so that subscripts should always
be interpreted modulo n. With this in mind we say that a set of petals of F is consecutive if it is of
the form {P;, Pit1,..., Pitx}, for some i,k € {1,2,...,n}. The flower F is a daisy if the union of a set
of petals is 3-separating if and only if the set of petals is consecutive. The flower F is an anemone if
the union of any set of petals is 3-separating. The next theorem is a special case of [1, Theorem 1.1].

Theorem 3.1. If F is a flower in the connected matroid M, then F is either an anemone or a daisy.

We next introduce a structure related to flowers. Before doing that we settle some terminology

for ordered partitions. Let P = (P, P2, ..., P;) be an ordered partition of a set S. Then the ordered
partition Q= (Q1, Q2, ..., Qm) is a concatenation of P if there are indices 0 =kg <ki <--- <kp=n
such that Q; =P, ;41 U---UPy, forie{1,...,m}. If Qis a concatenation of P, then P is a refinement

of Q. Also, in any unexplained context we allow members of a partition to be empty sets and will
often abuse notation and denote a singleton set {q} by q.

Let Q=(Q1,Q2,..., Qy) be a partition of the ground set of a connected matroid M. Then Q is a
quasi-flower of M with petals Q1, Q2, ..., Qn if

(i) M(QiVUQi1U---UQjpr) <2 foralli,ke(1,2,...,n} where subscripts are interpreted modulo n;
and
(ii) if (X, Y) is a 2-separation of M, then for some petal Q;, either X or Y is a subset of Q;.

The next lemma is clear.

Lemma 3.2. Let Q be a quasi-flower of the connected matroid M and let Q' = (Q1, Q5. ..., Q) be a con-
catenation of Q. If A(Q{) > 2 foralli € {1,2, ..., m}, then Q' is a flower in M.
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The concatenations of a quasi-flower that are flowers are the flowers displayed by the quasi-flower.
We also say that a flower or quasi-flower displays a 3-separating set X or a 3-separation (X, Y) if X is
a union of petals. A 3-separating set X is contained in a petal of a flower or quasi-flower if X C fcl(P)
for some petal P.

Now return attention to flowers. A trivial flower has just one petal. A flower with two petals is
nothing more than a partition (P, P2) of E(M) for which A(Py) = 2. If n = 3, there is no distinction
between an anemone and a daisy. Say n > 3. Then the anemone (P1,..., Py) is

(i) a paddle if N(P;, Pj) =2 for all distinct i, j € {1,2,...,n};
(ii) a copaddle if N(P;, P;) =0 for all distinct i, j € {1,2,...,n}; and
(iii) spike-like if n >4, and N(P;, P;) =1 for all distinct i, j € {1,2,...,n}.

A daisy (Pq,...,Py) is

(i) swirl-like if n > 4 and n(P;, Pj) =1 for all consecutive i and j, and r(P;, Pj) =0 for all non-
consecutive i and j; and

(ii) Vdmos-like if n =4 and n(P;, P;) =1 for all consecutive i and j, while {r(P1, P3),M(P2, P4)} =
{0, 1}.

A flower is unresolved if n =3 and n(P;, Pj) =1 for all distinct i, j € {1, 2, 3}. Due to the presence of
possible additional structure, some unresolved flowers are best regarded as spike-like and others as
swirl-like.

Theorem 3.3. If F is a flower, then F is either a paddle, a copaddle, spike-like, Vamos-like, or swirl-like.

Note that F is a flower in M if and only if F is a flower in M*. Indeed if F is spike-like in M, then
F is spike-like in M*, and if M is swirl-like in M, then F is swirl-like in M*. Moreover F is a paddle
in M if and only if F is a copaddle in M*.

2. Equivalent flowers

We have defined flowers for connected matroids and there will be a number of occasions where
we will consider flowers in matroids that are not 3-connected. Having said this the majority of the
time we are interested only in flowers in 3-connected matroids. The more detailed structural descrip-
tions that we give in the remainder of this chapter apply only to flowers in 3-connected matroid. It
would certainly be possible to generalise these notions to matroids that are not 3-connected, but at
the cost of additional technicalities.

Let M be a 3-connected matroid. Let F; and F, be flowers of M, then F; < F, if every non-
sequential 3-separation displayed by F; is equivalent to one displayed by F,. Clearly < is a quasi-order
on the collection of flowers of M. The flowers F; and F, are equivalent, denoted F; = F,, if F{ < F
and F, < F;. Thus equivalent flowers display, up to equivalence of 3-separations, exactly the same
non-sequential 3-separations. The flower F; is maximal if whenever F; < Fo, then F; = F,. The order
of a flower F is the minimum number of petals in a flower equivalent to F.

We give here some examples to illustrate some of the ideas developed so far and also to motivate
some of the future material. Let M be a rank-n wheel or a whirl, with fan ordering (ai,az, ..., a)
of the elements of M. Then ({a1, az}, {as, aq}, ..., {axm—1,axn}), is a swirl-like flower of M. However,
wheels and whirls have no non-sequential 3-separations, so this flower is equivalent to the trivial
flower (E(M)). Thus there is a sense in which flowers obtained from wheels and whirls are degener-
ate.

On the other hand, let {ay, b1}, {ay, b>}, {as, b3}, {as, bs} be the set of legs, in order, of a rank-4
swirl. Then ({ai, b1}, {az, b2}, {as, b3}, {as, bs}) is a swirl-like flower of order 4. To see this, note
that if i € {1, 2, 3, 4}, then the partition ({a;, b, aj+1, bi+1}, {a@i+2, bi+2, ai+3, bi+3}) is a non-sequential
3-separation; indeed both sides of the separation are quads. Certainly no flower with fewer petals
displays all these 3-separations. This example generalises to larger swirls and to spikes as well.
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Let F be a flower of M. An element e of M is loose in F if e € fcl(P;) for some petal P;. An el-
ement that is not loose is tight. The petal P; is loose if all elements of P; are loose, otherwise it is
tight. A flower is tight if all of its petals are tight. The next lemma summarises a number of results
from [20].

Lemma 3.4. Let F be a flower of the matroid M.

(i) If P is a tight petal of F, then P has at least two tight elements.
(ii) IfF =F, then F and F' have the same set of tight elements.
(iii) IfF has order at least 3, then the order of F is the number of petals in any tight flower equivalent to F.

The condition that F has order at least 3 in Lemma 3.4 is important as degeneracies can occur for
flowers of low order. Consider U3 g. Note that U3 g = A3 = A3. Any partition of the elements of Us g
into 2-element subsets gives a tight 3-petal flower. This flower is equivalent to the trivial flower as it
displays no non-sequential 3-separations. Thus the flower has order 1.

For another example of a similar degenerate situation that we converge to in case analyses, let
(C, D) be a non-sequential 3-separation of the 3-connected matroid M where D is a quad. Let
(D1, D3) be an arbitrary partition of D into 2-element subsets. Then (C, D) and (C,Dq, D) are
equivalent flowers as both display just one non-sequential 3-separation, namely (C, D). Evidently this
equivalence class of flowers has order 2. But (C, D1, D) is a tight flower, so that (iii) does not hold
in this case either.

3. Structure of tight flowers

We begin by giving more detail from [20] about the structure of equivalence classes of flowers. Our
primary interest is in swirl-like flowers, but at several places through the paper we need to under-
stand the structure of other types of flowers. If (P1, Py, ..., Py) is an anemone, then any permutation
of the petals gives an equivalent flower, while, if it is a daisy, then any permutation of the petals
that corresponds to a symmetry of the regular n-gon gives an equivalent flower. If one flower can be
obtained from another by such a permutation then the two flowers are alternative descriptions of the
same underlying object and we will say that the flowers are equal up to labels. In fact we use the term
“up to labels” to cover a multitude of sins in this paper and will always mean something like “by an
appropriate relabelling” or “by an appropriate reordering of the indices”.

We now clarify the status of 3-petal spike-like and swirl-like flowers. Recall that we called such
flowers “unresolved”. Let F = (P1, Py, P3) be an unresolved flower. If F has no loose elements, then
we can regard it as both spike-like and swirl-like. Assume that there are loose elements. If P contains
loose elements, then there is an element x € Py such that, up to labels, x € cd®(Py). If x € 1™ (P3),
then we say that the flower is spike-like and if x ¢ cI* (P3), then we say that the flower is swirl-like.
It is shown in [20] that this definition is consistent in that, if F has loose elements, then F is not both
spike-like and swirl-like.

Vamos-like flowers are easily described. The next theorem is [20, Theorem 6.1].

Theorem 3.5. Let F be a Vdamos-like flower of the 3-connected matroid M. Then F has no loose elements and
any flower equivalent to F is equal to F up to labels.

Anemone structure A set S of elements of a 3-connected matroid M is a segment if either |S| <1
or |S| > 2 and M|S = Uy s|. Equivalently S is a segment if every 3-element subset of S is a triangle.
The set S is a cosegment of M if S is a segment of M*. The following is [20, Theorem 7.1].

Theorem 3.6. Let M be a 3-connected matroid and let F be a tight flower of M of order n > 3 that is a paddle,
a copaddle, or is spike-like. Let T and L denote the sets of tight and loose elements of F respectively. For each
petal P; of F, let T;=P; NT.

(i) IfFis a paddle, then L is a segment, r(T;) > 3, and L C cl(T;) forallie {1,2,...,n}.
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Fig. 3.2. Spike-like structure.

(ii) IfFis a copaddle, then L is a cosegment, r*(T;) > 3, and L C cI*(T;) foralli € {1,2,...,n}.

(iii) IfF is spike-like, then |L| < 2. If L contains a single element, then that element is either in the closure of T;
foreach i, or is in the coclosure of T; for each i. If |L| = 2, then one member of L is contained in the closure
of each Tj, while the other is contained in the coclosure of each T;.

Moreover, up to arbitrary permutations of the petals, the tight flowers equivalent to F are precisely the parti-
tions of the form (T{ U L1, T U Ly, ..., Ty ULy), where (L1, Ly, ..., Ly) is a partition of L.

A loose element of a spike-like flower that is in the closure of each petal is called the tip of the
spike-like flower and a loose element that is in the coclosure of each petal is called the cotip.

We illustrate Theorem 3.6 with some examples. Fig. 3.1 illustrates the structure corresponding to
an equivalence class of paddles. The set of loose elements is {I1, 12,13, 14}. One flower in the equiva-
lence class is (P1, Py U {l3}, P3 U{lq, 2,14}, Py).

Fig. 3.2 illustrates a spike-like flower with tip t and cotip c. Note that if ¢ is deleted, then the
petals P{, P, P3 and P4 are 2-separating. If ¢ is contracted we have a spike-like flower without a
cotip.

Swirl-like flower structure The structure of swirl-like flowers is of particular interest to us. For a
petal P of a flower let P denote the set of tight elements of P and let P = fcl(P). For petals P;
and Pjyq of a swirl-like flower, let P;" = P, = P; N Piy4.

Theorem 3.7. Let M be a 3-connected matroid and let F = (Pq, Py, ..., Py) be a tight swirl-like flower of M
of order at least 3. Then P;r u P;r U---U P is the set of loose elements of F. Moreover, there is a partition

> ki % ky % 5 kn
P=(Pi,pi.....py" P2, py, ... P52, P3, oo Prphe o pi)
of E(M) having the following properties.

(i) Pis a quasi-flower.
. 1 .2 kiy . 1,2 kiy _ p+ i
(11) (p;, p5, ce p; )/lS an or/deredfan m.M arlld {p;,pi--- ,.pi }=P; f?r allie {1,'2, o n/}. N
(iii) The partition (P, ..., Py) ofvE(M) is a tight flower equivalent to F if and only if (P, P, ..., Py)isa
concatenation of P such that P; C P} foralli € {1,2,...,n}.
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Fig. 3.3. Swirl-like structure.

Fig. 3.3 illustrates Theorem 3.7. The quasi-flower corresponding to the diagram is

(P1,a,b,c.d, Py, e, P3, f, g, Pa,h, Ps).

A flower in the equivalence class corresponding to the above quasi-flower is

(P1U{a}, {b,c,d} U Py U{e}, P3, (f, g} U P4, {h} U Ps).

Blooms In this subsection we develop further terminology for swirl-like flowers to facilitate argu-
ments in proofs. We will call the partition of E(M) given by Theorem 3.7 a bloom of M. Note that,
associated with a bloom, is a particular ordering of the fans of loose elements between petals. From
now on, when we refer to such a set, we will typically regard it as being endowed with the or-
dering induced from a bloom. To avoid clumsy notation we will often denote a bloom simply by
(131, 132,.. I3n) noting that it follows from Theorem 3.7 that, if n > 3, then the full bloom can be
recovered using structure in the underlying matroid.

For a bloom (Pl, Pz, .. Pn) we use the followmg facts and notational conventions freely through-
out this paper: P} = P; N P,H, P7 =P}, and P;=P; — (P UP}").

Recall that blooms are quasi-flowers and that the concatenations of a quasi-flower that are flowers
are the flowers displayed by that bloom. In particular a 3-separation is displayed by a bloom if it
is a concatenation of that bloom. A 3-separating set is contained in a petal of a bloom if A C p; for
some i. Of course two blooms are equivalent if they display the same flowers and it is easily seen that
equivalent blooms are equal up to permutations of the n-gon.

The partial order on swirl-like flowers extends easily to include blooms. Thus, if F is a swirl-like
flower and B is bloom of M, then F < B if there is a flower F' displayed by B such that F< F.

We could easily have broadened the notion of blooms to cover all types of flowers, but we will
have no need for this more general notion in this paper. The next lemma is easy.

Lemma 3.8. If B is a maximal bloom, and F < B is a flower, then F is a concatenation of a flower displayed
by B.

Loose elements in swirl-like flowers The next lemma says that, most of the time, elements in the
guts or coguts of 3-separations displayed by a swirl-like flower are loose elements.

Lemma 3.9. Let F = (Pq, P3, ..., Py) be a tight swirl-like flower of the 3-connected matroid M and let i be
an integerin {1, 2, ...,n — 2}. Then the following hold.

(i) Ifx¢ PyUP,U---UP;, thenx € cl™(Py UP,U---UP;) ifand only if x € 1™ (P1) or x € cI® (Py).
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Fig. 3.4. Illustration of Lemma 3.9.

(ii) fEZ](P]AUP2U--~AUPi)=(P1UP2U--~UP1')U(]31Ulsi)zislUszu-”Uf)i.
(iii) P1 U Py U---U Pjis fully closed.

Note that the condition that i <n — 2 in Lemma 3.9 is necessary. To see this consider the flower
illustrated in Fig. 3.4. The element p is in the closure of P; U P, U P3U P4, but is not a loose element
of the flower. On the other hand the element q is in the closure of Py U P, U P3 and is guaranteed to
be a loose element.

It follows from Lemma 3.9 that, if (P1, Py, ..., Py) is a tight swirl-like flower of M, then 131 uPyU
<-UPj_1UP;=P1UPyU---UP;_q UD; for any i € {1,2,...,n}, so no harm is done by blurring this
distinction.

Let F= (P1, Py, ..., Py) be a swirl-like flower in the 3-connected matroid M. Consider the ordered
set Pi+ = (p1,p2,---,Pr)- By Theorem 3.7, this ordered set is a fan. We say that it is the fan of
loose elements between 13f and 13,-+1. We say that the element p; is a spoke element if p; € cl(13i U
{p1,p2,...,Pi—1}), and p; is a rim element if p; € cl*(IV’i U{p1,Dp2,...,Pi—1}). It is easily seen that
elements of PI.Jr alternate between rim and spoke elements. Note that, while a fan with less than
five elements does not have a canonical ordering, the structure induced by the bloom does induce a
canonical ordering on the elements of fans of loose elements between petals of a swirl-like flower
regardless of the number of elements they have.

Lemma 3.10. Let F = (P1, P2, ..., Py) be a swirl-like flower of the 3-connected matroid M and say that
1<i<n—2.Thenxecl(P1UP,U---UP;) ifand only if either

(i) x is the last element of P{ not in Py, and x is a spoke element of P, or
(ii) x is the first element of Pi+ not in P1, and x is a spoke element of P;L.

Now consider adjacent petals of a swirl-like flower of order at least 3. Label these petals Pq
and P,. Assume that x is the first element of P{L not in Pq. Then x € cl(*)(P1). Thus x is either
in the guts or coguts of the 3-separating set P;. By Lemma 3.10, if x is in the guts of Pq, then x is
a spoke element of P]Jr and by the dual of that lemma, if x is in the coguts of P1, then x is a rim
element of Pf. For this reason we will frequently refer to the rim or spoke element x as being in the
guts or coguts of (P1, P2). We may also refer to x as being a loose guts or coguts element between Pq
and P;. The next lemma is essentially a rephrasing of Lemma 3.10.

Lemma 3.11. Let F = (P1, P3, ..., Py) be a swirl-like flower of the 3-connected matroid M. If 1 <i<n—2,
andx ¢ (P1UP,U---UP;), then x is in the guts of the 3-separation (P1UPU---UP;, Pi;1UPj2U---UPp)
if and only if either
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Fig. 3.5. Not all fans are loose.

(i) x is in the guts of (Py, P1), and X is the first element of P{ notin Py, or
(ii) x is in the guts of (P, Pi+1), and x is the first element of Pl.+ not in P;.

The next lemma describes one situation in which a swirl-like flower is induced in an extension of
a matroid.

Lemma 3.12. Let M and M\x be 3-connected matroids and let F = (P1, P», ..., Pp) be a swirl-like flower
of M\x.Sayn > j>i+12>1,and xis in both cI(P;y U P, U---UP;) and cl(P; U Pjyq U---U Py). Then
(P1U{x}, Py, ..., Py)isaflower of M and, in this flower, x is in the guts of (P1 U {x}, P>).

Ends of fans of loose elements between petals are good choices for removal without losing
3-connectivity, or indeed, as we shall see later, other types of connectivity.

Lemma 3.13. Let P be a swirl-like flower of order at least three in the 3-connected matroid M. Let
(f1, f2, ..., fn) be a maximal ordered fan of loose elements between consecutive petals of P with ordering
induced by a bloom associated with P.

(i) If fi is a spoke element, then M\ f; is 3-connected if i € {1,n} and M\ f; is 3-connected up to the single
series pair { fi_1, fi+1} otherwise.

(ii) If f; is a rim element, then M/ f; is 3-connected if i € {1,n} and M/ f; is 3-connected up to the single
parallel pair { fi_1, fi1+1} otherwise.

Given the fact that the loose elements of swirl-like flowers form fans, the reader may be tempted
to think that the converse holds in that a petal whose elements form a fan consists entirely of loose
elements, that is, is a loose petal. This is not the case. For example the legs of a swirl are trivially fans
and their elements are not loose. Another example is illustrated in Fig. 3.5. It all depends on how the
elements of the fan align with the rest of the matroid.

4. A grab bag of flower lemmas

This section consists of an unordered collection of lemmas on flowers. The criteria used for inclu-
sion in this section is that the lemma is needed somewhere in this paper and that it didn’t have a
natural home elsewhere in this chapter.

A 3-separation (R, B) is well displayed by a bloom F if it is displayed by F and neither R nor B
is contained in a petal of F. The next lemma is important and used many times, often without refer-
ence.
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Lemma 3.14. If F is a bloom of M and the 3-separation (R, B) is well displayed by F, then (R, B) is non-
sequential.

Proof. Say that (R, B) is well displayed. Then for some tight 4-petal flower (P, P2, P3, P4) displayed
by F, we have (R, B) = (P1 U Py, P3 U Py). It follows from Lemma 3.9, that fcl(P1 U P;) # E(M) and
fcl(P3 U P4) # E(M), so that (R, B) is non-sequential. 0O

Recall that disjoint sets A and B of a matroid M are fully skew if n(A, B) = m*(A, B) = 0. The next
lemma follows from the definition of a swirl-like flower and the fact that duals of swirl-like flowers

are swirl-like flowers.

Lemma 3.15. If P; and P; are non-consecutive petals of a (not necessarily tight) swirl-like flower, then P;
and P; are fully skew.

The next lemma follows from results in [20].

Lemma 3.16. Let P and Q be inequivalent maximal flowers of a 3-connected matroid M of order at least three.
Then there is a petal P of P and a petal Q of Q such that E(M) — P is contained in fcl(Q).

As an easy consequence of Lemma 3.16 we have

Corollary 3.17. Let P and Q be inequivalent maximal swirl-like flowers of a 3-connected matroid, then there is
apetal P € P and a petal Q € Qsuch that P C Q.

One might expect that Vamos-like flowers are potentially problematic, particularly as we make no
assumptions about representability until the final chapter. However, it turns out that they cause no
difficulties for us. One reason for this is that a Vamos-like flower is never a concatenation of a flower
of order greater than four. Another reason is captured by the following lemma.

Lemma 3.18. Let M and M\x be 3-connected matroids, let P = (P1, Pa, ..., Py) be a flower of M\x. Assume
that, for some i € {3,4,...,n}, we have x € cl(P; U Pi;1 U---U Py) and let P’ = (P1, Py, ..., Pi_1, P; U
Piy1U---U Py U {x}). Then P’ is a flower in M of the same type as P.

Another easy lemma with a similar flavour to Lemma 3.18 is
Lemma 3.19. Let P = (Pq, P3, ..., Py) be a flower in the connected matroid M and let M’ be a 3-connected
minor of M on E’ with the property that |P; N E'| > 2 foralli € {1,2,...,n}. Then (PyNE,P,NE, ...,
P, N E’) is a flowerin M’ of the same type as P.

The next lemma is proved in [20].

Lemma 3.20. Let F be a flower of the 3-connected matroid M, and let (R, B) be a 3-separation of M such that:

(i) neither R nor B is contained in a petal of F; and
(ii) if (R, B) crosses a petal P, then |P N R|, |P N B| > 2.

Then there is a flower that refines F and displays (R, B).

Spikes and swirls show that it is possible for a petal of a tight flower to have two elements, but
this does not happen for all flowers.

Lemma 3.21. Let P be a petal of a tight flower F of a 3-connected matroid. If | P| = 2, then F is either swirl-like,
spike-like or Vdmos-like.
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We frequently need to test that we have a flower of a certain type. One way to do this is by
local connectivity between petals. Another way is by the behaviour of loose elements. These tests are
obvious consequences of the structure theorems for flowers. We note one here.

Lemma 3.22. Let F = (P, Pa, ..., Py) be a flower in the 3-connected matroid M where n > 3. Assume that
both cl(P1) N Py and cl*(P1) N Py are nonempty. Then F is spike-like.

The next fact on loose elements in swirl-like flowers is used many times.

Lemma 3.23. Let F = (Pq, Py, ..., Py) be a swirl-like flower in the 3-connected matroid M, where n > 3.
Then |cl(P1) N P2| < 1, and if cl(P1) N Py # @, then cl*(P1) N Py = 0.

Neither of the next two facts is surprising.
Lemma 3.24. Let F be a flower. Then there is a maximal flower F' such that F < F and F’ displays F.

Lemma 3.25. Let (X, Y) be a 3-separation of the 3-connected matroid M and let P and Q be maximal flowers
of M that display (X, Y). If (X,Y) is well displayed by P, then P= Q.

Finally we note that if a loose coguts element of a swirl-like flower is in a triangle, then that
triangle is part of a fan of loose elements.

Lemma 3.26. Let P = (P1, {b}, P2, ..., Py) be a swirl-like quasi-flower of the 3-connected matroid M of order
at least four, where b is a loose element of P in the coguts of P1. If {a, b, c} is a triangle of M, then, up to labels,

a € Py, c € Py, and both a and c are loose elements in the guts of P1 and P respectively.

5. Flowers and modularity

Let A and B be sets of elements in a matroid M. Recall that A and B form a modular pair if
r(A) +1(B) =r(AU B) +1r(AN B). The next lemma is elementary but fundamental.

Lemma 3.27. Let e be an element of the matroid M and let A and B be a modular pair of sets of M. If e € cl(A)
and e € cl(B), thene € cl(AN B).

The next lemma provides a useful connection between the connectivity function and modular-
ity.

Lemma 3.28. Let A and B be sets of elements of the matroid M. If .(A) + A(B) = A(AU B) + A(A N B), then
A and B are a modular pair in M.

Proof. Let A’ =E(M) — A and B’ = E(M) — B. Since A(A) + A(B) =A(AU B) + A(AN B), we have
r(A)+r(A)+r(B)+r(B')=r(AUB)+r(A'NB") +r(ANB) +r(A’UB'),

so that
r(A)+r(B)—r(AUB) —r(ANB)=r(A'UB’) +r(A'NB") —r(A") —r(B).

The lemma now follows from the submodularity of the rank function. O

The next lemma follows from Lemma 3.28 and the definition of flower.
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Lemma 3.29. Let P be a flower in the connected matroid M. Let A and B be sets displayed by P such that AN B
contains at least one petal of P and A U B avoids at least one petal of P. Then A and B form a modular pair.

As an immediate corollary of Lemma 3.27 and Lemma 3.29, we have

Corollary 3.30. Let x be an element of the matroid M such that M\x is connected with a flower P. Let A and B
be sets displayed by P such that A N B contains at least one petal of P and A U B avoids at least one petal of P.
If x € cl(A) and x € cl(B), then x € cl(A N B).

The next lemma is a strengthening of Corollary 3.30 for blooms. We apply it in many places.

Lemma 3.31. Let M be a matroid with an element x such that M\x is 3-connected with a bloom F of order at
least 3. Assume that the 3-separating sets A and B are displayed by F and that |A N B| > 2. Assume further
that x € cl(A) and x € cl(B).

(i) If|[E(M\x) — (AU B)| > 2, then x € cI(A N B).
(ii) If|[E(M\x) — (AU B)| =1 and this set consists of a loose coguts element of F, then x € cl(A N B).

Proof. Let C = E(M\x) — (AU B). Assume that (i) holds. Then (A —B,ANB,B — A, C) is a flower in
M\x and the result holds by Corollary 3.30.

Assume that (ii) holds. Say C = {c}. As (A— B,ANB, (B — A)U/{c}) is a flower in M\x and c is a
loose coguts element, we see that c is in the coguts of the 3-separation (A — B, BU {c}) of M\x. Thus
M(A—B,B)=r(A—B,BU{c}) —1=1. Hence

r(AUB)=r(B)+r(A—B)+1.
Also, as (A— B, ANB, (B— A)U{c}) is a swirl-like flower in M\x, we have NM(A — B, AN B) = 1. Hence
r(A)=r(ANB)+r(A—-B)+1.

It follows from the two displayed equations that A and B form a modular pair in M\x. Now x €
clyy(AN B) by Lemma 3.27. O

6. Separations crossing blooms

In this section we analyse the precise ways in which a 3- or 4-separation can interact with a
maximal bloom. The results of this section are lemmas for results in later sections.

Let F= (131 132, .. 13,1) be a maximal bloom of the matroid M. Then a set S is consecutive in F if
it is a union of consecutlve petals in the quasi-flower F. In other words, S is consecutive if, for some
i,je{l,...,n}, S=1; ub;u P,+1 U---uU Pj 1 U Pj UL , where L; is a terminal section of P;, and

L}L is an initial section of Pj+. Note that a 3- separatlon (A, B) is displayed by F if and only if A is

consecutive. Recall that when we say that a set S is contained in a petal of F, we mean that S C P
for some i.

Lemma 3.32. Let M be a 3-connected matroid, let F be a maximal bloom of order at least 4, and let (R, B) be
a 3-separation of M. If (R, B) is not displayed by F, then either R or B is contained in a petal of F.

Proof. If (R, B) is non-sequential, then the result follows from [20, Theorem 8.1]. Thus we may as-
sume that either R or B is sequential. Say that R is sequential. Then there is a triangle or triad

={a, b, c} of R such that R C fcl(T). Up to labels, there is an i € {1 2,...,n— 2} such that a € Py,
be ﬁi, and c € 13j for some j >i. As i <n—2, by Lemma 3.9, P1 U P2 U---uU 13,- is fully closed and
either ce Py orce I3i. Up to labels we may assume the former holds. Then {a, c} C P; and Py is fully
closed, so T C 131 and indeed, fcl(T) C 131. Thus R is contained in a petal. O
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The next lemma gives a more precise description of the way that a 3-separation can cross a
bloom.

Lemma 3.33. Let M be a 3-connected matroid, let F = (131, 132, e 13,1) be a maximal bloom of M of order at
least 4, and let (R, B) be a 3-separation of M that is not displayed by F. Then the following hold.

(i) Up to labels, R < Py.
(i) IRNPTI,[RN P <1, and if RN Py %@, then RN Py is the last element of P}, and if R N P} # 9,
then R N P is the first element of P
(iii) IfIRN I:’ll =1, then R is a triangle or a triad. 3
(iv) If|B N P1| =1, then R is equivalent to the displayed 3-separation R U Pq.

Proof. Part (i) is just a restatement of Lemma 3.32. Consider (ii). Assume that R N P1=0.1fRC P,
or RC PT, then R is clearly a consecutive set of loose elements and is displayed by F, although a
flower displayed by F that displayed R would not be tight. Assume that RN P; # and RN PT #0.
In this case an appropriate concatenation of F and Lemma 3.15 show that RN P; and RN PT are
fully skew contradicting Lemma 2.20. .

Thus we may assume that RN Py # . Say that [RN L] | > 2. By uncrossing R with P, we see that
A(Pp UR)=2. But RN P4 #, so P, UR is not displayed by F and neither it nor its complement is
contained in a petal, contradicting Lemma 3.32. Hence [RN P | < 1. Assume that RN L] = {f}, where
{f} is not the last element of P . By Lemma 3.10, f ¢ c® (R —{f}), so R is split and by Lemma 2.20,
(R, B) is not a 3-separation. Thus, if RN P} is nonempty, then RN P is the last element of P; . The
same argument holds for R N P{r. Thus (ii) holds. Parts (iii) and (iv) are easy. O

We now consider how 4-separations cross swirl-like flowers and blooms. Observe that an unsplit
exactly 4-separating set in a matroid has at least four elements.

Lemma 3.34. Let F = (P, ..., Py) be a maximal swirl-like flower of the 3-connected matroid M such that
F has order at least 5, and |E(M)| > 11. Let (R, B) be an unsplit exact 4-separation of M. Assume that, amongst
all equivalent flowers, F has a minimum number of petals crossed by (R, B). Then, up to labels, either

(i) forsomei € {1,2,...,n} we have P1 U P, U---U P;_1 C B, the partition (R, B) crosses P;, and P;;1 U
Pito U---UP, CR;or
(ii) B crosses P1 and P, and B C P71 U P».

Proof. Assume that the lemma fails and that (R, B) satisfies neither (i) nor (ii). We first show
3.34.1. There is a petal of F that is not crossed by (R, B).

Subproof. Assume that all petals of F are crossed by (R, B). By uncrossing, either RN (Pq U Py U P3),
or BN(P4UPsU---UPy,) is 3-separating. Assume the former case holds. Then, by Lemma 3.33, there
is an equivalent flower in which this set crosses at most one petal. Such a flower has fewer petals
crossed by (R, B), contradicting the choice of F. Thus the latter case holds. But we may apply the
previous argument to BN (P4 U P5 U ---U Py) unless this set has at most two elements. This means
that n =5, and |B N P4| = |BN P5| = 1. This argument extends to show that [RN P;| =|BN P;| =1 for
allie{l,...,5}, so that |[E(M)| = 10 contradicting the fact that M has at least 11 elements. O

Thus we may assume that there is at least one petal contained in R. Up to labels, we may assume
that {P3, P3,..., Pi_1} is a maximal consecutive set of petals each member of which is contained in R.
Also we may assume that there are at least two crossed petals as otherwise, under the assumption
that the lemma fails, we can routinely deduce from Lemma 3.15, that either R or B is split.
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3.34.2. Both P1 and P; are crossed by (R, B).

Subproof. If neither Py nor P; is crossed, then, by Lemma 3.15, R is split. Thus we may assume that

Pq is crossed. Assume that P; C B and let {P;, Piy1,..., Pj} be a maximal set of consecutive petals
each member of which is contained in B. If Pj 1 C R, then, by Lemma 3.15, B is split. Thus Pjq is
crossed. A similar argument shows that P; is crossed for all [ € {j+ 1, j+2,...,n}. In particular, P, is

crossed. If P = P11, then the lemma holds. Thus j + 1 <n. By uncrossing, either A(P;1 UP, U---U
Pi_1) =2 or A(P;UPjyqU---UPy)=2. In either case, by Lemma 3.33, there is a flower equivalent
to F that displays that 3-separation. But again by Lemma 3.33, such a flower has fewer petals crossed
by (R, B). Note that for this to be true, we do need to know that P, is crossed. O

We now know that Py and P; both cross (R, B). If i =n, then the lemma holds, so i <n. If
le{i+1,i+2,...,n}, then P;N B # ¥, otherwise, by Lemma 3.15, B is split. As B is not split, |B| > 4.
Thus, either [(P; U Pj11U---UPy)NB| >3, or |(Pl+1 UPitpU---UP,UPy)NB| > 3. Up to labels we
may assume the latter holds. Clearly |(P, U P3 U ---U P;) N R| > 3. By uncrossing, one of these sets
is 3-separating. But again, in either case, it follows straightforwardly from Lemma 3.33 that a flower
equivalent to F crosses (R, B) in fewer petals. This final contradiction to the choice of F completes the
proof. O

We will say that the unsplit exact 4-separation (R, B) is 1-crossing or 2-crossing for F according as
to whether Lemma 3.34(i) or (ii) holds. We now refine Lemma 3.34 to give a more precise description
of the way that an unsplit 4-separation crosses a bloom.

Lemma 3.35. Let F = (131, 132, e 15,1) be a bloom of the 3-connected matroid M, where |E(M)| > 11 gnd
n > 5, and let (R, B) be an exact unsplit 4-separation of M. If (R, B) is 1-crossing, then, up to labels, |[R N P1|,
[B N P1| =2, and one of the following holds.

(i) R C P1.

(i) For some i €{2,3,...,n— 1}, R=(P1NR)U P, UP3U---UPi_y UP; UL}, where L is an initial
section of Pi*. Moreover, R N P is either empty or the last element of P{, and B N PT is either empty or
the first element of P

Proof. By Lemma 3.34, there is a flower (P1, P2, ..., P;) displayed by F such that (R, B) crosses Pq
and R=(P1NR)UPyU---UP; for some i €{1,2,...,n}. Thus, (R, B) crosses Pi. Assume that
[RN P1] =1, say RN Py = {r}. Then the set R — {r} is displayed in the flower (P1, P3,..., Py) so
that A(R — {r}) =2. Hence r ¢ A® (R - {rhH implying that R is split. Therefore |R N P1]>2 and simi-
larly |BN [31| >2.

Assume that (i) does not hold. Then, as (R, B) is 1-crossing, we may assume up to labels
that R = (P1 NR)U P, U P3U---UPi_; UP; UL, where L} is an initial section of P;", and
ie{2,3,...,n—1}L In partlcular P, C R and P, C B. Let P+ (f1, f2, ..., fm). Assume for a
contradiction that P]Jr N B ¢ {#,{f1}}. Let k be the greatest integer such that f; € B. By assump-
tion, k > 1. If fy_1 € B, then R is split by Lemma 3.15. Thus f;_; € R. By Lemma 3.10, f; ¢
A®(P3UPLU---UP,UPLU{f1, fa,..., fiea}) and this set contains B — { fi}. Thus fj is isolated in
B — {fi}, contradicting the fact that B is unsplit. Hence Pl+ N B e {#,{f1}} and symmetrically P{ N R
is either empty or the last element of P so that (ii) holds. O

Lemma 3.36. Let F = (P1, Py,..., Pp) be a maximal tight swirl-like flower of order at least 5 in the
3-connected matroid M and let (R, B) be an unsplit exact 4-separation of M that is 2-crossing for F. Assume
that R € Py U Py. Then the following hold.

(i) A(P1NR)=A(P2NR)=2.
(ii) {n(P1NR, P, NR),m*(P1NR,P;NR)} ={0,1}.
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Proof. Assume that |P1 N R|=1; say P1 N R ={x}. As (R, B) is not split, x € cd® (P, N R), and hence
x € cl(P3), so that (P1 — {x}, P2 U {x}, P3,..., Py) is a flower equivalent to F, and (R, B) crosses only
one petal of this flower, contradicting the fact that (R, B) is 2-crossing. Thus |P1 N R| > 2, and hence
A(P1 N R) > 2. Assume that A(P1 N R) > 2. Then, by uncrossing, A(P, UP3U---U P, U(P1NB))=2.
But, then, by Lemma 3.32, we can obtain a flower equivalent to F that crosses (R, B) in fewer petals.
Hence A(P1 N R) = 2. Similarly A(P, N R) =2, so that (i) holds.

By Lemma 2.12 and (i), we have

3=A(R)=A(RNP1) +A(RNP2) — (RN Py, RN Py) —*(RN Py, RN Py)
=4—-n(RNPy,RNPy) —*(RN Py, RN Py).

Part (ii) follows from this equation. O

Chapter 4. k-Coherent matroids

At last we can introduce the key connectivity notion for this paper. Let k > 5 be an integer. Note
that if a matroid has a flower of order n > k, then it also has a flower of order k. A matroid M is
k-coherent if it is 3-connected and has no swirl-like flowers of order k. The 3-connected matroid M
is k-fractured if it has a swirl-like flower of order k. A k-fracture of M is a swirl-like flower in M of
order at least k. This chapter is devoted to developing properties of k-coherent matroids, focussing
particularly on issues related to preserving k-coherence in minors. In any unexplained context, if we
say that M is a k-coherent matroid, then it will always be implicit that M is 3-connected and that k
is an integer greater than 4.

An earlier draft of this paper had a number of purpose built proofs that focussed solely on
k-coherence, but it soon became apparent that they were special cases of more general theorems re-
lated to the broader issue of when it is possible to remove elements without exposing 3-separations.
The study of this question was undertaken in [22-24]. We now derive a number of our results as
corollaries of theorems in [22-24].

We frequently illustrate situations for k-coherent matroids with schematic diagrams. In such dia-
grams it is always assumed that k = 5.

1. Exposure and k-coherence

We begin by recalling some terminology. Let x be an element of the 3-connected matroid M.
Assume that M\x is 3-connected. Then a 3-separation (A, B) of M\x is well blocked by x if every
3-separation of M\x equivalent to (A, B) is blocked by x. In the case that (A, B) is well blocked by x
we say that (A, B) is exposed by x or that x exposes (A, B) in M\x. On the other hand, if M/x is
3-connected and (A, B) is a 3-separation in this matroid. Then (A, B) is well coblocked by x if every
3-separation of M/x equivalent to (A, B) is coblocked by x. In this case we say that x exposes (A, B)
in M/x. Recall also that, if (R, B) is a 3-separation displayed by a flower F of a matroid, then (R, B) is
well displayed if both R and B contain at least two tight petals of F. The first task of this chapter is to
prove that if M is k-coherent, but M\x is 3-connected and k-fractured, then x exposes a 3-separation
in M\x. The next lemma is clear.

Lemma 4.1. Let M and M\x be 3-connected matroids. If x is in the closure of a petal of a k-fracture of M\x,
then M is not k-coherent.

The next lemma shows that we cannot lose k-coherence without exposing a 3-separation.

Lemma 4.2. Let x be an element of the k-coherent matroid M such that M\x is 3-connected and k-fractured.
Then x exposes a 3-separation in M\x. Moreover, if F is a k-fracture of M\x, then there is a 3-separation of
M\x that is well displayed by F and is exposed by x.
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Proof. Assume that the lemma fails. Say F = (131, 132, R Ism) is a maximal bloom that k-frac-
tures M\x. If (R, B) is a well-displayed 3-separation in F, then either x e cly(fcly\x(R)) or x €
cly (fclp\x(B)), as otherwise this is a 3-separation that is well blocked by x. Assume that, amongst all
such 3-separations (R, B) is chosen so that x e cly (fcly\x(R)) and that fclynx(R) contains a minimum
number of petals of F. By Lemma 3.9, we may assume, up to labels, that fclyyx(R) = 131 u 132 u---u f’,-,
for some i € {2,3,...,m — 2}. But now, either x € cl(13m U 131), or x € cl(f’z u 133 u---u I3m,1), as oth-
erwise we again have a 3-separation exposed by x. By Lemma 3.31 either x € cl(f’1) or x € cl(Isz),
contradicting the choice of (R, B). O

The following theorem is [24, Theorem 1.1].

Theorem 4.3. Let M be a 3-connected matroid that is not a wheel or a whirl. Then M has an element x such
that either M\x or M /x is 3-connected and does not expose any 3-separations.

The next corollary follows immediately from Theorem 4.3 and Lemma 4.2.

Corollary 4.4. Let M be a k-coherent matroid. If M is neither a wheel nor a whirl, then M has an element x
such that either M\x or M /x is k-coherent.

2. Some local wins

While it is good to know that there is almost always an element somewhere that can be removed
to keep k-coherence, we also need to identify specific locations where we may remove elements and
keep k-coherence. In this section we describe a number of such situations. Most often we focus on
finding situations in which removing an element does not expose any 3-separations. We may omit
the obvious corollary for preserving k-coherence. We begin by describing some straightforward cases.
The next lemma is [24, Lemma 2.10]. The proof is short, so we give it here.

Lemma 4.5. Let M be a 3-connected matroid and let A be a sequential 3-separating set of M with at least four
elements. If x € A and M\x is 3-connected, then x does not expose any 3-separations in M\x.

Proof. By Lemma 2.34, A — {x} is a sequential 3-separator of M\x. By Lemma 2.31 A — {x} has a
triangle or triad T such that fclpx(T) 2 A — {x}. Let (R, B) be a 3-separation in M\x. Up to la-
bels we may assume that |[R N T| > 2. Then either T C clyn\x(RNT), or T C cl*M\X(R N T), so that
A — {x} C fclypx(R). In M\x, the 3-separation (R, B) is equivalent to (fclyyx(R), B — fclyp\x(R)). But
A C fcdpx(R), and x € cly (A — {x}), so that (fcly\x(R), B — fclyx(R)) is induced in M and (R, B) is
not exposed by x. O

For k-coherent matroids we have
Corollary 4.6. Let M be a k-coherent matroid and let A be a sequential 3-separating set in M such that |A| > 4.

(i) If x is an element of A such that M\x is 3-connected, then M\x is k-coherent.
(ii) If (a1, az, ..., ay) is a sequential ordering of A, then either M\a, or M /ay, is k-coherent.

Proof. Part (i) follows from Lemmas 4.2 and 4.5. Part (ii) follows from (i) and Lemma 2.32. O

Another easy case, also proved in [24], is provided by quads. The proof is similar to that of
Lemma 4.5, but easier.

Lemma 4.7. Let D be a quad of the 3-connected matroid M and let d be an element of D that is not in a triad.
Then M\d is 3-connected and d does not expose any 3-separations in M\d.
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Thus an element of a quad can be removed one way or the other to keep 3-connectivity and not
expose 3-separations unless it is in both a triangle and triad, that is, unless it is in a 4-element fan.
One may expect it to be difficult for every element of a quad to be in a 4-element fan, but it can
happen. Indeed, let M be a spike with a tip t and cotip c and let {p1,q1} and {p2, g2} be legs of the
spike. Then {p1,q1, p2.q2} is a quad and (t, p1,q1,c) is @ maximal fan with ends t and c.

Lemma 4.8. Let D be a quad of the 3-connected matroid M. If D has an element that is in both a triangle
and a triad, then every element of D is in a 4-element fan and there is a partition (D1, D3, C) of E(M) with
D1 U Dy = D such that the following hold.

(i) (D1, Dy, C) is a spike-like flower with tip t € C and cotip c € C.
(ii) D1 U{c,t} and D, U {c, t} are 4-element fans of M.

Proof. Say d € D, and that d belongs to a 4-element fan F. As d is in both a triangle and a triad,
d is an internal element of F. Let F = (t,d, x, c), where {t,d, x} is a triangle and {d, x, c} is a triad.
As D is both a circuit and a cocircuit we see that both {t,d,x} and {d, x, c} contain exactly two
elements of D so that xe D and {t,c} € E(M) — D. Let D1 ={d,x} and D, = D — D4. Consider the
flower F = (C, D1, Dy). Note that t and c are loose elements of this flower, indeed, t € cI(D1), and
c ecl*(D1). By Lemma 3.22, F is spike-like, so that t € cl(D3) and c € cI*(D3). The lemma now follows
routinely. O

The next theorem is [24, Theorem 7.1]. Its proof is quite substantial.

Theorem 4.9. Let (P, {a, b}, Q) be a tight flower of a 3-connected matroid M where {a, b} is fully closed and
both P and Q have at least three elements. Then the following hold.

(i) Ifaisin a triangle, then M\a is 3-connected and has no 3-separations exposed by a.
(ii) Ifaisin a triad, then M /a is 3-connected and has no 3-separations exposed by a.
(iii) Ifa is in neither a triangle nor a triad, then both M\a and M /a are 3-connected.

Moreover, if a is in neither a triangle nor a triad and both M\a and M /a have 3-separations exposed by a, then
|P| =|Q| =4, both M\b and M /b are 3-connected, and neither M\b nor M /b has a 3-separation exposed
by b.

Combining Theorem 4.9 with other facts we obtain the following consequence.

Corollary 4.10. Let (P, {a, b}, Q) be a tight flower of the k-coherent matroid M where {a, b} is fully closed.
Then exactly one of the following holds.

(i) Either M\a or M /a is k-coherent.
(ii) Up to labels, P U {a, b} is a quad. Moreover, there is a labelling p1, p» of the elements of P such that
({p1,a}, {p2, b}, Q) is a spike-like flower with a tip and a cotip.

Proof. Note that a 3-connected matroid with at most nine elements is k-coherent. By Theorem 4.9
and Lemma 4.2 part (i) holds unless either |P| =2 or |Q| = 2. Assume that |P| = 2. Then, as the
flower is tight, P U{a, b} is a quad in M. If a is not in both a triangle and a triad, then it follows from
Lemma 4.7 that (i) holds. Otherwise it follows from Lemma 4.8 that (ii) holds. O

We illustrate Corollary 4.10 with some examples. Consider the matroid M illustrated in Fig. 4.1.
Let P =Py UP, and Q = P3 U P4 U Ps. Then the flower (P, {a, b}, Q) satisfies the hypotheses of
Corollary 4.10. Assume that M is 5-coherent. Note that (P1U{b}, Py, P3, P4, Ps) is a 5-fracture of M\gq,
so that M\a is not 5-coherent. Nonetheless, M/a is 5-coherent. Due to the way that a and b are
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Fig. 4.2. Outcome (ii) of Corollary 4.10.

aligned in this particular case, (Pq, P2 U {b}, P3, P4, P5) is a 5-fracture of M/b. In this case M\b is
5-coherent.

The next example illustrates the need for outcome (ii) in Corollary 4.10. Consider the matroid
illustrated in Fig. 4.2. Let Q = Q' U {c,t}. Note that ({b, p2},{a, p1}, Q) is a respectable spike-like
flower with tip t and cotip c. Unfortunately, we were given the perverse flower ({p1, p2}, {a, b}, Q) in
which {a, b} is tight and fully closed.

Lemma 4.11. Let M be a k-coherent matroid, and let R = (R1, Ry, ..., Ryy) be a flower of M, where m > 4
and |R1| € {2,3,4}. If p € Ry and M\ p is 3-connected, then M\p is k-coherent.

Proof. Assume that |R1| =2, say R ={p, p’}. Let P= ({p, p’}, P1, P2, P3) be a 4-petal concatenation
of R. As M\p is 3-connected, p € cly(P1U{p’}) and p € cly(P3U{p’}). Clearly ({p'}U Pq, P2, P3) and
(Py, Py, P3 U {p’}) are flowers in M\p.

Assume that the lemma fails and let Q = (Ql, Qz Qn) be a bloom of M\p that k-fractures
M\p. Assume that P; U {p’} is not displayed by F. Then, by Lemma 3.33, either P; U {p’} or P, U P3
is contained in Q,- for some i € {1,2,...,n}. The former case implies that p € clM(Q,-), so that, by

Lemma 4.1, M is k-fractured. Consider the latter case. Evidently p’ € cll(\;",)\p(P3) so that p’ € Cl;)\p(éf),

a fully-closed set. Thus P3 U {p'} C 0;. Again we see that p € cly(Q;) and again we obtain a contra-
diction to the fact that M is k-coherent.

Thus Py U {p’} and, similarly P3 U {p’} are both displayed in Q and neither is contained in a
petal of Q. It is now clear that we have a quasi-flower ({p’}, Q1. Q;, Q}, Q) displayed by Q, where
P1=QjUQj, P2 =Q} and P3 = Qj, and having the further property that, for some i € {1,2,...,n}
we have Qi € Q € Q] U{p'} < Qi. Now p e cly({p'} U Q] U Q}) and p € clm(Q4 U Q{ U {p'}), so,
by Lemma 3.31, p € cly({p’} U Q7). Thus p € cl(Py). Again we obtain the contradiction that M is
k-fractured. Thus the lemma holds in the case that |Rq| =2.
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Fig. 4.3. Illustration for Lemma 4.13.

A similar, but easier, analysis establishes the lemma in the case when R; has three elements.
The case when |R1| =4 is too easy to resist. In this case, if Ry is sequential, then it follows from
Corollary 4.6 that M\x is k-coherent. On the other hand, if R is non-sequential, then R; is a quad,
and it follows from Lemma 4.7 that M\x is k-coherent. O

If a triangle T is not in a 4-element fan then, as we shall see in the next section, it is not always
possible to find an element of T that can be deleted to preserve k-coherence. Nonetheless things
often work out well. The next lemma is [22, Theorem 4.2].

Lemma 4.12. Let {a, b, c} be a triangle in a 3-connected matroid M having at least four elements. Assume
that {a, b, c} is not contained in a 4-element fan, and that M\b is not 3-connected. If z € {a, b} then M\z is
3-connected and z does not expose a 3-separation in M\z.

We now consider loose elements in swirl-like or spike-like flowers. It turns out that, apart from
some almost degenerate situations we can remove loose elements of such flowers and preserve
k-coherence. The degeneracy is again related to the fact that we may partition quads arbitrarily
into 2-element subsets to obtain 3-petal flowers. Fig. 4.3 illustrates the needs for the constraints
in part (iii) of Lemma 4.13. Here P1 = {p1, p}}, P2 = {p2, p,} and P3 = P} U Pj. Deleting | exposes
the 3-separation ({p1, p2} U Pj, {p], p5} U P).

Lemma 4.13. Let M be a 3-connected matroid and let F = (P1 U {l}, P2, ..., Py) be a spike-like or swirl-like
flower of M with at least three petals and |P1| > 2. Assume that | is a loose element between Py U {l} and P,
and that M\ is 3-connected.

(i) Ifeither P1 U {l} or P, is a loose petal, then | does not expose any 3-separations in M\L
(ii) Ifn > 4, then | does not expose any 3-separations in M\L
(iii) If n = 3 and at most one member of {P1, Py, P3} has two elements, then | does not expose any
3-separations in M\L.

Proof. We first show that (i) holds. Assume that P; U {I} is a loose petal. Then, as |P; U {l}] > 3, it
must be that case that F is swirl-like. By Theorem 3.7(ii), Py U {I} is a fan. If [Py U {I}| > 4, then it
follows from Corollary 4.6 that | does not expose a 3-separation in M\l. Thus we may assume that
|P1 U {I}] = 3. Say that, written as an ordered fan, P; U {l} = (f1, f2,]). In this case {f1, f2,1} is a
triangle and is not contained in a 4-element fan as otherwise we may again apply Corollary 4.6. As |
is loose, | € ™ (Py). If | € cl*(P5), then M\I is not 3-connected. Thus [ € cl(P3). It now follows from
Lemma 3.10 that f; € cl*(P2 U {I}), so that M\ f> is not 3-connected. In this case | does not expose
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any 3-separations in M\! by Lemma 4.12. The same argument applies in the case that P, is loose and
(i) holds.

Consider (ii). Assume that F has at least four petals. Assume that (R, B) is a 3-separation of M\!
that is exposed by I. By (i), both Py U {l} and P, are tight petals. Let F’ = (P, P2, P, Py) be a
concatenation of (P1, Py, ..., Py) and let F' be a maximal flower such that F” < F and such that F/
displays F’. Such a flower exists by Lemma 3.24. Say

F =(Pi1,....P1i,Pa1,..., P2j, P31, ..., P3k, Pa1, ..., Pam),

where Py =Py U---UPy;, Pp =Py U---UPyj, Py=P31U---UP3, and Py =Py U--- U Py
Then [ € cl(P1) and [ € cl(P>y), so, by Lemma 3.12, [ € cI(Py;) and [ € cI(P1). As F' is maximal, (R, B)
conforms with F'. Thus there is a 3-separation (R’, B"), equivalent to (R, B) such that either (R’, B) is
displayed by F/, or one of R’ or B’ is contained in a petal of F. In either case we deduce that either
P1; or Py1 does not cross (R’, B'). But then, as [ € cI(Py;) and I € cl(P21), we see that either I € cI(R")
or | € cI(B’), contradicting the assumption that (R, B) is well blocked by I. Thus (ii) holds.

Consider (iii). Here F = (P U{l}, P2, P3). Again assume that (R, B) is a 3-separation of M\[ exposed
by I. Consider the flower (P1, P2, P3) of M\L. As | € cI(Py), and [ € cI(P3), (R, B), and any 3-separation
of M\l equivalent to (R, B), crosses both Py and P,. As at most one member of {P, P, P3} has two
elements, we may assume up to labels that |P1| > 2 and that |P{ N R| > 2.

4131.|P1 N B| >2.

Subproof. Assume that |[BN P{|=1; let {b} = BN P1. We have |B — P1| > 2, so that R U P avoids at
least two elements of E(M\[). As |R N P1| > 2, by uncrossing we see that R U P1 is 3-separating. But
R U P1 =R U {b}. Hence (R, B) = (RU {b}, B — {b}), but this latter 3-separation does not cross P;. O

A similar uncrossing argument to that of 4.13.1 shows that [P, " R| =1 if and only if |P, N B| =1.
Using an uncrossing argument and possibly moving to a 3-separation equivalent to (R, B) we may
also assume that |[P3 N R| =1 if and only if |[P3NB|=1.

413.2.|P;NR|=|P;NB|=1 forsomeiec{2,3}.

Subproof. If neither P, nor P3 has the property of the sublemma, then we may apply Lemma 3.20
and obtain a flower F that refines (P1, P2, P3) and displays a 3-separation equivalent to (R, B). As
l e cl(P1) and I € cl(Py), it follows from Lemma 3.12, that, for some petal P of F/, we have [ € cI(P).
But, as (R, B) is displayed, either P C R or P C B. In either case we contradict the assumption that
(R, B) is well blocked by I. O

4133.|P;NR|=|P2NB|=|P3NR|=|P3NB|=1.

Subproof. Let (Q2, Q3) be a permutation of (P2, P3) and assume for a contradiction that |[RN Q3| > 2.
By 413.2, |Q3NR|=|Q3NB|=1. Let (r,b) =(Q3NR, Q3N B).

Assume that Q; N B = . Then, by uncrossing, (R U {b}, B — {b}) is a 3-separation in M\l. But
(RU{b}, B—{b}) = (R, B) and B — {b} C P1, so (RU {b}, B — {b}) is not blocked by I, contradicting the
assumption that (R, B) is well blocked by I. Thus Q2 N B # ¢ and, as |Q2 N R| > 2, we deduce that
[Q2N B[ =2.

Now |E(M\]) = (BU(P1UQ3))| =2 and |[BN(P1UQ3)| > 2. So by uncrossing, Ay (BN(P1UQ3)) =
2. Note that BN (P1UQ3) = (BN P1)U{b}. A similar uncrossing argument shows that App (BN P1) =2.

As BN Py and (BN Py) U {b} are both exactly 3-separating in M\|, it follows that b € cl(M*)\l(B N Pq)

and hence, in M, we have b € CIE\;)(M U{l}). By symmetry we also deduce that r € clf\;)(ﬁ U{l}). Thus
r and b are loose elements of the flower F, and by the structure of loose elements in swirl-like or
spike-like flowers, we deduce that, up to labels, we have b € cly; (P U {l}). As | € clyy(P1), we have



J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175 35

{b, 1} C cly(Pq). But, in the flower (P1, P U{l}, P3), the pair {b, [} is a subset of the closure of a single
petal and, by the structure of swirl-like and spike-like flowers, there is at most one element in the
petal P, U {l} contained in the closure of Pq. This contradiction establishes the sublemma. O

By 4.13.3, |Py| = |P3| = 2 contradicting the assumption that at most one of these sets has two
elements and (iii) follows. O

3. k-Wild triangles

Let {a, b, c} be a triangle of the k-coherent matroid M that is not in a 4-element fan. We have seen
in Lemma 4.12 that if M\b is not 3-connected, then both M\a and M\c are k-coherent. Unfortunately
the case arises where M\a, M\b, and M\c are 3-connected and k-fractured. The remainder of this
section is devoted to describing the structure of a matroid relative to such a triangle. The results of
this section are essentially corollaries of results in [22].

We begin by recalling the A — Y operation for matroids. Let A = {a,b,c} be a triangle of the
matroid M and take a copy of M(K4) having A as a triangle and {a’,b’,c’} as the complementary
triad, labelled such that {a,b’,c’}, {a’,b,c’} and {@’, b’, ¢} are triangles. Let PA(M(K4), M) denote the
generalised parallel connection of M(K4) and M. We write AM for PA(M(K4), M)\A and say that
AM is obtained from M by a A —Y exchange on A. As is common practice, we relabel a’, b’ and ¢’
as a, b and ¢ so that M and AM have the same ground set. The matroid N is obtained from M by
performing a Y — A exchange on a triad {a, b, c} if N* is obtained from M* by performing a A — Y
exchange on the triangle {a, b, c} of M*.

A triangle T of the 3-connected matroid M is wild if, for all t € T, either M\t is not 3-connected,
or M\t is 3-connected and exposes a 3-separation in M. The structure of wild triangles is described
in [22], and we will later outline the results from there that we need. First we describe the particular
type of wild triangle that is problematic from the perspective of k-coherence.

Let M be a k-coherent matroid and T = {a, b, c} be a triangle of M. Then T is k-wild if M\t is
3-connected and k-fractured for all t in T. If T is a k-wild triangle, then a k-wild display for T is a
partition

(A1,Az,...,Ak—2,B1,B2,...,Bk_2,C1,Ca, ..., Ck_2)

of E(M) — T such that the following hold, where A= Aq,A,U---UAx_5, B=B1,BU---UByj_, and
C=C;,CU---UCy_a.

(i) (A1,Az,..., Ak, BUCUT), (B1,B3,...,Bx_2,AUCUT), and (Cq,Cy,...,Ck_2,AUBUT) are
tight swirl-like flowers of M.

(ii) (A1, Az,...,Ar_2,BU{b},CU{c}), (AU{a}, B1, B2, ..., Bx_2,CU{c}), and (AU{a}, BU{b}, Cq1, Ca,
..., Cx_2) are k-fractures of M\a, M\b and M\c respectively.

Moreover, T is a standard k-wild triangle if it has a k-wild display such that (A U {a}, BU {b}, CU {c})
is a swirl-like flower of M. Fig. 4.4 illustrates a standard 5-wild triangle.

We now describe another type of k-wild triangle obtained from a A — Y exchange. We first note
an elementary lemma. We omit the easy proof.

Lemma 4.14. Let T be a triangle of the matroid M; let AM be the matroid obtained by performinga A —Y
exchange on T; and let A be a set of elements of M. Then the following hold.

@
(ii
(iii
(iv

IfT C A, thenray(A) =1y (A) + 1.

IFTNA=0,thenrapm(A) =ry(A).

IfT C A, then Aam(A) = Ay (A).

Ift € T, then M\t = AM/t where the isomorphism is obtained by switching the labels of the other ele-
ments of T.

-z
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Fig. 4.4. A standard 5-wild triangle.

Lemma 4.15. Let T be a triangle of the matroid M such that T is not contained in a 4-element fan and let
M’ be the matroid obtained by first performing a A — Y exchange on T and then taking the dual. Then the
following hold.

(i) M’ is 3-connected if and only if M is.
(ii) Assume that M is 3-connected, that P = (P1, P», ..., Pp) is a swirl-like flower of M of order at least 3,
and T is contained in a petal of P. Then P is tight in M if and only if P is tight in M’.
(iii) M’ is k-coherent if and only if M is.
(iv) Assume that M is k-coherent. Then T is k-wild in M if and only if T is k-wild in M'.

Proof. First note that, by definition, M is obtained from M’ by first taking the dual and then per-
forming a Y — A exchange. Again by definition this means that we first perform a A — Y exchange
on M’ and then take the dual. Thus the operation we are considering is an involution and we need
only prove the parts of the lemma in one direction. The straightforward proof of (i) is given in [22,
Lemma 8.2] and we omit it here.

Consider (ii). Assume that T = {a,b,c} and T C P,. It is easily seen that P is a swirl-like flower
of M’. The only problem that could happen is that P, either ceases to be tight or becomes tight.
(Indeed this could happen if P were a copaddle, so the issue needs addressing.) By the observation at
the start of the proof we may assume that P, is a loose petal of P in M. Say P, # T. Then T belongs
to a 4-element fan in M’ and performing a A — Y exchange on a triangle in a 4-element fan destroys
3-connectivity. Thus we may assume that T = P,. We now prove that P, is a loose petal of P in M’.
Up to labels, we have a € cly (P1), b € cly(P1U{a}) and c € cly(P3). Note that, {a’,b’, ¢} is a triangle in
PA(M(K4), M). Thus rap(E(M) — (P1 U {c})) = ry(E(M) — P1). Evidently rap(P1 U {c}) =ry(P1) + 1.
Hence Aam(P1 U {c}) =2 so that ¢ € cl}y;(P1). It follows easily that b € clapm(P1 U {c}). By symmetry
a € cl’y;(P3) and part (ii) follows.

Consider (iii). Assume that M is not k-coherent. Let (P1, Py, ..., Py) be a tight flower that k-frac-
tures M. By Lemma 3.33 we may assume up to labels that T € Py. By (iii), (P1, P2, ..., Pp) is also a
tight flower of M" so that M’ is not k-coherent.

Assume that M is k-coherent and T is k-wild. Then it has a k-wild display. By the earlier parts of
this lemma, M’ is also k-coherent and, indeed, the k-wild display is also a k-wild display for T in M’.
Thus T is k-wild in M’. O

The k-wild triangle T of the k-coherent matroid M is a costandard k-wild triangle if T is a standard
wild triangle in the matroid M’ constructed in Lemma 4.15. It does not seem easy to produce a
schematic diagram for a costandard k-wild triangle that is at all insightful.
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Another type of triangle that has no element that can be deleted to preserve k-coherence is one
that is an internal triangle in a fan. Note that such a triangle has two elements a and c¢ such that
co(M\a) and co(M\c) are both k-coherent. We can now state the main result of this section.

Theorem 4.16. Let T be a triangle of the k-coherent matroid M. Assume that M\t is not k-coherent for all
t € T. Then T is either an internal triangle in a fan of M, a standard k-wild triangle, or a costandard k-wild
triangle.

To prepare for the proof of Theorem 4.16 we recall material from [22]. Evidently a k-wild triangle
is wild. If T is a wild triangle of the 3-connected matroid M, then {a, b, c} is a standard wild triangle
if there is a partition P = (P1, Py, ..., Pg) of E(M) — {a,b, c} such that |P;| > 2 for all i and the
following hold.

(i) M\a, M\b, and M\c are 3-connected, M\a, b, c is connected and co(M\a, b, c¢) is 3-connected.
(ii) (P1U Py U{a}, P3U P4 U {b}, P5 U PgU{c}) is a flower in M.
(iii) (P2 U P3U P4 U {b}, P5 U PgU Py U{c}), (P4U P5U PgU{c}, P; UP,UP3U/{a}) and (PgU P1 U
P, U{a}, P3U P4 U P5 U {b}) are 3-separations exposed in M by a, b, and c respectively.

A partition P satisfying these conditions is a partition associated to {a, b, c}.

If the wild triangle T is obtained from a standard wild triangle in a 3-connected matroid by first
doing a A — Y exchange and dualising in the manner of Lemma 4.15, then T is a costandard wild
triangle. One other type of wild triangle needs to be described.

Let R ={a,b,c,s,t,u, v} be a 3-separating set in a 3-connected matroid M, where {a,b,c} is a
triangle. Then R is a trident with wild triangle {a,b,c} if {t,s,u,b}, {t,u,v,c}, and {t,s,v,a} are
exposed quads in M\a, M\b and M\c respectively. The main theorem of [22] is

Theorem 4.17. Let T be a wild triangle of a 3-connected matroid M with at least twelve elements. Then T is
either a standard wild triangle, a costandard wild triangle, a triangle in a trident of M, or an internal triangle
of a fan of M.

We will also need the next theorem from [22].

Theorem 4.18. Let {a, b, c} be a standard wild triangle in a 3-connected matroid M where |E(M)| > 12 and
let (X1, X2), (Y1, Y2), and (Z1, Z,) be 3-separations exposed by a, b and c, respectively, witha € Y,N Z1,b €
Zy N X1, and c € X, NYq. Then (X1, X2), (Y1, Y2) and (Z1, Z) can be replaced by equivalent 3-separations
such that (X2 NY2,Z1 N X1, Y2 NZy, X1 NY1, Zo N X2, Y1 N Z1) is a partition associated to {a, b, c}.

Lemma4.19. Let T = {a, b, c} be a k-wild triangle of the k-coherent matroid M. If T is a standard wild triangle
of M, then T is a standard k-wild triangle of M.

Proof. As T is k-wild, there are 3-separations (X1, X2), (Y1, Y2) and (Z1, Z3) exposed by a, b and ¢
respectively that are displayed in k-fractures of M\a, M\b and M\c respectively. We may replace
these by any equivalent 3-separations. So by Theorem 4.18, we may assume that (X, NY>2, Z1 N X1,
YoNZy,X1NYq,X2NZ, Y1 N Zy) is a partition associated to {a, b, c}.

Let P1=X,NYy, Po=X1NZ1, P3=Y2NZy, P4=X1NYq, Ps=X,NZy and Pg=Y N Zq. Then,
by the definition of an associated partition, (P1U P, U{a}, P3UP4U{b}, P5sUPgU{c}) is a flower in M,
so that (P1UP,, P3UP4U{b}, P5sUPgU{c}) is a flower in M\a. The 3-separation (X1, X2) = (P, UP3U
P4U{b}, P5UPgU Py U/{c}) crosses this flower so by Lemma 3.20 (Pq, P, P3U P4 U{b}, P5 U PgU{c})
is a flower in M\a. As (X1, X2) is displayed in a k-fracture of M\a, this flower refines to a k-fracture A
of M\a. This shows that the above flower is swirl-like.

We now show that A is obtained by refining P1 and P,. Assume otherwise. Then we may assume
that there is a partition (P’, P”) of P3 U P4 U {b} such that (P1, P2, P/, P”, P5s U Pg U {c}) is a flower
in M\a. Certainly a € cl(P1 U Py), so that (P1UP,U{a}, P’, P”, P5s U PgU{c}) is a flower in M. We may
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assume that b is in P”. Then, as b € cl({a, c}), we see by Lemma 3.10 that, up to labels, (P1 U P, U{a},
P’,P” —{b}, PsUPgU{b,c}) is a flower in M and, indeed, (P1 U P3, P, P” —{b}, PsU PgU{a, b, c}) is
a flower in M. This contradicts the fact that a exposes the 3-separation (X7, X3).

We deduce that there is a refinement (A1, ..., Ayp) of P1UP; such that (A1,..., Am, P3UP4U{b},
P5 U Pg U {c}) is a k-fracture of M\a. As M is k-coherent, and a does not block AjU---U Ap, we see
that m =k — 2. The lemma follows by repeating the above argument in M\b and M\c. O

While triangles in tridents are a problem in the general case, they cause no difficulties in the
k-coherent case.

Lemma 4.20. Let T be a triangle in a trident of the k-coherent matroid M. Then T is not k-wild.

Proof. Assume that {a, b, c} is in the trident X = {a, b, c,t,s, u, v} where the labelling accords with
that given in the definition of a trident. Assume that {a, b, c} is k-wild. Let A be a maximal k-fracture
of M\a. Certainly X — {a} is not contained in a petal of A, as otherwise M is k-fractured. It is now
readily verified that the quad {t,s, u,b} of M\a is displayed in A. This shows that, for some m > 2,
there is a partition (Pq, P3,..., Pp) of E(M) such that (X, Py, Pa,..., Py) is a maximal swirl-like
flower of M, and ({c, v}, {t,s, u, b}, P1, P2, ..., Py) is a swirl-like flower in M\a. (It is conceivable
that this flower is not maximal in that {t, s, u, b} could refine to a pair of petals. In fact this does not
happen, but we don’t need to establish this fact.) We now know that

n({c,v},Pm)=1 and n({s,t,u,b}, Py)=0.

Repeating the above argument for M\c, and using Lemma 3.25 we deduce that either ({b, u}, {s, ¢,
a,v}, P1,Pa,...,Pp) or ({s,t,a,v},{b,u}, P1, Pa,..., Pp) is a swirl-like flower in M\c. As r({s,t,
u, b}, Pp) =0, it must be the former, and we deduce that n({s, t, a, v}, P;) = 0 so that

n({a, s}, Pm) =0.

Repeating for M\b and using the above fact, we deduce that ({a,s},{v,u,t,c}, P1,P2,...,Pp) is a
swirl-like flower in M\b. But this means that n({v, u, t, ¢}, P») = 0 so that n({c, v}, P;,) = 0 contra-
dicting the fact that n({c, v}, Pp)=1. O

The proof of Theorem 4.16 is now just a matter of summing up.

Proof of Theorem 4.16. Let T be a k-wild triangle of M. Then certainly T is wild. By Lemma 4.20, T is
not a triangle in a trident. If T is a standard wild triangle of M, then T is a standard k-wild triangle
of M by Lemma 4.19. Assume that T is a costandard wild triangle. Let M’ be the matroid obtained by
doing a A — Y exchange on T and then taking the dual. By Lemma 4.15, T is a k-wild triangle of M’.
By definition T is a standard wild triangle of M’ so that T is a standard k-wild triangle of M’. Now, by
the definition of a costandard k-wild triangle we deduce that T is indeed a costandard k-wild triangle
of M. The theorem now follows from Theorem 4.17. O

If T is a triad of the k-coherent matroid M, then T is k-wild if T is a k-wild triangle of M*. If T is a
k-wild triad, then T is a standard (respectively costandard) k-wild triad if T is a standard (respectively
costandard) k-wild triangle of M*. A partition of E(M) is a k-wild display for the triad T of M if it is
a k-wild display for T in M*.

We conclude this section by giving some elementary properties of k-wild triangles. We will use
the following lemma on A — Y exchanges.

Lemma 4.21. Let (X,Y) be a 3-separation of the 3-connected matroid M, let {a, b, c} be a triangle of M
contained in Y and let N be the matroid obtained by performing a A — Y exchange on {a, b, c}. Assume that
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M\a, M\b, and M\c are 3-connected and that {a, b, c} N cly (X) # @. Then cly(X) N {a, b, c} = clj(X) N
{a,b,c}=4.

Proof. Up to labels we may assume that a € cly(X). By Lemma 4.14(ii), ry(X) = ry(X), rn(Y) =
ru(Y) + 1, and r(N) = r(M) + 1. Thus, Ay(X) = 2. Assume that cl$’(X) contains the element ¢ in
{a,b, c}. The set {a, b, c} is a cocircuit of N so that t ¢ cly(X). Hence t € cly(X), so that Ay (X) =1.
Say t =a. Then An\q/p(X) = 1. By Lemma 4.14(iv), N\a/b = M\a,b. So Appa»(X) = 1. But a € cl(X)
so that Apnp(X) =1 contradicting the fact that M\b is 3-connected. If b € cly(X), then we see that
AN\b/a(X) =1. But N\b/a = M\a, b and we arrive at the same contradiction. O

The next lemma highlights subtle differences in the behaviour of standard and costandard k-wild
triangles. To avoid a cumbersome statement we omit obvious symmetric statements.

Lemma 4.22. Let {a, b, c} be a k-wild triangle of the k-coherent matroid M with k-wild display (A1, Az, ...,
Ak_2,B1,B2,...,Bk_2,C1,Co,...,Cx_2).Let A= A1 U A U---U Ai_y. Then the following hold.

(i) If T is standard, then a € cl(A).

(ii) If T is costandard, then a ¢ cl(A).
(iii) If T is standard, then si(M/a) is not 3-connected.
(iv) If T is costandard, then si(M /a) is 3-connected.

Proof. Part (i) is clear. Part (ii) follows from Lemma 4.21. As a € cl(A) we see that a is in the guts of
a vertical 3-separation of M and (iii) follows. While routine to prove, we simply note here that (iv)
follows from [22, Corollary 3.3(iii)]. O

The fact that any element of a standard k-wild triangle is on the guts of a vertical 3-separation
is helpful for proving that certain triangles are not standard k-wild. The next lemma is useful for
certifying that a triangle is not a costandard k-wild triangle. For ease of proof we state the dual
form.

Lemma 4.23. Let {a, b, c} be a costandard k-wild triad of the k-coherent matroid M. Then si(M/a, b) is not
3-connected.

Proof. Let M’ be the matroid obtained by performing a Y — A exchange on M. Observe that T is
a standard k-wild triangle of M. By Lemma 4.14(iv) M/a,b = M’\a/b and it is readily verified that
si(M’\a/b) is not 3-connected. O

This next lemma gives some elementary properties that are common to both types of k-wild tri-
angle.

Lemma 4.24. Let {a, b, c} be a k-wild triangle of the k-coherent matroid M with k-wild display (A1, A2, ...,
Ax_2,B1,B2,...,Br_2,C1,Ca,...,Cr_3). Let A= A1 U Ay U---U Ay_. Then the following hold.

(i) AM(AU{a,b}) >2and A(AU{a, b, c}) > 2.
(ii) Ifi € {1, 2, ...,k — 2}, then neither a nor b is in the full closure of A;.

Proof. Consider (i). Assume that T is standard. If A(A U {a,b,c}) =2, then, as cecl(CtUC U---U
Ck—2), we have A(AU {a, b}) =2 so it suffices to prove that A(AU {a, b}) > 2. Assume otherwise. Then
bec®(AU{a}). But then (AU {a,b}, By, B>, ..., By_2,Cq,CaU---UCr_y U{c})) is a k-fracture of M
contradicting the fact that M is k-coherent. Thus (i) holds in the case that T is standard.

Assume that T is costandard. It follows from (i) and Lemma 4.14 that A(AU{a,b,c}) > 2. If A(AU
{a, b}) =2, then, as c € cl({a, b}) we have A(A U {a, b, c}) = 2. Thus (i) also holds in the case that T is
costandard.
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Fig. 4.5. Some feral elements.

If (ii) fails then we easily see that either a or b is in the full closure of a petal of a k-fracture of
M\a or M\b respectively. This contradicts the fact that M is k-coherent. 0O

4. Feral elements

Throughout this section we assume that M is a k-coherent matroid. An element f of M is feral if
both M\ f and M/ f are 3-connected and k-fractured. The goal of this section is to gain insight into
the structure of a matroid relative to a feral element.

Let (P1, Py, ..., Py) and (Q1, Q2, ..., Q) be partitions of E(M) — {f}. Then these partitions form
a feral display for f if there is an i €{2,3,...,m — 1} such that the following hold.

(i) (P1,P2,...,Py) and (Qq, Q2, ..., Q) are k-fractures of M\ f and M/ f respectively.
(ii) {P2, P3,...,Pm,Q3,Q4,...,Qr, Z1 = Q1 N Py,Zy = Q3 N Py} partitions E(N) — {f} into
nonempty sets, with the exception that one of Z; or Z; may be empty.
(iii) P1=Q3UQqU---UQrUZ1UZ,.
(iv) Qu=Pi;1UP12U---UPp U Zy.
(V) Qu=Z,UP,UP3U---UP;.
(vi) (Q1UQ2U{f},Qs,..., Q) is a swirl-like flower of order (k — 1) in M.
(vii) (P2, P3,...,Pj, Pit1 UPj1pU---UPrUP1U{f}) is a swirl-like flower of order i in M.
(viii) (Pit1, Pi42,---s Pm, P1UPaU---UP; U{f}) is a swirl-like flower of order (m —i+ 1) in M.
(ix) Either Z1 # @ or Zy # ¢ and Ap(Z1), Am(Z2) < 3.
(x) f blocks P and f coblocks Qj.

Figs. 4.5 and 4.6 illustrate some different cases of feral displays associated with a feral element f.
In each of the cases of these figures, both Z; and Z; are nonempty. But the case that one of these sets
is empty does arise. Such a case is illustrated by “bogan couples” which are defined and discussed in
Chapter 5.

The primary goal is to prove that feral elements are characterised by the existence of a feral
display. In other words we prove
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Fig. 4.6. Some more feral elements.

Theorem 4.25. Let f be a feral element of the matroid M and let Fy and F. be blooms that fracture M\ f and
M/ f respectively. Then there are flowers displayed by Fyq and F. that form a feral display for f in at least one
of M or M*.

In what follows we assume that f is indeed a feral element of M and that F; = (131, i’z, ey f’m)
and F. = (Ql, 0,..., Qn) are maximal blooms that fracture M\ f and M/ f respectively. We say that
f is 1-blocking for F; if there is a flower (P, Pa, ..., Py) displayed by F4 such that, f blocks P;
and no other petal for some i € {1, 2, ..., m}. Moreover, f is 2-spanned by F; if f € c(p;u 13i+1) for
some i € {1,2,...,m}. Dually, we say that f is 1-coblocking for F. if f is 1-blocking for F. in the
matroid M*, and f is 2-cospanned by F. if f is 2-spanned by F. in M*.

Let (R, B) be a well-coblocked 3-separation of M/f. Recall that this means that f coblocks ev-
ery 3-separation equivalent to (R, B). By Corollary 2.23, (R, B) is an unsplit 4-separation in M\ f.
By Lemma 3.34, (R, B) crosses either one or two members of (131, 132, ...,Pm). Recall that (R, B) is
1-crossing or 2-crossing for F; according as to which case holds. Note that, if (R, B) is 1-crossing,
there is a flower (P, P3, ..., Pp), displayed by F; such that R=(P; N R)U P, U---U P; for some
ie{l1,2,...,m}. As f ecly(R) and f € cly(B), we have i € {2,3,...,m — 1}, as otherwise M is
k-fractured.

Lemma 4.26.

(i) Up to labels P4 is blocked by f.

(ii) If some well-coblocked 3-separation displayed by F. is 1-crossing for Fy, then f is 1-blocking for Fy.
(iii) If some well-coblocked 3-separation displayed by F. is 2-crossing for Fq, then f is 2-spanned by Fy.
(iv) f is either 1-blocking in F4 or is 2-spanned by Fy.

Proof. By Lemma 4.2, there is a well-coblocked 3-separation (R, B) displayed by F.. By the observa-
tions made prior to the lemma, (R, B) is either 1-crossing or 2-crossing for F;.

4.26.1. If (R, B) is 2-crossing, then (i) and (iii) hold.

Subproof. Assume that (R, B) is 2-crossing. By Lemma 3.34, up to labels, R C 131 u 132. As f e cl(R),
the element f is 2-spanned by Fy. Thus (iii) holds. Let (P1, P}, P},) = (P1, P, — Py, E(M\f) — (P1 U
132)). Assume that f blocks P. If f does not block 132, then f € c1(132) and we deduce that M is
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k-fractured. Thus f blocks P, and the result holds by an appropriate relabelling of Fy. Thus we may
assume that f does not block P. Also f does not block Py,. If f does not block Pq, then we again
contradict the fact that M is k-coherent. Hence (i) holds. O

4.26.2. If (R, B) is 1-crossing, then (i) and (ii) hold.

Proof. Assume that (R, B) is 1-crossing. As observed prior to the lemma, there is a flower
(Pq, Py, ..., Py) displayed by F; such that R=(RNP{)UP,U---UP; for someiec{2,3,...,m—1}.
As fecl(R) and f e cl(B) we see that f € cl(P1UPU---UP;) and f € cl(Pitq1UPi42U---UPprUPy).
Thus, if i # 1, the element f does not block P;. Now let (P1, P}, P;) = (P1, (P UP3U---UP;) — P,
(Pis1UPipU---UPp) — Py). As fecl(PyUP),) and f ecl(P;U P}), the element f does not block
P, or Py,

Assume that f does not block Pq. It is easily checked that f ¢ cl(f’l),cl(P’z),cl(P,/n) and that
fecPu Pg),cl(f’] U Py, cl(P5 U Pyp). As (P, P}, Py is a swirl-like flower in M\ f, we have
n(P1, Py) = n(P1, P},) = N(P,, P},) = 1. Thus, by Lemma 2.10, My, s(P1, Py) = nyyp(P1, Ply) =
My f(Ph, Pl) =2, so that (P1, P}, P},) is a paddle in M/f. But, by Lemmas 3.35 and 3.36, |[R N P1],
[B N Pq| > 2. Thus, by Lemma 3.20, there is a paddle in M/f that refines (P, P}, P;,) and displays
(R, B). But, (R, B) is also displayed in the swirl-like flower F. of this matroid. However (R, B) cannot
be displayed in both a paddle and a swirl-like flower. This contradiction shows that f blocks P; and
the sublemma follows. O

Parts (i), (ii) and (iii) of the lemma follow from 4.26.1 and 4.26.2. Part (iv) follows from parts (ii)
and (iii) and Lemma 3.34. O

Lemma 4.27. Assume that f is 1-blocking but not 2-spanned. Then there is a flower (P, P2, ..., Py) dis-
played by Fy, and ani € {3, 4, ..., m — 2} such that the following hold.

(i) P1 = Py and f blocks Py.

(ii) fecy(P1UP,U---UP;)and f €cly(Piy1 UPjjp2U---U Py U PY).

(iii) If3<s<i<t<m—1,then PsU Ps4q U---U Py is well blocked by f.

(iv) If (S, T) is a well-coblocked 3-separation of M/ f, displayed by F., then there is a 3-separation (S’, T') of
M/ f, equivalent to (S, T) such that {S" — P, T’ — P1} ={P,UP3U---UP;, Piy1 UPj o U---UPp}.

(v) If (S, T) is a well-coblocked 3-separation of M/ f, displayed by Fc, then there is a flower (P}, P}, ..., Py,),
displayed by Fy, such that {S — P{, T — P{} ={Py,UP3U---UP}, P; UP; ,U---UPp}.

Proof. Let (R, B) be a 3-separation of M/ f displayed by F. that is well coblocked by f. Then, as f

is not 2-spanned, it follows from Lemma 4.26 that (R, B) is 1-crossing. Thus, for some i € {2,3,...,

m — 1}, we have, up to labels, that R=(PyNR)UP,UPsU---UP;_;UP; U L, where L is an

initial segment of P,.+. As f is not 2-spanned, i € {3,4,...,m — 2}. By Lemma 4.26, f blocks Py 1t

is now clear that there is a flower (Pq, P, ..., Pp) displayed by F; such that Py = 131, PLUPyU

---UP;=RUPq, and Pj;1 UPj;oU---UPpUP;=BU Py. One consequence of this is that (i) holds.

As f coblocks (R, B) we see that f € cly(R) and f € cly(B). Hence f € cly(P1UP,U---UP;) and

fecm(Pizq UPjypU---U Py UPy), so that (ii) holds.

Consider (iii). Assume that 3 <u <i<v<m-—1. Let P be a 3-separating set that is equiv-
alent to Py U Pyyq U --- U Py. Assume that f does not block P. Then either f € cly(P), or
f e cly(E(M\ f) — P). Assume that the former holds. Note that Pm NP =9 and P; C P. Thus by
Lemma 3.31, f e cl(PN(P;UPyU---UP;)). But PN(P{UP,U---UP;) C P, UP,41U---UDP;. Hence
fe cl(13u U f’u+1 u---u I3i). But we also have f ecl(P;U---U Py U Pq); so again using Lemma 3.31,
we see that f € cl(lA’j) contradicting the fact that M is k-coherent. Assume that the latter case holds,
so that f e cl(E(M\ f) — P). Arguing as above, we deduce that f € cl(PyUPyU---UP,_q) and, as
fecd(Pjy1U---UPprUPq), we conclude that f € cl(Py), contradicting the fact that x blocks Pq. Thus
(iii) holds.
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Consider (iv). Note that the 3-separation (R, B) at the start of the proof determines a labelling of a
flower displayed by the bloom F,. Of course the same conclusions also hold for (S, T), but we need to
reconcile the labellings. As f is not 2-spanned, it follows from Lemma 4.26, that, up to the choice of
labels S and T, that S = (PsNS)UPsyq UPgpU---UP,_1UP UK;", where K;" is an initial segment
of P;", and 3 <t —s<m— 3. Note that Ps is blocked by f.

4271.s € {m,1,2).

Subproof Say s ¢ {m,1,2}. Up to symmetry, we may assume that s <i. If s <i, then (E(M\f) —

Ps) 2 B, so P is not blocked by f. Thus we may assume that s =i. Say that Pm € T. Then, as
fe cl(P;u P,+1 U---UPy) and fe c(Py U P, U---U D)), we see that fe cl(Py) contradicting the
fact that M is k-coherent. Thus f’m C S. A similar argument shows that 132 C T. Assume that 131 CT.
In this case SUB = (13,‘ nsSyu 131’+1 u I3i+2 U--UPp_q UPpU (131 N B). But by uncrossing we have
Amyf(SUB) =2,50 Ay £(SUB) < 3. Observe that in the case that Ay (S U B) = 3, the 4-separation
(SUB, E(M\ f) — (SUB)) is unsplit. However SUB crosses both P1 and P;, the set SUB does not have
the form of Lemma 3.34 or 3.33. Essentially the same argument holds in the case that 131 CT. O

Up to symmetry we may assume that t < i
4272.t=i.

Subproof. Assume that t <i. As f € cl(S), we have f € cl(ﬁ’m u---u Ist). But then 13m U 131 U---u 13[_1
is not blocked by f, contradicting (iii). Thus t =i. O

We may now relabel K;* by K;".
4.27.3. Up to 3-separations of M/ f equivalent to (S, T), we may assume that Kl.Jr = Ll.+.

Subproof. Assume that the claim fails. Then, up to symmetry, we may assume that I(l.Jr is a proper
subset of L;". Let y be the first element of L — K;". Then either y € cl(P; UK;") or y e clI*(P; UK;"),
so that either y e clpyp\f(S) or y € cl;,\f(S). In the former case it is clear that y € cly/f(S). Consider
the latter case. Note that B C E(M\ f) — (13 U K*) so y is a coloop of M\(f’,- U Kf), and thus y is a
coloop M/f\(P; UK;"). Thus y e cl} /f(Pl UK;") and hence y e clj, 11 (S).

We now have that in M/ f the 3-separation (S, T) is equivalent to (SU{y}, T —{y}). The sublemma
follows by an obvious induction 0O

We may now assume that P3UP4U---UP; €S and Pjy1 UPj;U---UPp_1 CT.
4274.5s=1.

Subproof. Assume that the sublemma fails. Up to symmetry we may assume that s =2, so that
SC P,UP3U---UP;. Recall that B € Pj4q UPj4pU---U Py, U Py. Say that BN P+ =¢. Then B €
Piy1UPipU---UPmU (b1 — Pl+). And, as f ecly(B) and f € cly(S), we see that f is in the guts of
a 3-separation of M contradicting the fact that M/ f is 3-connected. Thus BN PT # (). By Lemma 3.34,
BN Pi+ consists of a single element b, and this element is the first element of P,.+. Ifbe clM\f(ﬁ1),
then f € cly(B — {b}) and we again obtain the contradiction that M/f is not 3-connected. Thus
be cl”,{,,\f(B — {b}). By symmetry there is a single element p € SN PT and p is the last element
of PT. If b # p, then we again obtain a 3-separation (X,Y) of M\ f with BC X and S C Y, again
contradicting the fact that M/ f is 3-connected. Thus B = {b}.

Now f ecly(S), that is f € clp((S — {b}) U{b}). Hence b € clp; ((S — {b}) U{f}). But S—{b} C R, so
that b e cly(RU{f}) and b € cly/¢(R) Thus, in M/f we have (R, B) = (RU {b}, B — {b}). As B is well
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blocked, f € cly (B — {b}). But B — {b} € Pj1qUPj;2U---UPmUPq,and SC Py U---UP;_; UP;, and
again we contradict the fact the M/ f is 3-connected. O

Part (iv) of the lemma now follows immediately. The proof of (v) follows from the fact that the
equivalence moves performed in the proof of (iv) could also have been regarded as equivalence moves
in the flower. O

. We now consider the case when f is 2-spanned. Note that if f € cl(f% U 132), then (131 U 132 U{f},
Ps, ..., Py) induces a swirl-like flower of M of order m — 1. Thus m =k.

Lemma 4.28. Assume that f is 2-spanned by Fy, say f € cl(P; U By). If (P1, Py, ..., Py) is any flower dis-
played by Fy with P1 U Py = Py U Py, then the following hold.

(i) Ifie{3,4,...,k—1},then P, U P3U---U P; is a well-blocked 3-separation of M\ f.
(ii) If (R, B) is a well-coblocked 3-separation of M/ f, then, up to labels, R € P1 U P5.

Proof. Consider (i). Say i € {3,4, ...,k — 1}. Assume that P, U P3U---U P; is not well blocked by f.
Then either f € cl(ﬁ’z U133 U-- -Uf’i), or f e cl(13i+1 U13,~+2 y---u 13,(). Up to symmetry we may assume
that f € cl(f’z U 133 U---u ﬁi). But f € cl(f’l U 132) and (131 U 132) U (132 U 133 U---u I3i) avoids 13m. So,
by Lemma 3.31, f € cl(Py) contradicting the fact that M is k-coherent. Thus (i) holds.

Consider (i ) Say (R B) is a well-coblocked 3-separation of M/ f. If (R, B) is 2-crossing, then, up
to labels, R € P; U P,+1 for some i. If i # 1, then we obtain a contradiction by an application of
Lemma 3.31. A similar easy argument shows that (ii) holds in the case that (R, B) is 1-crossing with
one exceptional case that we focus on now. In this case, up to labels, we have R = PrnRYUPU
Pfu P, ULT, where Ly is an initial segment of P . Let P, = Py U Ly. Assume we are in this case.

4.281. f e cl(P1 U PY).

Subproof. As f € cl(R), we have f € cl(PyuU Py U P}). Also f € cl(P1 U Py), so by Lemma 3.31, f €
d(P1UPy. O

4282. Py CR.

Subproof. Assume the sublemma fails. Then, by Lemma 3.35, there is a single element b € BN py.
Moreover, (P1U P} 5)NB ={b}. By 4281, f € cd(P1UP! 5).Also f ¢ c((P, U P))—{b}), as otherwise M/ f
is not 3-connected. Hence b € cl(((P1 U P! 5) —{b) U{f}), so that b e cly(RU{f}) and b € cly,f(R).
Thus, in M/ f, the 3-separation (R, B) is equ1valent to (RU {b}, B — {b}). As (R, B) is well coblocked,
this means that f e cly (B — {b}). But, as f € cl(P; U P%), and (B —{b})N (P1uU P}) =, we have again
contradicted the fact that M/ f is 3-connected. O

Now B C E(M\ f) — (P1UP! ), fecl(B), and f e (P, U P}), and again we contradict the fact that
M/ f is 3-connected. Part (ii) of the lemma follows from this final contradiction. O

Lemma 4.29. Either Fy is 1-blocked, or F. is 1-coblocked.

Proof. Assume the lemma fails. Then, by Lemma 4. 26(iv) we obtain the following up to labels. For Fy
we have fe cl(P1 u P2) f blocks Pq, and f blocks P5. For F. we have fe cl*(Q1 U Qz) f coblocks
Q1 and f coblocks Qz Let (Pq, P2,..., Pp) be a flower displayed by Fy4, where P1 U Py = P1 U P2
and let (Q1, Q2,..., Q) be a flower displayed by F. where Q1 U Qy = Q1 U Qz. As (P1UPyU{f},
P3,...,Pp) and (Q1 U QU {f},Qs,...,Qy) are swirl-like flowers in M, we have m =n = k. Note
that f blocks P1 and P, and f coblocks Q1 and Q3, otherwise Fy is 1-blocked, or F. is 1-coblocked.

By Lemma 4.28(i), Q2 U Q3 is a well-coblocked 3-separation of M/ f. Thus, by Lemma 4.28(ii),
either QU Q3 CP1UPy or QUQ5U---UQrUQ1 C PqUP;. In the latter case QU Q1 S P{UP;
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so that up to labels we may assume that Q;UQ3 € P1UP;. As f €cl(Q>), the set Q» is not contained
in either Py or P2, so Q2 NPy #®W and Qa NPy #@. As (Q1 U Qa2U{f},Qs,..., Qn) are swirl-like
flowers in M we see that (Q1 U Q2,Q3U Q4U---U Q) is a 3-separation of M\ f. As either Py or
P, crosses this 3-separation, it is not displayed in (P1, P2, ..., P;). As Q1 meets both P; and P, the
set Q1 U Q> is not contained in a petal of (P1, Py,..., Py). Thus Q3 U Q4 U---U Qy is contained in a
petal of (P1, P2, ..., Py). As Q3 € P;U P, either Q3UQ4U---UQ; C Py or Q3UQ4U---UQy C Ps.
Up to labels we may assume that the latter case holds. Evidently we may also assume that Py = P».
Thus Q3 U QgqU---U Qy C Ps.

Altogether we have Q3 C P{UPy, Q3UQqU---UQrCPyand Q1 D2 P3U---UP. If Q1 NPy =0,
then, as f € cl(Q1), the element f does not block P,. Thus Q1 N P, # ¥ and similarly Q1 N Py #@.

Let R=Q3UQqU---UQrU(Q2NP3). By Lemma 3.36, Ay s (R) =2. But f e cly(E(M)—({f}UR)),
SO }\.M/f(R) =2.

4.291.In M/f wehave RZRU Qyand R 2R — Q».

Subproof. If R=RU Q;, then Q1 = Q1 U (Q2NPy) and, as f ¢ cly(P2), we see that f is 1-blocking
for F4. Assume that R = R — Q». In this case, as f is not 1-blocking for Fy, we see that either f €
cl(Q2 N Py), contradicting the fact that f blocks Py, or f € cly(QzUQqU---U QiU (P2 U Q2)), that
is, f € cly(P3), contradicting the fact that f blocks P;. O

By 4.29.1 R is not displayed in F. and neither R nor its complement are contained in a petal of F,.
This contradicts the fact that F. is a maximal bloom of M/f and the lemma follows. O

Lemma 4.30. Either f is 2-spanned by F4 or f is 2-cospanned by Fe.

Proof. Assume that the lemma fails so that f is not 2-spanned by F; and is not 2-cospanned by F..
Then there is a flower (Q1, Q2,..., Qp), displayed by F., and an i € {3,4,...,n — 2} such that the
dual of Lemma 4.27 holds. By that lemma f € cl*(Q; U QU ---UQ;) and f € cI*(Qjy1 U Qi1 U
-+-UQmrUQq). Also Q; U Qi1 is well coblocked by f. It is easily seen that we may assume that
QiU Qi+1=QiUQjy1.

Also by Lemma 4.27, there is flower (P1, Py, ..., Pp), displayed by Fg, and a j€{3,4,...,m —2},
such that

QiUQit1=(P1N(QiUQit1))UPU---UPj.

Thus P,UP3U---UP;C QiU Qit1.

As Q;jUQ;41 is coblocked by f, we have f e cl(Pj;1UPj,U---UPyrUPq). Thus, Ay(P2UP3U---U
Pj) =2 and hence Ay f(P2UP3U---UPj) =2. Clearly Pj,1U---UPpUPq is not contained in a petal
of F.. Thus P, UP3 U---UP; is either contained in a petal of F¢ or it is displayed by more than one
petal of F.. As P,UP3U---UP; C Q;UQ;41, the latter case implies that Q;U Q1 = P;UP3U---UP;,
contradicting the fact that Q;U Q;41 is well coblocked. Hence P, UP3U---U Pj is contained in a petal
of Fc. Assume without loss of generality that P, UP3U---UP; C Q,-.

Consider P;U Pjq. This is one side of a well-blocked 3-separation of M\ f. We may assume that
PjUPjy1 = PjUPj . By Lemma 4.27, either PjUPj,1 2 Q2 U Q3U---U Q, contradicting the fact
that P, € Qj, or P;UPj11 2 Qi41UQiy2U---UQy contradicting the fact that P; C Q; and the lemma
follows. O

Lemma 4.31. Up to duality, f is 1-blocking for F4 and 2-cospanned by F..
Proof. By Lemma 4.29, we may assume that f is 1-blocking for F;. Assume that f is not 2-cospanned

by F.. By Lemma 4.30, f is 2-spanned by Fg4, and by Lemma 4.26(iii), f is 1-coblocking for F.. The
lemma now follows by taking the dual. O
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Lemma 4.32. If f is 1-blocking for F; and f is 2-cospanned by F., then there is a feral display for f obtained
from flowers displayed by F; and F..

Proof. As f is 2-cospanned by F., we may assume that f € (01 U Qy). By Lemma 4.26(i), we
may assume that Q1 is coblocked by f. Let (Q1,Qa...., Q) be a flower displayed by F. where
Q1UQ2=0Q1UQa.

We split the proof into two cases. For the first case assume that f is not 2-spanned by F;. Then
Lemma 4.27 applies. Let (P1, P2,..., Pp) be a flower displayed by F; satisfying Lemma 4.27. By
Lemma 4.28, QU Q3 is well coblocked by f. Thus, up to labels, there is an i € {3,4,...,m—2} and a
3-separating set R3 of M/ f, equivalent to Q U Q3, such that R3 = Pij4{ UPjpU---UPy, U(R3NPq).
Indeed, by replacing (Q1, Q2,..., Q¢) by an equivalent flower, we may assume that R3 = Q, U Q3.
Also Q2UQ3U---UQy_q is well coblocked, so there is a 3-separation R4 equivalent to Q2 U---U Qg_1
such that R4 = Pj;1 UP;j;2U---UPr U(P1NR4). Again we may replace (Q1, Qa, ..., Qk) by an equiv-
alent flower so that R4 = Q2 U Q3 U---U Qg_1. It is easily seen that the only petal affected by such
equivalence moves is Qj_1, so that we have both R3 = QU Q3 and R4 =QU Q3 U ---U Qp_q. It
now follows that Q4 U Q5 U---U Qg_1 C P;.

As QU Qs5U---UQg_q C Py, and P is fully closed in M\ f, it follows from Lemma 3.16 that
P1 contains all but one petal of (Q1 U Q3, Q3,..., Q). Assume that Q3 is not a subset of Pq, then
Q32 P, UP3U---U Py, contradicting the fact that f’z C P1UP,U---UP;. Thus Q3, and similarly Qg,
is contained in Pj.

Summing up we have Q3 U Q4 U ---U Qi C P1. Moreover, by choosing (Q1, Q2, ..., Q) to satisfy
the constraints imposed by R3 and R4, we have Py UP,U---UP; € Qq and Pj;1 UPj;pU---U
Py S Q. Let Z1 =Q1 NPy and Z; = QN Py. As Q1 is coblocked by f and Ap(Piy1 U PjppU---U
Pp) =2, we see that Q1 # Pip1 U Piyp U---U Pp. Thus Z1 # 0. Also Appf(P1) =2, Amyr(Q1) =3,
Amf(P1U Q1) =2. So by uncrossing we have Ay r(Z1) < 3. As f e cl(Q2), Am(Z1) <3 and similarly
Am(Z2) < 3. It is now a matter of routine bookkeeping to verify that (P, P2, ..., Pp) and (Q1, Q2,

., Qp) form a feral display for f.

Consider the second case. Assume that f is 2-spanned by F;. Note that this means that m = k.
The bloom F; is both 1-blocked and 2-spanned and F. is 2-spanned. By Lemma 4.26, F; is also
1-coblocked. Thus we have a flower (P1, Py, ..., Py) displayed by F; such that P1 U P, = 131 U 132, the
element f blocks P1 and no other petal and f € cl(P1U Py). We also have a flower (Q1, Q2,..., Q)
displayed by F. such that Q; U Qz = Q1 U Q2, the element f coblocks Q1 and no other petal and
fECl*(Q]UQz). Let P=P3UP4U---UPrand Q =Q3UQ4U---UQ. Note that Ap;(P) =Ay(Q) =
Am(P2) =AM (Q2) =2.

By Lemma 3.16, either Q or Q1 U Q is contained in a petal of F;. But f € clyy(Q1 U Q3) and no
petal of F; has that property. Hence Q C 13]- for some j e {1,2,...,k}. By Lemma 4.28, (Q2 U Qs3,
Q4U---UQrU Q1) is well coblocked by f. Thus, by Lemma 4.28, either Q2 U Q3 € Py U P3, or
Q4UQ5U---UQrUQy S P1UPs.

From the above information we draw two conclusmns First we conclude that either Q3 or Qg4 1s
contained in P1 U P;,. Thus, as Q3UQ4 < Q, and Q C P] for some je{1,2,...,k}, we have Q C Ps
for some s € {1, 2}. The second conclusion is that P C Qt for some t € {1, 2}. Up to duality, there are
three cases: (s,t) =(1,2), (s,t) =(1,1), and (s,t) = (2, 2).

4.32.1. The lemma holds if (s, t) = (1, 2).

Subproof. In this case Q C P; and P € Q5. We may assume that Py = P1 and Q1 = 01. As Q3 is
not coblocked, A f(Q2) = 2.

We now show that we may assume that Q; N P, = . By Lemma 3.33 either Q1 N P, consists of
loose elements of P contained in fcly s (P1) or P> N Q2 consists of loose elements of P, contained
in fclpyp £ (P3). The former case contradicts the fact that Pq is fully closed. Hence the latter case holds
and, by moving to a flower equivalent to (P1, P2, ..., P;), we may assume that Q2 N P =@, so that
P; € Q1.

Next we show that we may assume that P1 N Q; = ¢. Either Q; NP1 or P; — Q3 is a set of loose
elements of P1 in M\f. The latter case implies that Q C fcly (Q2), so that Q € fcly(Q2 U {f})
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contradicting the fact that (Q{UQ2U{f}, Qs, ..., Q) is a swirl-like flower of order k—1 in M. Hence
Q2N Pq is a set of loose elements of Py, so that (Py, P2,..., Px) = (P1—Q2, Pa,..., PLU(Q2 — Pp)).
By Lemma 4.26, some petal of this flower is blocked by f. Certainly P, is not blocked. Moreover,
Q1 C(P1—Q1)UPy and f ecly(Qq), so no petal in {P3, Pg4,..., Px_1, P U(Qy — Pq1)} is blocked
by f. Therefore P; — Q3 is blocked by f. We may now relabel the above flower to (Pq, P2, ..., Py).
In this flower P; is blocked and P{ N Q=¥

Let Z1 = Q1 N P1. We have established the following: Q; = P3 U P4 U---U Py, P2 € Qq, and

=Q3U---UQrU(QqNPy). Let (P!, PIZ’ RN Pl/c) = (Pq, Py, Px_1,..., P2). Then we have Q; =
PLUPLU---UP,_;, Q1 =P,UZj,and P{ =Q3UQqU---U QiU Zy. It is now a matter of routine
bookkeepmg that (P}, P},..., P}) and (Q1, Qa,..., Q) form a feral display for f. O

4.32.2. The lemma holds if (s, t) = (1, 1).

Subproof. In this case Q C f’1 and P C Q1. Clearly we may assume that P; = 131 and Qq = Q1.
Consider Q. Note that Q, N Py # ¢, otherwise Q U Q3 C Py so that f ¢ cl(Q U Q) implying that
Q1 is not coblocked. As Ay (Q2) =2, and Fy is a maximal bloom of M\ f, either Py = P1 N Q; or
Py = P U Q3. The former case contradicts the fact that Py is fully closed. Thus Py = Py U Q». Thus,
by moving to the equivalent flower, (P1 — Q2, P2 U Q2, P3, ..., Py) we have Q; C P5. It may be that

— Q3 is no longer blocked. But then P, U Q3 is blocked and we are in the case covered by 4.32.1.
Therefore we may assume that Py — Q3 is blocked by f and, after an appropriate relabelling, we may
assume that Q, C P».

We now have Q2 € P> € Q2 U Q1. As F¢ is a maximal bloom of M/f and Ay, r(P2) =2, either
P, — Q3 is a set of loose elements of Q3, or Q1 — Pq is a set of loose elements of Q1. The latter
case implies that P = P3U P4 U---U Py is contained in fcly;(P1 U P2 U{f}), contradicting the fact that
(P{UPyU{f}, P3,..., Py) is a swirl-like flower of order k — 1 in M. Hence P — Q is a set of loose
elements of P, and, by moving to an equivalent flower we may assume that P, = Q>.

Summing up, we have the following: Q; = P2, Q3 U Qg4 U ---UQr € Py, and P3UP4U---U
P, C Qq.Let Z; =P1NQ1, Za = P1NQ>. Then Z; = . Moreover, it is easily checked that Z; # ¢ and
AmM(Z1) < 3. Thus (Pq, P2, ..., Py) and (Q1, Q2,..., Q) form a feral display for f. O

4.32.3. The lemma holds if (s, t) = (2, 2).

Subproof. In this case Q C 152 and P C Qz If f does not block (131 U 132) - 132, then f blocks 152
and we are in a case that is equivalent to that of 4.32.1. So we may assume that f blocks (P1U
Pz) — P, and similarly, f coblocks (Q1 U Qz) 0. Thus there are flowers (P, Py, ..., Py) and
(Q1, Q2,..., Q) displayed by F; and F. respectively such that f blocks Py, f coblocks Q1, P{UP; =
P1UP2, Q1UQ2=Q1UQ2, PSS Qa,and Q C P».

As f does not block Q3, we may argue, just as in the previous case, that, by moving to an equiv-
alent flower, we may assume that Q; = P. We now have Q € P> € Q U Qq and Ay p(P2) = 2.
Therefore in M/ f, either Q = P», or P, = P, U Q1, that is, Py = P, U Pq. The former case implies that
there is a flower displayed by F. such that no petal is coblocked by f, so that case does not occur.
Consider the latter case. In this case, P is a set of loose elements of Q1, so we may move to an
equivalent flower where Q; € P. We now have a flower (Q1, Q3. ..., Q), where Q} C P, so that

Q; is not coblocked by f. But this means that f blocks 0, and we are again in the case covered
by 4.32.1. O

All cases have been covered and the lemma follows. O
Theorem 4.25 is an immediate consequence of Lemmas 4.32 and 4.31.
5. 3-Trees and k-coherence

Flowers provide a way of representing certain 3-separations in a matroid. It was shown in [20]
that, by using a certain type of tree, one can simultaneously display a representative of each equiva-
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lence class of non-sequential 3-separations of a 3-connected matroid M. In this section we describe
these trees and their interaction with k-coherence.

Let t be a partition of a finite set E, where some members of 7 may be empty, and let T be a
tree such that every member of 7 labels a vertex of T. We say that T is a m-labelled tree; labelled
vertices are called bag vertices and members of 7t are called bags.

Let G be a subgraph of T with components G1, G2, ..., Gy. Let X; be the union of those bags that
label vertices of G;. Then the subsets of E displayed by G are X1, X2, ..., X;p. In particular, if V(G) =
V(T), then {X1, X2, ..., Xin} is the partition of E displayed by G. Let e be an edge of T. The partition
of E displayed by e is the partition displayed by T\e. If e = v{vy for vertices vi and vy, then (Y1, Y3)
is the (ordered) partition of E(M) displayed by viv, if Y; is the union of the bags in the component
of T\vivy containing vi. Let v be a vertex of T. The partition of E displayed by v is the partition
displayed by T — v. The edges incident with v correspond to the components of T — v, and hence to
the members of the partition displayed by v. Note that, if v is not a bag vertex, then the partition
displayed by v is a partition of E, while, if v is a bag vertex, then the partition is a partition of E — B
where B is the bag labelling v. In what follows, if a cyclic ordering (e, ez, ..., e,) is imposed on the
edges incident with v, this cyclic ordering is taken to represent the corresponding cyclic ordering on
the members of the partition displayed by v.

Let M be a 3-connected matroid with ground set E. An almost partial 3-tree T for M is a mr-labelled
tree, where 7 is a partition of E such that:

(i) For each edge e of T, the partition (X, Y) of E displayed by e is 3-separating, and, if e is incident
with two bag vertices, then (X, Y) is a non-sequential 3-separation.

(ii) Every non-bag vertex v is labelled either D or A; if v is labelled D, then there is a cyclic ordering
on the edges incident with v.

(iii) If a vertex v is labelled A, then the partition of E displayed by v is a tight maximal anemone of
order at least 3.

(iv) If a vertex v is labelled D, then the partition of E displayed by v, with the cyclic order in-
duced by the cyclic ordering on the edges incident with v, is a tight maximal daisy of order at
least 3.

By conditions (iii) and (iv), a vertex v labelled D or A corresponds to a flower of M. The 3-separations
displayed by this flower are the 3-separations displayed by v. A vertex of a partial 3-tree is referred to
as a daisy vertex or an anemone vertex if it is labelled D or A, respectively. A vertex labelled either D
or A is a flower vertex. A 3-separation is displayed by an almost partial 3-tree T if it is displayed by some
edge or some flower vertex of T.

A 3-separation (R, G) of M conforms with an almost partial 3-tree T if either (R, G) is equivalent
to a 3-separation that is displayed by a flower vertex or an edge of T, or (R, G) is equivalent to a
3-separation (R’, G’) with the property that either R’ or G’ is contained in a bag of T.

An almost partial 3-tree for M is a partial 3-tree if every non-sequential 3-separation of M con-
forms with T. We now define a quasi-order on the set of partial 3-trees for M. Let T; and T, be
two partial 3-trees for M. Then T; < T if all of the non-sequential 3-separations displayed by T; are
displayed by T,. If T; < T, and T, < T1, then T; is equivalent to T,. A partial 3-tree is maximal if it
is maximal with respect to this quasi-order.

Note that while flower vertices need to be labelled D or A, we may suppress these labels when
they are clear from context. The following theorem is the main result of [20, Theorem 9.1].

Theorem 4.33. Let M be a 3-connected matroid with |E(M)| > 9, and let T be a maximal partial 3-tree for M.
Then every non-sequential 3-separation of M is equivalent to a 3-separation displayed by T.

Maximal partial 3-trees are by no means unique. Consider the following situation. Let (P, P2, P3)
be a maximal flower of order three in a 3-connected matroid M. Then it may be the case that P; is se-
quential, in which case (Py, P, U P3) and (P1 U P;, P3) are inequivalent non-sequential 3-separations.
Assume that these are the only inequivalent non-sequential 3-separations of M. Then given such
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a flower, one can obtain distinct maximal partial 3-trees for M as follows. Let T be a tree consisting
of a path with vertices (vq, v2, v3) such that v; labels the bag Pi. Let T, be a star with a flower
vertex of degree 3 and leaf vertices v{, vy and vs labelling the bags Py, P and P3. Then both T,
and T, are maximal partial 3-trees for M. Indeed the situation can be further complicated by splitting
the elements of P, into smaller bags along a path. To get a more canonical structure we follow [21]
and say that a maximal partial 3-tree for M is a 3-tree if

(I) for every tight maximal flower of M of order three, there is an equivalent flower that is displayed
by a vertex of T; and

(I) if a vertex is incident with two edges e and f that display equivalent 3-separations, then the
other ends of e and f are flower vertices, v has degree two, and v labels a nonempty bag.

The next theorem summarises results from [21].

Theorem 4.34. Let M be a 3-connected matroid. Then M has a 3-tree T. Moreover, if P is a flower of M of
order at least three, then T has a flower vertex v that displays a flower equivalent to P.

Let T be a 3-tree for M. A bag is a leaf bag if it labels a leaf of T. We omit the easy proof of the
next lemma.

Lemma 4.35. Let M be a 3-connected matroid. If L is a leaf bag of a 3-tree for M, and x € c1® (L), then L U {x}
is a leaf bag of a 3-tree for M. Thus fcl(L) is a leaf bag for a 3-tree for M.

Note that converse of Lemma 4.35 does not hold in that it is not always the case that a 3-separa-
ting set equivalent to one in a leaf bag can be displayed in a 3-tree for M.

A subset L of E(M) is a peripheral set of M if it is a leaf bag for some 3-tree T for M. By
Lemma 4.35 the full closure of a peripheral set is a peripheral set. An element x of M is periph-
eral if x is an element of a peripheral set. The theme in what follows is that peripheral elements
of k-coherent matroids are well behaved. Indeed this is true in a broader setting. The next theorem
is [24, Theorem 4.2].

Theorem 4.36. Let M be a 3-connected matroid other than a wheel or a whirl. Suppose |E(M)| > 9 and let S
be a peripheral set of M. Then fcl(S) contains an element e such that either M\e or M /e is 3-connected and
e does not expose any 3-separations.

This gives the following as an immediate corollary.

Corollary 4.37. Let M be a k-coherent matroid other than a wheel or a whirl and let S be a peripheral set of M.
Then fcl(S) contains an element e such that either M\e or M /e is k-coherent.

The remainder of this section examines life in peripheral sets in more detail. We next show that
elements of k-wild triangles are not peripheral.

Lemma 4.38. Let W be a k-wild triangle of the k-coherent matroid M. Then no element of W is peripheral.

Proof. Say W = {a,b,c} and let T be a 3-tree for M. By Theorem 4.16, W is either a standard or
costandard k-wild triangle. In either case the triangle {a, b, c} has a k-wild display (A1, A2, ..., Ax_2,
B1,By,...,Bx_2,C1,Ca,...,Cr_3). Let A=A UAU---UAr_3, B=B{UBU---UBg_5 and C =
C1UCyU---UCg_y. Then, A= (A1,As, ..., A2, BUCUW), B=(B1,By,...,Br_2,AUCUW) and
C=(C1,Cy,...,Ck_p, AUBUW) are tight maximal flowers of M of order at least four. Assume that
a is peripheral. Then we may assume that a € L for some leaf bag of T. By Theorem 4.34, there are
flower vertices v4, vp and v¢ of T that display flowers equivalent to A, B and C. By Lemma 4.24,
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fcl(Aj)) "W =¢ for all i € {1,2, ...,k — 2}, and symmetric conclusions hold for the analogous petals
of B and C. It follows that, by moving to equivalent flowers, we may assume that it is precisely A, B
and C that are displayed by the vertices v4, vg and v¢. We conclude that L € W. As |L| > 2, and W
is a triangle, Lemma 4.35 implies that we may assume that L = {a, b, c}. As L is sequential, the vertex
adjacent to the vertex of T labelled by L is a flower vertex v, and as such, displays a tight flower of
order at least three. Indeed, one readily checks that the partition displayed by v is (A, B, C, W). But
then, by Lemma 4.11, M\a is k-coherent, contradicting the fact that W is k-wild. O

Next we show that feral elements are not peripheral. Recall that a set A C E(M) is cohesive if
E(M) — A is fully closed. We denote by coh(X) the set X — fcl(E(M) — X). Evidently coh(X) is the
unique maximal cohesive set contained in X. Note that the 3-separating set X is non-sequential if
and only if coh(X) # @.

Lemma 4.39. If f is a feral element of the k-coherent matroid M, then f is not peripheral.

Proof. Let f be a feral element of M. Then up to duality there are partitions (P, P3, ..., Ppn) and
(Q1,Q2,..., Q) of E(M) that form a feral display for f. In other words, for this pair of partitions,
there is ani € {2, 3, ..., m—1} such that properties (i)-(x) of a feral display hold. By possibly reversing
the order of indices of (Pq, P2, ..., Py), we may assume that i > 3.

Assume that f is peripheral. Then there is a 3-tree T for M with a leaf bag L such that f € L.

4.39.1. L is non-sequential and f € coh(L).

Subproof. Assume that L is sequential. If |L| > 4, then M\ f is k-coherent by Corollary 4.6. Certainly
f is not in a triangle or triad. Thus |L| = 2. As L is sequential, it follows from the definition of 3-tree
that L is a petal of a tight flower of order at least three in M. Only swirl-like and spike-like flowers
can have 2-element tight petals, so the flower must be swirl-like or spike-like. By Corollary 4.10 and
the fact that f is not in a triangle or a triad we again deduce that M\ f or M/ f is k-coherent. Thus
L is non-sequential.

Assume that f ¢ coh(L). By considering the full closure of E(M) — L, we see that there is a non-
sequential 3-separating set L’ C L such that f is in either the guts or coguts of L’ meaning that either
M\ f or M/ f is not 3-connected. Hence f € coh(L). O

By property (vi) of feral display, (Q1 U Q2 U {f}, Q3,..., Q) is a swirl-like flower of M. By
Theorem 4.34, there is a vertex v of T that displays an equivalent flower. If f € fcl(Q;) for some
ie€{3,4,...,k}, then we contradict the fact that f € coh(L). Thus coh(L) € Q1 U Q2 U {f}. By prop-
erty (vii) of feral display, (P, P3,..., P, Pizq U---UPyn UPyU{f}) is a swirl-like flower of order i
in M. Arguing as above we deduce that coh(L) € P41 U---UPRrUZ1 U Z;.

Let K = coh(L) — {f}. Then Appf(K) =2 and f € cly(K). We now consider the location of K
relative to the flower (P1, P2,..., Py) of M\f. If K C fclyy ¢(P;) for some i€ {1,2,...,m}, then
M is k-fractured. Hence K is equivalent to a 3-separation displayed by (Pq, P3,..., Pp). As Q3 U
Q4 U---U Q C Pq, we see that K is equivalent to the union of a consecutive subset of petals in
(Pit+1, Pit2, ..., Pp). If there is more than one petal in this set, we contradict the fact that L is a
peripheral set of M as in this case the flower (P1U---UP; U{f}, Pi+1, Pit2, ..., Pm) of M has order
at least three and needs to be displayed by T. On the other hand, we have already shown that there
cannot be only one petal in the set. The lemma follows from this contradiction. O

By Corollary 4.37 there is always an element of the full closure of a peripheral set that can be
removed to preserve k-coherence. The next lemma strengthens that outcome in the non-sequential
case.

Lemma 4.40. Let L be a fully-closed peripheral set of the k-coherent matroid M such that either L = E(M) or
L is a non-sequential 3-separating set. Let x be an element of coh(L).
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(i) If M is not a wheel or a whirl, and x is in a triangle T, then fcl(T) C L and there is an element z € fcl(T)
such that either M\z or M /z is k-coherent.
(ii) Ifx is not in a triangle or a triad, then either M\x or M /x is k-coherent.

Proof. Say that x is in a triangle T. Then |T Ncoh(L)| > 2 and fcl(T) C L. Part (i) now follows straight-
forwardly from Corollary 4.6, Lemma 4.38 and the fact that M is not a wheel or a whirl.

Assume that x is not in a triangle or a triad. Say M/x is not 3-connected. Then there is a
3-separation (A U {x}, B) of M with x € cl(A), cI(B). Assume that (A U {x}, B) is sequential. Then we
may assume that A U {x} is sequential. If |A| =2, then x is in a triangle. Hence |A U {x}| > 4. By
Bixby’s Lemma and the fact that x is in no triads, M\x is 3-connected. Then, by Corollary 4.6, M\x is
k-coherent. It follows that (A U {x}, B) is non-sequential.

If L = E(M), then a 3-tree for M consists of a single vertex and M has no non-sequential 3-separa-
tions. Thus M/x, and similarly M\x is 3-connected. By Lemma 4.39, one of M\x or M/x is k-coherent
as required.

We may now assume that A(L) = 2. Let K = E(M) — coh(L). Then K is fully closed and (K, coh(L))
is a non-sequential 3-separation. If M/x is not 3-connected, then x is in the guts of a non-sequential
3-separation (A U {x}, B). But x € fcl(B) and x ¢ fcl(K) so (A U {x}, B) is not equivalent to (K, coh(L)).
A 3-separation equivalent to (AU {x}, B) must be displayed in a 3-tree for M. As coh(L) is a peripheral
set, and K is fully closed, it is easily seen that we may assume that B € K. But now x € cl(B) so
x € cl(K) contradicting the fact that K is fully closed. Therefore both M/x and M\x are 3-connected.
Again by Lemma 4.39, we see that one of M/x or M\x is k-coherent. O

6. Extending a k-coherent matroid

Let x be an element of the matroid M such that M\x is 3-connected. If M is not 3-connected, then
it is easily seen that x is either a loop, a coloop, or is in a parallel pair in M. The situation when
M\x is k-coherent, but M is not is a little more complicated. This section gives some straightforward
lemmas describing the structures that arise in this and related situations.

We omit the routine proof of the next lemma.

Lemma 4.41. Let M be a 3-connected matroid and let (I1,13,...,l;) be a maximal fan of loose elements
between a pair of petals in a swirl-like flower of M of order at least 3. Assume that l; is a guts element.

(i) M\l is k-coherent if and only if M is.
(ii) Ifiis odd and i > 1, then M\l;/l;_1 is 3-connected. Moreover M\l;/l;_1 is k-coherent if and only if M is.

Let M be a 3-connected matroid with a maximal k-fracture P. Then M is uniquely k-fractured by P
if every k-fracture Q of M has the property that Q < P. Note that if M is uniquely fractured by P and
P has order k, then every k-fracture of M is equivalent to P.

Recall the definition of quasi-flower. Note that if a quasi-flower has exactly one 1-element petal,
then this petal is contained in either the closure or coclosure of either of its adjacent petals, so it is
quite properly regarded as a loose petal.

Lemma 4.42. Let M be a 3-connected matroid with an element e such that M\e is k-coherent. If M is not
k-coherent, then the following hold.

(i) M is uniquely k-fractured by a maximal swirl-like flower P of order k.
(ii) If (P1, P2, ..., Py) is a k-fracture of M with e € P1, then Py — {e} is a loose petal in the swirl-like quasi-
flower (P1\{e}, P2, ..., Py) of M. This quasi-flower has order k — 1.

Proof. Up to labels M has a k-fracture (P1, Py, ..., Py), where e € P1. But (P1 — {e}, P2,..., Py)
cannot be a k-fracture of M\e. The latter part of the lemma follows easily from this observation.
Say that (Qq1, Q2,..., Q) is another k-fracture of M. By Lemma 3.16, up to labels, equivalence
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and symmetry, we may assume that e € Qq, that Qq is fully closed and that Qi contains all
but one petal of (P1, Pa,..., Py). By the above, Q1 — {e} is a set of loose elements of the flower
((Q1UQ2) —{e},Q3,...,Qk) of M\e. But it is now easily seen that this is not possible. Thus M is
uniquely fractured by P and (i) holds. O

Viewed from the perspective of moving from M\e to M, we have

Lemma 4.43. Assume that M\e is k-coherent and that M is 3-connected and k-fractured. If P is a flower of
M\e of order at least three, then, e € cl(P) for some petal P of P.

Proof. Let (P1, Py,..., Py) be a k-fracture of M, where e € P1. By Lemma 4.42, ((P1 U Py) — {e},
P3, ..., Py) is a maximal flower in M\e and it follows that e € cl((P; U P2) — {e}) and the lemma
holds in this case.

Say that Q= (Q1, Q2, ..., Qm) is another flower in M of order at least three. By Lemma 3.16, we
may assume up to labels in Q that either P, C Ql or P, C Q1. Assume without loss of generality that
the latter case holds. Then 132 - Q1 and e € cl(f’z) so that e € cl(Q1) as required. O

We omit the routine proof of the next lemma.

Lemma 4.44. Assume that M\e is k-coherent and that M is 3-connected and k-fractured. Then there is a swirl-
like quasi-flower (P1,L, P2, ..., Px_1) of M\e, where L is a nonempty loose petal, such that the following
hold.

(i) (P1,LU{e}, Py, ..., Px_q) is a k-fracture of M.
(ii) eecl(PyUL)ande ecl(P, UL).
(iii) If|L| > 1, then e € cI(L).

The next lemma is unsurprising. If we block every k-fracture we would expect to become k-coher-
ent.

Lemma 4.45. Assume that M and M\e are 3-connected and k-fractured. Then there is a k-fracture
(P1, Pa, ..., Py) of M\e such that e € cly (P;) for someie{1,2,...,n}.

Proof. Let (Q1 U {e}, Qa,..., Qn) be a maximal k-fracture of M. If the lemma fails, it must be the
case that n =k and that Q1 is a set of loose elements of the maximal flower (Q1 U Q2, Q3, ..., Q)
of M\e. Note that e clM(Qz) and e € clM(Qk). As M\e is k-fractured, it has a maximal k-fracture
(P1, P3, ..., Py). By Lemma 3.16, there is an i € {1, 2,...,n} such that either Q, C ﬁi or Qx C I3i. In
either case it follows that e clM(ﬁi) as required. O

Note that Lemma 4.45 would fail if we were to insist in the statement that the k-fracture
(Pq, Py, ..., Py) was maximal. As an easy corollary of Lemma 4.45, we have

Corollary 4.46. Assume that M and M\e are 3-connected and that, M\e has a unique maximal k-fracture
(Pq, Py, ..., Py). Then M is k-fractured if and only if e € cl(P;) for somei e {1,2,...,k}.

Lemma 4.47. Assume that M is 3-connected and that ({e, f}, P2, ..., Py) is a maximal flower that uniquely
k-fractures M, where {e, f} is fully closed. Then M\e is k-coherent.

Proof. Assume that M\e is not k-coherent. Then, by Lemma 4.45, there is a k-fracture (Qq, Qa, ...,
Qn) of M\e such that e € cl(Q1). But then (Qq U{e}, Qa,...,Qpn) is a k-fracture of M. As M has
a unique k-fracture and {e, f} is fully closed, Q1 U {e} = {e, f} so that Q1 = {f} contradicting the
assumption that Q1 is a petal of a flower of M\e. O
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We omit the easy proof of the next lemma.

Lemma 4.48. Let (A, B) be a 3-separation of the k-coherent matroid M, where a € A, and |A| > 4. If M\a
is 3-connected and k-fractured, then there is a k-fracture (P1, P2, ..., Py) of M\a such that, for some i €
{2,3,...,n—1}, A=P1UPU---UP;,and (A, Pit+1, Piy2, ..., Py) is a swirl-like flower of M.

Note that the flower (A, Pit1, Pit+2, ..., Py) of Lemma 4.48 may be trivial in the sense that is has
only two petals.

Chapter 5. k-Skeletons

It was noted in the introduction that the underlying cause of inequivalent representations of a
matroid is that elements may have “freedom”. Loosely speaking k-skeletons are k-coherent matroids
whose elements have maximal freedom. The next section of this chapter makes these notions pre-
cise. The remaining sections of the chapter examine freedom in matroids and the connection with
k-coherence in more detail. The last two sections describe certain structures that turn out to be of
importance. Life would have been easier if we could have avoided worrying about these structures,
but, sadly, this seems not to be the case.

1. Clones, fixed elements, and k-skeletons

Let M be a matroid. Elements e and f of M are clones if swapping the labels of e and f is an
automorphism of M. A clonal set of M is a set of elements every pair of which are clones. A clonal
class of M is a maximal clonal set. The elements z, z' are independent clones if they are clones and
the set {z, z'} is independent. An element z of M is fixed in M if there is no single-element extension
of M by an element z’ in which z and z’ are independent clones. Dually, an element z in M is cofixed
in M if it is fixed in M*. Note that if z already has a clone, say x, and {x, z} is independent, then z is
not fixed since we can add a new element z' freely on the line through x and z.

Let k > 5 be an integer, and M be a k-coherent matroid. Then M is a k-skeleton if the following
hold.

(i) M is not a wheel or a whirl of rank at least 3.
(ii) If x is fixed in M, then M\x is not k-coherent.
(iii) If x is cofixed in M then M/x is not k-coherent.

As with k-coherence, in any unexplained context, when referring to a k-skeleton, we always as-
sume that k is an integer greater than four. Note that condition (i) is required in the definition simply
because wheels and whirls vacuously satisfy (ii) and (iii).

It is shown in Lemma 12.3 that the number of inequivalent representations of a k-coherent
matroid over a finite field F is bounded above by the maximum of the number of inequivalent
F-representations of its k-skeleton minors. The importance of k-skeletons in studying inequivalent
representations of k-coherent matroids is due to this fact.

2. Freedom and cofreedom

In this section we develop further material related to freedom in matroids. Most of the results
here are either straightforward or are proved in [12,13].

A flat F of the matroid M is cyclic if, for each element e € F, there is a circuit C such that e €
C C F. It is easily seen that F is a cyclic flat of M if and only if E(M) — F is a cyclic flat of M*. The
next result is straightforward.

Proposition 5.1. Elements e and f of a matroid M are clones if and only if e and f are contained in the same
set of cyclic flats.
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Let e and f be elements of the matroid M. Then e is freer than f, denoted e = f, if every cyclic
flat containing e also contains f. The freedom of an element e of M is the maximum size of an
independent clonal class containing e amongst all matroids containing M as a restriction, that is,
amongst all extensions of M. We denote the freedom of e in M by fry(e), or fr(e) if the matroid M
is clear. This maximum does not exist if and only if e is a coloop of M in which case fr(e) is infinity.
A loop has freedom 0 and an element is fixed if and only if it has freedom at most 1.

The notion of freedom in matroids was introduced by Duke [6]. His definition was different from
that given above, but it is shown in [13, Lemma 2.8] that Duke’s definition is equivalent to ours. The
next two lemmas are also proved in [13].

Lemma 5.2. Let a and b be elements of the matroid M such that a 3= b. Then fr(a) > fr(b). Moreover, either a
and b are clones or fr(a) > fr(b).

Lemma 5.3. Let a and b be elements of the matroid M. Then a = b if and only if the following holds: for all
X CE(M) —{a, b}, ifa e cI(X), then b € cl(X).

The next lemma is elementary.

Lemma 5.4. Let a and b be elements of the matroid M, and let N be a minor of M whose ground set contains
aand b. If a is freer than b in M, then a is freer than b in N.

Lemma 5.5. Let a and b be elements of the matroid M. Then:

(i) frypa(b) > fry(b).
(i) frp/a(b) > fry(b) — 1, and, if fryjq(b) = fry(b) — 1, thena < b in M.

Proof. The lemma is trivial if fr(b) = 0. Assume that b has freedom k > 1 and let N be a matroid that
extends M in which b belongs to an independent clonal set B of size k. It is easily seen that such an
extension exists with the property that a ¢ B. As B is an independent clonal set in N\a, part (i) holds.

Consider N/a. In this matroid B is a clonal set and contains an independent subset containing b
of size k — 1, so fry/a(b) > fry(b) — 1. Assume that fry/q(b) < fry(b). Then B is not independent
in N/a. Thus a € cly(B). But every cyclic flat of N containing b also contains B, so every cyclic flat
of N containing b contains a. Hence b is freer than a in N, and by Lemma 54 b >=a in M. O

The cofreedom of an element e of M, denoted fr*(e), is the freedom of e in M*. Note that e = f
in M* if and only if f >=e in M. This is a consequence of the fact that the cyclic flats of M* are the
complements of the cyclic flats of M. The following lemma is the dual of Lemma 5.5.

Lemma 5.6. Let a and b be elements of the matroid M. Then:

(i) i}y q(b) > firy (b).
(ii) frj,,\a(b) > fry; (b) — 1, and, iffrj,,\a(b) =fry;(b) — 1, thena = b in M.

The next two results are immediate corollaries of Lemmas 5.5 and 5.6. We apply them fre-
quently.

Corollary 5.7. Let a and b be elements of the matroid M.

(i) If b is fixed in M /a, but not in M, then a < b in M and fry;(b) = 2. Moreover, either a and b are clones
in M, or a is fixed in M.

(ii) If b is cofixed in M\a but not in M, then a 3= b in M and fr};(b) = 2. Moreover, either a and b are clones
in M, or a is cofixed in M.
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Corollary 5.8. Let a and b be elements of the matroid M.

(i) If b is fixed in M /a and a is cofixed in M, then b is fixed in M.
(ii) Ifb is cofixed in M\a and a is fixed in M, then b is cofixed in M.

Elements a and b of M are comparable if either a >= b or b = a; otherwise they are incomparable.

Corollary 5.9. Let a and b be incomparable elements of the matroid M.

(i) Ifbis fixed in M\a or M /a, then b is fixed in M.
(ii) If b is cofixed in M\a or M /a, then b is cofixed in M.

The next lemma is [13, Lemma 2.13].

Lemma 5.10. Let a, b and e be elements of the matroid M such that a and b are clones and have freedom 2
in M\e. If a and b are not clones in M, then either a or b is fixed in M.

At times local connectivity provides a useful way of bounding the freedom of an element in a
matroid.

Lemma 5.11. Let X and Y be disjoint sets of elements of a matroid M and suppose thata € E(M) — (X UY).
Ifa e cl(X), cl(Y), then fr(a) < N(X,Y).

Proof. Let N be an extension of M in which a belongs to an independent clonal set A of size fr(a).
By Lemma 5.3, A Ccl(X) and A C cl(Y). Moreover, r(cly(X) Ncly(Y)) <ry(X) +ry(Y) —ry(cly(X) U
cn(Y) =rpuX) + ry(Y) —ry(XUY) =ny (X, Y). We now have fry(a) = |A| < r(cly(X) Ncly(Y)),
and the lemma follows. O

The next result follows easily from Lemma 5.11.

Corollary 5.12. Let A, B be disjoint subsets of a matroid M.

(i) Ifx e cl(A), cl(B), and A, B are skew in M/x, then x is fixed in M.
(ii) Ifx € cI*(A), cI*(B), and A, B are coskew in M\x, then x is cofixed in M.

A useful consequence of Corollary 5.12(ii) is

Lemma 5.13. Let a be an element of the 3-connected matroid M. If a blocks non-adjacent petals of a swirl-like
flower of M\a, then a is cofixed in M.

There are connections between freedom and connectivity. Loosely speaking, the freer an element b
of M is, the less likely it is that connectivity will be damaged when b is contracted from M. If con-
tracting b does damage connectivity, and a < b, then contracting a should also damage connectivity.
The next lemma has easy generalisations. We focus on the case that is useful for us.

Lemma 5.14. Let b be an element of the 3-connected matroid M. Assume that M /b is not 3-connected. Then
the following hold.

(i) fr(b) < 2.
(ii) Ifa € E(M), and a < b, then M /a is not 3-connected.
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Proof. Let (P, Q) be a 2-separation of M/b. As M is 3-connected, b coblocks this 2-separation so
that b € cly(P) and b € cly(Q). But n(P, Q) =2, so by Lemma 5.11, fry(b) <2, and (i) holds. Say
a < b. Assume that a € P. Observe that a € cI((P — {a}) U {b}). As a < b, we have a € cl(Q). Hence
((P —A{a}) U{b}, Q) is a 2-separation of M/a, and (ii) holds. O

We write a < b if a< b in M, but a and b are not clones in M. By Lemma 5.2, a <b if a < b and
fr(a) < fr(b). The next result is a routine corollary of this fact and Lemma 5.14. We omit the proof.

Corollary 5.15. Let a and b be elements of the 3-connected matroid M such that a < b.

(i) If b is in a triangle, then there is a triangle containing a and b, and a is fixed in M.
(ii) Ifsi(M/b) is not 3-connected, then a is fixed in M and si(M /a) is not 3-connected.

As elements in triangles have freedom at most 2, we do not need much extra information to fix
them.

Lemma 5.16. [f a is in a triangle T of the matroid M and there is a cyclic flat of M that contains a but not T,
then a is fixed in M.

Proof. Say F is a cyclic flat of M containing a but not T. Observe that a € cI(F — {a}), a € cI(T — {a}),
and n(F — {a}, T — {a}) =1, so that the lemma holds by Lemma 5.11. O

The next lemma sees a single application in Chapter 8.

Lemma 5.17. Let {a, b, c} be a clonal triangle of the matroid M and let e be an element of E(M) — {a, b, c}.

(i) Ifeis fixed in M, then e is fixed in M\a.
(ii) Ife is cofixed in M, then e is cofixed in M\a.

Proof. Consider (i). Let N = M\a and assume that e is not fixed in M\a. Let N’ be a matroid ob-
tained by independently cloning e by e’. Let M’ be a matroid obtained from N’ by freely placing the
point a in the span of {b, c}. Consider M’\e’. We have the following: M\a = M’\¢e’, a, the set {a, b, c}
is a triangle in M’\e’, and a is freely placed on the line {a,b,c}. It follows straightforwardly that
M\e' = M.

Assume that e is fixed in M. Then e is fixed in M’. It follows that there is a cyclic flat F of M’
containing e but not e’. If F does not contain a, then we contradict the fact that e and e’ are clones
in N’. Hence F contains a. But as a is freely placed in {a, b, c}, we see that a is freer than both b
and c in M’. Therefore b and c are contained in F. Let C be a circuit such that e € C and C C F. If
a € C, then we may apply circuit elimination to C and {a, b, ¢} to obtain a circuit C’ containing e that
does not contain a. Thus we may assume that C does not contain a. But then cly/(C) is a cyclic flat
of N’ that contains e but not e’ contradicting the fact that {e, e’} is a clonal pair in N’.

Part (ii) follows by a similar argument, but this time by coindependently cocloning e by e’ in
M\a. O

As always the connection with flowers is important to us.

Lemma 5.18. Let M be a 3-connected matroid and let {a, b} be a 2-element tight petal of a swirl-like or spike-
like flower with at least four petals. If a is not fixed in M, then the following hold.

i) fr(a) = 2.
(ii) b < a.
(iii) If M’ is obtained by independently cloning a by @, then {a, a’, b} is a triangle in M.
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Proof. Say that flower is (Pq,{a, b}, P3,..., Pp). Let M’ be a matroid obtained by independently
cloning a by da'. As {a,b} is a tight petal, a € cI(P; U {b}) so that a’' € cI(P; U {b}), that is, d’ €
cl(Pq U {a,b}) and, similarly, a’ € cl(P3 U {a, b}). Thus, by Lemma 3.31, {a,d’, b} is a triangle in M’.
Hence (iii) holds. Parts (i) and (ii) follow easily. O

Recall that the loose elements in a swirl-like flower can be partitioned into guts and coguts el-
ements in a canonical way. The next lemma is perhaps a terminological surprise, in that it is quite
easy for a loose element to be fixed.

Lemma 5.19. Let M be a 3-connected matroid and | be a loose element of a swirl-like or spike-like flower F
of M of order at least 3. Then the following hold.

(i) IfFis spike-like and  is the tip, then [ is fixed in M.
(ii) IfFis spike-like and | is the cotip, then l is cofixed in M.
(iii) IfFis swirl-like and l is a loose guts element, then | is fixed in M.
(iv) IfFis swirl-like and | is a loose coguts element, then | is cofixed in M.

Proof. Assume that either (i) or (iii) holds. Then it is clear that M has a swirl-like or spike-like quasi-
flower (P1, {l}, P2, P3) where [ € cI(Pq), | € cI(P3), and |P3| > 2. In this case m(P1, P3) =1 and the
lemma follows by Lemma 5.11. O

3. Freedom and k-coherence

In this section we collect some lemmas that deal with the relationship between the relative free-
dom of elements in a matroid and k-coherence.

Lemma 5.20. Let a and b be elements of the k-coherent matroid M, where a < b. If M\a is not k-coherent,
then b is cofixed in M\a.

Proof. Assume that M\a is not k-coherent. Say that M\a is not 3-connected. Then M\a has a 2-sepa-
ration (X,Y). Assume that b ¢ cl’,(/,\a(X — {b}). Then b € clpp\q(Y — {b}), that is, b € cly (Y — {b}). As
a < b, we have a € cly(Y), contradicting the fact that a coblocks (X, Y). Therefore b € cl*,{,,\a(X — {b})
and b e cl*M\a(Y — {b}) so that b is cofixed in M\a by the dual of Lemma 5.11.

Assume that M\a is 3-connected. Let (P1, Py, P3,..., Py) be a k-fracture of M\a, where b € P,.
If b is a coloop of neither M|(P1 U P3) nor M|(P, U P3), then, by Lemma 5.3, a € cly (P U P2) and
a € cly (P2 U P3), so that, by Lemma 3.31, a € cly(P2), contradicting the fact that M is k-coherent.
Hence we may assume that b is a coloop of M|(P1 U P;). But this means that b is in the coguts of
(P1UP;, P3U---UPy). In this case, by Lemma 3.10, b is a loose coguts element of P,. By Lemma 5.19
b is cofixed in M\a. O

Corollary 5.21. Let a and b be elements of the k-coherent matroid M, where a < b.

(i) Iffr(a) > 3, then M /b is k-coherent.
(ii) If fr*(b) > 3, then M\a is k-coherent.

Proof. Consider (ii). Say that fr*(b) > 3. Then, by Lemma 5.6, fr",{,,\a(b) > 2 so that b is not cofixed
in M\a. So by Lemma 5.20 M\a is k-coherent. Part (i) is the dual of (ii). O

The next lemma is easily seen to hold for arbitrary flowers, but we only need it in the swirl-like
case.

Lemma 5.22. Let F be a swirl-like flower of the 3-connected matroid M of order at least 4. Ifa, b € E(M), and
a < b, then there is a flower equivalent to F in which a and b are in the same petal.
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Proof. Say that (Pq, Py,..., Py) is a tight swirl-like flower equivalent to F that is chosen so that
a € Pq, b € Pj, and, amongst all equivalent flowers, i is minimal. Assume that i > 1. By the minimality
assumption b is not a loose coguts element between P;_; and P;. Thus, b € cI((P; U Pij+1) — {b}). By
Lemma 5.3, a € cl(P; U Piy1). By Lemma 3.9, either a € cl(P;) or a € cl(P;+1). The former case implies
a contradiction. Thus we may assume that a € cl(P;4+1). Now a € P;;, and n > 4, so that i > 2 mod n,
and a and b are not in adjacent petals. However putting a in Pj1q gives an equivalent flower in
which a and b are in adjacent petals and we have contradicted the minimality of the choice of F
and i. O

Knowing that elements of a k-coherent matroid are comparable gives us valuable information that
enables us to deduce that certain minors are k-coherent. This point is exemplified in the next lemma.
Let (Pq, Pa,..., Py) be a swirl-like flower of a matroid. Recall that, when we say that x is a coguts
element of (Pj, Pi11) we mean that x is a rim element of the fan of loose elements between P;
and Pjyq.

Lemma 5.23. Let x and y be elements of the k-coherent matroid M where x < y. Assume that M\x is
3-connected and k-fractured. Then

(i) M/y is k-coherent, and
(ii) either x and y are clones in M or y is cofixed in M.

Proof. Let F= (P U{y}, P,..., Py) be a maximal k-fracture of M\x.
5.23.1. Up to labels y is in the coguts of (P1 U {y}, P2). Moreover n = k.

Subproof. Assume the sublemma does not hold. Then we may assume that y is not in the coguts of
(Pn, P1 U {y}) nor in the coguts of (P1 U {y}, P2). Thus y € cI(P, U P1) and y € cl(P1 U P3). Then, as
x <y, we have, by Lemma 5.3, x € cI(P, U P1) and x € cl(P1 U P3) so that x € cI(P, U (P1 U {y})) and
x € cl((P1U{y}) UPy). But then, by Lemma 3.31, x € cI(P; U {y}) implying that M is k-fractured. Thus
we may assume that y is in the coguts of (P1 U {y}, P3).

Now y € cl(P1 U Py) so that x € cI(P; U P2) and hence (P71 U Py U {x, y}, P3,..., Py) is a tight
swirl-like flower in M. As M is k-coherent n=k. O

As y is in the coguts of (P1U{y}, P2) we have y € cl’,(,,\x(PQ and y € cl*M\x(Pz). Also y € cl(P1UP3)
and, as y = x, we have x € cl(P1 U P3).

5.23.2. M/y and M\x/y are 3-connected.

Subproof. Note that M\x, y is not 3-connected up to series pairs (for example, (P, U P1, P, U P3 U
-+-UPp_q) is a 2-separation of M\x, y). So, by Bixby’s Lemma, M\x/y is 3-connected up to parallel
pairs. Hence M/y is 3-connected up to parallel classes. To prove the sublemma it suffices to show
that M/y has no non-trivial parallel classes. Assume otherwise. Then y is in a triangle of M. As y is
freer than x, there is an element t such that {x, y,t} is a triangle of M. As {x, y} C cl(P1 U P3), we
have t € cl(P1 U P3). By taking an equivalent flower if necessary, we may assume that P1 U P, U{y} is
closed in M\x. Up to symmetry we may assume that t € Pq. But now x € cl(P1 U{y}) and (P1 U {x, y},
Py, ..., Pp) is a k-fracture of M, contradicting the fact that M is k-coherent. O

The element y is in the coguts of (Pq U {y}, P2) in M\x. As M\x/y is 3-connected, y is an initial
element of the fan of loose elements between P; U {y} and P,. It now follows from the dual of
Lemma 4.41 that

5.23.3. (Pq, P, ..., Py) is a swirl-like flower of order k in M\x/y so that M\x/y is k-fractured.
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We now consider the reverse and show that all k-fractures of M\x/y have the same form. Assume
that Q is a k-fracture of M\x/y.

5.23.4. Q has order k, and there is a swirl-like flower (Q1, Q2, ..., Q) = Qsuch that (Q1U{y}, Q2, ..., Qk)
is a k-fracture of M\x and x is in the coguts of (Q1, Q2).

Subproof. By Lemma 3.16, there is a pete}l Q of Q such that either Py C Q or P, C Q But y €
cl’,@,\x(m) and y € cl’,@,\x(Pz), soye€ cl*M\X(Q). Now choose a flower (Q1, Q2, ..., Qn) equivalent to Q

such that Q; = Q. Then (Q; U {y},Q2,...,Qm) is a maximal swirl-like flower of M\x. By 5.23.1,
m =k and we may assume that y is in the coguts of (Q1 U{y}, Q2). O

Assume that part (i) of the lemma fails. Then, as M/y is 3-connected, it must be the case that
M/y is k-fractured. As M\x/y is k-fractured, it follows from Lemma 4.45 that there is a tight swirl-
like flower (R1, R2,...,Rr) of M\x/y such that, for some i€ {1,2,...,k}, we have x € cly,y(R;).
By 5.23.4, we may assume that y € cly(R1 U R3), and, as y = x, we have x € cly;(Rq U R3), so that
x € cly/y(R1 U R2). Thus we may assume that i € {1, 2} and, up to labels, we have x € cly/y(R1). But
then, x € cly(R1 U {y}) so that y € clyy(Rq U {x}), and (R U {x, ¥y}, Ra,...,Ry) is a k-fracture of M,
contradicting the fact that M is k-coherent. Thus (i) holds.

Consider part (ii). As y is in the coguts of P; and P, in M\x, by Lemma 5.20, y is cofixed in M\x.
As x < y, the element x is not cofixed in M. It follows from the dual of Corollary 5.7(ii), that either x
and y are clones or y is cofixed in M. O

Lemma 5.23 has some useful consequences. The condition that {a, b, c} is not in a 4-element fan
required by the next lemma is necessary. Let (p,q,r,s) be a 4-element fan of a 3-connected ma-
troid M. Then it is quite possible for g and r to be comparable—indeed they can even be clones. Yet
neither M\q nor M/q is 3-connected.

Lemma 5.24. Let {a, b, c} be a triangle of the 3-connected matroid M that is not contained in a 4-element fan.
If a is not fixed, then M\b is 3-connected.

Proof. Assume that M\b is not 3-connected. Let (A, C) be a 2-separation of M\b. As M is 3-connected
we cannot have {a,c} € A or {a,c} € C, so we may assume that a€ A and c € C. As {a, b, c} is not
contained in a 4-element fan, a does not belong to a triad so that |A| > 3. If a ¢ cl(A — {a}), then
ae cljf,,\b(C), so that (A — {a}, C U {a}) is also a 2-separation of M\b. But this implies that (A — {a},
CU/{a, b}) is a 2-separation of M. Thus a € cl(A — {a}). As M is 3-connected, b ¢ cl(A — {a}). Hence, by
Lemma 5.16, a is fixed in M. O

Lemma 5.24 extends to k-coherence.

Corollary 5.25. Let {a, b, c} be a triangle of the k-coherent matroid M that is not contained in a 4-element
fan. If a is not fixed in M, then M\b is k-coherent.

Proof. By Lemma 5.24 M\b is 3-connected. By Lemma 5.16, b < a and, as a is in a triangle, M/a is
not 3-connected and hence not k-coherent. Thus, by Lemma 5.23, M\b is k-coherent. O

Corollary 5.26. Let x and y be clones of the k-coherent matroid M. If {x, y} is not contained in a 4-element
fan, then either M\x or M /x is k-coherent.

Proof. Say that x is in a triangle. Then there is a triangle containing both x and y. By Corollary 5.25,
M\x is k-coherent. Dually, if x is in a triad, then M/x is k-coherent.

Assume that x is not in a triangle or a triad. Then, by Bixby’s Lemma, either M\x or M/x is
3-connected. Assume the former. If M\x is not k-coherent, then, by Lemma 5.23, M/y is k-coherent.
But M/y is isomorphic to M/x and the corollary follows. O
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4. Elementary properties of k-skeletons

In this section we give some basic properties of k-skeletons. The first is a more-or-less immediate
consequence of the definition.

Lemma 5.27. The matroid M is a k-skeleton if and only if M* is.
A pleasant property of k-skeletons is that they do not have large fans.
Lemma 5.28. If M is a k-skeleton, then M has no 4-element fans.

Proof. Say that M is a skeleton and that M has a 4-element fan. Then there is a fan F = (f1, f2,
f3, fa) such that f; is an initial element of a maximal fan of M. As M is not a wheel or a whirl,
F is exactly 3-separating in M. Up to duality we may assume that M\ f; is 3-connected, so that, by
Corollary 4.6, M\ f1 is k-coherent. Now {fi, f2, f3} is a triangle of M so that f; € cl({f2, f3}). Also
f1 € cl(E(M) — F), and no other element of {f1, f2, f3} is in the closure of this set, so, by Lemma 5.16,
f1 is fixed in M, contradicting the definition of a k-skeleton. O

We can also be quite specific about elements in triangles or triads in k-skeletons.
Lemma 5.29. Let T be a triangle of the k-skeleton M. Then the following hold.

(i) Either T is a clonal triple, or T is a standard or costandard k-wild triangle.
(ii) M\t is 3-connected forallt € T.

Proof. Say T = {tq,tz,t3}. Assume that T is not a standard or costandard k-wild triangle. By
Lemma 5.28, T is not contained in a 4-element fan, so by Theorem 4.16, there is an element t € T
such that M\t is k-coherent. Assume that t = ty. By the definition of a k-skeleton, t; is not fixed,
so, by Corollary 5.25, both M\t; and M\t3 are k-coherent. Thus neither t1, t; nor t3 is fixed. It now
follows easily that {t1, to, t3} is a clonal triple. Thus (i) holds.

If T is a clonal triple then it is clear that M\t is 3-connected for all t € T. On the other hand, if
T is a standard or costandard k-wild triangle, then it follows from the definition of these structures
that M\t is 3-connected for all ¢t € T. Hence (ii) holds. O

We had to make a special case of wheels and whirls and exclude them from the definition of
k-skeleton. The reason for this is that wheels and whirls trivially satisfy properties (ii) and (iii) of a
k-skeleton as they do not have an element x such that either M\x or M/x is k-coherent. There exists
a danger that we may fall into this case in minors hence complicating analyses in proofs. The next
lemma shows that this will not be a problem for us.

Lemma 5.30. Let e be an element of the k-skeleton M of rank at least 3. Then M\e is not a wheel or a whirl.

Proof. Assume that M\e is a wheel or a whirl. If T is a triangle of M\e, then at least two elements
of T are fixed in M\e and hence fixed in M. By Lemma 5.28, M has no 4-element fans. This means
that e must block every triad of M\e. It follows easily from this that if (A, B) is a 3-separation of M,
then either A or B is a triangle. Thus M has no non-sequential 3-separations so that a 3-tree for M
consists of a single vertex. This means that all elements of M are peripheral. By Lemma 4.38 M has
no k-wild triangles. By Lemma 5.29, T is a clonal triple contradicting the fact that T contains fixed
elements. 0O

Quads in k-skeletons are also well behaved.

Lemma 5.31. Let M be a k-skeleton and let D be a quad of M. If d € D, then d is in neither a triangle nor
a triad and both M\d and M /d are k-coherent.
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Proof. Consider a 3-tree T for M. This displays a 3-separation equivalent to D, and it follows routinely
that the members of D are peripheral elements of T. By Lemma 4.38, no element of D is in a k-wild
triangle or triad. Consider d € D. Assume that d is in a triangle T. Then, as D is both a circuit and a
cocircuit, T must have exactly one element ¢t that is not in D. It is easily seen that Lemma 5.16 applies
so that t is fixed in M. However, by Lemma 5.29, T is a clonal triple so that no element of T is fixed.
This contradiction shows that d is not in a triangle, and dually, d is not in a triad. By Lemma 4.7 both
M\d and M/d are k-coherent. O

A flower is canonical if it has no loose elements.
Lemma 5.32. If F is a tight swirl-like flower of a k-skeleton with at least three petals then F is canonical.

Proof. Say F is not canonical. Then, by taking an appropriate concatenation, we see that M has a tight
swirl-like flower (P1, Py, P3) with loose elements between P and P,. Let | be the initial element of
the fan of loose elements between P; and P;. Up to equivalence of flowers and duality, we may as-
sume that [ € Py and [ € cl(P3). By Lemma 3.13, M\! is 3-connected. As (P1, P2, P3) is tight, |P1| > 2.
If |P2| =|P3| =2, then P, UP3 is a quad and ! is in a triangle with P, contradicting Lemma 5.31.
Thus the hypotheses of Lemma 4.13(iii) hold, and, by that lemma, we deduce that [ does not ex-
pose any 3-separations in M\l. Hence M\! is k-coherent. But | € cl(P;) and [ € cI(P1 — {I}). Moreover,
n(Py — {I}, P2) =1, so, by Lemma 5.11, [ is fixed in M and we have contradicted the definition of
k-skeleton. O

Ideally we would like to find an element e in a k-skeleton such that either M\e or M/e is a
k-skeleton. This would give us a neat chain theorem for skeletons. Unfortunately, life is not that
simple in the world of k-skeletons. In the remaining sections of this chapter we prove theorems that
identify situations when it is possible to remove elements to keep a k-skeleton and identify certain
annoying structures that make life difficult for us.

5. Comparable elements in k-skeletons

Knowing that an element is comparable with another is certainly helpful. This section is devoted
to proving the following theorem.

Theorem 5.33. Let a and b be elements of the k-skeleton M, where a < b. If either

(i) a<b,or
(ii) a= b, and fr*(a) > 3,

then M\a is a k-skeleton.
Proof. Assume that either (i) or (ii) holds. We first show that
5.33.1. M\a is k-coherent, and, if a < b, then both M\a and M /b are k-coherent.

Subproof. If condition (ii) holds this follows from Corollary 5.21. Assume that a < b. Assume that
neither M\a nor M/b is k-coherent. If M\a is 3-connected and k-fractured, then by Lemma 5.23,
M/b is k-coherent and b is cofixed in M, contrary to assumption. Thus M\a is not 3-connected, and
similarly M/b is not 3-connected.

Assume that b is in a triangle. Then, as b > a, there is a triangle T containing both b and a. By
Lemma 5.29, M\a is 3-connected, contradicting the fact that M\a is not 3-connected. Hence b is not
in a triangle. Thus si(M/b) is not 3-connected. As a < b it follows from Corollary 5.15, that si(M/a) is
not 3-connected. But then co(M\a) is 3-connected, and, as a is not in a triad, we have contradicted
the assumption that M\a is not 3-connected.
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Thus either M\a or M/b is k-coherent. Assume that M/b is k-coherent. If M\a is not 3-connected,
then, by the dual of Corollary 5.15, b is cofixed in M contradicting the fact that M is a skeleton. Thus
M\a is 3-connected. If M\a is not k-coherent, then by Lemma 5.23, we again obtain the contradic-
tion that b is cofixed in M. Thus M\a is indeed k-coherent. A dual argument shows that, if M\a is
k-coherent, then M/b is k-coherent. Thus, both M\a and M/b are k-coherent. O

5.33.2. b is not cofixed in M\a.

Proof. As M/b is k-coherent, and M is a k-skeleton, b is not cofixed in M. If condition (ii) of this
theorem holds, then fry;(b) >3, so fr’,@,\a(b) > 2 by Lemma 5.6. Therefore b is not cofixed in M\a. If
condition (i) holds, then M/b is k-coherent by 5.33.1, so b is not cofixed in M. If b is cofixed in M\a,
then Lemma 5.6 implies that b < a, a contradiction. O

We now work towards showing that M\a is a k-skeleton.
5.33.3.If z is fixed in M\a, then M\a, z is not k-coherent.

Proof. Assume that z is fixed in M\a and that M\a, z is k-coherent. Then z is fixed in M and, as M
is a k-skeleton, M\z is not k-coherent. As M\a, z is k-coherent, M\z is 3-connected. Hence M\z is
k-fractured. Altogether we have M, M\a and M\aq, z are k-coherent and M\z is k-fractured. As z is
fixed in M, z#b. Let (Pq, P2, ..., Py) be a k-fracture of M\z. By Lemma 5.22, we may assume that
both a and b are in P1.

Consider M\z, a. By Lemma 4.42(i), P1 —{a} is a set of loose elements of the swirl-like quasi-flower
(P1 —{a}, P, P3, ..., Py) of M\z,a. By Lemma 5.19, elements of P; — {a} are either fixed or cofixed
in M\z,a. But b is not fixed in M and hence not fixed in M\z, a. Therefore b is cofixed in M\z, a.
Now z is fixed in M\g, so it is not the case that z %= a in M. Therefore, by Corollary 5.7(ii), b is cofixed
in M\a, contradicting 5.33.2. O

5.33.4. If z is cofixed in M\a, then M\a/z is not k-coherent.

Proof. Assume that z is cofixed in M\a and that M\a/z is k-coherent. By 5.33.2, z# b. Assume that z
is not cofixed in M. Then, by Corollary 5.7(ii), z< a in M, and hence z<b in M so that z< b in M\a.
But then, b is cofixed in M\a contradicting 5.33.2. Hence z is cofixed in M.

We now show that M/z is 3-connected. Assume not. As M/z\a is k-coherent and hence 3-connec-
ted, there is an element p of M such that {a, z, p} is a triangle. As z is cofixed in M, z £ b. Hence
there is a cyclic flat of M containing b but not z. As a < b, this cyclic flat contains a. But now, by
Lemma 5.16, a is fixed in M, and M\a is k-coherent, contradicting the fact that M is a skeleton. Thus
M/z is 3-connected.

Since z is cofixed in M and M/z is 3-connected, it must be the case that M/z is k-fractured.
By Lemma 5.22, there is a k-flower (P, P3,..., Py) of M/z such that {a,b} € P1. But M/z\a is
k-coherent, so by Lemma 4.42(i), the elements of P; — {a} are all fixed or cofixed in M/z\a, in partic-
ular, b is either fixed or cofixed in M/z\a. As a < b in M/z, and M/z is 3-connected, b is not fixed in
M /z\a. Thus b is cofixed in M/z\a. But now, b is cofixed in M\a, and we have contradicted 5.33.2. O

By 5.33.1, 5.33.3 and 5.33.4, M\a is a k-skeleton. O

Note that, in the case that (i) holds in Theorem 5.33, that is that a < b, then it follows by duality
that M/b is also a k-skeleton.
As an easy consequence of Theorem 5.33 we have

Corollary 5.34. Let a and b be comparable elements in the k-skeleton M. If neither M\a nor M /a is a k-skele-
ton, then {a, b} is a clonal class, and fr(a) = fr*(a) = 2.
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Fig. 5.1. A bogan couple.

6. Bogan couples

In this section we examine one of the problematic structures that turns out to be of importance
to us. Recall that a flower is canonical if it is the only member of its equivalence class. If f is an
element of the k-skeleton M such that M\ f is 3-connected but not k-coherent, then M\ f is certainly
not a k-skeleton. But one might hope that the fact that M is a k-skeleton would impose structure on
a k-fracture in M\ f. In particular it would be useful to know that such a k-fracture is canonical. In
this section we show that this is almost always the case unless f is a very particular type of feral
element.

Let a, b be elements of the k-coherent matroid M. Then a bogan display for {a,b} is a parti-
tion (R, S, T, {a, b}) of E(M) together with partitions (R1, R>, ..., Rk_2), (51, S2,...,Sr) and (T, T2,
..., Tk—2) of R, S and T respectively such that the following hold.

(i) (RyU{b},R2,...,Rk_2,51,S2,...,Sr, T) is a maximal k-fracture of M\qa, and b is in the coguts
of Ry U{b} and T.

(ii) (R,SU{b}, Ty, Ty,..., Tx_3) is a maximal k-fracture of M/a.

(iii) (R, S1,S2,...,8:,T1,Ta,...,Tg_3, Tx_2 U {a}) is a maximal k-fracture of M\b, and a is in the
coguts of Ty_» U{a} and R.

(iv) (R1,R2, ..., Rx_3,SU{a}, T) is a maximal k-fracture of M/b.

(v) (R1,Ra,...,Rk_2,SUTU{a, b}), (51,S2,...,S;, RUTU{a,b}) and (Tq, T, ..., Tx_2, RUSU{a, b})
are maximal swirl-like flowers in M.

(vi) a and b are cofixed in M.

The pair {a, b} is a bogan couple if it has a bogan display (see Fig. 5.1). The property of being a
bogan couple is not self-dual. If {a, b} is a bogan couple in M*, then {a, b} is a cobogan couple.

Theorem 5.35. Let a be an element of the k-skeleton M such that M\a is k-fractured. If b is a loose element of
a k-fracture P of M\a, then b is a loose coguts element of P and either

(i) a»=b, or
(ii) {a, b} is a bogan couple of M.

Proof. Assume that P = (P;U{b}, Py, ..., P;) is a maximal k-fracture of M\a and that b is in the guts
or the coguts of (P1 U {b}, P3).
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5.35.1. b is in the coguts of (P1 U {b}, P3).

Subproof. Assume that b is in the guts of (P U {b}, P2). Then, by Lemma 5.19, b is fixed in M\a,
so that b is fixed in M. By Lemma 3.13, M\a,b is 3-connected up to series pairs. Consider M\b.
Assume that M\b is not 3-connected. Then it is either the case that M\b has a series pair, or there is
a series pair {s1, s2} of M\a, b such that {s1, s»,a} is a triangle of M\b. In the latter case {s1, s2,a, b}
is a sequential 3-separating set of M. But M\a is 3-connected, so, by Lemma 4.5, M\a is k-coherent,
contradicting the assumption that this matroid is k-fractured.

We now eliminate the former case. Assume that M\b has a series pair. Then b is in a triad {p, b, q}
of M and co(M\b) is 3-connected. (Otherwise M has a 4-element fan, contradicting Lemma 5.28.) As
b is fixed in M, this triad is not in a clonal triple, so, by Lemma 5.29, it is k-wild. But co(M\b) is
3-connected, so by Lemma 4.22(iii), it is not standard. We need to show that it is not costandard.
By Lemma 3.26 (p,b,q) is a consecutive set of loose elements in the flower (P1 U {b}, Py,..., P))
of M\a. But then, si(M\a/p, q) is 3-connected, as p and q are loose coguts elements of this flower.
Thus si(M/p, q) is 3-connected, contradicting Lemma 4.23.

Therefore M\b is 3-connected. As b is fixed in M, the matroid M\b is k-fractured. By considering
a k-fracture of M\b, we see that there is a 3-separation (R U {a}, G) of M\b such that a € cI(R), and
(RU{a}, G) is well blocked by b. Now (RU{b}, G) and (R, GU{b}) are unsplit 4-separating sets of M\a.
If (R, G) does not cross Pq, then b does not block (R, G), as b € cI(P1). Thus (R, G) crosses P1, and,
similarly, (R, G) crosses P;.

Now Lemma 3.34 applies and we may assume that, for some T € {R, G}, we have T U {b} € P1 U
P, U {b}. By considering the flower (P1 U {b}, P, ..., P;), Lemma 3.36 implies that Apnq((P1 U {b}) N
T) =2 and by considering the flower (P1, P,U{b}, ..., P;), Lemma 3.36 implies that Apna(P1NT) = 2.
Hence b € cl<*)(P1 N T). But b € cl(Py), so b ¢ cI*(P1 NT). Therefore b € cI(P1 N T), contradicting the
assumption that b blocks (R, G). O

Assume that a % b. We need to prove that {a, b} is a bogan couple. We proceed by accumulating
properties of the pair {a, b}.

5.35.2. M/b\a is 3-connected. The element b is cofixed in M and M /b is 3-connected and k-fractured.

Subproof. As b is a coguts element of P, the element b is cofixed in M\a. As a # b, it follows from
Corollary 5.9 that b is cofixed in M. It follows from 5.35.1 that b is the unique loose element between
Py and P;. So, by Lemma 3.13, M\a/b is 3-connected. Thus M/b is 3-connected unless there is a
triangle of M containing {a, b}.

Assume that T is such a triangle. As b is cofixed in M, the triangle T is not a clonal triple and
hence is k-wild. As b is in the coguts of (P U {b}, P3), the matroid co(M\a, b) is not 3-connected. It
follows from the definition of k-wild triangle that, if T is standard, then co(M\a, b) is 3-connected.
Moreover, by basic properties of the A — Y operation, the same conclusion holds if T is costandard.

It follows from the above contradiction that M /b is 3-connected. As b is cofixed in M, the matroid
M/b is k-fractured. O

5.35.3. We may assume that, for some i1, iz € {1,2,...,1}, with 2 < i1 < iy < the partition (P1, ..., Pi,—1,
Pi, U---UPj;, U{a}, Pi,41, ..., Pp) is a maximal k-fracture of M/b.

Subproof. Let (Q1U{a}, Q2, ..., Q) be a maximal k-fracture of M/b. By Lemma 4.13, (Pq, P2,..., P))
is a maximal flower in M\a/b.

Consider the partition (Q1, Q2,..., Qm) of E(M\a/b). This will be a flower Q in M\a/b unless
|Q1] =1, in which case it is a quasi-flower. If Q < (P1, P2, ..., P;), then the sublemma clearly holds.
Assume otherwise. Let Q' be a maximal flower that refines Q. Then, by Lemma 3.16, we may assume
that there is a pair i, j/, such that E(M\a/b) = P; U Q]/.,. It follows immediately that we may assume
that there is a pair i, j such that E(M\a/b) =P; U Q.
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Assume that j = 1. Then either P; € Q1 or P, C Q1. We lose no generality in assuming that
P1C Qq, so that P1U{a} € QqU{a}. But b e cl*M\a(P1). Hence b € cl};(Qq U {a}) and it follows that
(Q1U{a, b}, Qa,..., Q) is a k-fracture of M, contradicting the fact that M is k-coherent.

Hence we may assume that j ## 1. Then either Q; U Q2 € P; or Q1 U Q € P; and we may as-
sume that the former case holds. As M/b\a is 3-connected, a is not a coguts element of Q1, so that
aeclyp(Q1U Q2), that is, a € clyp(P;). Hence (P1, P2,...,P;U{a},..., P) fractures M/b and the
sublemma holds with i1 =iy =i. O

Assume that i1 and i, are chosen so that 5.35.3 is satisfied and iy —iq is maximum.
5.354.

(i) i1 = 3,i2 <L
(ii) Eitheriy >3 oriy <l
(iii) a blocks both Py U {b} and P, U {b}.
(iv) a blocks either P3 U P4U---U P;_y or P4UP5U---UPy.
(v) adoes not block Py or P.

Subproof. Say iy = 2. Then a € clyy(P, U P3 U ---U P;, U {b}), so that (P U P U---U Py, U {a, b},
Pi,41,..., P)) is a k-fracture of M. Hence i1 > 3 and similarly i <[ so that (i) holds. Part (ii) follows
from the fact that (Py, Py, ..., Pj;—1, Pj; U---U Py, U{a}, Pi,41,..., P;) is a k-fracture of M/b.

Assume that a does not block Py U {b}. Certainly a ¢ cl(P1 U {b}), so a € cl(E(M) — (P U {a, b})).
Then b € cI*(Pq) and (Pq U {b}, Py, ..., Py, U---UPj,U{a},..., Py) is a k-fracture of M. Thus a blocks
P1 U {b} and similarly a blocks P, U {b} and (iii) holds.

Consider (iv). Assume that a blocks neither P3 U P4U---U P;_; nor P4 U P5U---U P;. As a does
not block P3UP4U---UP;_1 and a does block Py U{b}, we see that a ¢ cl(P3UP4U---UP;_1). Hence
a € cl(P;U Py U{b}U P). Similarly a € cl(P; U{b}U P, U P3) and it follows from Lemma 3.31 that a €
cl(P1U{b}UP>). By (ii) and symmetry we may assume that i <I. As a € cI(P;; UP;, 41U---UP;, U{b}),
we have a e cl({b} U P, UP3U---U Pj,) so that by Lemma 3.31 a € cl({b} U P;), contradicting the fact
that a blocks this set. Thus (iv) holds.

Consider (v). As iy >3 and i </, the set cI(P;, U Pj, 41 U---U P;, U {b}) avoids P1 and P;. As
aecl(Pi; UPj+1U---UP;, U{b}), neither P1 nor P; is blocked by a. O

5.35.5. a is cofixed in M.

Subproof. By 5.35.4(iv), we may assume that a blocks P3 U P4 U ---U P;_;. By 5.35.4(iii), a blocks
P1 U {b}. By 5.354(iv), (Pq U {b}, Py, P3UP4U---UP;_q, P)) is a swirl-like flower of M\a. It now
follows from Lemma 5.13 that a is cofixed in M. O

5.35.6. M /a is 3-connected.

Subproof. Assume that a is in a triangle. As M/b\a is 3-connected, this triangle must contain b,
contradicting the fact that M/b is 3-connected. Thus a is not in a triangle. Assume that M/a is
not 3-connected. As a is not in a triangle, si(M/a) is not 3-connected, so there is a 3-separation
(RU{a}, B) of M such that (R, B) is a 3-separation of M\a and a € cl(R), cl(B). By Lemma 3.32, (R, B)
conforms with the maximal flower P of M\a. If either R or B is contained in a petal of a flower equiv-
alent to P, then, as a € cl(R), cI(B) we obtain the contradiction that M is k-fractured. Thus (R, B) is
displayed by P. But then, either a does not block Py U {b} or P, U {b}, contradicting 5.35.4(iii). O

As M/a is 3-connected, and a is cofixed in M we see that M/a is k-fractured. Thus a is a feral
element of M. Let Q=(Q1,..., Qp) be a maximal k-fracture of M/a. We may assume that there is a
labelling of P and Q that forms a feral display in either M or M*. In the proof of the next claim we
assume that the reader is familiar with terminology from Section 4 associated with feral elements.
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5.35.7.

(i) m=k,ij=kandi, =1
(ii) Up to labels Q = P UP3U---UPyg_1, Q1 = P UPgy1U---UP U {b}, and {Q3,Q4,...,Qn}isa
partition of Py.
(111) (PZa P37 ] Pk*]? E(M)_ QZ)' (Pka Pk+17 (RN PI’ E(M)_(Ql _{b}))'and (Q35 Q47 RN Qka E(M)_
P1) are displayed flowers in M.

Subproof. Consider the k-fracture P of M\a. By Lemma 4.26(iv), a is either 1-blocking for P or is
2-spanned by P.

Our first, somewhat painful, task is to show that a is 1-blocking for P. Assume otherwise. Then
a is 2-spanned by P. As a is 2-spanned but not 1-blocking, a blocks exactly two adjacent petals
of a flower equivalent to P. We also have | =k so that P; = Py. As a is not 1-blocking for P we
are in the case where we have a feral display for a in M*. We know that a blocks Py U {b} and,
by 5.35.4(v), a does not block P,. Thus it must be the case that a blocks Pj. Moreover, as a is
2-spanned, a € cl(Py U P1 U {b}). We have committed to a labelling of P, but we are still free to
label Q. Given this, we can say that (Q1, Q2,..., Q) and (P, P1 U {b}, P2,..., Py_1) form a feral
display in M*. In other words, (Q1, Q2,..., Qn) and (P, P U{b}, Py, ..., Px_1) play the roles played
by (P1, Pa,..., Pn) and (Q1, Q2, ..., Q) in the definition of feral display. With this in mind, we see
from the properties of a feral display that P, UP3U---UPy_1 € Qq, and, for some je{2,3,...,m—1},
we have Qj+1UQ]'+2U-~-UngPk and Q2UQ3U-~-UQj§P]U{b}.

We next show that iy =i =k. As Pj; UP;, 41 U---UP;, U{a} is 3-separating in M/b but not in M,
we have b e cly(P;; UPj 41 U---UP;, U{a}). But a ¢ cly(P;; UP; 41 U---UPj,), as otherwise M is
k-fractured, so we also have a € cly(Pj, U Pj, 41 U--- U P;, U {b}). It follows from this and the fact
that a blocks Py, that iz =k. Now a € cly/p(P1 U Py) and a € clyp (Pi; U Pi; 1 U---U Py, U Py). So, by
Lemma 3.31, a € clpp(Py). It now follows from 5.35.3 that i1 = k. Thus we do have iy =iy =k and
we can also conclude that b € cly (P U {a}).

Assume that b € Q. By 5.35.4(iii), a blocks P, U {b}, so a € cly; (P, U {b}). But Q1 2 P, U {b}, so
a € clj;(Q1). This implies the contradiction that (Qq U {a}, Q2,..., Q) is a k-fracture of M. Thus
b¢ Q1,s0othat hbe QU Q3U---UQj. Assume that [Q2 U---U Q;| > 3. By property (vii) of a feral
display, Q2 UQ3U---UQ; is 3-separating in M and hence M\a. It is now easily seen that b is in the
coguts of Q2 UQ3U---UQ;. Thus b ¢ cly(E(M) — (Q2 U Q3 U---U Q})), contradicting the fact that
b e cly (P U {a}).

We are left with the annoying case where [Q2 U Q3 U---U Qj| =2, so that j =2, m=k and
|Q2] =2.Say Q3 = {b, z}. Recall that there is a set Z, such that Py = Q3UQ4U---UQUZ,. We know
that b € cly(Py U{a}). Thus Ay (PrU{a, b}) < Ap(PyU{a}) = 3. We now show that Ap(PxU{a,b, z}) >
3. Assume otherwise. Then App\q(Pk U {b, z}) = 2. Consider the flower (Py U {b}, P3, ..., Py) of M\a.
The petal P1U{b} is tight and b is loose between P; and P3, so that, by Lemma 3.9(ii), z ¢ fcly\q (Py).
But now it is clear that P, U{b, z} does not have the form of Lemma 3.33. Hence Ap(PrU{a, b, z}) > 3.
As a coblocks Q2 U Q3U---U Qy, we also deduce that Ay ({a,b,zZ}UQ3UQ4qU---U Q) =3. We have
shown that Ap; (P, U {a,b}) <3 and Ap({a,b,z} U Q3 U QqU---U Qg) =3. The union of these sets is
Py Ul{a, b, z}, and Ay (P U{a, b, z}) > 3. But the intersection of these sets is {a,b}UQ3UQ4U---U Qy.
Hence Ay ({a, b}UQ3UQ4U---UQy) < 3.Now a ¢ cI®™ (Q3UQ4U---UQy), as otherwise one of M\a of
M /a is not 3-connected. Hence Ay ({a}UQ3UQ4U---UQy) =3.Thus b e cl(M*)(Qg UQgqU---UQrU{a)).
But b € cly(P1 U Py) as b is a loose coguts element between Pq and P, in P. Therefore b ¢ clj;(Q3 U
Q4U---UQrU{a}). Hence b e cly(Q3U Q4 U---U Qg U{a}) so that b e cly/a(Q3UQ4U---UQy) and
it follows that {z, b} is a loose petal of Q contradicting the fact that it is not.

The above contradiction shows at last that a is indeed 1-blocking for P and we consider the struc-
ture that arises in this case now. By the symmetry between P; and P, we may assume that a blocks
P1 U {b} and no other petal of P. Indeed, we may assume that m =k and that (P1 U {b}, Pa, ..., P))
and (Qq, Q2,..., Q) form a feral display. By the properties of a feral display P U {b} properly con-
tains Q3 U Qq U ---U Qg, and for some i € {2,3,...,1 — 1}, we have P, UP3U---UP; C Qy, and
Pit1 UPijyp U---U P, € Qq. By 5.35.4(v), Py is not blocked by a. Hence P; is 3-separating in M/a
and it follows easily that P is displayed by Q. But P; U {b} properly contains Q3 U Qq U ---U Q.
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Hence P1 = Q3U Q4qU---U Q. Also by the properties of a feral display, Ap;(Po U P3U---U Pj) =2
and Ap(Pit1 U Pip2 U---U P)) = 2. Note that, using the notation of the definition of feral display we
have Z1 U Z, = {b}.

Either b € Q1 or b € Q,. Assume for a contradiction that b € Q3, so that (Q3, Q1) = ({b} U Py U
P3U---UPj, Pit1 UPj;2 U---U Pp). By a property of feral elements a coblocks either Q1 or Q.
But Q1 = Pj41 UPj4o U---U Py and it was observed above that this set is 3-separating in M. Hence a
coblocks Q3. Therefore a € cly(Q3UQ4U---UQrUQ1).Buta¢cly(Piy1UPj42U---UP) =cly(Q1).
As a blocks Pq U {b}, we see that a ¢ cly(P1), and this set contains Q3 U Qg U ---U Q; so that a ¢
cly(Q3UQqU---U Q). Hence, by Lemma 2.10

Mm/a(Q1,Q3UQ4U---U Q) =Nm(Q1,Q3UQ4aU---UQp) +1
2 mm(P, P1) +1
:2’

contradicting the fact that (Q1, Q2,Q3U Q4 U---U Qy) is a swirl-like flower of M/a.

It follows that b € Q1. Thus Q; =P, UP3U---UP;, Q1 =Pjy1 UPjpU---UP;U{b}, and Py =
Q3UQqU---U Q. Recall that (Pq, Py, ..., P;) is a maximal k-fracture of M/b\a.

We next show that i; =i+ 1. We first show that i; > i + 1. Assume otherwise, so that i; <i+ 1.
We have a € cly/p(Pi; U Pi; 41 U--- U Py,). Also, by a property of feral elements, a coblocks either Q3
or Q1. But Q2 = P, UP,U---UP; and this set is 3-separating in M. Hence a coblocks Q1, so
a € clyp(Piy1 U Piyp U---U Pp). Now, by Lemma 3.31, a € cly/p(Piy1 U Piy2 U--- U Py,). Therefore
(P1,P2,...,Pi;,...,Pix1 U Py U---UPy, Ufa},..., P is a flower of M/b that properly refines
(Py,Pa,...,P;; U---UP;, Ufa},..., P)). The former flower is clearly tight contradicting the fact es-
tablished in 5.35.3 that the latter flower is maximal. Thus i1 >i+ 1.

Assume that i1 > i+1. As a coblocks Q1, we see that a € cly(P1UPU---UP;). Thus a € cly»(P1U
P2 U---UP;). Also a € clyp(Pi; U Py 41 U---U P U Pp). Hence, by Lemma 3.31, a € cly;;p(P1) so that
a € cly(P1 U {b}) contradicting the fact that a blocks this set. Thus i; =i+ 1.

We now prove that i =I. Assume otherwise, so that i <I. We have a € clyp(Pj; U Pj; 41 U---U
Pi,) so that a € clyp(P2 U P3U---U Py,). Hence a € cly({b} U P2 U P3 U --- U Py,). Hence Ay (P U
P1) =2, so that Apq(PjUP1)=2. But P1=Q3UQqU---UQy and P; C Q1. There are several ways
to see that neither P; nor Q1 — P; is a set of loose elements of Q. One way is to observe that both
|[P;| > 2 and |Q1 — P;| > 2, so that, if either of these sets is loose, one of the elements is a loose
coguts element and we have contradicted the dual of 5.35.1. It follows that P; U P; does not conform
with Q and we have contradicted the fact that this is a maximal flower in M/a. Hence i, =1.

We have now established that (i) and (ii) hold. Consider (iii). The partition (P3, Ps3, ..., P;, P1 U{b})
is a flower in M\a, and a € cl(Q1 U {b}) so that (Py, P3,..., Pr_3, E(M) — Q3) is a flower in M and
the first claim of (iii) holds. As a coblocks Q1, we see that a € cly;(E(M) — Q1). Hence a does not
block Py_qU---U P; so that the second claim of (iii) holds. As a blocks P1, we have a € cI*(Q1 U Q>).
Thus a does not coblock Q1 U Q> and the third claim of (iii) holds. O

To simplify notation a little, set Q} = Py U Pxyq U--- U Py, so that Q] = Qq — {b}. Summarising
some of the information gained so far, we see that the partition P = (P1U{b}, P;, ..., P;) is a maximal
k-fracture of M\a, the partition Q = (Q{ U {b}, Q2, Qs,..., Q) is a maximal k-fracture of M/a, and
the partition (P3, P3, ..., Py_1, Q1 U {a}, P1) is a maximal k-fracture of M/b. We next prove

5.35.8. The matroid M\b is 3-connected and O = (Q3, Pk, Px+1,---, P1, Qk, Qk—1, ..., Q3 U {a}) is a maxi-
mal k-fracture of M\b. Moreover a is in the coguts of Q3 U {a} and Q; in O.

Subproof. We omit the routine verification that M\b is 3-connected. We first show that O is a flower
in M\b. To do this, by [20, Lemma 4.11(i)], it suffices to show the union of each pair of consecutive
members of the partition O in the linear order is 3-separating in M\b. In other words we need to
check all consecutive pairs, but we do not have to check that (Q3 U {a}) U Q; is 3-separating.
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Consider Q3 U Pg. As b is in the coguts of P and P2 in M\a, we have Appgp(P2U---UPy) =1,
that is, Apa,p(Q2 U Q3 U Pr) =1, so that App(Q2 U Py) <2 and, as M\b is 3-connected, equality
holds here. If i € {k,k+1,...,I— 1}, then it follows from 5.35.7(iii) that Apnp(P; U Piy1) =2.

Consider P;U Qg. We have Ap1/q(Q1U Qi) =2, so that Ap/q\p(Q71U Qi) =2. Also b e cly(Q2 U{a}),
so a € cly(QaU{b}), thatis, a e cl’,f/,\b(Qz). Hence Apnp(Q] U Qp) = 2. We also know that Appgp(PjU
P1) =1, so that App\p(PyU P1) =2. As (PLUP1)N (Q{ U Qk) = P; U Qg, an uncrossing argument gives
Avp (PrU Q) =2 as required. By 5.35.7(iii), if i € {k,k —1,...,4}, then Apnp(Q; U Qij—1) =2.

It remains to prove that Apnp(Q4 U Q3 U {a}) = 2. We will use an uncrossing argument in M\a, b
to show that Appngp(Qsa U Q3) < 1. We first show that AMa,p(Q2 U Q3 U Qq) < 2. We know that
Amyap(Q2UQ3UQq)=2,as be clM/a(Q{). By 5.35.4(iii), a blocks P, U {b}, so a ¢ cly(Qs5U Qg U
---U QU Q}). Hence a does not coblock the 3-separation (Q2 UQ3U Q4, Q5UQgU---U QU Q}) of
M/a\b. It follows from this fact that the above 3-separation is induced in M\b and hence Appq,5(Q2U
Q3U Q4) <2. As b is in the coguts of P1 and P, in M\a, we see that Apng,p(P1) =1, in other words,
Amngp(Q3U QqU---U Q) =1. Also, b € cly\g(P1 U P2), and M\a is 3-connected, so Appng,p(Qq) =
Ama(Q)) =2; that is, Ang,p(Q2 U Q3 U---U Qg) = 2. Altogether we have Appap(Q2U Q3 U Q4) <25
Ama,b(Q3UQqU---UQp) =1; and Appgp(Q2UQ3U---UQg) = 2. Uncrossing these separations gives
us the desired outcome that Appngp(Q3 U Qq) < 1. It follows from this fact, and the fact that M\b is
3-connected, that Ay, (Q3 U Qq U {a}) =2, as required.

We have proved that O is a flower in M\b. As P is a swirl-like flower in M\a, we have M(Q1, Q2) =
M(P UP3U---UPg_1, PkUPk1U---UP))=1. Thus O is a swirl-like or spike-like. As a ¢ cI(P1), and
a ecl(Q1UQ32), we see that My/q(Q3, Q) =Mm(Q3, Qr). But rMy/a(Q3, Q) =0 and it follows that
0 is swirl-like. O

Relabel (P, P3,..., Px—1) by (R1,R2, ..., Rk—2), relabel (Pg, Px+1,..., P)) by (S1,S2,...,Sr), and
relabel (Qs3, Q4,..., Qg) by (T1,Ta,..., Tr_). It is now easily checked that these partitions form a
bogan display for {a, b}, so that {a, b} is indeed a bogan couple. O

7. Gangs of three

We know that if x is an element of the skeleton M that is comparable with some other element
of M, then either M\x or M/x is a k-skeleton unless x belongs to a clonal pair. What if x is not
comparable to another element and M/x is k-coherent? In this situation it will almost always be the
case that M/x is a k-skeleton. But there is one exceptional structure for which this is not true and we
describe this structure now. Recall that a 3-connected matroid M is uniquely k-fractured it there is a
bloom F of M such that every k-fracture of M is displayed by this bloom.

Let M be a k-coherent matroid and {r,s,t} C E(M). Then {r, s, t} is a gang of three in M if there
is a partition (R, S, T, Z, {r,s,t}) of E(M), and partitions (R2, R3,...,Rk_1), (S2,S3,...,Sk_1) and
(T2, T3,...,Tk_1), of R, S and T respectively such that the following hold.

(i) M/r, M/s and M/t are k-coherent.

(ii) M\r, M\s and M\t are 3-connected.

(iii) (R, R3,...,Rx—1, E(M) — R), (S2,S3,...,Sk—1, E(M) = S) and (T, Ts,..., Tx—1, E(M) — T) are
tight swirl-like flowers in M.

(iv) ({s,t},R2,R3,...,Rk_1,SUTUZ), ({r,t},S2,S3,...,S¢1,RUTUZ) and ({r, s}, T2, T3, ..., Tk_1,
RUSU Z) are canonical maximal k-fractures of M\r, M\s and M\t respectively. Moreover these
k-fractures are unique.

(v) r, s and t are fixed in M.

Fig. 5.2 illustrates a gang of three with notation as in the definition. Note that gangs of three are
not self-dual. A gang of three in M* is a cogang of three. The goal of this section is to prove

Theorem 5.36. Let x be an element of the k-skeleton M such that M /x is k-coherent and x is not comparable
with any other element of M. Then either M /x is a k-skeleton, or x is a member of a gang of three in M.
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Fig. 5.2. A gang of three.

Fig. 5.3. M\ f is not uniquely fractured.

We first prove some preliminary lemmas. One might expect that, if f is feral, then M\ f would be
uniquely k-fractured. Perhaps surprisingly this is not always true; a feral element for which M\ f is
not uniquely k-fractured is illustrated in Fig. 5.3. But it is true for members of bogan couples.

Lemma 5.37. If M is k-coherent and a is a member of a bogan couple in M, then M\a and M /a are uniquely
k-fractured.

Proof. Say that {a, b} is a bogan couple of M. Then it has an associated bogan display. In what follows

we use the notation for a bogan display given in the definition. We know that (R, Ry, ..., Rr_3, S,
T U {b}) is a k-fracture of M\a. Say (P1, Py, ..., P;) is another k-fracture. By Lemma 3.16, we may
assume that Py U P, U---U P;_7 is contained in the full closure of a petal of (Ry,R2,...,Rx_2,S,

T U{b}). This petal must be blocked by a, otherwise M is k-fractured. By property (v) of bogan displays
the only possibilities are that P{UP,U---UP;_1 € Ry U{b} or that PyUP,U---UP;_; C T U{b}. But,
in either case we see that b € cI*(P;) so that we may assume that P; U P, U---U P;_y is contained
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in T or Ry. As neither T nor R; is blocked by a we again get the contradiction that M is k-fractured.
Thus M\a is uniquely k-fractured. The argument for M/a is similar and is omitted. O

The next lemma shows that, while an element can be loose in more than one flower of a matroid,
this can only happen in a very restricted way. The first part of the lemma is true for any type of
flowers, but would take slightly longer to prove. Recall that, if Q; is a petal of a swirl-like flower P,
then Qi+ denotes the ordered sequences of loose elements between Q; and Qi1 and Q; denotes
the ordered sequence of loose elements between Q;_; and Q;.

Lemma 5.38. Let P and Q = (Q1, Q2, ..., Q) be inequivalent tight maximal swirl-like ﬂoyvers of the
3-connected matroid M of order at least three. Assume that the petal P of P is contained in Q; for some
ie{1,2,...,n}. Then P contains at most one element z of Q,.*. In the case that P contains such an element z,

then z is the first element of Qi+.

Proof. By Lemma 3.16, Q; contains all but one petal of P. It follows that P is not displayed by Q. The
lemma now follows from Lemma 3.33. O

The following lemma is an easy consequence of the structure of k-wild triangles.

Lemma 5.39. Let T be a k-wild triangle of the k-coherent matroid M, let z1, zy be elements of E(M) — T.
Assume that N € {M\z1, zp, M\z1/z} and that N is 3-connected. Then T is not a set of loose elements of a
swirl-like flower of N.

The next two lemmas provide the bulk of the proof of Theorem 5.36. Lemma 5.40 below is the
more straightforward. Note that we use the dual of Lemma 5.40 for Theorem 5.36.

Lemma 5.40. Let x be an element of the k-skeleton M such that x is not comparable with any other element
and M\x is k-coherent. Then there is no element y € E(M\x) such that y is fixed in M\x and M\x, y is k-co-
herent.

Proof. Assume that y is fixed in M\x and that M\x, y is k-coherent. Then M\y is 3-connected. The
element y is fixed in M so that M\y is k-fractured. Let F = (Pq, P, ..., Py) be a maximal k-fracture
of M\y, where x € P1. By Lemma 4.42, m =k, and (Py — {x}, P2, ..., Py) is a swirl-like quasi-flower
of M\x,y and P is a set of loose elements of this quasi-flower.

5.40.1. Pq contains no triangles. Moreover x belongs to no triangles.

Subproof. Assume that T is a triangle in Pq. Say x ¢ T. By Lemma 5.19, T contains an element that
is fixed in M\x, y and consequently fixed in M. But, by Lemma 5.39, T is not a k-wild triangle of M.
But then, by Lemma 5.29, T is a clonal triple in M, and does not contain an element that is fixed
in M. On the other hand, if x € T, then, as x is not fixed in M, we see, again by Lemma 5.29, that the
triangle T is a clonal triple, contradicting the fact that x is not comparable with any other element
of M. O

By 5.40.1, and the fact that Py — {x} is a fan in M\x, y, we have |Pq| < 4.
5.40.2. |Pq| #2.
Subproof. Assume that |Pq| =2, say P1 = {x, z}. As x is not fixed in M, there is a matroid M’ obtained
by independently cloning x by x’. By Lemma 5.18, {x,x’,z} is a triangle in M’\y and hence in M’.

This proves that z < x in M, contradicting the fact that x is not comparable with any other element
of M. O
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5.40.3. |P1| # 3.

Subproof. Say |P{| =3. Then, as P; is 3-separating in M\y and M\x, y is 3-connected, P1 is a trian-
gle of M\y and hence of M, contradicting 5.40.1. O

5.40.4. |P1| # 4.

Subproof. Assume that |P{| =4. By 5.40.1 P; —{x} is a triad of M\x, y. Say P1 — {x} = {a, b, c}, where
(a,b,c) is a fan between Py and P, in M\x, y. By Lemma 5.19, a and c are cofixed in M\x, y. As y
is fixed in M\x, we see, by Corollary 5.8(ii), that a and c are cofixed in M\x. But x is not comparable
with any element of M, so, again by Corollary 5.7(ii), we conclude that a and c are cofixed in M.

Say p € {a,c}. By Lemma 4.41, M\x, y/p is k-coherent. By 5.40.1, x is not in a triangle of M\y,
so M\y/p is 3-connected. Now, by Lemma 4.42, either M\y/p is uniquely fractured by (P; — {p},
Py, ..., Py), or M\y/p is k-coherent and P; — {p} is a loose petal of (P1 — {p}, P2,..., Py). It is
conceivable that p is in a triangle T of M. Assume that this is the case. As p is cofixed in M, the tri-
angle T cannot be a clonal triple, so, by Lemma 5.29, T must be k-wild. Readers who find it obvious
that T cannot be k-wild should skip the remainder of this paragraph. Note that T meets P in {p}
as otherwise Pi contains a triangle. Observe that p € cly(P1 — {p}); that is, there is a 3-element
subset Z of E(M) — T such that p € cly(Z). It is easily checked from properties of a k-wild display
that this is only possible if T is a standard k-wild triangle. In this case si(M/p) is not 3-connected
by Lemma 4.22(iii). But M\y/p is 3-connected, so si(M/p) is 3-connected. Hence p is not in a trian-
gle.

It follows that M/p is 3-connected. As p is cofixed in M, M/p is not k-coherent. It now follows
from either Lemma 4.42 (in the case that M\y/p is k-coherent) or Corollary 4.46 (in the case that
M\y/p is uniquely k-fractured) that there is an i and j in {1, 2,...,k} such that y € clM/a(f’,-) and
y € clM/C(ﬁj). Hence y € cly({a} U 131’) and y € cly({c} U 13j). If i=1, then y € cly(Py) and M is
k-fractured. Hence i, j € {2,3,...,k}.

We now show that 2 € {i, j}. Assume otherwise. Let P{ = P3UP4U---U Py. Then y e cl({a} U P}),
and y e cl({c} U P}). If y e cl(P}), then, by Lemma 3.31, y € cl(P;), contradicting the fact that M is
k-coherent. Hence c € cl(P; U {y}) and a € cl(P; U {y}), so that c e cl(P; U {a}). Now consider the
swirl-like flower ({a, b, c}, Pa, ..., Py) of M\x, y. Here (a, b, c) is a fan between Py and P, in M\x, y,
and c is a rim element of this fan. This implies that b € cly\x,y (P2 U {c}), so that ¢ e cly (P2 U {b}).
Hence c ¢ cly;({a} U P%). From this contradiction it follows that 2 € {i, j}, and, similarly, k  {i, j}. But
now, y € cl(P1 U Py) and y € cl(Py U Py), so, by Lemma 3.31, y € cl(P1) implying that M is k-frac-
tured. O

The lemma now follows from 5.40.2, 5.40.3 and 5.40.4. O

We now come to the more substantial lemma.
Lemma 5.41. Let x be an element of the k-skeleton M such that x is not comparable with any other element
of M and M/x is k-coherent. If there is an element y € E(M/x) such that y is fixed in M/x and M/x\y is
k-coherent, then there is exactly one more such element z and {x, y, z} is a gang of three in M.
Proof. Assume that M/x is k-coherent, that y is fixed in M/x, and that M/x\y is k-coherent.
5.41.1. y is fixed in M, and M\ y is 3-connected and k-fractured.
Subproof. As x is not comparable with any other element of M, we see, by Corollary 5.7(i), that y is
fixed in M. Thus M\y is not k-coherent. If M\y is not 3-connected, then, as M\y/x is 3-connected,
y is in a triad with x. But x is not cofixed in M, so, by Corollary 5.25 the triad is not k-wild, and x

is not comparable with any other element of M, so the triad cannot be a clonal triple. It now follows
by Lemma 5.29 that y is not in a triad so that M\y is 3-connected and k-fractured. O
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Fig. 5.4. The labelling for the bogan couple of 5.41.2.

Let P = (P1, Py, ..., Pp) be a k-fracture of M\y where x € P; and P is fully closed. As M\y/x is
k-coherent, it follows from Lemma 4.42 that m =k and that (Pq, P2, ..., Py) uniquely fractures M\y.
Also, as M\y/x is k-coherent, P; — {x} is a fan of loose elements in the quasi-flower (P; — {x},
Py, ..., Py) of M\y/x.

5.41.2.

(i) P has no loose elements in P1.
(ii) The fan P1 — {x} in M\ y/x begins and ends with spoke elements.
(iii) P1 has an even number of elements.

Subproof. If P; has a loose element z, then, by Theorem 5.35, either y = z or {y, z} is a bogan couple.
The former case contradicts 5.41.1. Hence {y, z} is a bogan couple. Again, by Theorem 5.35, z is a loose
coguts element of Pq. It follows from the properties of a bogan display that y does not block P; —{z}.
As M/x is k-coherent, z # x.

Consider a bogan display for {z, y}. By the properties of a bogan display, either P; — {z} or P,
contains k — 2 petals of a k-fracture for M\z. As Py — {x} is a fan in M\y/x, the latter case must
hold. An illustration of the bogan display that we now have is given for the case k =5 in Fig. 5.4.
By considering the k-fracture of M\z displayed by the bogan display, and the properties of bogan
displays as given in the definition, we observe that there is a subset Q of P, such that y € cl(P4 U
PsU---UP,UP1UQ) and z¢ cl(P4UPsU---UPUP1UQ). Therefore y € cly/x(P4UPsU---UPU
(P1—{x)HUQ) and z ¢ cly/x(P4U---UPU(P; —{x})UQ), so y#zin M/x. Moreover z is clearly
cofixed in M/x\y, and now, by Corollary 5.7, z is cofixed in M/x.

By Lemma 5.37, (P1 — {z}, P2, P3 U {y},..., Px) uniquely fractures M/z. Also Py — {z,x} is a set
of loose elements in the quasi-flower (P1 — {x, z}, P2, P3 U {y},..., Px) of M/z,x. Hence M/z, x is
k-coherent. As z is cofixed in M/x, we have contradicted the dual of Lemma 5.40. It follows that P4
has no loose elements and (i) holds.

Consider (ii). We know that Py — {x} is a fan between P, and P, in M\y/x. If an end of this fan,
say z, is a rim element, then z € clM\y/x(P ) for some i € {k, 2}. Hence z € cl} My (P2), contradicting (i).
Thus (ii) holds. Part (iii) follows immediately. O

By 5.41.2(i), we may assume that P, and Py are fully closed.
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5.41.3.

(i) Pq contains no triangles in M.
(ii) If T is a triad of P1 — {x} in M\y/x, then T is blocked by y.

Subproof. Assume that (i) fails. Let S be a triangle of M contained in Pi. Evidently x ¢ clp;(S), so S is
a triangle of M\y/x. By Lemma 5.18 S contains an element s that is fixed in M\y/x. Then s is fixed
in M/x and, by Corollary 5.9, s is fixed in M. Thus S is not a clonal triple in M. It is straightforwardly
verified that S is a peripheral set in M. Hence S is neither a standard nor costandard k-wild triangle.
We have thus contradicted the assumption that M is a k-skeleton.

The proof of (ii) is similarly routine and is omitted. O

Consider the fan P; — {x} between P, and P, in M\y/x. Denote this fan by (z, f1, f2,..., fi, 22).
If [Py =2, then z, =z and {f1, fa, ..., fi} = ¥. Otherwise, by 5.41.2(iii), ! is odd. By 5.41.2(ii), z €
cliny/x(Py) and 23 € clyy/x(P2).

5.41.4. z ¢ cly\y (Py) and z3 ¢ clyy (P2).

Subproof. If the sublemma fails, then either z, or z, is a loose element of P; contradict-
ing 5.41.2(i). O

5.41.5. Both zj, and z, are fixed in M.

Subproof. Say i € {k,2}. As z; is a spoke element of a fan between P, and P, in M\y/x, we see, by
Lemma 5.19(iii), that z; is fixed in M\y/x. Hence z; is fixed in M/x. By hypothesis, x is not comparable
with any other element of M, so by Corollary 5.9, z; is fixed in M. O

Our next task is to reduce to the case that |P1| = 2. Until further notice assume that |P{| > 2.
5.41.6. {z, z2, x} is not a triad of M\ y.

Subproof. Assume that {z,z,x} is a triad of M\y. We have z; € clyyy/x(P2) and by 5.414, z; ¢
clpy(P2), s0 x € clyy (P2 U{22}). Say z, € clypyy (P2 U{z2}). Then, as M(P3, {zk, 22, x}) <M(P2, P1) =1,
an easy rank calculation shows that {z, z,,x} is a triangle in M, contradicting 5.41.3(i). Thus z ¢
clpy (P2 U {z2}) and also z; ¢ clyy (P2 U {z}).

Next we show that z; and z are cofixed in M. As x € clypy (P2 U {22}), but z, ¢ clpy (P2 U {z2}),
there is a cyclic flat of M\y that contains x but not z,. Hence there is a cyclic flat of (M\y)* that
contains z, but not x. But {z, z», X} is a triangle of (M\y)*, so by Lemma 5.16, z; is fixed in (M\y)*.
Thus z, and similarly z, are cofixed in M\y. Since y is fixed in M, Corollary 5.7 implies that zj
and z; are cofixed in M.

We now show that M/z; is 3-connected. We know that z; and z, are spoke ends of a fan between
P, and P; in M\y/x. Moreover P is fully closed in M\y so that P; — {x} is fully closed in M\y/x.
Hence the fan is maximal so that M\y/x\zy, z, is 3-connected. As {x, zy, z2} is a triad of M\y, we see
that M\y/x\z, z2 = M\y/zx\X, z2. Hence M\y/z\x, ¥1, z2 is 3-connected and M/z, is 3-connected
up to parallel classes. If M/z, is not 3-connected, then z; is in a triangle T of M. By 5.41.3(i), and
the fact that Py is fully closed in M\y, the triangle T contains y. But y is fixed in M, so T is
k-wild. As si(M/zy) is 3-connected, T is not standard. Assume that T is costandard. By Lemma 4.23,
co(M\y, zi) is not 3-connected. But M\y, zx/x is 3-connected, so co(M\y, z) is 3-connected and T
is not costandard. Hence M/zy, and similarly M/z;, is 3-connected. Since z; and z, are cofixed in M,
and M/z, and M/z; are 3-connected, we deduce that both M/z, and M/z; are k-fractured.

Consider the flower (P1 — {z}, P2, ..., P;) of M\y/z,. We now show that Py — {z;} is not a loose
petal of this flower. Assume that it is a loose petal. Then there is an element r € Py — {z;} such

that rec 2). Assume that r € clpp y/z, (P2). Then r € cly 2 U{zk}). As {zy, 22, X} is a tria
h imty /2 (P2)- A h Im\y/z (P2). Th Tnyy (P ). A is a triad
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of M\ly, we see that r € {zp,x}. If r =x, then z e cly\y/x(P2), so 1 # x. Assume that r = z;. Then
73 € clpy (P2 U {z}), and hence z, € clyy (P2 U {z2}). But also, x € clpy(P2 U {z2}) and we have
already seen that this situation does not occur. Thus r ¢ clyp y/z, (P2). Then r € cl’,@,\y/zk(Pz) so that
rec; My (P2) contradicting 5.41.2(i). Therefore P1 — {z} is not a loose petal of (Py — {z}, P2, ..., Py).

Assume that the flower (P1 —{z}, P2, ..., Px) of M\y/z; is not maximal. In this case it is routinely
seen that there is a partition (P’, P”) of P1 — {z}, such that (P’, P”, P,,..., Py) is a tight swirl-
like flower in M\y/zy. As zx € clyy/x(Pr) and zg ¢ clyyy (Py), we know that x € clyy,z, (Pr). Say
z3 € P/. Then, as M y/z, (P U P/, P2) =0, we see that z; ¢ cly y/z,.x(P2), contradicting the fact that
73 € clyy/x(P2). Say zp € P”. Then, as N(Py U {x}, P” U P3) =0, and z; ¢ cly y/z (P2), we also have
z3 ¢ clypyy/z,.,x(P2), and again we contradict the fact that z; € cly y/x(P2).

Therefore (P1 — {zx}, P2, ..., Py) is a maximal k-fracture of M\y/z, and it is easily seen that this
fracture is unique. Similarly (Py — {z2}, P2,..., Py) is the unique maximal k-fracture of M\y/z,.
In what follows we discuss related flowers in different matroids. By P; we will always mean
fclyyy (P;). Observe that, if i € {2,3,...,k — 1}, then fclyy/z, (Pi) = 13,- and, if i € {3,4,...,k}, then
fClM\y/z2 (P;) = Pj.

As M/z; is uniquely k-fractured, it follows by Corollary 4.46 that y e cly/z, (fclyy/z, (Pi)) for
some i€ {2,3,...,k}, or y € clyyg (fclypyy/z, (P1 = {zk})). If y € clyyz (fclpy/z, (P1 — {z})), then
y € cly(P1) and it follows that M is k-fractured. Thus the former case occurs and we also have
Y € clyyz, (fclpp )z, (Py)) for some i e (2,3,...,k}.

Assume that y € clM/zk(IA’i) for some i €{2,3,...,k—1}. Let P}, = PyubPsuU...UPy_q. Then ye
cly(Py U {z}), and, as z ¢ cly(P}), we have z; € cly (P} U {y}). Observe that cly (P, U{y}) NPy =
cly(Py U {z}) N P1. As z3 € clyx(PY), and zp ¢ cly(P)), we see that, if z; € cly (P} U {y}), then
x e cly(PyU{y}). As n(P, U{y}, P1) =2, we deduce that {x, z2, zx} is a triangle in M. ThlS contradicts
a number of things, amongst which is the fact that M/x is 3-connected.

It follows that z; € clM(P;< U {y}). But we may apply the previous argument using z; to deduce
that z; € clM(Pz U{y}). Thus y e clyy(P1 U Pk) and y € cly(P1 U P2) so by Lemma 3.31, y € cly(P1)
contradicting the fact that M is k-coherent. At last we can conclude that {z, z, x} is not a triad
of M\y. O

5.41.7. M\y, z; and M\y, z, are 3-connected.

Subproof. Certainly M\y/x\z; is 3-connected, so that M\y, z; is 3-connected up to a series pair
containing x. Such a series pair must be {x,z,}, as otherwise z; € cly\y(P2) contradicting 5.41.4.
But, in this case, {x, z, zo} is a triad of M\y, contradicting 5.41.6. Hence M\Yy, z; has no series pair
containing x and is therefore 3-connected. O

Consider the flower (P1 — {z¢}, P2, ..., Px) in M\y, z.

5.41.8. The ordered elements of P1 — {zy} that are loose elements between Py and P1 — {z;} in M\}y, z; form
an initial segment of (f1, ..., fi, 22, X).

Subproof. Say r € Py — {z} and r € cl,(\;",)\quk(Pk). By 5.41.2(i), r ¢ cl(Py), so r € Cl’;{/;\y,zk(l’k) As x €
cl(Py U{zz}), and P, U {z} € E(M\Yy, zx) — Py, we see that x ¢ cl;{,,\y.zk(Pk) so that r # x. Hence r €
Clﬂ\y,zk/x(Pk), that is, r € cl*M\y/x(Pk U{z}). Thus r = f1.

Assume that [ > 1 and that there is an element r € clppy 2, (P U {f1}). If r =X, then x € cly (P, U
{f1}), so that fy € cly/x(Py). But zp € cly/x(Pr) and we have contradicted the structure of loose
elements in swirl-like flowers. Hence r # x. Now 1 € clyy,z,/x(Pk U {f1}), so r = fa.

An easy induction now proves that the loose elements of P, form an initial segment of
(f1, f2, ..., fi,r,s), where (r,s) is a permutation of {z, x}. Assume that the elements {f1, fo,..., fi}
are all loose and that we can continue. Note that there is a circuit C such that {x,z;} C C C
P U({x, z2}. Thus 1 ¢ clyyy, o (Pk U {f1, f2, ..., fi}), so that r € clmyy 2, (Pk U{f1, f2,.... fiD). Say r=x,
so that x € ClM\y,Zk(Pk U{f1, f2,..., fi}). But z; € ClM\y/X(Pk U{f1, fa,..., fi})) and zp € ClM\y/X(Pk U
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{f1. f2, .-, fi,z}), so za € clmy\yyx(Px U {f1, fa2,..., fi}). Hence z; € clypny 2, (Px U { f1, f2, ..., fi, x}).
Thus {22, x} S clyy,z, (PkU{ f1, f2, ..., fi}), contradicting the structure of loose elements in the swirl-
like flower (P — {zx}, P2, ..., Px) of M\Yy, z;. Hence r = z; and the claim holds. O

Now consider the flower (P — {232}, P2, ..., Py) of M\}y, z5.

5.41.9. The ordered subset of elements of P1 — {z2} that are loose elements between P, and P1 — {z3} in
M\Yy, zy is either empty or the first element of the set is x, in which case x is in the coguts of Py and P1 — {z2}.

Subproof. If r € P1 —{z;} and r € clg\;)\y’zz(Pk), thenr e cl’,(,,\y’zz(Pk). Sayr#x.Thenr e cl’g,,\y’zz/x(Pk)
and r € clfv,\y/x(Pk U{z2}). But P1 — {z} is a fan in M\y/x that begins and ends at the spoke elements

zx and zp. Thus (M\y/x)|(P1 — {x}) is connected. Also z3 € clp\y/x(P2). It follows that there is a
circuit C of M\y/x such that r € C C P, U (P71 — {X,22}). Hence r ¢ cl*,§4\y/x(P,<). The claim follows
from this contradiction. O

5.41.10.If P1 — {zp} is a tight petal of (P1 — {22}, P2, ..., Py) in M\y, z», then the set of elements in P1 — {z;}
that are loose between Py and P1 — {z} is empty.

Subproof. Assume that the set is nonempty. Then, by 5.41.9, x is in the coguts of Py — {z2} and Py.

Now P — {x,z} is a tight petal of the flower (P1 — {x, z2}, P2, ..., P}) in the 3-connected matroid
M\y, z2/x, so that P; — {x} is certainly not a fan of loose elements in the flower (P; — {x}, P2, ..., Py)
of M\y/x. O

As both M\y, zx and M\y, z, are 3-connected, both M\z; and M\z, are 3-connected. As z; and z;
are fixed in M, both M\zx and M\z, are k-fractured.

5.41.11. We may assume that y ¢ cl(P1 U P3).

Subproof. If y € cI(P, U P1) and y € cl(P1 U P3), then by Lemma 3.31, y € cl(P1), contradicting the
fact that M is k-coherent. Thus, up to symmetry, we may assume that y ¢ cl(P{ U P3). O

5.41.12. Say i € {k, 2}. Assume that Py — {z;} is a fan of loose elements between Pj and P, in the flower
(P1 —{zi}, P2, ..., Py) of M\, zj, with initial element o. Then y € cl(Py U {a}).

Subproof. Under the hypothesis of the sublemma it is clear that M\Yy, z; is k-coherent. It is eas-
ily checked that if (P1 — {z;}, P2, ..., Px) induces a k-fracture in M\z;, then it follows that M is
k-fractured. As M\z; is k-fractured, by Lemma 4.44 it must be the case that for some petals Q1, Qz
of some other swirl-like flower of M\y, z; of order k — 1, we have y € cl(Ql), cl(Qz). By Lemma 3.16,
we may assume that 0:¢ fclyy,z; (Pj) for some j e {2,3,...,k}. The only cases that do not quickly
lead to a contradiction to the fact that M is k-coherent are when either Q1 C fclyy,z (Pi) or
Q1 C fclpyy,z; (P2). The latter case contradicts 5.41.11, so the former case holds. Now by Lemma 5.38

we have Q; C Py U{a}, so that y e cl(Py U {a}). O

5.41.13. Say i € {k, 2}. Assume that P1 — {z;} is a tight petal of (P1 — {z;}, P2, ..., Py) in M\, z;. Then
y € cly(fclpy,z; (Pg)).

Subproof. We have (P; — {z;}, P, ..., Py) uniquely fractures M\y,z; and M\z; is k-fractured. By
Lemma 4.45, either y e cl(P1 — {z;}) or y e cly(fclpy,z; (Pj)) for some j e {2,3,...,k}. The only case
that does not either contradict 5.41.11 or the k-coherence of M is if y € cly(fclyy,z; (P)). O

5.4114. x € cl(P, U {y}).
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Subproof. Say that P; —{z} is a tight petal of the flower (P — {22}, P2, ..., Py) in M\y, z3. By 5.41.13
we have y e cly(fclyy,z, (Pr)), and by 5.41.10, we may assume that fclppy 2, (Pk) = Py, S0 y €
clp(Py), giving the contradiction that M is k-fractured. Thus Py — {2z} is a fan between Pj and P
in M\y, z. By 5419 and 54112, y € cly(Px U {x}). As y ¢ cly(Py), we have x € cly(Py U {y}) as
required. O

Assume that P; — {z} is a fan between Pj and Py in (P1 — {z}, P2,..., Px). Then by 5.41.12,
yecl(PrU{f1}) and now by 5.41.14 x € cl(P, U { f1}). But, by 5.41.8, x is the last element of the fan.
Moreover, f1 is an initial rim element of the fan and it is easily seen that the fan structure implies
the contradiction that x ¢ cl(Py, U {f1}).

Thus we may assume that P; — {z;} is a tight petal. By 5.41.8, the loose elements of P — {z}
between Py and Pq — {z} are of the form (f1, fa,..., fi) for some i <I. Moreover, x ¢ cl(P,U{f1, f2,
..., fi}), otherwise x is also a loose element. By 5.41.13, y € cl(Py, U {f1, f2,..., fi}), so by 5.41.14
xed(PrU{f1, f2,..., fiD).

From this final contradiction we at last deduce that |P{| =2 and we consider this case now.
Assume that P1 = {x, z}. The task now is to show that {x, y, z} is a gang of three.

5.41.15. x, y and z are fixed in M.

Subproof. We already know that y is fixed in M. Say {a, b} = {x, z}. Then b is fixed in M\y/a as a is
in the guts of a pair of petals of a swirl-like flower in M\y/a. Thus b is fixed in M/a. As a and b are
not comparable in M, it follows from Corollary 5.9 that b is fixed in M. Therefore both x and z are
fixed in M. O

The next claim is clear.
5.41.16. M\x, M\ y and M\z are 3-connected and k-fractured.

Let 0=(01,07,...,0)) and Q=(Q1, Q2, ..., Qm) be k-fractures of M\x and M\z respectively. As
P uniquely fractures M\y, it follows by Lemma 4.47 that M\y, x and M\y, z are k-coherent. Moreover
(P2, P3,..., P, U{z}) and (P3, P3, ..., Py U{x}) are maximal swirl-like flowers in M\y, x and M\y, z
respectively. At this stage we almost have symmetry between x and z except that we do not yet know
that M/z is k-coherent.

By Lemma 4.43, y e cly (fclppy x(P;)) for some i e {2,3,...,k}. It is easily seen that we contradict
the k-coherence of M unless, up to labels we have y € cl(Py U {z}), y ¢ cl(Py), and y ¢ cl(Py U {z}).
A similar conclusion holds by considering the flower (P, Ps, ..., P,U{x}), establishing the next claim.

5.41.17. We may assume that y € cl(Py U {z}), y € cl(Px U {x}), y ¢ cl(Py), ¥y ¢ cl(P, U {z}) and y ¢
cl(Py U {x}).

Consider the k-fracture 0 = (01, O3, ..., 0;) of M\x. We may assume that O is fully closed and
that y € 01. Consider the quasi-flower (01 — {y}, O2,..., 0y in M\x, y. As M\x, y is k-coherent, it
follows from Lemma 4.42 that [ =k and that O1 — {y} is a loose petal of this quasi-flower. As O is
fully closed, 01 — {y} is a maximal fan in M\x, y. By Lemma 4.44 y € cI((0O1 — {y}) UO03) and y €
cl(OxU (01 —{y})). By Lemma 3.16 we may assume, up to labels, that (01 —{y})U O, is contained in
the full closure of some petal of the flower (Py, P3, ..., PyU{z}) of M\x, y. As y € cl((01 —{y})UO02),
this petal must be Py U {z}.

5.41.18. P, C fclpx,y(Op), z € cl*M\X’y(Ok), andz € O1.

Subproof. By Lemma 3.16, P, is contained in the full closure of a petal O; of (01 —{y}, 02,..., Oy)
in M\x, y, where i € {3,4,...,k}. But z ¢ CIX/,\X’},(PZ), S0, Z € cl*,;,\x,y(oi). By the fact that (01 — {y},
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Fig. 5.5. Getting technical.

03,...,0) is a swirl-like quasi-flower and the fact that z € cl’,(,,\x,y(oi), we see that i = k. Thus
Py C fclynx,y(Ok) and z € CI*M\XTy(Ok).

Say z € Ok. Then Py U {z} C O. But P1 = {x, z} so that x € cl(Py U {z}), that is, x € cl(Oy), giving
the contradiction that M is k-fractured.

Now, if z¢ 01 — {y}, then z € Oy_4. But, in this case, z is a loose coguts element of the flower
(01,03, ...,0y) in M\x, contradicting the fact that M\x, z is 3-connected. Hence z€ 01 — {y}. O

The disturbing possibility that 01 # {y, z} needs to be eliminated. Fig. 5.5 is an illustration for the
proof of 5.41.19. In the diagram, P, = Py — {f1, f2} and 0’ = Oy N Py.

54119. 01 = {y, z).

Subproof. If the sublemma fails, then |01 — {y}| > 1. In this case, by Lemmas 4.42 and 4.44, y €
cl(0q — {y}). If |01 — {¥}] #3, then 01 contains a triangle of M. We omit the routine verification
that this cannot happen. Hence |01 —{y}| = 3. By 5.41.18, z € cl’,(/,\x’y(ok), so that there is an ordering
(z, f2, f1) of 01 —{y} that gives a maximal fan of loose elements between Oy and O in the flower
(01—1{y}, 02, ..., 0p) of M\x, y. Note that f; is a rim element of this fan, so that, by Lemma 5.19(iv),
f1 is cofixed in M\x, y. We next show that f; is cofixed in M. Now x € cl(P, U {z}) and P, € Oy. By
the fact that (z, f2, f1) is a fan of loose elements between Oy and O, we see that fi ¢ cl(Oy U {z}).
Thus fq ¢ cl(P2 U {z}). Hence x }# f1 in M\y. Therefore, by Corollary 5.7, f1 is cofixed in M\y. As y
is fixed in M it follows, again by Corollary 5.7, that f; is cofixed in M.

The element f; is a terminal rim element of a maximal fan between O, and O; in the k-co-
herent matroid M\x, y. Thus, by Lemma 4.41, M\Yy, x/f1 is k-coherent. But f7 ¢ cly (P2 U {x}), so
x ¢ cly, (P2). Therefore,

x eclyyf, (P2U{z}) — clmy g, (P2).

As f1 € Py, by 5.41.17, we have

xedcyf ((P—{f1}) U{z}) — cluys, (P — {f1})-

It is now easily checked that ({x, z}, Py, ..., Py — {f1}) uniquely fractures M\y/ f1. We know that y €
clpyp (Pe—{f1)U{x, 2}). But y ¢ cly/ 5, (P —{ f1}). Assume for a contradiction that y € cly, ({x, z}).
Then x € cly, 7, ({y, z}) so that x e cly({y, z, f1}). Recall that O is a k-fracture of M\x and that 0 =
{y,z, f1, f2}. It follows that (O U {x}, O3, ..., Oy) is a k-fracture of M. From this contradiction we
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deduce that y ¢ clyf, ({x, z}). Now, by Corollary 4.46, M/ f1 is k-coherent. But f; is cofixed in M and
we have contradicted the fact that M is a k-skeleton. O

Evidently the same argument works for Q so that we have O = ({y, z}, 02, ..., O) and Q= ({x, y},
Qa,..., Qk)-

5.41.20.

(i) O, P and Q uniquely fracture M\x, M\y and M\z respectively.
(ii) Up to labels (032, 03, ..., 0 U {X, y,2}), (P2, P3,..., Py U{x, y,2}) and (Q2,Qs3,..., QU {x, ¥, 2})
are swirl-like flowers in M.
(iii) O UO03U---UOk_1, P2UP3U---UPy_qyand Q2 U Q3 U---U Q_q are mutually disjoint.

Subproof. We already know that P uniquely fractures M\y, so that M\y, x is k-coherent. Consider O.
If O did not uniquely fracture M\x, then M\x, y would not be k-coherent by Lemma 4.42. Thus O,
and similarly Q uniquely fracture M\x and M\z respectively.

Consider (ii). As y € cl(P, U {x, z}), we see that (Py, P3,..., Pp U{x,y,z}) is a swirl-like flower
in M. Similar arguments to those that establish that y € cl(Py U {x, z}) prove that, up to labels, x €
cl(0rU{y,z}) and z € cl(Qk U {x, y}). Thus (ii) holds.

Consider (iii). Consider the inequivalent flowers (03, O3, ..., 0y U{z}) and (P, P3,..., Py U{z})
in M\x, y. We have already observed that, up to labels, O, € Pi. Note that Py U {z} is fully closed
in M\x, y. Thus, by Lemma 3.16, Py contains all but one member of (03, Os,...,0). As z is in
the coguts of O, and Oy U {z} in M\x, y we see that z € cI(0 U Oy) so that y € cl(O, U Oy). But
y ¢ cl(Py), s0 02U Oy € Py. Hence Oy & Py. Thus O U---U O_1 C Py, so that 0, U 03U---U Oy_4
and P, UP3U---U Py_q are disjoint. The rest of (iii) follows from similar arguments. O

Note that we now have symmetry between y and z.
5.41.21. M/y and M /z are k-coherent.

Subproof. By the symmetry between y and z is suffices to prove that M/z is k-coherent. Con-
sider M\x/z. Clearly (P3, P3, ..., PyU{y}) is a swirl-like flower in this matroid. But x € cl(P, U{z}), so
x € cly/z(P2). By 54117, y e cl(Py U {x}), so x € cl(Px U {y, z}). Thus (P2 U {x}, P3, ..., Px_1, P U{y})
is a swirl-like flower in M/z and x is in the guts P, U {x} and P, U{y}. It now follows by Lemma 4.41
that M/z is k-coherent if and only if M\x/z is. As M\x/z is k-coherent, the sublemma follows. O

Relabel (x,y,z) by (r,s,t); relabel (0, 03,...,0k_1) by (R2,R3,...,Rk_1); relabel (P, Ps3,
...y Pro1) by (S2,S3, ..., Sk—1); relabel (Q2,Q3,...,Qr—1) by (T2, T3,...,Tk_1); and let Z =0y N
Py N Qk. With this relabelling it is a matter of routine checking of the definition to confirm that
{x,y,z} is indeed a gang of three. O

At last we can perform the ritual incantation that completes the proof of Theorem 5.36.

Proof of Theorem 5.36. Assume that M/x is not a k-skeleton. Then there is an element y € E(M/x)
such that either

(i) y is cofixed in M/x and M/x, y is coherent, or
(ii) y is fixed in M/x and M/x\y is coherent.

By the dual of Lemma 5.40 (i) does not occur so that (ii) holds. But then, by Lemma 5.41 x is a
member of a gang of three and the theorem follows. O
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8. Removing a gang of three

Proving that k-skeletons in a class can be found by an inductive search is the topic of the next
chapter. Elements in gangs of three are problematic in that we cannot remove them individually to
keep the property of being a k-skeleton. In this section we show that we can remove the whole gang
of three. Note that, while this is a 3-element move, viewed from a “bottom up” perspective, it is
not particularly complicated. It amounts to extending a k-skeleton by adding two elements into the
guts of petals of certain swirl-like flowers of order k — 1 and performing a single coextension on the
resulting matroid.

Theorem 5.42. Let {r, s, t} be a gang of three in the k-skeleton M. Then M /r\s, t is a k-skeleton.

Given the gang of three {r,s,t} there is an associated canonical partition of the ground set of M.
In what follows we use the same labelling for this associated partition as the one given in the defini-
tion.

Lemma 5.43. Let {r, s, t} be a gang of three in the k-skeleton M.

(i) (SpU{t}, S3,...,Sk_1, RUT U Z) is a swirl-like flower in M /r with t in the guts of the petals S U {t}
and RUT U Z. Also (T, U{s}, T3, ..., Tx_1, RUS U Z) is a swirl-like flower in M /r with s in the guts of
ToU{s}and RUSU Z.

(i) M/r\s,t is k-coherent.

(iii) If {r, p, q} is another gang of three in M, then {r, p, q} = {r, s, t}.

Proof. Part (i) is a routine consequence of the definition. Part (ii) follows from (i) and Lemma 5.32.
Consider (iii). Say that {r,s’,t’} is a gang of three where {s’,t'} # {s,t}. Then {s’,t’} is a 2-element
petal in a tight swirl-like flower ({s’,t'}, Qa,..., Qk_1, E(M) — (Q2 U---U Qp_q1 U {r, s, t'})) of M\r.
As {s, t} also has this property, we see that {s,t} N {s',t'} =@. As {r,s’,t'} is a gang of three, {s’,t'} is
not a petal of a displayed swirl-like flower of M and it follows easily that {s’,t'} C Z. It is also easily
seen that Qo UQ3U---UQr_1 CZ.Butr¢ cl(E(M)—(QaUQ3U---UQy_1U{r,s’,t'})) and we obtain
the contradiction that M is k-fractured. O

We omit the easy proof of the next lemma.

Lemma 5.44. Let a and b be elements of the 3-connected matroid M. Assume that a is in the guts of a pair of
petals of a swirl-like flower of M if order at least 4.

(i) If b is fixed or cofixed in M\a, then b is respectively fixed or cofixed in M.
(ii) If M\a, b is k-coherent, then M\b is k-coherent.
(iii) If M\a/b is k-coherent and M has no triangle containing a and b, then M /b is k-coherent.

Proof of Theorem 5.42. By Lemma 5.43(ii) M/r\s, t is k-coherent. Assume that there is an element y
that is fixed in M/r\s,t such that M/r\s,t, y is k-coherent. Then, by Lemma 5.44, y is fixed in M/r
and M/r\y is k-coherent. Now by Lemma 5.41, there is a gang of three in M containing r and y,
contradicting Lemma 5.43(iii). Thus, if y is fixed in M/r\s,t, then M/r\s,t, y is not k-coherent.

Assume that y is cofixed in M/r and M/r\s,t/y is k-coherent. By Lemma 5.44(i), y is cofixed
in M/r and hence cofixed in M. Assume that M/r has no triangle containing y and either s or t.
By Lemma 5.44(iii), M/r,y is k-coherent. All up, M/r and M/r,y are k-coherent and y is cofixed
in M/r, and we have contradicted the dual of Lemma 5.40. Otherwise, it is easily seen that M/r, y is
k-coherent up to a single parallel pair containing either s or t. Moreover, this parallel pair is coblocked
by r. We omit the routine argument that proves that, in this case, M/y is k-coherent, contradicting
the fact that y is cofixed in M. Thus, if y is cofixed in M/r\s,t, then M/r\s,t/y is not k-coherent.
Hence M/r\s,t is indeed a k-skeleton. O
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Chapter 6. A chain theorem for skeletons

The goal of this chapter is to prove that skeletons do not occur sporadically. In particular we prove
the following theorem.

Theorem 6.1. If M is a k-skeleton and |E(M)| > 4, then M has a k-skeleton minor M’ with |E(M) —
EM)| <4

In other words all k-skeletons in a minor-closed class can be found by an inductive search begin-
ning with U 4 using 1-, 2-, 3-, or 4-element moves. It turns out that, in the case that 3- or 4-element
moves are required, very specific structure arises, the full details of which are made explicit in Theo-
rem 6.30.

We also prove in Corollary 6.12 that a swirl-like flower of order I in a k-skeleton has a rank-I
free-swirl minor. This fact is used later in this paper. Apart from this, and from some of the easy
lemmas, the results of this chapter are not used later in this paper. But they are of some independent
interest; for example it is possible that they could be used to get explicit bounds for the number of
inequivalent representations of 4-connected matroids over small prime fields such as GF(7). Moreover,
the material is so tightly interwoven with other material in this paper that it would be unwieldy
to write it up separately. In any case the reader should feel perfectly relaxed about skipping this
chapter.

We will say that a k-skeleton M is 1-reduced if |E(M)| >4 and M has no element e such that
either M\e or M/e is a k-skeleton. We know from Corollary 5.34 that, if p and g are comparable
elements in a 1-reduced k-skeleton, then {p, q} form a clonal class of size 2. In this case it often true
that M\p/q is a k-skeleton, but unfortunately this is not always so. We say that a k-skeleton M is
2-reduced if it is 1-reduced and has no clonal pair {p, q} such that M\p/q is a k-skeleton. We begin
by getting a more explicit structural description of 1- and 2-reduced skeletons. To do this it will help
to have a slightly revised version of 3-trees of matroids.

1. Augmented 3-trees

Let M be a 3-connected matroid and (D, C) be a 3-separation of M, where D is a quad. Then, for
any partition (A, B) of D into 2-element subsets, the partition (A, B, C) is a tight swirl-like flower
of M. Such a flower has order two as the 3-separation (D, C) displays all of the non-sequential
3-separations displayed by the flower. This is a somewhat degenerate situation, and in the definition
of 3-trees given in Section 5, these flowers were specifically excluded from being displayed unless
(A, B, C) refines to a larger swirl-like or spike-like flower (A, B, Py, P2, ..., P;) in M, in which case,
the refined flower certainly is displayed. An example of this situation arises when M is a swirl, in
which case each consecutive pair of petals of the swirl is a quad of M.

The partition of D is somewhat less arbitrary if we are told that D partitions into 2-element clonal
classes A and B. In this case it is easily seen that any 3-separation that crosses D crosses neither A
nor B. Choosing to display the flower (A, B, C) now seems somewhat more natural. We next give a
modified version of 3-trees in which such flowers are displayed. Recall appropriate definitions from
Section 5. The following definition is sufficiently lengthy to challenge even a robust digestive system,
but it is just a modification of the definition of 3-tree that guarantees that quads that partition into
2-element clonal classes get displayed by flower vertices. Let = be a partition of E(M). We say that
the mr-labelled tree T is an augmented 3-tree for M if the following hold.

(A1) For each edge e of T, the partition (X, Y) of E displayed by e is 3-separating, and, if e is incident
with two bag vertices, then (X, Y) is a non-sequential 3-separation.

(A2) Every non-bag vertex v is labelled either D or A; if v is labelled D, then there is a cyclic
ordering on the edges incident with v.

(A3) If a vertex v is labelled A, then either the partition of E displayed by v is a tight maximal
anemone of order at least 3 or it has the form (A, B, C) where AU B is a quad and A and B are
2-element clonal classes.
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(A4) If a vertex v is labelled D, then either the partition of E displayed by v, with the cyclic order
induced by the cyclic ordering on the edges incident with v, is a tight maximal daisy of order
at least 3, or it has the form (A, B, C) where AU B is a quad and A and B are 2-element clonal
classes.

(A5) For every tight maximal flower of M of order three, there is an equivalent flower that is dis-
played by a vertex of T.

(A6) For every partition (A, B, C) of E(M), where AUB is a quad and A and B are 2-element clonal
classes, there is a vertex of T that displays a, possibly trivial, refinement of (A, B, C).

(A7) If a vertex is incident with two edges e and f that display equivalent 3-separations, then
the other ends of e and f are flower vertices, v has degree two, and v labels a nonempty
bag.

Lemma 6.2. Every 3-connected matroid has an augmented 3-tree.

Proof. To facilitate the proof we say that a w-labelled tree is a semi-augmented 3-tree for M if it sat-
isfies all properties of an augmented 3-tree except that (A6) need not hold for all partitions (A, B, C)
of M where AUB is a quad and A and B are 2-element clonal classes. Note that 3-trees are semi-
augmented 3-trees. Thus every 3-connected matroid has a semi-augmented 3-tree.

Let T’ be a semi-augmented 3-tree for M. Let D be a quad of M consisting of 2-element clonal
classes A and B and let C = E(M) — D. Assume that no refinement of (A, B, C) is displayed by T'. We
claim that T’ can be enhanced to a semi-augmented 3-tree that displays a refinement of (A, B, C).

Assume that the 3-separation (D, C) is sequential. Then C is sequential. In this case, T’ consists of
a single vertex and it is routinely seen that one obtains an augmented 3-tree for M by replacing T’
with a tree T containing a single flower vertex displaying the flower (A, B, C). Thus we may assume
that (D, C) is non-sequential.

Assume that M has a 3-separation (X,Y) crossing D that is not equivalent to (D, C). Then we
may assume that A C X and B C Y. In this case it is readily checked that (X — A,A,B,Y — B) is a
swirl-like, spike-like or Vamos-like flower of M of order 4. A flower equivalent to this is displayed
by T, and it is readily checked that we may modify T’ to obtain a semi-augmented 3-tree in which
a refinement of (X — A, A, B, Y — B) is displayed. Thus the claim holds in this case.

Assume that M has no 3-separation crossing D that is not equivalent to (D, C). Then a 3-sep-
aration equivalent to (D, C) is displayed by T and we see that D is contained in a bag associated
with a leaf v of T. Add new vertices v/, v4 and vg to T’ to obtain a tree T where v’ is incident
with v, v4 and vp. In the new tree, v’ is a flower vertex, the new bag at v is the bag in T’ at v
with D removed, and the bags at v4 and vp are A and B respectively. Label this flower vertex A
or D arbitrarily. The tree T is our required enhanced semi-augmented 3-tree and the claim holds in
this case too.

The lemma now follows by induction. O

Note that an augmented 3-tree need not be a 3-tree, as it may violate property (ii) of 3-trees.
Nonetheless we extend terminology for 3-trees to augmented 3-trees in an obvious way.

The new leaf bags that we create in an augmented tree are certainly petals of a spike-like or
swirl-like flower. In fact this is true for any 2-element leaf bag.

Lemma 6.3. Let T be an augmented 3-tree for a 3-connected matroid M and let P1 be a 2-element leaf
bag of M. Then M has a tight spike-like, swirl-like or Vdamos-like flower (P1, P2, ..., Py) with at least three
petals.

Proof. Certainly P; is a petal of a tight flower (P, P2, ..., Py) with at least three petals as this is
true for any sequential 3-separating set that is a leaf bag of T. Say that (Pq, Py,..., Py) is not a
swirl-like, spike-like or Vamos-like flower. Then, up to duality, we may assume that the flower is a
paddle. But then m(Pq, Py) =2 so that r(Pq U Py) =r(P1) +1r(P3) — 2 =r(P3) and it follows that
P1 C cl(Py), contradicting the fact that the flower (P1, Py, ..., Pp) is tight. O
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2. 1-Reduced k-skeletons

In this section we develop some properties of k-skeletons where we have no single-element dele-
tion or contraction available to maintain the property of being a k-skeleton. We first need to define
another type of element.

Let M be a k-coherent matroid. Then the element e of M is semi-feral if either

(i) M\ f is 3-connected and k-fractured, and M/ f is not 3-connected, or
(ii) M/ f is 3-connected and k-fractured, and M\ f is not 3-connected.

Note that elements of k-wild triangles and triads are semi-feral. The goal of this section is to
prove

Theorem 6.4. Let M be a 1-reduced k-skeleton where |E(M)| > 4. Then the ground set of M consists of feral
elements, semi-feral elements, members of gangs or cogangs of three, and 2-element clonal classes. Moreover,
if T is an augmented 3-tree for M, then each leaf bag of T is a union of 2-element clonal classes of M.

One part of Theorem 6.4 is clear.

Lemma 6.5. Let M be a 1-reduced k-skeleton. Then the ground set of M consists of feral elements, semi-feral
elements, members of gangs or cogangs of three and 2-element clonal classes.

Proof. Say e € E(M). If M has an element f that is comparable with e, then, by Corollary 5.34, e is
in a 2-element clonal class.

Assume that e is not comparable to any other element. If e is in a triangle or a triad T, then T
is k-wild by Lemma 5.29 and therefore e is semi-feral. Assume that e is not in a triangle or a triad.
Then either M\e or M/e is 3-connected. If neither M\e nor M/e is k-coherent, then, e is either feral
or semi-feral. If M/e is k-coherent, then, by Theorem 5.36, e is a member of a gang of three and if
M\e is k-coherent, then, by the dual of Theorem 5.36, e is a member of a cogang of three. O

Let x be an element of the 3-connected matroid M. Recall that x is peripheral if it belongs to a
leaf bag of some 3-tree for M. We say that x is strongly peripheral if it belongs to a leaf bag of some
augmented 3-tree for M.

It is shown in Lemmas 4.38 and 4.39 that feral elements and members of k-wild triangles are not
peripheral. Note that if x is strongly peripheral, then x is peripheral. We omit the routine proof of the
next lemma.

Lemma 6.6. If M is a k-coherent matroid and x is a member of a gang or cogang of three in M, then x is not
peripheral.

On the other hand, it is possible for a semi-feral element of a k-coherent matroid to be peripheral.
Fig. 6.1 illustrates an example. Indeed, for an arbitrary k-coherent matroid it is possible for a semi-
feral element to be strongly peripheral. Our task is to show that this cannot happen for 1-reduced
k-skeletons.

Lemma 6.7. If f is a semi-feral element of the k-skeleton M then f is not comparable with any other element
of M.

Proof. Say f is semi-feral and is comparable with the element g of M. If f and g are not clones,
then, by Corollary 5.34, either M\ f or M/f is k-coherent, contradicting the definition of semi-feral
element. Assume that f and g are clones. Then either M\ f or M/ f is k-coherent by Corollary 5.26,
contradicting the definition of semi-feral elements. O
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Fig. 6.1. A semi-feral element that is peripheral but not strongly peripheral.

Except in special circumstances, semi-feral elements belong to the guts of some vertical 3-separa-
tion.

Lemma 6.8. If f is a semi-feral element of the k-skeleton M and M\ f is 3-connected, then si(M/ f) is not
3-connected unless f is in a costandard k-wild triangle.

Proof. By the definition of semi-feral element M/f is not 3-connected. If si(M/f) is 3-connected,
then f is in a triangle T that is k-wild by Lemma 5.29. If T is costandard, then the claim holds.
Otherwise T is standard. In this case it follows from Lemma 4.22(iii) that f is in the guts of a vertical
3-separation so that si(M/f) is not 3-connected. O

Lemma 6.9. If f is a semi-feral element of the 1-reduced k-skeleton M, then f is not strongly peripheral.

Proof. Assume that f is semi-feral, where M\ f is 3-connected. If f is in a k-wild triangle, then the
lemma holds by Lemma 4.38. Thus we may assume that f is not in a k-wild triangle. By Lemma 6.8,
f is in the guts of a vertical 3-separation (XU {f},Y) in M. Let P= (Pq, P, ..., Py) be a k-fracture
of M\ f. By Lemma 6.7, Theorem 5.35 and the fact that f is not feral, and hence not in a bogan couple,
we deduce that P is canonical. If either X or Y is contained in a petal of P, then M is not k-coherent,
so, up to labels, there isan i€ {2,3,...,n—2} such that X=P{UP,U---UP;. Ifi ¢ {2,n—2}, then it
is clear that f is not peripheral. Therefore we may assume that i € {2,n — 2} and, indeed, that i = 2.

The flower (P1 U Py U{f}, Ps,..., P,) of M certainly needs to be displayed in T. Thus, if f is
strongly peripheral, then it must be the case that Py U P, U{f} is a leaf bag of T. Assume that Py is
non-sequential. Then the swirl-like flower (P1, P2, {f} U P3U---U Py) is displayed by T, as Py is not
equivalent to P; U P;,. Hence Pq and P, are sequential. If |P1| > 2, then P; contains either a triangle
or triad. By Lemma 4.38 this triad or triangle is a clonal triple and we contradict the assumption
that M is 1-reduced. Hence |P1| = |P2| = 2. Moreover, (P1, P2, {f}UP3U---U Py) is a swirl-like or
spike-like flower, so that P; U P, is a quad of M.

Say p € P1. As P1 U P; is a quad, M\p and M/p are k-coherent by Lemma 5.31. Neither of these
matroids is a k-skeleton, and p is peripheral so is not in a gang or cogang of three. Therefore, by
Theorem 5.36, p is comparable with some other element of M. It follows from Theorem 5.33 that
p is in a clonal pair. Evidently this clonal pair must be Pq. Similarly P, is a clonal pair. Indeed P
and P, are 2-element clonal classes. By the definition of augmented 3-tree the flower (P1, P2, {f} U
P3U---UPy) is displayed in M leading to the conclusion that f is indeed not strongly peripheral. O

We can now complete the proof of Theorem 6.4 which is nothing more than a summary of the
facts that we have garnered so far.
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Proof of Theorem 6.4. By Lemma 6.5 the ground set of a 1-reduced k-skeleton consists of feral el-
ements, semi-feral elements, members of gangs and cogangs of three and 2-element clonal classes.
By Lemmas 4.38, 4.39, 6.6 and 6.9, no feral element, semi-feral element, or member of a gang or
cogang of three is strongly peripheral. Hence every leaf bag of an augmented 3-tree for M consists of
2-element clonal classes of M. O

We also note another easy consequence of the results of this section.

Lemma 6.10. If x is a strongly peripheral element of the k-skeleton M and x does not belong to a clonal pair,
then either M\x or M /x is a k-skeleton.

One consequence of Theorem 6.4 is that swirl-like flowers in k-skeletons have free-swirl minors.
We turn attention to this now. We first prove a lemma that is a consequence of Tutte’s Linking
Theorem. In this chapter we only apply the swirl-like case. The spike-like case and the copaddle
cases see applications in Chapter 9. Let P = (Pq, P, ..., P;) be a flower in the connected matroid M.
A clonal pair {p;, pj} in P; is P-strong if « ({p;, pj}, P1U---UP;i_1UPi;1U---UP)=2.

Lemma 6.11. Let M be a connected matroid with a flower P = (Pq, P3, ..., P;) where |l > 3 that is swirl-like
(respectively spike-like, a paddle, or a copaddle). Assume that, for all i € {1, 2, ...,1}, the petal P; contains a
P-strong clonal pair {p;, q;}. Then M contains a Aj-minor (respectively A;-, Uy - or Upj_y -minor). More-
over, in the spike-like or swirl-like case, the legs of the Aj- or Aj-minor are {p1,q1}, {P2,q92},-..,{pP1, q}-

Proof. Let s be the first element of {1, 2,...,1} such that |Ps| > 2. Let Z = E(M) — Ps. By Tutte’s Link-
ing Theorem, there is a minor M’ on Z U {ps, qs} such that M’|Z = M|Z and such that Ay ({ps,qs}) =
2. One routinely checks that M’ is 3-connected and that P’ = (Py, P2, ..., Ps_1,{Ps, qs}, Ps+1,..., P))
is a flower in M’ having the same type that it does in M. It is easily checked that {p;, g;} is a P’-strong
clonal pair for all i € {1, 2,...,1}. The lemma now follows routinely. O

Corollary 6.12. Let M be a k-skeleton and let | > 4 be an integer. If M contains a swirl-like flower of order |,
then M has a Aj;-minor.

Proof. Let P= (P1, Py, ..., P)) be a swirl-like flower of order | in M. Assume that M is not 1-reduced.
Then there is an element x in a petal P; of P such that, up to duality, M\x is a k-skeleton. By
Lemma 5.32, Pj — {x} is not a loose petal of the swirl-like quasi-flower (P1,...,Pj_1,Pj — {x},
Pjiq,..., P of M\x. In other words, the above partition is a tight swirl-like flower of order I in M\x.
It follows that we lose no generality in assuming that M is 1-reduced. In this case, by Theorem 6.4,
each petal of P contains a clonal pair and it follows from Lemma 6.11 that M has a A;-minor. O

3. A miscellany

We have seen that 1-reduced k-skeletons are quite structured. The next task is to impose further
structure on 2-reduced k-skeletons. Before doing that we develop some further terminology and prove
a few lemmas that will be used later in this chapter. Let P = (P1, P, ..., Py) be a flower in a ma-
troid M and e be an element of the petal P; of P. Let N be a 3-connected matroid in {M\e, M/e}.
Then e opens the flower P in N or opens the petal P; of P if, for some partition (P;,, Pi,,..., P;,) of
P; — {e}, the partition (Pq, Pa,..., Pi_1,P;i,,..., Pi;, Piz1,..., Pp) is a flower in N whose order is
greater than that of P.

The first lemma is an easy consequence of Lemma 3.16.

Lemma 6.13. Let P = (P1, P2, ..., Pp) be a swirl-like flower of the k-coherent matroid M, where m > 3.
Assume that x € P1 and that M\x is 3-connected and k-fractured. Let Q = (Q1, Q2, ..., Q) be a k-fracture
of M\x. Then either
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(i) the flower Qs obtained by opening the petal P; of P, or
(ii) PUP3U---UPy € Qjforsome je{l,2,...,n}.

Lemma 6.14. Let (X, Y) be a 3-separation in a k-coherent matroid M where | X| > 4. Assume that (X, Y) does
not refine to a swirl-like flower with at least three petals. If x € X and M\x is 3-connected and k-fractured by P,
then all but one petal of P is contained in X.

Proof. Let P= (P, P2,..., P;). We may assume that P is maximal. Consider the 3-separation (X —
{x},Y) in M\x. If X — {x} C P; for some i, we obtain a contradiction to the fact that M is k-coherent.
Otherwise, on the assumption that the lemma fails, we may assume, by possibly moving to a flower
equivalent to P, that there is an i € {2,3,...,n — 2} such that X — {x} = P1 U P, U---U P;. But then
(X, Pit+1, Piy2, ..., Pp) is a flower in M that refines (X,Y). O

Recall that a 3-connected matroid M is uniquely k-fractured if there is a flower Q such that, for
every k-fracture P of M, we have P < Q. In such a case Q may have order greater than k.

Lemma 6.15. Let M be a matroid with a pair of elements p and q such that P = ({p,q}, P2,..., Pp) isa
maximal tight swirl-like flower where m > 3. Say f € P; for some i € {2,3,...,m}, and f has the property
that M\ f is not k-coherent, but M\p/q\ f is k-coherent. Then the following hold.

(i) M\ f is 3-connected and has a unique k-fracture Q.
(ii) Q has order k.
(iii) Qs obtained by opening the petal P; of P.

Proof. Assume that M\ f is not 3-connected. Then, as {p,q} is a clonal pair and M\p/q\ f is k-co-
herent and therefore 3-connected, we see that {p, q} is a series pair of M\ f. Thus {p, q, f} is a triad
of M and hence f is a loose element of P in the coguts of {p, q}, which is, up to labels, contained
in P;. But then (P — {f},P3UP4U---U Py) is a 2-separation of M\p/q\ f, contradicting the fact
that M\p/q\ f is 3-connected. Hence M\ f is 3-connected.

Say f € P;. Observe that ({p,q}, P2,..., Pi—1, Pi — {f}, Pix1,..., Pp) is a flower in M\ f which
refines to a maximal flower Q = ({p,q}, Q2,..., Qs) in M\ f. Assume that R=(R{,R3,...,R;) is a
maximal k-fracture of M\ f that is not equivalent to Q. By Lemma 3.16, up to equivalence and labels
in R, there is an i € {2,3,...,s} such that Q;4+1 U Qjy2 U---U Qs U{p,qUQU---UQi_1 CRy.
But, in this case (R1 — {p,q}, Ra2, ..., Ry) is clearly a k-fracture of M\p/q\ f. Hence the only possible
k-fractures of M\ f are flowers equivalent to Q.

Pert (i) of the lemma follows immediately. If Q has order greater than k, then (Q3, Q3,..., Qs) isa
k-fracture of M\p/q\ f, so (ii) holds. Certainly Q does not have the property given by Lemma 6.13(ii),
so, by that lemma, Q is obtained by opening the petal P; of P. Hence part (iii) also holds. O

While we may not be able to remove elements from a 1-reduced k-skeleton to keep a k-skeleton,
we can always remove peripheral elements to keep k-coherence.

Lemma 6.16. Let M be a 1-reduced k-skeleton and let {p, q} be a clonal pair in a leaf bag B of an augmented
3-tree for M. Then M\ p, M/p, and M\ p/q are k-coherent.

Proof. By Theorem 6.4 B consists of 2-element clonal classes of M. By Corollary 5.26 we may assume,
up to duality, that M\p is k-coherent. Assume that M\p/q is not k-coherent. As M is 1-reduced, there
is an element f such that either

(a) f is fixed in M\p and the matroid M\p, f is k-coherent, or
(b) f is cofixed in M\p and the matroid M\p/ f is k-coherent.
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As q is not fixed in M\p and M\p/q is not k-coherent, we see that in either case f # q. By The-
orem 6.4, f is not a clone of q. Now, if f is comparable with g, then by Corollary 5.34 M is not
1-reduced, so f is not comparable with gq. In case (a), f is clearly fixed in M. In case (b) by Corol-
lary 5.9, f is cofixed in M. By Theorem 6.4, B consists of 2-element clonal classes of M. Thus, in
either case (a) or (b), we see that f ¢ B.

Let N = M\p if case (a) holds and let N = M/p if case (b) holds. Let P = (Pq, P2,..., Py) be a
k-fracture in N. Assume that B # {p, q} so that |B| > 4. Assume that, for some i € {2,3,...,n—2}, we
have B=P;UP,U---UP;. Then (P1,P3,..., P;, Pix1 U---UPyU{f}) is a swirl-like flower in M,
and this is easily seen to contradict the assumption that B is a peripheral bag of an augmented 3-tree
for M. Thus we may assume that B C Pq. But now P; — {p} contains a clonal pair and cannot be a
set of loose elements of the flower (P1 — {p}, P2, ..., Pp) of N\p, contradicting the assumption that
N\p is k-coherent.

Hence B = {p,q}. Now B is a 2-element bag of an augmented 3-tree for M. In this case, by
Lemma 6.3, there exists a swirl-like, spike-like or Vamos-like flower Q = ({p,q}, Q2,..., Q) in M.
For some i € {2,3,...,m}, we have f € Q;. By Lemma 6.15, there is a partition (Q;,, Q;,,..., Q;,)
of Q; such that

({r.q}. Q2. Q3..... Qi—1. Qiy» -+ Q. Qig1.---. Q)

is a k-fracture of N. But N\p/q is k-coherent so

(QZa'“in—]sQi]»H'sQi[» Qi+17-~7Qm)

is a swirl-like flower of order k — 1 in N\p/q. However M\p/q is not k-coherent, so by Lemma 4.43,
p ec®(Q) for some petal Q of the above flower. This is easily seen to contradict the maximality
of Q in M.

Thus N\p/q is k-coherent and it is routinely verified that so too is N/q. O

The last two lemmas of this section are perhaps oddly placed, but they are close to their first
application.

Lemma 6.17. Let M be a k-coherent matroid with an element z such that M\z is 3-connected with a k-fracture
({p1, p}} P2, ..., P). If {p1, p}} is fully closed in M\z, then M\p is k-coherent.

Proof. By Lemma 4.11, M\z, p; is 3-connected. Therefore M\p; is 3-connected.

Assume that M\z is not uniquely k-fractured. Let (T1, T, ..., T;) be another k-fracture of M\z. By
Lemma 3.16, there isanie {1,2,...,l} and a j€{1,2,...,m} such that PfUP,U---UP;_1 UPj;1 U
--UPCTjand T{UT2U---UTj_1UTj41U---UTy C P;. Evidently i # 1, so that p; € T;. Certainly
M\z, p1 is 3-connected and (T1,T2,...,Tj—1,Tj —{p1}, Tj+1,..., Tm) is a k-fracture of M\z, pq. If
this k-fracture induces a k-fracture (T}, TS, ..., T;) in M\py, then, as Tj — {p1} T;L, for some u in
{1,2,...,k}, we obtain the contradiction that (T/,Té,...,Tl/kl, T, U{p1}, T[/,L .., Tp) is a k-frac-
ture of M.

From the above we deduce that any k-fracture of M\p; is induced by the quasi-flower
({p}}, P2,..., P)) of M\z, py which we may assume is maximal. Thus, on the assumption that the
lemma fails, there is a quasi-flower 0 = (01, O2, ..., Oy), displayed by the above quasi-flower such
that (01,03,...,0i-1,0; U {z},0i41,...,0y) is a k-fracture of M\p; for some i € {1,2,...,k}.
As ({p}}, P2,...,P) is maximal, and p] € cl’,@,\pl,z(Pz), we see that Py U {p}} C éj for some
je{1,2,...,k}, and also that P;U{p}} < O, for some s e {1,2,...,k}. Note that p; € c({pj} U P2)
and pi e cl({p}} U P)). The only cases that are not almost immediately seen to lead to the contradic-
tion that M is k-fractured are when, up to labels, we have, either (a) j=s=i—1or(b) j=i—1
and s =i+ 1. By Lemma 3.31, case (b) leads to the contradiction that (01, 03,...,0i_1, 0; U{z, p},

+10
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Oit1,...,0y) is a k-fracture of M. On the other hand, by considering the structure of swirl-like flow-
ers, we may assume in case (a), that (P, U {p{}H N 0; =¥, so that, for some flower (0, 05,....0)),
equivalent to O, the partition (07, 05,...,07_; U{p1}, 07 U {z}, OQ_H,..., 0,) is a k-fracture of M.
The lemma follows from this final contradiction. O

We omit the proof of the next lemma which amounts to little more than observing the properties
of a feral display.

Lemma 6.18. Let f be a feral element of the k-coherent matroid M.

(i) If f blocks two petals of a k-fracture of M\ f, then there is a feral display for f in M*.
(ii) If f coblocks two petals of a k-fracture of M/ f, then there is a feral display for f in M.

4. 2-Reduced skeletons

For 2-reduced skeletons we can strengthen the outcome of Theorem 6.4 somewhat. We say that
a clonal pair {p, q} of a 3-connected matroid M is strongly peripheral if it is contained in a leaf bag
of an augmented 3-tree for M. Let {p, q} be a strongly peripheral clonal pair of the 2-reduced k-ske-
leton M. For the remainder of this chapter, if {p, q} is a clonal pair of M, then the matroid M\p/q
will be denoted by M,q. By Lemma 6.16, Mg is k-coherent. As Mpq is not a k-skeleton, there is an
element f such that either f is fixed in Mpq and Mpq\ f is k-coherent, in which case we say that f
is pg-annoying for deletion, or f is cofixed in Mpq and Myq/ f is k-coherent, in which case we say that
f is pg-annoying for contraction. If either one of the cases holds we say that f is pg-annoying.

Lemma 6.19. Let M be a 2-reduced k-skeleton and let {p, q} be a strongly peripheral clonal pair of M.

(i) If f is pq-annoying for deletion, then f is fixed in M and M\ f is 3-connected and k-fractured.
(ii) If f is pg-annoying for contraction, then f is cofixed in M and M/ f is 3-connected and k-fractured.

Proof. Assume that f is pg-annoying for deletion. Assume that M\ f is not 3-connected. Then, as
Mpg\ f is 3-connected, {p,q, f} is a triad of M and hence a clonal triple so that M is not 2-reduced.
Hence M\ f is 3-connected. Certainly f is not comparable with either p or q so, by Corollary 5.7, f is
fixed in M. It now follows from the definition of k-skeleton that M\ f is k-fractured. Thus (i) holds.
Part (ii) is the dual of (i). O

Lemma 6.20. Let M be a 2-reduced k-skeleton and let B be a leaf bag of an augmented 3-tree for M. Then the
following hold.

(i) B consists of a single clonal pair {p, q}.
(ii) M has a tight, maximal, swirl-like flower P = (B, P,, ..., Pp) for somem > 3.
(iii) If f is pg-annoying for deletion, then f opens the flower P in M\ f.

Proof. By Theorem 6.4, B consists of clonal classes of size 2. Let {p,q} be a clonal pair contained
in B. As M is 2-reduced, there is an element f of My, that is pg-annoying. We lose no generality
in assuming that f is pg-annoying for deletion. By Lemma 6.19, M\ f is 3-connected and k-fractured.
Let Q=(Q1, Q2, ..., Qp) be a maximal k-fracture of M\ f.

Assume that B # {p, q} so that |B| > 4. Assume that, for some i € {2,3,...,n — 2} we have B =
QiUQ2U---UQ;. Then (Q1,Q32,...,Q;, Qix1 U---UQuU{Sf}) is a swirl-like flower in M, and this
is easily seen to contradict the assumption that B is a peripheral bag of an augmented 3-tree for M.
Thus we may assume that B € Q. But now Q1 — {p,q} contains a clonal pair of the 3-connected
matroid Mpq\f and cannot be a set of loose elements of the flower (Q1 — {p,q}, Q2,...,Qn) of
Mpg\ f contradicting the fact that Mpg\ f is k-coherent. Therefore B = {p, q} so that (i) holds.
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By Lemma 6.3 M has a tight flower P = ({p,q}, P2,..., P) where m > 3. Say f € P;. By
Lemma 6.15, any k-fracture of M\ f is obtained by opening P. This implies that P is swirl-like.
(If m =3, then P will be ambiguous.) Parts (ii) and (iii) of the lemma follow from these observa-
tions. O

5. Removing a bogan couple

Our goal is to show that in a 2-reduced k-skeleton we can always find a 3- or 4-element move
that preserves the property of being a k-skeleton. In this section we show that bogan couples lead
to a good outcome in that, if a pg-annoying element belongs to a bogan couple, then we have a
4-element move.

Lemma 6.21. Let {p, q} be a strongly peripheral clonal pair of the 2-reduced k-skeleton M and let a be an
element of Myq that is pg-annoying. If a belongs to a bogan or cobogan couple {a, b}, then Mpq\a/b is a
k-skeleton.

Proof. Up to duality we may assume that {a, b} is a bogan couple. Associated to the bogan couple
{a,b} is a partition (R, S, T, {a,b}) together with partitions (Ry, Ra,..., Rk_2), (51,S2,...,Sr) and
(T1,Ta,...,Tk—3) of R, S and T respectively that form a bogan display for {a, b}. Note that we have
labelled the display just as in the definition of bogan couple. The case where a is pg-annoying for
deletion is not quite symmetric to the case where a is pg-annoying for contraction—or at least it re-
quires argument to show that it is—but essentially the same proof works in either case. We prove the
lemma in the case that a is pg-annoying for deletion. In this case (R1U{b}, R, ..., Rk_2,51,..., S, T)
is a maximal swirl-like flower in M\a and b is in the coguts of the petals Ry U {b} and T. Note that,
if r > 1, then the above partition with {p, q} removed induces a k-fracture of Mpq\a. Hence r =1, so
that S = S; and the flower is F=(R; U{b}, Ry, ..., Rk_3, S, T).

6.21.1. {p,q} = R; forsomei e {1,2,...,k—2}.

Subproof. As {p, q} is a clonal pair, this set is contained in a petal of F. Moreover this petal becomes a,
possibly empty, set of loose elements in the induced flower in Mq\a. Given this, it is clear that {p, q}
is not contained in T. As {p, q} is strongly peripheral and M is 2-reduced, by Lemma 6.20, there is
a flower O displayed in an augmented 3-tree for M in which {p,q} is a petal. Say {p,q} € S. The
flower O conforms with the maximal flowers displayed by the bogan display for {a, b} and it follows
that E(M) — S is contained in a petal of 0. But then E(M) — S contains a strongly peripheral set other
than {p, q} and, again by Lemma 6.20, we see that E(M) — S contains a clonal pair of M other than
{p,q} and is hence not a set of loose elements of a swirl-like flower in Mpg\a. Thus {p, q} € R; for
some i€ {1,2,...,k—2}. If R; is not a petal of F, then the previous argument applies with S replaced
by R;. Thus R; is a petal of O, thatis {p,q} =R;. O

6.21.2. Mq\a/b is 3-connected.

Subproof. Certainly Mpq\a is 3-connected. Let (R},R5....,R,_3) = (R1,...,Ri—1, Riz1, ..., Rk—2).
Note that b is in the coguts of the petals R} and T of the swirl-like flower (R} U{b}, R}, ..., R1,<737 S, T)
of Mpq\a/b. Thus Mpq\a/b is 3-connected unless b is in a triangle {b,r,t} where r € R} and t € T.
If Ry # {p,q}, then R} =R; and we deduce that b is in a triangle of M contradicting the fact that
M/b is 3-connected. If R1 = {p, q}, then r € clyy({p, q}) and {p,q,r} is a triangle of M contradicting
the fact that M is 2-reduced. O

Assume that Mpq\a/b is not a k-skeleton. Then there is an element h such that either (i) h is fixed
in Mpg\a/b and Mpg\a/b\h is k-coherent, of (ii) h is cofixed in Mpq\a/b and Mpq\a/b, h is k-coher-
ent. In what follows we assume that (i) holds noting that the argument in the case that (ii) holds is
essentially identical.
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6.21.3. h is fixed in M.

Subproof. Assume that h is not fixed in M. Let M’ be a matroid obtained by independently cloning h
by h’. For a set Z C E(M), let Z’' denote Z U {h’} if h € Z and otherwise Z’' = Z. It is easily checked
that the bogan display for {a, b} in M extends to a bogan display in M’ where each member Z of the
partitions of the display in M is replaced by Z’. But then one readily checks that {h, h’} is independent
in M"\p/q\a/b so that h is not fixed in Mpq\a/b. Thus h is indeed fixed in M. O

We omit the routine verification of the next claim.
6.21.4. M\h is 3-connected.

As h is fixed in M and M\h is 3-connected, M\h is k-fractured. We will obtain a contradic-
tion by showing that there is no sensible place for h. Assume first that h € Rj for some j e
{1,...,k —2}. Assume that a k-fracture for M\h is obtained by opening the petal R; of the flower
(R1,R2, ..., Rg_2,SUT U{a, b}) of M. Say (R1,....Rj_1.Rj1,....,Rj, Rj11,...,Re2, SUT U{a, b}) is
such a k-fracture. In this case (Ry,...,Rj_1,Rj1,...,Rj, Rjy1,...,Re—2, S, T U {b}) is a k-fracture
of M\a whose order is greater than k and it follows that Mpq\a/b\h is k-fractured. Otherwise
E(M) — Rj is contained in a petal of a k-fracture for M\h and again it follows that Mpq\a/b\h is
k-fractured.

Thus h ¢ R and, similarly, h ¢ T. Hence h € S. We next show that |S| > 3. Assume for a contradic-
tion that |S| =2, say S = {h,h’}. Then (R1 U {b},Ra,...,Rx_2,{h, I}, T) is a k-fracture of M\a. One
readily checks that {h,h’} is fully closed in M\a. Lemma 6.17 now applies and it follows from that
lemma that M\h is k-coherent. Thus |S| > 3 as desired. As M\h is 3-connected and S is 3-separating
in M we have h € cl(S — {h}).

If E(M) — S is contained in a petal of a k-fracture for M\h, then again it follows easily that
Mpq\a/b\h is k-fractured. Otherwise there is a partition (Z1, Z2) of E(M) — S such that Appp(Z1) =
AM\n(Z2) = 2. As h € cl(S — {h}), neither Z1 nor Z; is blocked by h so that Ay (Z1) = Am(Z2) =2, that
is (S, Z1, Z») is a flower in M. Such a partition contradicts the maximality of the flowers displayed in
a bogan display. The lemma follows from this final contradiction. O

6. Life in 2-reduced skeletons

In this section we obtain more information about the structure associated with a strongly periph-
eral clonal pair in a 2-reduced k-skeleton. Throughout this section {p,q} will denote a peripheral
clonal pair of the 2-reduced k-skeleton M. As M is 2-reduced, there is an element f of M that is
pg-annoying. Up to duality we may assume that f is pg-annoying for deletion. By Lemma 6.20, there
is a swirl-like flower Q= (Q1, Q2,..., Q) in M\ f, and an s € {2, 3, ...,k — 2} such that

(i) Qr={p,q} forsome te{s+1,s+2,...,k}, and
(i) (Q1UQaU---UQsU{f}, Qs+1,..., Q) is a maximal swirl-like flower of M.

Let Q; =Q1UQaU---UQsU({f}, and let Q =(Q7, Qs41,..., Qx). As with M and {p, g}, the ele-
ment f and the flowers Q and Q will be fixed throughout this section.

We say that the element g is f-bad for deletion if f is fixed in Mpq\ f and Mpq\ f, g is k-coherent,
and g is f-bad for contraction if f is cofixed in Mpq\ f and Mg\ f/g is k-coherent. The element g is
f-bad if it is f-bad for either deletion or contraction. The next lemma follows from the definition of
k-skeleton.

Lemma 6.22. If M4\ f is not a k-skeleton, then Mpq\ f has an element that is f-bad.

Lemma 6.23. If g is f-bad for deletion, then g is fixed in M, and if g is f-bad for contraction, then g is cofixed
in M.
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Proof. Assume that g is f-bad for deletion. Then g is fixed in Mpg\f so that g is certainly fixed
in M/p. But p is not comparable with g so g is fixed in M. Assume that g is f-bad for contraction.
Then g is cofixed in Mpg\f so that g is cofixed in M\p, f. If g is not cofixed in M\ f, then, by
Corollary 5.7, p »= g in M\ f implying that {p, q, g} is a triangle of M. Hence g is cofixed in M\ f. But
as g is not comparable with any element of M, we see, by Corollary 5.9, that g is cofixed in M. O

Assume that g is f-bad. If g is f-bad for deletion, then the symbol * will denote deletion and if
g is f-bad for contraction, then * will denote contraction.

Lemma 6.24. If g is f-bad, then M x g and M\ f * g are 3-connected.

Proof. Assume that M\ f * g is not 3-connected. Consider the 3-connected matroid M\ f. There is
a 3-separation (X U {g},Y) of M\ f for which g is either in the guts or the coguts according as to
whether * is contraction or deletion. For some i € {1,2,...,k}, we have g € Q;. We may assume
that Q; is fully closed. As Q is maximal, (X U {g},Y) conforms with Q. Thus we may assume that
XU {g} € Q;. But then (X,Y — {p,q}) is clearly a 2-separation of Mpq\ f * g contradicting the fact
that this matroid is 3-connected. It follows from this contradiction that M\ f * g is 3-connected.

Consider M * g. Assume that M % g is not 3-connected. As M\ f * g is 3-connected, M x g has a
single parallel pair containing f. Thus * is contraction and M has a triangle T containing f and g. As
g is cofixed in M, the triangle T is k-wild. Now si(M/g) is a 3-connected matroid, so, by Lemma 4.22,
T is costandard. But it follows easily from the definition of k-wild display that, in this case, M\ f/g
has a swirl-like flower whose order is greater than k. But this implies that Mq\ f/g is not k-coherent.
Therefore M x g is also 3-connected. 0O

The next lemma follows immediately from Lemmas 6.23 and 6.24.
Lemma 6.25. If g is f-bad, then M x g is 3-connected and k-fractured.

Next we gain a little more information about the location of f-bad elements.
Lemma 6.26. If g is f-bad, then g€ Q1 U QU ---U Qs.

Proof. Recall that Q' denotes the flower (Q}, Qs41, ..., Qr) of M, where Q] = Q1UQaU---UQsU{f}.
Assume that g € Qj, where je{s+1,s+2,...,k}. Assume that a k-fracture of M * g is obtained by
opening the petal Q; of Q. Then the flower (Q1, Q2,..., Qj-1, Qj—{g}, Qj+1,..., Qr) of M\ f*g ex-
pands to a swirl-like flower whose order is strictly greater than k. It follows from this that Mpg\ f * g
is k-fractured. On the other hand, by Lemma 6.13, E(M) — Q is contained in a petal P1 of a k-fracture
(P1, Py, ..., Py) of M x g. In this case it is clear that Py — {p, q, f} is not a set of loose elements of
the swirl-like flower (Py — {p,q, f}, P2,..., P) of Myq\ f * g and again we see that this matroid is
k-fractured. Thus g € Q{, thatis, g€ Q1 UQU---UQs. O

One possibility that leads to a good outcome is when f is semi-feral.
Lemma 6.27. If f is semi-feral, then M4\ f is a k-skeleton.

Proof. Assume that f is semi-feral and assume that My f is not a k-skeleton. By Lemma 6.22, there
is an element g that is f-bad.

We first prove that f is not in a costandard k-wild triangle. For ease of notation we rela-
bel f to a and assume that a belongs to the costandard k-wild triangle {a,b,c}. With nota-
tion as in the definition of costandard k-wild triangle, we see that M\a has a unique k-fracture
(A1, Az, ..., A2, BU{b},CU/{c}). As {a, b, c} is costandard, the elements b and c are in the coguts
of BU {b} and C U {c} respectively. As Q' and (A1, Az,...,Ax_2,BUCU{a,b,c}) are flowers in M
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and both have petals that open to k-fractures in the uniquely k-fractured matroid M\a, we deduce
that s =2, and that (A1, A2, ..., Ax_2, BU{b},CU{c}) =(Q3, Q4,..., Qx, Q1, Q2). Hence {p,q} = A;
for some i € {1,2,...,k —2}. By Lemma 6.26, g € BUC U {b,c}. Up to symmetry, the f-bad (that
is a-bad) element g belongs to B U {b}. Say g = b. In this case M/g is not 3-connected, so, by
Lemma 6.25, g must be f-bad for deletion. But g is in the coguts of B in M\a, so M\a, g is not
3-connected, contradicting Lemma 6.24. Thus g # b. Recall that there is a partition (B1, Bz, ..., By)
of B such that (B, By, ..., By, AUCU{a,b,c}) is a swirl-like flower of M. We have g € B; for some
ie{l1,2,...,k—2}. By Lemma 6.13, a k-fracture for M x g is either obtained by opening the petal B;
of the flower (Bq, By, ..., By, AUCU/{a,b,c}) of M, or has the property that E(M) — B; is contained
in a petal of this k-fracture. In either case it is easily deduced that Mpq\a * f = M\g\p/q\a is either
not 3-connected or is k-fractured. It follows that f is not in a costandard k-wild triangle.

As f is not in a costandard k-wild triangle, by Lemma 6.8, f is in the guts of a vertical 3-separation
(X,Y) of M, where f € X. If (X,Y) crosses (Qf, Qs4+1 U Qs32 U---U Qy), then it is easily seen that
we either contradict the maximality of the flower Q' in M, or we find that Q is not canonical,
contradicting Lemma 5.32. If X properly contains Q, then, again as Q' is maximal, we deduce that
Y=Q;UQjt1U---UQj, where, up to labels, s < i< j <k. But then, as x e cl(Y), we see again that
f is loose in Q/, contradicting Lemma 5.32. Thus X € Q1. Now App (X — {f}) =2. If X — {f} C Q;
for some i € {1,2,...,s}, then we obtain the contradiction that M is k-fractured. Otherwise, as Q' is
maximal, we see that, up to labels, X — {f}=Q;U Q41 U---UQj, where 1 <i< j<s, so that (QU
Q2U---UQs-1,Qs, Qst1,..., Q) is a flower in M, contradicting the maximality of Q. Therefore
X = Q. It follows that f e cl(Qs41UQs42U---UQy) and hence (Q1, Q2. ..., Qs, Qs11U---UQrU{f})
is a swirl-like flower in M.

Consider the f-bad element g. By Lemma 6.26 g € Q; for some i € {1,2,...,s}. By Lemma 6.13,
a k-fracture for M * g either opens the petal Q; of (Q1, Q2,...,Qs, Qs+1U---U QU{f}) or has the
property that E(M) — Q; is contained in a petal of a k-fracture of M x g. Routine arguments show that
both cases lead to the contradiction that Mpg\ f * g is not k-coherent. O

The next lemma follows from Lemma 6.27 and Theorem 6.4.
Lemma 6.28. If M4\ f is not a k-skeleton, then f is either a feral element or is in a gang of three.

It is good news if M has a gang of three since, by Theorem 5.42, we can remove the whole gang of
three and keep the property of being a k-skeleton. We also know that if f belongs to a bogan couple
we can obtain a 4-element reduction. The assumption in the next lemma that M has no gangs or
cogangs of three and that f does not belong to a bogan couple is probably not necessary, but it does
simplify the argument a little.

Lemma 6.29. Assume that M has no gangs of cogangs of three and that f is not in a bogan couple. If g is
f-bad, then any k-fracture of M « g is obtained by opening the petal Q{ of Q. Moreover M * g is uniquely
k-fractured.

Proof. By Lemma 6.25, M % g is 3-connected and k-fractured. By Lemma 6.26, g € Q1. Let R =
(R1,R2,...,Ry) be a k-fracture of M * g. Assume that R is not obtained by opening the petal Q;
of Q. By Lemma 6.13, we may assume, up to labels, that Ry is fully closed and that Ry 2 Q541 U
Qs42 U---U Qg. Moreover it is routinely seen that u =k.

For some i € {1,2,...,s}, we have g € Q;.

6.29.1.1Q;| > 2.

Subproof. Assume that |Q;| =2. As f is not in a bogan couple, the flower Q is canonical, so that Q;
is fully closed. Now, by Lemma 6.17, M\ g is k-coherent. The claim follows from this contradiction. O

Assume that f e R;.
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Fig. 6.2. Illustration of a 4-element move.
6.29.2. The operation x is contraction and |R j| = 2.

Subproof. By Lemma 6.24, M\ f * g is 3-connected and by 6.29.1, |Q;| > 2. Hence (Q1,Qa,...,
Qi—1,Q; — {g}, Qi+1,..., Q) is a flower in M\ f x g. It follows easily that, if % is deletion, then
g ecly\r(Qs) and, if % is contraction, then g € clj(,,\f(Qf).

Note that (R1,R2,...,Rj_1,Rj — {f},Rjt1,..., Ri) is a quasi-flower in M\ f * g. As R1 2 Q541 U
Qs42 U ---U Qg, and Mpg\ f * g is k-coherent, we see that Rj — {f} is a set of loose elements of
(R1,R2,...,Rj_1,Rj = {f},Rj11,..., Ri). Assume that Q; — {g} is not contained in Rq. Then (Ry U
R3U---URy) —{f} € Q;. But then one readily concludes that f € cly(Q;) giving the contradiction
that M is k-fractured. Therefore Q; — {g} € R;.

By the observation that g € cly f(Q;), or g € cl’,@,\f(Qi), according as to whether * is deletion or
contraction, we deduce that (R1U{g},R2,...,Rj_1,Rj —{f},Rj41,..., Ry) is a flower in M\ f.

Now f € clysg(Rj — {f}). If f ecly(Rj —{f}), then (Rq U (g}, R2,...,Ry) is a k-fracture of M.
Hence x is contraction.

It is also the case that Rj — {f} is a set of loose elements in the flower (Ry U {g},R2,...,Rj_1,
Rj —{f},Rj41,...,Ry) of M\ f. Let I be an initial element of Rj — {f} in this flower. For some h,
we have | € Q. Assume that | is a guts element. Then, by Lemma 4.13, | does not expose any 3-sep-
arations in M\ f,l. This means that (Q1, Q2,..., Qp—1, Qn — {I}, Qp+t1, ..., Q) is @ maximal flower
in M\ f,l. Moreover, either M\ f,[ is k-coherent or this is a unique k-fracture of M\ f,l. It follows
from either Lemma 4.43 or Corollary 4.46 that M\! is k-coherent. But it is readily seen that [ is fixed
in M contradicting the definition of a k-skeleton. Thus ! is a coguts element.

Assume that |R;| > 2. Note that f e cly/g(Rj — {f}). Again, by Lemma 4.13, [ does not expose
any 3-separations in M\ f/I, so that (Q1, Q2,..., Qn—1, Qn — {l}, Qp+1, ..., Q) is a maximal flower
in M\ f/I. But | is cofixed in M\ f and f is not comparable with any element of M, so [ is cofixed
in M. Therefore M/l is k-fractured. Again, by Lemma 4.43 or Corollary 4.46, we see that f is in the
closure in M/I of a petal of the above flower. Recall that g € Q; and that f e cly,g(R; — {f}). From
these facts it follows that we must have f € cly/(Q;), so that I € cly(Q; U {f}). Let I' be the other
end of R; — {f}, then it is also the case that I' € cly(Q; U {f}) and, indeed, that I’ € cly(Q; U {I}).
But Q; —{g} S Ry, and (R, R2,...,Rj—1, Rj —{f}, Rjs1,..., Ry) is a swirl-like flower. By Lemma 3.9,
I" ¢ clyyg (R1U{1}), so I' ¢ cly(Q1U{l}). From this contradiction we can finally deduce that |Rj| =2. O

By 6.29.2, f is in a fully closed 2-element petal of a k-fracture of M/g. But f is feral and we have
a contradiction to Lemma 6.17. O

7. The chain theorem

At last we are in a position to prove the more detailed version of Theorem 6.1. Fig. 6.2 illustrates
one situation where a 4-element move is needed. This is the type of situation that the proof of
Theorem 6.30 converges to.
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Theorem 6.30. Let M be a nonempty k-skeleton. Then at least one of the following holds.

i) There is an element e such that either M\e or M /e is a k-skeleton.
(ii) There is a clonal pair {p, q} such that M\p/q is a k-skeleton.
(iii) There is a gang of three {r, s, t} such that M /r\s, t is a k-skeleton.
(iv) There is a cogang of three {r, s, t} such that M\r/s, t is a k-skeleton.
(v) The ground set of M consists of clonal classes of size two, feral elements and semi-feral elements.
Moreover, in the case that (v) holds, but (i)-(iv) do not, then every leaf bag of an augmented 3-tree for M

contains exactly one clonal pair, and for any such clonal pair {p, q} at least one of the following holds.

(vi) There is a feral or semi-feral element f such that either M\p/q\ f or M\p/q/ f is a k-skeleton.
(vii) Thereis a pair f, g of feral elements of M such that M\p/q\ f/g is a k-skeleton.

For the remainder of this section we assume that we are under the hypotheses of Theorem 6.30.
We also assume that none of (i), (ii), (iii) or (iv) holds. By Theorems 6.4 and 5.42, (v) holds. Moreover
M is 2-reduced, so by Lemma 6.20, every leaf bag of an augmented 3-tree for M consists of a single
clonal pair. Let {p,q} be a peripheral clonal pair of M. It remains to prove that either (vi) or (vii)
holds. As (ii) does not hold there is an element that is pg-annoying. By Lemmas 6.27 and 6.21 we
may also assume the following.

(a) Any element that is pg-annoying is feral.
(b) No element that is pg-annoying belongs to a bogan couple.

Let f be an element of M that is pg-annoying. Up to duality we may assume that f is pg-annoying
for deletion. We are now effectively under the hypotheses of Section 6 and in what follows we use the
notational conventions of that section. Thus there is a swirl-like flower Q = (Q1, Q2, ..., Qk) in M\ f,
and an s € {2, 3, ...,k — 2} such that

(i) Qt={p,q} forsome te{s+1,...,k}, and
(i) (Q1UQ2U---UQsU{f}, Qs41, ..., Qg) is a maximal swirl-like flower of M.

We also let Q) =Q1UQaU---UQsU{f}and Q =(Qf, Qst1, ..., Qp).
Assume that (vi) does not hold. Then there is an element g that is f-bad. By, Lemma 6.26, g € Q;

for some i€ {1,2,...,s}. Let Q" =(Q1,Q2,..., Qi_1, Qi — {g}, Qix1, ..., Qp).
Lemma 6.31. Q" uniquely k-fractures M\ f * g.

Proof. Consider the quasi-flower Q” of M\ f x g. If this refines to a flower of order greater than k, then
it is clear that Mg\ f * g is k-fractured. Hence either Q” is a maximal flower of order k in M\ f * g,
or Q; —{g} is a set of loose elements of this flower. Consider the former case. Then, either the lemma
holds, of there is another k-fracture of M\ f * g. But then Mpq\ f * g is certainly not k-coherent. Thus,
if the lemma fails, the latter case holds. Assume that we are in this case.

The flower Q" = (Q1, Q2,...,Qi—1, Q; — {g}, Qi+1,..., Q) has order k — 1. By Lemma 6.29,
a k-fracture of M * g is obtained by opening the petal Q; of Q. Thus Q” induces a k-fracture
in M % g. By Lemma 4.44 there is a set Q' of loose elements of Q" that has the property that
Q' U{f} is a tight petal of the induced k-fracture in M % g. As f is not in a bogan couple, the
flower Q is canonical, so the only loose elements of Q” are in Q; — {g}. Therefore Q' = Q; — {g}, so
that (Q1,Q2,...,Qi—1,(Q; — {gh U{f}, Qi+1,..., Q) is a k-fracture of M % g, giving the contradic-
tion that (Q1, Q2,..., Qi—1, Qi U{f}, Qit1,..., Qg) is a k-fracture of M. The lemma follows from this
contradiction. O

As Q" uniquely fractures M\ f g, and M x g is k-fractured, there is a petal Q of a flower equivalent
to Q such that f € clyy(Q). Certainly Q # {p,q} and it follows that M,q * g is k-coherent. This
establishes the next lemma.



94 J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175

Lemma 6.32. The element g is pq-annoying and hence g is feral and not in a bogan couple. Consequently a
k-fracture of M * g is canonical.

Lemma 6.33. The element g is f-bad for contraction.

Proof. Assume that g is f-bad for deletion. By Lemma 6.31, Q” uniquely k-fractures M\ f, g. But M\ g
is k-fractured, so f is in the closure of a petal of some flower equivalent to Q”. One consequence of
this is that s =2 (otherwise either f e cl(Q1 UQ2U---UQs_1) or fecl(QaUQ3U---UQy) so that
Q =(Q1UQaU---UQsU{f}, Qs41,---, Q) is not a maximal flower in M). We may now also assume
that i =2, so that Q" =(Q1, Q2 —{g}, Q3,..., Q) and Q] = Q1 U Q2. Another consequence is that
for some maximal fan H between Q1 and Q; — {g}, we have f € cl(Qq U H).

We now consider possibilities for the fan H. Let Q{ = Q; — H, Q) = Q2 — (H U {g}), and
assume that H = (hq,hy,...,hy) is ordered from Qi to Qy — {g} in Q’. Thus the quasi-flower
(Q{.H,Q%,Q3,...,Qp in M\ f, g is equivalent to Q”. Moreover f € cl(Q{ UH) and g € cl(Q) UH).
Note also that we have symmetry between f and g.

6.33.1. The elements hy and h; are coguts elements of H.

Subproof. Assume that hq is a guts element. Then hy € cl(Q{/) so that h; is a loose element of the
k-fracture (Q1, HU Q5 U{g}, Q3,..., Qi) of M\ f. This contradicts the fact that f is not in a bogan
or cobogan couple. Thus h; is a coguts element of H, and so too is h;. O

633.2. f ¢ cl(Q) U{h1, hy, ... he_1)) and g ¢ cl(Q4 U tha, hs, ..., he}).

Subproof. If f € cl(Q{’ U{hq, ha, ..., hi—1}), then h; is a loose element of a k-fracture of M\g contra-
dicting the fact that g is not in a bogan or cobogan couple. The claim follows from this observation
and the symmetry between f and g. O

6.33.3. f e cl(Q{ U {h}) and g € cl(QJ U {h1}).

Subproof. Assume that f ¢ cl(Q{ U {h;}). Note that this means that t > 1. Consider M\ f, g/h;. It
follows from Lemma 4.13 and the fact that M\ f, g is uniquely k-fractured by Q”, that M\ f, g/h;
is uniquely k-fractured by (Q{, {h1,ha,...,hi—1}, Q%, Q3,..., Qr). Now g € clyp, (Q5 U {hy, ha, ...,
he_1}), but g ¢ cly/p, (Q5 U {ha, ..., hi_1}). Therefore there is a circuit C in M /h; such that h; € C and
C S {hi,ha,....,he—1}U QY. It follows that the flower (Qf,{g.h1,h2,....he—1}U QJ, Q3,..., Qx) of
M\ f /h; is canonical. Evidently it is also the unique k-fracture of M\ f /h;. Now f ¢ cly(Q{ U {h¢}), so
f ¢ clyn (Q7), and f is certainly not in the closure of any other petal of the flower. We conclude, by
Corollary 4.46, that M/h; is k-coherent. But M is a 2-reduced k-skeleton with no gangs or cogangs of
three. So this means that h; is in a clonal pair. But h; evidently has no clone and the claim follows
from this contradiction. O

6.334. |H| e {1,3).

Subproof. Otherwise F contains a triangle T in M\ f, g and hence in M. By Lemma 5.39 T cannot be
k-wild. But T certainly cannot be a clonal triple of M and the claim follows. O

6.33.5. The elements of H are feral.

Subproof. It is easily seen that the elements of H are either feral or semi-feral. We omit the routine
verification that they are not semi-feral. O

We first consider that case that |[H| =3. Let Q" = (Q{ U{f,h3}, Q7 U{g,h1},Q3,..., Q).
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6.33.6. Q" is a k-fracture of M\h;.

Proof. Consider M\ f, g, hy/h3. Observe that (Qf, Q5 U {h3}, Q3, ..., Q) is a swirl-like flower in this
matroid and that hs3 is in the coclosure of Q{. But {hy,hs} is a series pair in M\f, g, hy so that
Q7. Q U {h1,hs}, Qs...., Q) is a swirl-like flower in M\f, g, ho. Moreover, h3 € cly, ¢ o, (Q{),
so that the partition (Qf U {h3}, Q5 U {h1},Q3,..., Qi) has the property that the union of every
consecutive pair of sets in the cyclic order is exactly 3-separating. (This partition is not technically
a flower according to our definition as the series pair is split between two petals.) By 6.33.3, f €
cl(QfUfh3}) and g € cl(Q{ U{h1}). By 6.33.5, M\h; is 3-connected. Therefore Q" is a flower in M\hj.
It now follows easily that it is swirl-like and tight, establishing the claim. O

Note that hp blocks both Qf U{f,h3} and Q) U{g, h{}. Thus, by Lemma 6.18, there is a k-fracture
P = (P, Pa,..., Pp) of M/hy such that Q” and P form a feral display for f, in M*. Mimicking
the notation in the definition of feral display as closely as possible, we may assume, for some i €
{3,4,...,m—1}, that P,UP3U---UP; C Q) U{g,h1},and Pi;q UPipU---UPp C QY U{f, h3}. Let
Z1=P1N(Q{U{f,h3}) and Z; =P1 N(QJ U {g. m}.

6.33.7.{f,h3} C Z1 and {g, h1} C Z>.

Proof. Say f € P; for some je{i+1,i+2,...,m}. As f is feral it follows from Lemma 6.17 that
[Pj| > 3. Using this fact and the fact that f is feral, we deduce that f is not on the guts of Pj;.
It now follows from Lemma 6.13, or Lemma 6.14, that any k-fracture of M\ f is either obtained by
opening the petal P; in the flower (P1 U P, U---U P; U{hy}, Piy1,..., Pyp) or has the property that
E(M) — Pj is contained in a petal. Such a k-fracture is certainly not Q, the flower that we know
uniquely k-fractures M\ f. Hence f € Z; and, symmetrically, g € Z,.

Assume that h3 € P;. Arguing as before we have |P;| > 2. Also h3 is not in the coguts of P; as oth-
erwise it is not feral. Thus h3 ¢ cI*(E(M) — P;). But then, as f ¢ P; we see that h3 ¢ cly,({h1, h2, f, g})
so that hs ¢ cl;‘w\fqg({hhhz}), contradicting the fact that {hi, hp, h3} is a triad of M\ f, g. Therefore
h3 € Z1 and symmetrically hy € Z, as required. O

By 6.33.7, {h1,hs, f, g} € Py. But, by the properties of the feral display in M*, the element h;
coblocks P1 in M, so that hy ¢ cl*(Py). Therefore h; ¢ cly;({h1, hs, f, g}) and again we contradict the
fact that {hq, hy, h3} is a triad in M.

Assume that |H| =1 so that H = {h{}. Clearly (Q{ U {f}, Q5 U{g},Q3,..., Q) is a k-fracture
of M/hq. Moreover, one readily checks that it is unique. It follows that Mpq/hq is k-coherent and
hence hy is pg-annoying. Therefore h; is not in a bogan or cobogan couple. By 6.33.5, h; is feral.
Moreover h; coblocks both Qi U {f} and Qj U {g}. Thus, by Lemma 6.18, there is a feral display
for h1 in M. By examining the definition of feral display we observe that there are petals P; and Pjq
of a k-fracture of M\hy such that P; € Q{ U {f}, Piy1 € Q5 U {g}, Am(P;) = Am(Pit1) =2, and
mm(P;i, Pir1) = 1. But Ny (Q7, Q%) =0, so we may assume without loss of generality that f € P;.
But f ¢ cl(Q), so that f is a coloop of M|P; and hence Ay f(P; — {f}) =1. As M\ f is 3-connected,
it must be the case that |P;| =2. As h;y is not in a bogan or cobogan couple, the flower P is canonical.
Therefore P; is fully closed in M\h;. But now Lemma 6.17 implies the contradiction that hy is not
feral. All cases lead to a contradiction and the lemma follows. O

From now on we assume that g is f-bad for contraction. Recall that Q{ =Q1UQyU---UQ; and,
for some i €{1,2,...,s}, we have g € Q;. We may assume, up to labels, that g ¢ Q;.

Lemma6.34.i =s=2.
Proof. Assume that s # 2. By Lemma 6.31, Q" = (Q1, Q2,..., Qi—1, Qi — {g}, Qit1, ..., Q) uniquely

k-fractures M\ f/g. But M/g is k-fractured. Thus, by Lemma 4.45, f is in the span of a petal of a
flower equivalent to Q”. Certainly the petal is not equivalent to Q; —{g} as otherwise M is k-fractured.
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An elementary argument, based on the fact that Q' is a maximal flower in M shows that we may now
assume that i =s and that f is in the span of a petal equivalent to Q1. As Q is a canonical flower
in M\ f, and s # 2, the petal Qp is fully closed in Q. Hence (Q1 U {f}, Q2,...,Qs_1,Qs — {g},
Qs+41,---, Qg) is a k-fracture of M/g.

Consider the k-fracture Q = (Q1, Qa,..., Q) of M\ f. Certainly f blocks Qs and, as Q' = (Q1 U
QU ---UQsU{f},Qs41,-.., Q) is a maximal swirl-like flower in M, it also must be the case
that f blocks Q2 U Q3 U---U Qs. Thus f is not 2-spanned by Q. Now, by the definition of a feral
display, one sees that f has a feral display in M rather than M*. As f blocks Qs, we see that,
with the labelling given in the definition of feral display, we have (P, P,..., P, Pit1,...,Py) =
(Qs, Qs+1,--->Qk, Q1, ..., Qg), where P; = Q. It now follows from the properties of a feral display
that f e cl(Qs U Q541 U---U Qy). Therefore f e clpy/g((Qs —{g}) U Qs41 U---U Q). But this implies
that f is a loose element of the k-fracture (Q1 U{f}, Q2,..., Qs—1, Qs — {g}, Qs+1,..., Qk), of M/g
contradicting the fact that g is not in a bogan couple. The lemma follows from this contradiction. O

We now know that Q" = (Q1, Q2 — {g}, Qs3,..., Q) is a k-fracture in M\ f/g. As in the proof
of the previous lemma we have a, possibly empty, fan H of loose elements between Qi and
Q2 — (g} such that f e cly/g(Qq UH). Let Q7 =Q1 — H and Q) = Q2 — (H U {g}). Assume that
H = (hy,hy, ..., he) is ordered from Q1 to Q — {g} in Q”. In other words, we have a quasi-flower
(Q{,H,Q%,Q3,...,Qp in M\ f/g is equivalent to Q”. Moreover (Q{ UHU({f},Q/,Q3,..., Q) and
(Q{, Q7 UHU({g},Qs,...,Qy) are k-fractures of M/g and M\ f respectively. As f and g are both
pg-annoying, these k-fractures are canonical.

Our next goal is to get rid of the irritating fan H.

Lemma 6.35. The flower Q" is canonical. In particular, the fan H is empty.
Proof. It is easily seen that the only possible loose elements of Q” are in H. Assume that H # ¢.
6.35.1. The element hy is a guts element of H and h; is a coguts element. Consequently |H| > 2.

Subproof. Consider h;, the last element of H. If h; is a guts element of H, then h; € cly; f/4(Q7) so
that h; € cly/g(Q2), contradicting the fact that the k-fracture (Q{ UH U{f}, Q4, Qs,..., Q) of M/g
is canonical. Hence h; is a coguts element of H and, dually, h; is a guts element of H. O

We omit the easy proof of the next claim.
6.35.2. The elements of H are feral.
Consider possible k-fractures of M\h;.

6.35.3. Thereisani e {1,2,...,t} such that

(Q{U{f, ha,hs, ... hi}, QY U{g. hiy1.hiya, ... he}, Q3...., Qi)
is a k-fracture of M\h;.

Subproof. Consider the matroid M\hy/g. It is easily seen that M\hi/g is 3-connected. As hy €
cly/g(Q7), and f eclyg(Q{UH), we have f e cly/g(Q7U{hz, hs, ..., he}). Thus (Q{U{f, ha, hs3, ...,
ht}, Q7. Q3,..., Q) is a k-fracture of M\h;/g. Let i be the least integer such that (Qi U
{f.h2,h3,...,hi}, QY U{hiz1, hiza, ..., he}, Qs, ..., Q) is also a k-fracture of M\h;/g.

As hq is feral, M\hy is k-fractured. Let (01U {g}, O2,..., 0y) be a k-fracture of M\hi. By the
structure of swirl-like flowers either g € cI(O, U O1) or g € cl(01 U 053). Up to labels we may assume
that g € cl(01 U 03). The partition (O1 U O3, O3, ..., O) is a swirl-like flower in the 3-connected
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matroid M\h;/g. Assume that this flower is not comparable with (Qi U {f,hy,h3,...,h;}, Q) U
{hit1, hiy2, ..., ht}, Q3, ..., Q). By Lemma 3.16, either O U O3 is contained in the full closure of
a petal of (Q{/U{f,hz,h3,.,.,hi}, Qé/U{hi+1,hi+2,...,ht}, Q3,...,Qp) or O3UO0O4U---U Oy is con-
tained in the full closure of a petal of this flower. The latter case routinely leads to a contradiction
of the fact that Mpq/g is k-coherent. The only non-contradictory possibility in the former case is if
01 C Qé/ U {hit+1, hita, ..., ht}. But, in this case, the claim holds. O

Consider the k-fracture (Q{ U {f,h2,h3,... hi}, Q) U{g, hit1,hiz2,....h}, Q3,..., Q) of M\hy
given by 6.35.3. As hy is a feral element of M, there is a k-fracture P = (Pq, P2, ..., Py) of M/hy such
that P and (Q{ U{f,h2,h3,....hi}, QY U{g, hit1,hiya, ...  he}, Q3. ..., Qi) form a feral display in M
or M*. Observe that hy is spanned in M by (Qf U{f,hz,h3,....hi}) U(QJ U{g, hit1,hiz2,....ht})
but not by either Q7 U{f,h2,hs3,..., hi} or Q5 U{g, hi11,his2, ..., h}, as otherwise M is k-fractured.
This shows that we have a feral display in M. By the definition of feral display, we may assume
that there is an I € {2,3,...,m — 1} such that P, UP3U---UP; € Q5 U{g, hix1,hiya, ..., he}, Py U
PupU---UPy CQYU{f, hy,ha,...,hi}, and Q3UQqU---U Qi C P1. As usual we let Z; =(Qj U
{f.hi,ha, ..., i) NPy, and Zy = (Q) U{g, hiz1, hiza, ..., ht})) N Py.

6.35.4. Q7 U{f,h1,hy,...,hj} € Zy and Q) U{g, hiy1, hisa, ..., he} € Zo.

Subproof. Say f ¢ Z;. Then f € P, for some u € {l+ 1,1+ 2,...,m}. But then, by Lemma 6.13 or
Lemma 6.14, (Q1, Q2, ..., Qk) is not a k-fracture of M\ f. Thus f € Z; and similarly g € Z.

If {hy,hs3,...,ht} € Z1 U Zy, then the claim holds. Assume otherwise. Let w be the first element
of {1,2,...,t} such that hy, ¢ Z, U Z,. Say w < i. Then Q{/U{f,g,h1,h2,...,hw_1} CEM)— (P41 U
Piy U---UPp), and hg € c1<,;>\f/g(Q§/ U{f, g hi,ha, ... hy-1)), so that hy, € cl) (E(M) — (Ppyq U
PiyoU---U Pp)). It follows from this that, if m #1+ 1, then h,, is a loose element of a flower of M of
order at least three, contradicting Lemma 5.32. Say [+ 1 =m. By Lemma 6.17, |Pp| > 2. Thus hy, is in
the guts or coguts of a 3-separation of M, contradicting the fact that h,, is feral. The same argument
works in the case that w > i and the sublemma follows. O

By the properties of a feral display, My (P;, Pi11) = 1. But, by 6.35.4, P; € Q{ and P;1 € Q4. Hence
mm(QY, QY) =1, that is, My s(Q7, Q5) > 1. But g ¢ cl(Q7) Ncl(Q), so My f/¢(QY, Q%) > 1. How-
ever the existence of the coguts element h; of the fan H in M\ f /g ensures that My r/¢(Q7, Q%) =0.

It follows from the above contradiction that a feral display does not exist for h; so that hy is not
feral, and we can at last conclude that H=¢. O

The next lemma shows, thankfully, that we do not have to dig any deeper.
Lemma 6.36. There is no element h such that h is fixed in Mg\ f /g and Mpq\ f/g\h is k-coherent.

Proof. Assume that the lemma fails so that we have an element h that is fixed in Mpg\f/g and
Mpg\ f/g\h is k-coherent. It is clear that h is either feral or semi-feral, and, in the semi-feral case,
M\ f is 3-connected. In other words, M\h is 3-connected and k-fractured. By Lemma 6.35, Q' =
(Q1,Q2 —{g}, Q3,..., Q) canonically k-fractures M\ f/g, and this k-fracture is unique. Moreover
(Q1U{f},Q2—{g},Q3,...,Qk and (Q1, Q2,..., Q) are unique canonical k-fractures of M/g and
M\ g respectively. Recall also that Q; = {p, q} for some t € {3,4,...,k}.

We omit the argument that shows that either h € Q1 or h € Q; — {g} which is similar to, but
easier than, the arguments below.

Consider the case that h € Q2 — {g}. We know that (Q; U{f}, Q2 —{g}, Qs3, ..., Q) is a canonical
unique k-fracture of M/g and h € Q; — {g}. Consider M/g\h. This matroid is clearly 3-connected.
If, for some partition (Q3, Q;) of Q2 — {g}, the partition (Q1 U{f}, Q. QJ,Q3,..., Q) is a tight
swirl-like flower of M/g\h, then it is clear that M,q\ f/g\h is not k-coherent. Hence (Q1 U ({f}, Q2 —
{g,h}, Q3,..., Q) is a maximal swirl-like quasi-flower in M/g\h. This flower is either a k-fracture,
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or else Q2 — {g, h} is a set of loose elements of the flower. In the latter case we have M/g\h is k-co-
herent, as any other fracture would again contradict the fact that Mpq\ f/g\h is k-coherent. As M\h
is k-fractured, it follows that (Q1 U{f}, Q2 — {h}, Q3,..., Q) is a maximal k-fracture of M\h. Note
that g € cl(Qq U {f}), as otherwise (Q1 U{f}, Q2,..., Qk) is a k-fracture of M. But g € Q; — {h}, so
that g is loose in (Q1 U {f}, Q2 — {h}, Qs, ..., Q). This gives the contradiction that {g, h} is a bogan
couple.

Consider the case that h € Q1. Assume that M\ f,h is not 3-connected. Then, as M\ f,h/g is
3-connected, there is a series pair {g, g’} in M\ f,h so that {g, g’,h} is a triad of M\ f. But Q is
a canonical flower of M\ f and it follows that any triad must be contained in a single petal of Q,
contradicting the fact that h € Q1 and g € Q. Thus M\ f, h is 3-connected. Arguing as in the previ-
ous case we see that (Qq — {h}, Q2,..., Q) either uniquely k-fractures M\ f,h or Q1 — {h} is a set
of loose elements of this flower. But M\h is k-fractured. In the case that M\ f,h is k-fractured, it
must be the case that this k-fracture is (Q1 — {h}, Q2, Q3, ..., Qk), as otherwise it is easily checked
that Mpq\ f/g\h is k-fractured. In either case we deduce that Mg\ f,h is k-coherent and we have
contradicted Lemma 6.33. O

Assume that M,q\p/q is not a k-skeleton. By Lemma 6.36, there is no element h such that either h
is fixed in Mpq\ f/g and Mpq\ f/g\h is k-coherent. By the symmetry between f and g under duality,
it also follows from Lemma 6.36, that there is no element h such that h is cofixed in Myq\f/g
and Mg\ f/g,h is k-coherent. Thus Mpq\ f/g is indeed a k-skeleton. This completes the proof of
Theorem 6.30.

Chapter 7. Paths of 3-separations
1. Introduction

Recall that if X and Y are disjoint sets of elements of the matroid M, then «(X,Y) denotes
the minimum of A(X’,Y’) over all partitions (X’,Y’) of E(M) with X € X’ and Y C Y'. A path
of 3-separations in a matroid M is a partition P = (Pg, Pq, ..., P;) of E(M) into subsets such that
k(Po,P))=2and A(PpU---UP;)=2,forallie{0,1,...,1—1}.Ifie{0,1,...,1}, then P; is a step of
the path; Pg and P; are end steps and otherwise P; is an internal step.

We allow the possibility that internal steps can be empty. A solid path has no empty steps. If P
has I + 1 nonempty steps, then the length of P is .

Recall that A, denotes the rank-m free spike and recall that £(q) denotes the class of matroids
that has no Uj g42-, Uq g4+2- Or Ag-minor. In this chapter we begin the task of controlling the struc-
ture of a k-skeleton in £(q). Our primary goal is to prove that k-skeletons in £(q) cannot have
arbitrarily long paths of 3-separations. In other words, we prove

Theorem 7.1. Let k > 5 and q > 2 be integers. Then there is a function f7.1(k, q) such that, if M is a k-skeleton
with a path of 3-separations of length f7.1(k, q), then M ¢ £(q).

We also prove a number of other lemmas that will be of use later in the paper. Before ploughing
on into the technicalities of the proof we note a corollary of Theorem 7.1.

Corollary 7.2. Let k > 5 and q > 2 be integers. Let M be a k-coherent matroid with a path of 3-separations P
of length f7.1(k,q) + 2 such that each step of P contains an element that is neither fixed nor cofixed. Then
M¢&(@.

Proof. Assume that M satisfies the hypotheses of the corollary. Let n = f;7.1(k,q) + 2. Then M has
a path P = (Pg, P, ..., Py) such that each step of P contains an element that is neither fixed nor
cofixed and both Py and P, contain at least two such elements. If M is a k-skeleton, the result
follows immediately, so assume that M is not a k-skeleton. Then, up to duality, we may assume that
there is a fixed element z such that M\z is k-coherent. For some i € {0, 1,...,1}, we have z € P;. If x



J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175 99

is not fixed in M, then x is not fixed in M\z. Assume that x is not cofixed in M. Then, as z is fixed
in M, it is not the case that z is freer than x in M. Thus, by Corollary 5.7, x is not cofixed in M\x.
It is now clear that (Po, ..., Pi—1, Pi — {z}, Pi+1,..., Py) is a path of 3-separations in M\z each step
of which contains an element that is not fixed or cofixed. The result now follows from an obvious
induction. O

2. Some preliminaries

We begin by developing some more terminology for paths of 3-separations. A nonempty internal
step P; of P=(Pg, P1,..., P)) is prime if there is no partition (P;1, P;2) of P; into nonempty subsets
such that (Py, Py, ..., Pi_1, Pi1, Pi2, Pit1, ..., P;) is a path of 3-separations of M. The path P is maxi-
mal if all of its nonempty internal steps are prime. It may be that an internal step P; contains a single
element pj, in which case it is a singleton step. A singleton step P; = {p;} is a guts step or a coguts
step if it is respectively in the guts or coguts of the 3-separation (PgUP1UP1U---UP;j, Pi;1UPj1pU
Pi12 U---U Pj) of M. To simplify notation we often denote the singleton step {p;} by p;. We also use
P;” to denote the set PoUPqU---UP;_; and PI.Jr to denote the set Pjyq UPj;2U---UP.

The next lemma follows from the fact that the connectivity function of a matroid is monotone
under minors.

Lemma 7.3. Let P = (Pg, P1, ..., P;) be a path of 3-separations in the matroid M and let M’ be a minor of M
ontheset E'. If kpy (PoNE', PNE) =2, thenP = (PgNE',P1NE’, ..., PyNE’)is apath of 3-separations
in M’

There are no surprises in the next elementary lemma. It essentially says that if we keep the same
local connectivity, then we keep the same guts.

Lemma 74. Let Y and Z be disjoint sets of a matroid M and let y be an element of Y. Assume that Z' C Z,
and (Y, Z")=n(Y, Z).Then y € cI(Z') ifand only if y € cl(Z).

Proof. One direction is clear. For the other direction, say that y € cl(Z). Assume, for a contradiction,
that y ¢ cl(Z’). We consider two cases. For the first assume that y ¢ cl(Y — {y}). Then n(Z U {y},
Y—{yH=n(Z,Y)—1,and n(Z’U{y},Y = {y) =T (Z)+ 1)+ @(Y)—=1) —r(Z'UY)=n(Z', Y). This
contradicts the fact that n(Z' U {y},Y — {y}) <(ZU{y}, Y — {y}).

For the other case, assume that y € cl(Y —{y}). Then n(ZU{y}, Y —{y}) =n(Z,Y), and n(Z' U{y},
Y—{yD=0Z)+1)+r(Y)—r(ZUY)=n(Z,Y)+ 1. Again we contradict the fact that n(Z’ U {y},
Y—{yh<n(ZU{yLY—-{yh. O

We will also need the following slight strengthening of Tutte’s Linking Theorem.

Corollary 7.5. Let (A, Z, B) be a partition of the ground set of a matroid M where k (A, B) = k. Then there is
a partition {1, J} of Z such that M(A, I) =n(B, I) =0, and Ay j (A, B) =k.

Proof. By Tutte’s Linking Theorem there is a partition (I, J) of E(M) — (AU B) such that Ay, (A,
B) = kM (A, B). Assume that amongst all partitions with this property we have chosen I to have least
cardinality. Let N = M\ J. Then, for all z € I there is a k-separation (A’, B’) of N such that A C A/,
B C B’ and z is in the coguts of (A’, B’). A routine uncrossing argument shows that there is an
ordering (z1, z2, - .., z;) of I, with the property that (AU{z1, ..., z;}, {Zi+1, ..., z7}UB) is a k-separation
of N with z; in the coguts for all i € {1,2,...,1}. But then r(AUI) =r(A)+|I| and r(BUI) =r(B) + |I]|
giving the corollary. O

Let 2/(q) denote the class of matroids with no Uj q42-minor and U*(q) denote the class of ma-
troids with no Ug g4 2-minor. We use the following result of Kung [16].
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Lemma 7.6. If M is a simple rank-r matroid in U (q), then M has at most (q" — 1)/(q — 1) elements.
An easy corollary of Lemma 7.6 is

Corollary 7.7. If M is a simple matroid in U4(q), and A C E(M) has A(A) =, then there are at most (q" —
1)/(q — 1) elements in cl(A) — A.

3. Strands and paths of clonal pairs

In this section we develop some straightforward properties of paths of 3-separations. In doing this
we typically do not need strong connectivity assumptions about the underlying matroid. Recall that
in Chapter 3 flowers were defined for connected, but not necessarily 3-connected matroids.

Strands Let (A, B) be a partition of the ground set of the matroid M. A B-strand is a minimal
subset X of B such that m(A, X) = 1. Say a € A. Note that, if X is a B-strand, and a € cl(X), then
X U{a} is a circuit. Note also, that if Y is a subset of B with m(Y, A) =1 and a € cl(Y), then there is
a strand X C Y such that a € cl(X).

Lemma 7.8. Let (A, x, B) be a path of 3-separations in the matroid M. If there exists a B-strand X such that
x € cl(X), then x is fixed in M.

Proof. Assume that X is a B-strand with x € cI(X). Then x € cl(B). If x ¢ cl(A), then (A, BU{x}) is a
2-separation in M contradicting the definition of path of 3-separations. Therefore x € cl(A).

Let M’ be a matroid obtained by cloning x by x'. Then x’ € clyy(A), so M(AU {x,x'}, X) =n(AU
{x}, X) = 1. But {x, x'} C clpy(X), so that x and x’ are parallel in M’. Hence x is fixed in M. O

Let (A, x, B) be a path of 3-separations of M, where x is a guts singleton. Then x is fixed from the
right if there is a B-strand X such that x € cl(X) and x is fixed from the left if there is an A-strand X
such that x e cl(X).

The next lemma follows from Theorem 6.2 and Lemma 6.3 of [8]. See also [2].

Lemma 7.9. Let (A, B) be an exact 3-separation of the matroid M. Then there exists an extension M’ of M by
the element x’ such that X' € clpy (A) N clyy (B) and X' is not fixed in M.

Lemma 7.10. Let (A, x, B) be a path of 3-separation, where x is a guts singleton. Then x is fixed in M if and
only if x is fixed from the left or fixed from the right.

Proof. If x is fixed from the left or right, then x is fixed in M by Lemma 7.8. Consider the converse.
Assume that x is fixed in M. By Lemma 7.9 it is possible to extend M by an element x' to obtain
a matroid M’ with a path of 3-separations (A, x,x’, B) such that x' is a guts singleton and X' is
not fixed in M’. As x is fixed in M’, there is a circuit C of M containing x such that x" ¢ cly (C).
Consider M'/x". As x' ¢ clyy(C), we see that C is a circuit of M'/x’. Moreover, x is in the guts of the
2-separation (AU {x}, B) of M’/x’. But now (A, B) is a separation of M’/x’, x and C — {x} is a circuit of
this matroid. Thus C — {x} € A or C — {x} C B. Assume the latter holds. As x € cl(C — {x}), we see that
M(AU {x}, C —{x}) > 1. But X’ ¢ cl(C — {x}), so, by Lemma 7.4, M(A U {x}, C — {x}) < 2. Hence C — {x} is
a B-strand, and x is fixed from the right. O

Lemma 7.11. Let (A, x, B) be a path of 3-separations of the matroid M, where x is a guts singleton. Assume
that B has a partition {B1, B2, ..., B} such that

(i) (AU {x}, B1, Ba, ..., B)) is a swirl-like or spike-like flower with at least three petals, and
(ii) Bj is a clonal pair.

Then x is fixed from the right in (A, x, B) if and only if either x € cl(B1) or x € cl(B)).
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Proof. Say x € cl(B1) or x € cl(B;). Then, as M(By, A) =n(B;, A) =1, we see that x is fixed from the
right.

Assume that x is fixed from the right. Then there is a B-strand X whose closure contains x so that
X U {x} is a circuit. For the first case, assume that X N By # @. Then, as X U {x} is a circuit, and B1 is
a clonal pair, we see that B; C cl(X). Now

1=n(B1, A) <N(c(X), A) =1,

so that m(B1, A) =n(cl(X), A). By Lemma 7.4, x € cl(B1), as required. For the other case assume that
XN By =. Then

1=n(BUB3U---UBj,A) =1(X,A)=r(B;,A) =1,
and again by Lemma 7.4, it follows that x € cI(B;). O
Lemma 7.12. Let (A, x, B) be a path of 3-separations of the matroid M, where x is a guts singleton. Assume
that x is not fixed from the right. Say I € B, and n(A, I) = 0. Then, in M/I, the element x is not parallel to any
element of A.
Proof. Assume that y € B and {x, y} is a parallel pair in M/I. Then there is a circuit C of M such that
{x,yJSCC{x,y}UIl Now 1 <n(C—{x}, A) <n(,A)+1=1, so that n(C — {x}, A) = 1. Thus C — {x}

is a B-strand and x € cl(C — {x}). This contradicts the fact that x is not fixed from the right. O

Lemma 7.13. Let P be a path of 3-separations with a set {x1, X2, ..., x;} of singleton guts elements, none of
which are fixed from the right. Then M has a U, j-minor on the set {x1, X2, ..., X;}.

Proof. By an appropriate concatenation we may assume that

P = (Po,x1, P1,%2, P2,..., Pi_1,%, P)).
Note that P need not be a solid path in that it may have some empty steps. By Corollary 7.5, there is
a partition {I, J} of P;_; such that M(Po U {x;}UP1U---UP;_>,U{x_1},1) =n(, {x}U P;) =0, and

Amyng(PoU{x1}UU---UP_U{x_1}, {x} U P) = 2. Evidently (Po,x1, P1,..., Pj_2,X-1,X, P)) is a
path of 3-separations in M/I\ J. By Lemma 7.12, x;_1 is not parallel to x;. Moreover, each element of

{x1,x2,...,%} is a guts singletons in this path and is not fixed from the right. Repeating this process
we obtain a minor M’ with a path of 3-separations P’ = (Pg, X1, X2, ..., X, P;), where the members of
{x1,%2,...,x} are guts singletons and x; is not parallel to x; for all distinct i, j € {1,2,...,I}. Evidently

M/\{X],Xz, .. .,Xl} = UZ,I- ]

Displayed flowers Let P = (Pg, Pq,..., P;) be a path of 3-separations of the matroid M and let Q
be a flower of M. Then Q is displayed by P if each petal of Q is a union of steps of P. The flowers
displayed by P are partially ordered by refinement. The flower Q is a maximal displayed flower of P
if it is maximal in this partial order. Note that a maximal displayed flower need not be a maximal
flower of M and flowers that are incomparable in this partial order may be comparable in the usual
partial order of flowers.

Lemma 7.14. Let P = (Py, P1, ..., P;) be a path of 3-separations of the connected matroid M with the prop-
erty that A(P;) > 2 foralli € {0,1,...,1}.Let Q= (Q1, Q2, ..., Qr) be a maximal displayed flower of P. Then
there exist i, jsuchthat0<i< j<lLand {Q1,Q2,...,Q,;} = {P;, Pi, Pit1,..., Pj, P;’},

Proof. Certainly Q has petals Q, and Qg containing Pg and P; respectively. We first show that any
other petal of Q contains exactly one step of P. Assume otherwise. Say that Q is a petal of Q other
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than Q4 or Qg that contains more than one step of P. Assume that P;, P; € Q, where i < j. Then
(P; UP;, Pl.+) is not displayed by Q and a routine uncrossing argument shows that there is a flower
displayed by P that refines Q and displays this 3-separation, contradicting the fact that Q is a maximal
displayed flower of P.

Consider Qg, the petal containing Pg. Let i be the greatest integer such that P; C Q,. We now
show that Qy = PoU P71 U---U P;. Assume that this is not the case. Then there is a j with 0 < j <i
such that P; € Qq. In this case an uncrossing argument using the 3-separation (Pj’ U Pj, P}L) again
shows that Q is not a maximal displayed flower of P. Hence Q4 and Qg respectively contain an initial
and a terminal sequence of steps of P and the lemma follows. O

A straightforward uncrossing argument also proves

Lemma 7.15. Let P = (P, P1, ..., P;) be a path of 3-separations of the connected matroid M with the prop-
erty that A(P;) > 2 foralli € {0, 1,...,1}. If P is a step of P, then P is a petal of at most one maximal displayed
flower.

Special paths of 3-separations We say that a flower in a matroid is a spiral if it is either swirl-like
or spike-like. A path of 3-separations (Pg, P1, ..., P;) is special if

(i) (P;, P, P;") is a spiral for all i € {1,2,...,1—1}, and
(ii) (Pg, Py, ..., P;) displays no 4-petal flowers.

We begin by characterising special paths of length 4. We first note an elementary operation that
can be performed on special paths of 3-separations.

Lemma 7.16. Let (A, B, C, D) be a special path of 3-separations. Then so too is (B, A, C, D).

Proof. As (A, B,CUD) is a spiral, A(B) =2, so that (B, A, C, D) is a path of 3-separations. The flowers
displayed by (B, A,C,D) are the same as the flowers displayed by (A, B, C, D), so that the path
displays no 4-petal flowers. To show that the path (B, A, C, D) is special, we need to show that
(i) (BUA,C, D) and (ii) (B, A,CU D) are spirals. As (A, B, C, D) is special (AUB, C, D) is a spiral, so
that (i) holds. We have already observed that (A, B,C U D) is a spiral and this spiral is equivalent or
(B, A, CU D) so that (ii) holds. O

We say that the special path (B, A,C, D) is obtained from (A, B,C, D) by switching. Evidently
(D, C, B, A) is also a special path of 3-separations and we say that it is obtained from (A, B, C, D) by
reversal. The special path (A, B, C, D) has

Type I: if N(A,C)=n(B,C)=1 and n(B, D) =0,
Type II: if (B, C) =1 and n(A, C) =n(B, D) =0, and
Type III: if M(A,C)=n(B,C) =n(B, D) =0.

It is easily seen that no sequence of switches and reversals can convert a special path of one type
into another type.

Lemma 7.17. If (A, B, C, D) is a special path of 3-separations, then some sequence of switches and reversals
converts (A, B, C, D) into a path of Type I, II, or IIL.

Proof. As (A,B,CU D) is a spiral in M, we have rn(A, B) =1 and similarly rn(C, D) = 1. Moreover

(A, C) <n(A,CUD)=1. Thus n(A, C), n(A, D), n(B, C) and n(C, D) are all at most 1.
Say that m(A, C) =n(B, C) = 1. Assume that M(B, D) = 1. Then

MANC)=r(AUC)+r(BUD) —r(M)
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= (r(A) +r(C) = 1) + (r(B) + r(D) — 1) — r(M)
=r(AUB) +r(CUD) —r(M)
=2.

It follows from this that (A, B, C, D) is a flower and it is easily checked that this flower is spike-like,
contradicting the definition of special path. Thus n(B, D) =0, and (A, B, C, D) has Type L

Assume that (A, B, C, D) cannot be converted into a path of Type I or Type III by a sequence of
switchings and reversals. Then we may assume, up to switchings and reversals, that r(A, C) =0 and
n(B,C)=1.If n(B, D) =1, then (A, B, C, D) converts into a path of Type I. Assume that (B, D) =0.
If (A, D) =1, then it is easily checked that (A, B, C, D) is a swirl-like flower. Hence m(A, D) =0 and
(A,B,C,D) has Type Il. O

We omit the straightforward rank calculation that proves the next lemma.

Lemma 7.18. If (A, B, C, D) is a special path of 3-separations of Type I, Il or Ill in M, then (B, A,D,C) is a
special path of 3-separations of Type I, Il or III respectively in M*.

Paths of clonal pairs Let {p,q} be a clonal pair in a matroid M. Then {p,q} is M-strong if
v (p,q}) =2. Let P=(Pg, P1,..., P;) be a path of 3-separations of the connected matroid M. Then
P is a path of clonal pairs if

(i) P is maximal;
(ii) P; is an M-strong clonal pair for all i € {1,2,...,[—1};
(iii) (P;, P;, P}) is a flower for all i € {1,2,...,1—1}.

Note that (iii) follows from (ii) except for the fact that there is nothing in the definition of a path
of 3-separations to prevent the possibility of M having a 2-separating set that crosses Py U P;. Such a
2-separating set causes no difficulties structurally, but, given our definition of flower it does prevent P
from having displayed flowers. This triviality having been dealt with we move on.

Let P = (Pyg, Pq,..., P;) be a path of clonal pairs. Say i € {1,2,...,]— 1} and P; = {pi, q;}. If the
flower (P;", Py, Pi*') is a paddle or copaddle, then (Po, Pq,..., Pi_1, pi,qi, Pi+1,-.., P;) is a path of
3-separations contradicting the maximality of P. Thus (P;", P;, P;r ) is a spiral. The next corollary
follows from this observation and Lemmas 7.17 and 7.18.

Lemma 7.19. Let P = (Pg, P1, ..., P;) be a path of clonal pairs. Then every flower displayed by P is a spiral.
Moreover, there are integers 0 < i1 < --- <im < lsuchthat (Qq, Q2, ..., Q) is a maximal displayed flower
of P if and only if

—[p- . . +
{le QZa cer QT}_ {P1}+la Plj+]7"'7 Plj+1a Pij+1}
forsome je{1,2,...,m}.
Via Lemma 7.19, the maximal displayed flowers of a path of clonal pairs can be canonically asso-

ciated with a partition of (Pg, P1,..., Pj_1) into consecutive sets of steps. We call this partition the
flower partition of P in M. We omit the routine proof of the next lemma.

Lemma 7.20. Let P = (Pg, P1, ..., Pj) be a path of clonal pairs of the matroid M. Ift € {1,2,...,1— 1} and
Pt ={ps, q¢} is a petal of a displayed flower of P with at least four petals, then the following hold.

(i) (Po, P1,..., Pt—1, Pty1, ..., Py) is a path of clonal pairs in M\ p¢/q;.
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(ii) If (P1, P2, ..., Ps) is the flower partition of P in M, where P; € Pj, then (P1, P2, ..., Pj—1, Pj — {Pt},
Pjs1,..., P is the flower partition of the path of clonal pairs (Pg, P1,...,Pt_1, Pey1,..., Pp) in
M\p¢/qt.

The next corollary follows from Lemma 7.20 and an elementary calculation.

Corollary 7.21. Let s > 1 and k > 5 be integers and let P = (Pg, P1, ..., P;) be a path of clonal pairs of the
connected matroid M. Assume that P does not display any spiral with k petals. If | > (k — 3)(s — 1), then M
has a minor with a special path of clonal pairs of length s.

Special paths of clonal pairs At the risk of overkill we point out that a special path of clonal pairs is
a special path of 3-separations that is also a path of clonal pairs. We omit the easy proof of the next
lemma.

Lemma 7.22. Let P = (Pg, P1, ..., P;) be a special path of clonal pairs of the connected matroid M. If P; =
{pi, qi} is an internal step of P, then (Pg, P1, ..., Pi_1,{qi} U P,.*) and (P; U{qi}, Piy1...., P) are both
special paths of clonal pairs in both M\ p; and M/ p;.

Lemma 7.23. Let (Po, {p1,q1}, {P2,q2}, P3) be a special path of clonal pairs in the connected matroid M.
Then for some N € {M, M*}, either

(i) q1 is not fixed from the right in the path (Po, q1, {P2,q2}, P3) of N/p1, or
(ii) g is not fixed from the left in the path (Po, {p1,q1}. 92, P3) of N/p>.

Proof. Consider the path (Po, {p1,q1}, {P2,q2}, P3). By Lemma 7.17 a sequence of switches and rever-
sals converts it into a path or Type I, Il or IIL If the lemma holds for a given path, then it certainly
holds for the reversal of that path. It is now easily seen that we lose no generality in assuming
that there is a path (A, B,C, D) of Type I, II or Ill such that {A, B} = {Po,{p1,91}} and {C,D} =
{{p2,q2}, P3}. By Lemma 7.18, we may further assume that D = {p,,q2}. Then mp(Po, {p2,q2}) =
M ({P1,91}, {P2,q2}) = 0. Hence q2 ¢ clp/p, (Po) and g2 ¢ cly/p, ({P1,41}). Now, by Lemma 7.11, g3 is
not fixed from the left in (Pg, {p1,q1},q2, P3). O

Lemma 7.24. Let s be a positive integer and let P = (Pg, P1, ..., P;) be a special path of clonal pairs of the
connected matroid M. Ifl > 8s, then M has a U3 s- or a Us_» s-minor.

Proof. Assume that [ > 8s. By Corollary 7.21, we may assume, up to reversal and taking duals, that
P has a subsequence (Pi, = {pi,.qi,}, Pi, = {Piy» 9y}, - - -» Pi; = {Pi,, qi;}) of internal steps with the
following property: for j € {1,2,...,s}, the element g;; is not fixed from the right in the path
(Po, P1,.... Pi;—1,4i, Pij41, ..., P1) of 3-separations of M/p;;. By Lemma 7.22, (PoUP{U---UP;;_1U
{ai;}, Pij+1,..., P isa special path of clonal pairs in this matroid. Define Q = (Qg, Q1, ..., Q) as fol-
lows. If r € {i1, 12, ..., 15}, then Q, = {q;} and otherwise Q, = P;. This is clearly a path of 3-separations
in M/pi,, Piy, - - -, Pi; and the elements {q;,,qi,. ..., q;,} are guts singletons that are not fixed from the
right. By Lemma 7.13, M has a Uy s-minor. O

Corollary 7.25. There is a function f7.,5(k, q) such that, ifn > f725(k,q) and P = (Pg, P1, ..., Py) is a path
of clonal pairs in a connected matroid M that does not display any swirl-like flower of order k, then M ¢ £(q).

Proof. Let s = max{k,q} and let f725(k,q) = ((s + 2) — 3)8s. Certainly P does not display any swirl-
like flower with s + 2 petals. If P displays a spike-like flower with s + 2 petals, then all but at most
two of the petals of this flower are clonal pairs so that M has a As- and hence a Ag-minor. Therefore
we may assume that P does not display any spiral with s + 2 petals.

By Corollary 721, M has a minor with a special path of clonal pairs of length 8s + 1. By
Lemma 7.24, M has a Uj g42- or a Ug g42-minor and we conclude that M ¢ £(q). O



J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175 105

Fig. 7.1. A feral pack in the path (P, X, Q).

4. Feral elements in paths

To prove Theorem 7.1 we would like to reduce a long path of 3-separations in a k-skeleton to one
in which the internal steps are either singletons or clonal pairs. But there are obstacles to doing this
caused by the presence of feral elements.

Let X be a prime step in a path of 3-separations in the k-coherent matroid M. Then X is a feral
pack if no element of X is in a triangle or triad, X contains a single clonal pair {u, v}, and X — {u, v}
consists of feral elements of M. Fig. 7.1 illustrates a feral pack. Note that X — {u, v} is a bogan couple.
We know of no examples of feral packs where X — {u, v} is neither a bogan nor a cobogan couple.

Recall that if Z C E(M), then coh(Z) denotes the set Z — fcl(E(M) — Z).

Lemma 7.26. Let Z be a 3-separating set of the k-coherent matroid M such that no member of Z is in a triangle
or a triad and |Z| > 4. Then the following hold.

(i) There is an element z € Z such that either M\z or M/z is k-coherent.
(ii) If Z contains a clonal pair {u, v}, then there is an element z € Z — {u, v} such that either M\z or M /z is
k-coherent.

Proof. As no member of Z is in a triangle or a triad, Z is non-sequential. Thus a 3-separation equiv-
alent to Z is displayed in a 3-tree for M. It follows that Z contains a peripheral set P. Assume
that P is non-sequential, then by Lemma 4.40(ii), if z € coh(P), either M\z or M/z is k-coherent. As
|coh(P)| > 4 there is an element z € coh(P) — {u, v} and the lemma holds. Assume that P is sequen-
tial. Then, as no element of Z is in a triangle or a triad, | P| = 2. By Corollary 4.10, if p € P, then either
M\p or M/p is k-coherent and the lemma holds unless P = {u, v}. If P ={u, v}, then it is clear that
Z contains another peripheral set P’ and the lemma holds by considering this peripheral set. O

It follows immediately from Lemma 7.26 that if X is a feral pack of the k-coherent matroid M and
Z C X is 3-separating, then |Z| < 2. Because of this the next lemma applies to feral elements of feral
packs.

Lemma 7.27. (See Fig. 7.2.) Let M be a k-coherent matroid and let (P, X, Q) be a path of 3-separations in M
where X is a prime step. Assume that no element of X is in a triangle or a triad, and that there is no 3-sepa-
rating set Z C X with |Z| > 3. Let f be a feral element of X. Let (P1, P2, ..., Pp) and (Q1, Q2,..., Qp) be
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Fig. 7.2. Illustration for Lemma 7.27.

maximal k-fractures of M\ f and M/ f respectively. Then there is a partition {{x1, X2}, Z1, Z2} of X — { f} such
that, up to labels, duality and equivalence of flowers, the following hold.

(i) m=k, P1=QUZ{UZy, PUP3U---UPy_1=P, P, ={x1,x2},and (Q UX, P», P3,...,Pr_q1)isa
swirl-like flower of order k — 1 in M.
(i) n=k Q3UQqU---UQr=Q,Q1=Z1U{X1,X2}, Q2=2Z2UP,and (PUX, Q3,Q4,...,Qp) isa
swirl-like flower of order k — 1 in M.
(iii) M\xq is k-coherent.

Proof. Up to duality we may assume that (Pq, P2, ..., Pp) and (Q1, Q2,..., Q) form a feral display
for f. It follows that n =k and that (Q; U Q2 U{f}, Q3,..., Qi) is a maximal swirl-like flower of M.
Now consider the way that the 3-separations (P, X U Q) and (P U X, Q) interact with this flower. If
neither P nor Q is contained in a petal of the flower, then one deduces that X contains a 3-separating
set equivalent to the non-sequential 3-separating set Q1 U Q2 U{f}. Thus, up to switching the labels of
P and Q, we may assume that P is contained in a petal Q’. Assume that Q' # Q1 U Q2 U {f}. Then
we deduce that Q1 U Q2 U {f} C X, contradicting the assumption that X contains no 3-separating
set Z with |Z]| >3. Hence P C QiU QuU{fLIf PUX Z Q1 U Q2 U{f}, we contradict the assumption
that X is prime. Thus PU X C Q1 U Q2 U {f}. Now (Q1, Q2,..., Q) is a maximal flower in M/ f,
and ((P U X) —{f}, Q) is a 3-separation. We know that (PU X) — {f} € Q1 U Q. If (PUX) — {f}
is contained in either fcl(Q1) or fcl(Q3), we obtain the contradiction that M is k-fractured. Therefore
(P UX)—{f} is equivalent to Q1 U Q3, and we may assume that (PUX) — {f}=Q1U Q.

Consider the flower (Pq, P2,..., Py) of M\ f. As we have a feral display for f, we have P12
Q3 U Q4 U---U Qg and, for some i > 3, the partition (P2, P3,...,P;,Piy1 U---UP, U{f} is a
swirl-like flower of order i in M. Arguing as before we deduce that P, U P3U---U P; = P. Now
Pit1UPiypU---UP, € X and Ap(Pj4q UPjyp U---U Py) =2. By the assumption that X contains no
3-separating set Z with |Z| > 3, we must have n=k, i =k — 1, and |P,| = 2. Let Py = P, = {x1, X2}.
From the properties of a feral display we see that there is a partition (Z1,Z3) of X — {x1,x2}
such that Q1 = Z1 U {x1,x2} and Q2 = Z, U P. This shows that parts (i) and (ii) of the lemma
hold.

Consider part (iii). The partition (P1, Py, ..., Pg) is a k-fracture of M\ f. Moreover, {x1,x,} is a
fully-closed petal of this k-fracture. It now follows from Lemma 6.17 that M\x; is k-coherent. 0O
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The next lemma is elementary.

Lemma 7.28. Let S be a sequential 3-separating set in a 3-connected matroid M where |S|, |[E(M) — S| > 3
and let (U, V) be a non-sequential 3-separation of M. Then either S C fcl(U) or S C fcl(V).

Proof. As S is sequential it contains a triangle or triad T such that S C fcl(T). If |[UNT| > 2, then
S Cfc(UNT), so that S C fcl(U). The lemma follows from this observation. O

The next lemma shows that feral packs are essentially the only obstruction to obtaining a satisfac-
tory simplification of a path of 3-separations.

Lemma 7.29. Let M be a k-coherent matroid and let (P, X, Q) be a path of 3-separations where X is a prime
step and |P|,|Q| > 3. Let X' = (fcl(P U X) N Q) U (fcl(Q U X) N P). Assume that there is no fixed element
in X’ such that M\x is k-coherent and no cofixed element in X’ such that M /x is k-coherent.

(i) If|X| > 2, then there exists x € X such that either M\x or M /x is k-coherent.
(ii) If |X] = 3, X contains a clonal pair {u, v}, and X is not a feral pack, then there exists x € X — {u, v} such
that either M\x or M /x is k-coherent.

Proof. If we are in case (i) of the lemma, let Y = X and if we are in case (ii), let Y = X — {u, v}.
Assume that there is no element y € Y such that either M\y or M/y is k-coherent. Note that, as X
is prime, both P and Q are fully closed.

7.29.1. No element of Y is in both a triangle and a triad.

Subproof. If y €Y is in both a triangle and a triad, then y is in a fan F with at least four elements.
As |X| > 1 and X is prime, it is easily seen that M is not a wheel or a whirl. Hence F has ends. If
e is an end of F, then either M\e or M/e is k-coherent by Corollary 4.6 and e is respectively fixed
or cofixed. Evidently either e € X’ or e € X. The former case contradicts our assumption about the
elements of X’. Consider the latter case. The element e is either fixed or cofixed, so e ¢ {u, v}. Thus
e €Y, contradicting our assumption about the elements of Y. O

7.29.2. No element of X belongs to a triangle or triad.

Subproof. If the sublemma fails, then we may assume that there is a triangle T = {a, b, c} that
meets X.

Assume that T is not k-wild. Note that the elements of T are in XU X’. Say a € X’. We may assume
that a € P. Then a € cI(P — {a}), but T ;(_ cl(P — {a}), so by Lemma 5.16, a is fixed in M. By 7.29.1, and
the fact that T is not k-wild, we see that there is an element z € T such that M\z is k-coherent. The
only way that this does not contradict assumptions about the members of X' UY is to have z € {u, v}.
But in this case a ¢ {u, v}. By Corollary 5.25, M\a is k-coherent again contradicting our assumptions
about elements of Y U X'.

Assume that T is k-wild. By 7.29.1, T is either a standard or costandard k-wild triangle. Let (A1, A3,
..., Ax_2,B1,Ba,...,Bx_2,C1,Ca,...,Cy_2) be a k-wild display for T, where A= A1 UAU---UA,_7,
B=B1UByU---UBp_» and C=C;UCyU---UCg_y. Let (U, V) be a non-sequential 3-separation
of M. If neither U nor V is contained in any of fcl(A), fcl(B) or fcl(C), then one deduces by uncrossing
that one of the flowers of M displayed by the k-wild display is not maximal. This contradicts the
fact that M is k-coherent. This means that for any non-sequential 3-separation (U, V), up to labels,
U is contained in either fcl(A), fcl(B) or fcl(C). If |P U Q| =4, the sublemma is clear. Thus we may
assume that |P| > 2. Note that T ¢ fcl(P). If P is non-sequential, then we see that we can assume that
P C fcl(A) by the above observation. If P is sequential, the same conclusion follows from Lemma 7.28.
If |Q| > 2, then we may assume that Q C fcl(B) so that X contains a set equivalent to C, and we see
that X contains at least three peripheral sets and it is clear that Y contains a peripheral set Z C C
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whose full closure avoids {u, v}. If p € fcl(Z) N P, then p is a loose element of the swirl-like flower
(A1, A3, ..., Ak, BUCUT) of M. But then, by Lemma 4.13, up to duality, X’ has a fixed element
whose deletion preserves k-coherence. Hence fcl(Z) avoids P and similarly avoids Q. Thus fcl(Z) C Y.
But now, by Corollary 4.37, Y contains an element that can be either deleted or contracted to preserve
k-coherence. We omit the easy analysis for the case that |Q|=2. O

7.29.3. There is no 3-separating set Z C X with |Z| > 3.

Subproof. Assume that Z is such a set. If Z is sequential then it contains a triangle or triad contra-
dicting 7.29.2. Thus Z is non-sequential and |Z| > 4. In this case it follows from Lemma 7.26 Z that
contains an element z ¢ {u, v} such that M\z or M/z is k-coherent. This contradiction establishes the
sublemma. O

7.29.4. For all y € X, both M\'y and M/y are 3-connected.

Subproof. If the lemma fails, then, as no element of X is in a triangle or triad, we may assume up
to duality that, for some y € X, the element y is in the guts of a vertical 3-separation (Y U {y}, Y2).
If Y C P, then y € cl(P), contradicting the fact that P is fully closed. Hence neither Y; nor Y,
is contained in either P or Q. If P CY; and Q C Y; for some permutation (i, j) of (1,2), then
(P,Y; — P,{y},Y; — Q,Q) is a path of 3-separations contradicting the fact that P is prime. Thus
(Y1, Y2) crosses at least one of (P, XU Q) and (PUX, Q).

Up to symmetry, we may now assume that (Y1, Y2) crosses (P, XU Q) and further that, if (Y1, Y2)
crosses (P U X, Q), then all vertical 3-separations of M with y in the guts cross both (P, XU Q) and
(PUX, Q). Without loss of generality, |PN Y| > 2. So, by uncrossing, we see that A (XU Q)NYy) <2
and A(XUQ)N((YU{y)) <2. Ifr((XuQ)NYy) >3, then (PUY{U{y},(XUQ)NYy) is a vertical
3-separation with y in the guts that does not cross (P, X U Q). Moreover this 3-separation crosses
(PUX, Q) if and only if (Y1, Y2) does and we have contradicted the assumption about the choice of
(Y1,Y2). Thus r(XU Q)NYy) <2. f r(XUQ)NYy)=2,then y ecl((XUQ)NYy) and y is in a
triangle. Hence [(XUQ)NY,| =1, so that |[PNY,| > 1. We may now repeat the argument to conclude
that |Y1 N (XU Q)| =1, so that |X U Q| =3 giving numerous contradictions, one of which is to the
fact that y is not in a triangle or triad. O

Assume that Y = X. Then each element of X is feral. But this contradicts Lemma 7.26. This con-
tradiction shows that part (i) holds. Assume that Y = X — {u, v}. Then each element of X — {u, v} is a
feral element and X is a feral pack. This contradiction shows that (ii) holds. O

The next lemma shows that feral packs cannot hunt in teams in a k-skeleton. In fact they cannot
hunt in teams in arbitrary paths of 3-separations, but it is easier to prove for k-skeletons.

Lemma 7.30. Let M be a k-skeleton with a maximal path P = (Pg, P1, ..., P;) of 3-separations. Assume
that P; is a feral pack for some i € {1,2,...,1 — 2}. Then A(Pi+1) =2 and (Pii1s Pit1, P,.JfH) is a spiral. In
particular, P; 1 is not a feral pack.

Proof. By Lemma 7.27, M has a maximal swirl-like flower R = (Ry,R3, ..., Rx_1), where Ry =
PoU Py U---UP;. By Lemma 5.32, swirl-like flowers of order (k — 1) in k-skeletons are canoni-
cal. Consider the 3-separation (P ; U Piy1, P;fH) of M. If Pi++1 is contained in a petal of R, then
we contradict the fact that P is maximal. It follows that a 3-separation equivalent to this is dis-
played by R, and, as R is canonical, this 3-separation must be precisely (P; ;U Pit1, Pltr]). Thus
P UPin is a union of consecutive petals of R and it follows that (Piyqs Pit1, Pl?fH) is a concate-
nation of R so that (P, Pit1, Pit_l) is a spiral and A(Pj+1) = 2. It follows routinely that P; is not a
feral pack. O
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5. Proof of the main theorem

We are almost in a position to achieve the primary goal of this chapter and prove Theorem 7.1.
We need three more lemmas.

Lemma 7.31. Let M be a k-skeleton and (Py, p1, P2, P3) be a path of 3-separations in M where p1 is a fixed
guts singleton and P, is prime. Then (Po U {p1}, P2, P3) is a tight spiral in M.

Proof. As M is a skeleton, no element of M is in both a triangle and a triad. We first prove that
M\p, is 3-connected. Assume that r(Pg) = 2. Then PoU {p1} is a triangle. As pp is fixed, this triangle
is k-wild by Lemma 5.29. But p; is not in a 4-element fan, so this triangle is either standard or
costandard in which case M\p; is 3-connected.

Assume that r(Pg) > 2. Then co(M\p1) is 3-connected by Bixby’s Lemma. Assume that p; is in a
triad T. As M/p1 is not 3-connected, T is not k-wild and therefore T is a clonal triple by Lemma 5.29,
contradicting the fact that p; is fixed in M.

Thus M\p; is 3-connected and, as p; is fixed in M, we see that M\p; is k-fractured. Let R =
(Ro, Ry, ..., Ry) be a maximal k-fracture of M\p1. It is easily seen that, for some j € {0,1,...,m—2},
we have, up to labels in R, that Pg=Ro U ---UR; and that (Po U {p1}, Rjt+1,..., Rp) is a maximal
swirl-like flower of M. By Lemma 5.32, this flower has no loose elements so that Py U {p1} is fully
closed. This means that P; is not a singleton and it follows routinely that (PoU{p1}, P2, P3) is a tight
spiral in M. O

Recall that U4y and L{; denote the classes of matroids with no Uj g42- and Ug g42-minor respec-
tively.

Lemma 7.32. Let M be a k-coherent matroid in U/ (q) NU*(q) with a path P = (Py, P4, ..., P;) of 3-separa-
tions. Then there is a function f732(m, q) such that, if at least f732(m, q) internal steps of P contain clonal
pairs, then M contains a k-coherent minor with a path of clonal pairs of length m.

Proof. Let m > 2 be an integer and let f73(m,q) =2(q +2)(m + 1). Assume that n > f73(m,q) and
that, for this value of m, the matroid M is a minor-minimal counterexample to the lemma. Given the
hypotheses of the lemma, we have a distinguished set S of n clonal pairs such that each step of the
path contains at most one clonal pair in S. By taking an appropriate concatenation we may assume
that Pg and P; each contain a clonal pair in S. By Lemma 7.29 and the minimality assumption, we see
that each internal step of P is either a singleton, a clonal pair or a feral pack. A clonal pair P; = {pi, qi}
may be non-prime so that (Pg, Py, ..., Pi—1, Di, qi, Pi+1, ..., P;) is also a path of 3-separations, or else
it may be prime. For the moment we do not refine the path by splitting non-prime clonal pairs.

If M has a fixed element x such that M\x is k-coherent, then it is clear that the induced path
in M\x has the properties of P described above. By this observation, its dual and the minimality
assumption we deduce that M is a k-skeleton. It now follows by Lemma 7.30, that if i € {2, 3,...,1—2}
and P; is a feral pack, then both P;_1 and P;;q are prime clonal pairs. Thus at most n/2 of the steps
that contain clonal pairs are feral packs. We now sacrifice the clonal pairs in feral packs. Let S’
denote the set of clonal pairs in S that are not in feral packs. Then S’ contains at least n/2 clonal
pairs. Let M’ be a minor-minimal k-coherent minor of M whose ground set contains S” and let Q =
(Qo, Q1,..., Qp) be the path of 3-separations induced by P in M’. Note that Q is well defined since
both Pg and P; contain clonal pairs in S’. By Lemma 7.29, the internal steps of Q are either clonal
pairs or singletons. It is also clear that M’ is a k-skeleton and that if Q; = {q;} is a singleton internal
step, then neither M"\q; nor M’/q; is k-coherent.

7.321.1f2 <i <l —2and Q; = {q;} is a guts singleton, then q; is not fixed in M.

Subproof. Assume that g; is a fixed guts singleton. By Lemma 7.31 (Qi+ U{qi}, Qit+1, Qi’H) is a tight

spiral flower in M, so that Q;;1 is a prime clonal pair. Evidently q; ¢ cl(Q;+1) and q; ¢ cl(Q,:[]). Thus,
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by Lemma 7.11, g; is not fixed from the right in M’. A symmetric argument shows that g; is not fixed
from the left in M’. By Lemma 7.10, g; is not fixed in M. O

Refine Q to a maximal path by splitting the non-prime clonal pairs in internal steps to ob-
tain a path Q' =(Q}. Q1...., Q)). By 7321 and its dual, all the singletons of this path are either
unfixed guts singletons or uncofixed coguts singletons. If there are at least 2(q + 2) such single-
tons, then, by Lemma 7.13, M has either a U g42- or a Ugg42-minor contradicting the fact that
M € U(q) NU*(q). Thus there are at most 2(q + 2) — 1 such singletons, so that Q has a section
of at least f7.32(q,m)/2(q +2) =m + 1 consecutive prime clonal pairs. We conclude that M has a
k-coherent minor with a path of clonal pairs of length m contradicting the assumption that M was a
counterexample. O

Finally, a lemma about the way the gangs of three can appear in paths. The lemma follows easily
from the structure of the 3-separations of M around a gang of three and we omit the proof.

Lemma 7.33. Let (P, X, Q) be a path of 3-separations in the k-coherent matroid M. If {x, y, z} is a gang of
threein M and {x, y,z} N X # @, then {x, y, z} € X and |X| > 4.

We are at last in a position to prove Theorem 7.1 which we restate here for convenience.

Theorem 7.34. Let k > 5 and q > 2 be integers. Then there is a function f734(k,q) such that, if M is a
k-skeleton with a path of 3-separations of length f734(k, q), then M ¢ £(q).

Proof. Let f734(k,q) =2f732(f7.25(k, q),q) +2(q +2) + 1. Assume that M is a minor-minimal coun-
terexample to the theorem in that M is a k-skeleton in £(q) with a path of 3-separations of length
n = f734(k,q), but no proper k-skeleton minor of M has such a path. Let P = (Pg, P1,..., Pp)
be a path of 3-separations of length n in M. We may assume that each internal step of P is
prime.

7.34.1. Each internal step of P is either a singleton or contains a clonal pair.

Subproof. Assume that P; is an internal step that has at least two elements but no clonal pair. As M
is a k-skeleton, M has no fixed element x such that M\x is k-coherent and dually M has no cofixed
element such that M/x is k-coherent. Thus, by Lemma 7.29(i), there is an element x € P; such that
either M\x or M/x is k-coherent. If either M\x or M/x is a k-skeleton, then (Py, P1,..., Pi_1, P; —{x},
Pit1,..., Pp) is a path of 3-separations in a proper k-skeleton minor of M, contradicting the choice
of M. So neither M\x nor M/x is a k-skeleton. If x is comparable with another element, then, by
Theorem 5.33, either M\x or M/x is a k-skeleton. Thus x is not comparable with any other element
of M. In this case, by Theorem 5.36, it must be the case that, up to duality, x is in a gang of three. Say
{x, y, z} is such a gang of three. By Lemma 7.33, {x, y, z} C P; and |P;| > 4. But now, by Theorem 5.42,
M/x\y, z is a k-skeleton, and (Pg, P1,..., Pi—1, Pi — {x, ¥, 2}, Pit1, ..., Py) is a path of 3-separations
of length n in a proper k-skeleton minor of M, again contradicting the choice of M. O

If there are at least g + 2 unfixed guts singletons or g + 2 uncofixed coguts singletons in P, then,
by Lemma 7.13, M has a U3 g42- or a Ug q42-minor. Thus there are at least n —2(q 4 2) steps that are
either fixed guts singletons, cofixed coguts singletons or contain a clonal pair. By Lemma 7.31 and its
dual, if 2<i<n—1, and P; ={p;} is a fixed guts singleton or cofixed coguts singleton, then neither
P;_1 nor Pj; are singletons and therefore both of these sets contain clonal pairs. Hence there are at
least (n — 2(q + 2) — 1)/2 internal steps that contain clonal pairs, that is, at least f73(f7.25(k,q),q)
internal steps contain clonal pairs. By Lemma 7.32, M has a k-coherent minor with a path of clonal
pairs of length f7,5(k,q). But now, by Corollary 7.25, M is not in U(q) NU*(q), contradicting the
assumption that M was a counterexample to the theorem. 0O
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6. A last lemma

We conclude this chapter with a lemma on paths of 3-separations that focusses on displayed
swirl-like flowers without making assumptions about the k-coherence of the matroid. We will use
the following straightforward result.

Lemma 7.35. Let (P1, P, ..., P;) be a maximal swirl-like flower of order | >> 5 in the 3-connected matroid M.
Assume that Py is fully closed. Then the following hold.

(i) M has a 3-connected minor on P, U P3U---U P;.
(ii) If M’ is a 3-connected minor of M on P, U P3 U ---U Py, and (X, Y) is a 3-separation of M’, then either
(XUPq,Y)or (X,Y U Py) is a 3-separation of M.

Proof. Part (i) follows from Theorem 4.36 and an easy induction. Consider (ii). It is easily seen that
(P3, P3, ..., P)) is a maximal flower in M’. Say (X,Y) is a 3-separation of M’. If (X,Y) is displayed
by (P, P3, ..., Py), then (ii) follows easily. Otherwise we may assume that X C fcly (P;) for some
ie€{2,3,...,1}. But then (X, Y U Py) is clearly a 3-separation of M. O

Let P=(Py, Pq,..., Py) be a path of 3-separations in the connected matroid M and let {p;, q;} be
a clonal pair contained in P; for some i € {0, 1, ...,n}. Then {p;, q;} is P-strong if x ({pi, qi}, Po U P1 U
-++UPj_1UPj;1U---UPy) = 2. In other words, {p;,q;} is P-strong if there is no 2-separating set A
with the property that {p;,qi} S A C P;.

Lemma 7.36. Let P = (P, P1, ..., Pp) be a path of 3-separations in the connected matroid M each step of
which contains a P-strong clonal pair and let k be an integer. Then there is a function f736(k, q) such that, if P
displays no swirl-like flower of order k, and n > f7.36(k, q), then M ¢ £(q).

Proof. Assume that k > 5. Let f736(k,q) = f7.1(k,q) + 2. We claim that the lemma holds with this
definition of f736(k, q).

Assume not. Let M be a counterexample to the lemma, so that M contains a path P =
(Po, P, ..., P)) of 3-separations satisfying the hypotheses of the lemma where | > f736(k, q), and
M e £(q).

Assume that M is chosen to have a ground set of minimum cardinality. It follows routinely from
the definitions of path of 3-separations and P-strong clonal pair that, under this assumption, M is
3-connected. We now show that M is k-coherent. Assume not. Then there is a swirl-like flower Q =
(Q1,Q2,...,Q¢) of order t >k in M. A subflower of Q, displayed by P has order at most k — 1. It
follows from this fact and Lemma 7.14, that, up to flowers equivalent to Q, there is a step P; of P
such that QjUQj;+1 C P; for some j € {1,2,...,t}. Let {p, p’} be a P-strong clonal pair in P;. Then we
may assume that Q; avoids {p, p’}. It is also easily seen that we may assume that P; is fully closed.
By Lemma 7.35(i), we may remove elements from P; to obtain a 3-connected minor M’ of M. But it
follows from Lemma 7.35(ii) that (Pq, P2,..., Pi_1, Pi — Qj, Pit1,..., P} is a path of 3-separations
in M’ satisfying the hypotheses of the lemma and we have contradicted the minimality of the choice
of |E(M)]|.

Thus M is k-coherent. This contradicts Corollary 7.2. In the case that k < 5, the lemma holds by
letting f736(k,q) = f71(5,9)+2. O

Finally we note a result that is a more-or-less immediate corollary of Lemma 736 and
Lemma 6.11.

Corollary 7.37. Let P be a path of 3-separations of length n in the connected matroid M in £(q), each step of
which contains a P-strong clonal pair. Then there is a function f737(m, q) such that, if n > f737(m, q), then
M has a Ap,-minor, each leg of which is equal to {pj, q;} for some i.
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Chapter 8. Taming a skeleton
1. Introduction

In the previous chapter we proved that a k-skeleton in £(q) cannot have an arbitrarily long path of
3-separations. In this chapter we continue the process of controlling structure in skeletons. The goal
is to prove the following theorem.

Theorem 8.1. There is a function fg 1(m, k, q) such that, if M is a k-skeleton in £(q) with at least fg.1(m, k, q)
elements, then M has a 4-connected minor whose ground set contains a set of m pairwise-disjoint clonal pairs.

With this theorem in hand we can forget about k-skeletons and focus on 4-connected matroids
with many clonal pairs. We begin by learning more about 3-trees associated with k-skeletons in £(q).
We already know that they cannot contains arbitrarily long induced paths. If v is a flower vertex of
such a tree, then, as M is a k-skeleton the associated flower cannot have high order as it induces a
path of 3-separations in M. But so far, there is nothing to control the degree of a bag vertex.

2. Potatoes
In this section we prove the following theorem.

Theorem 8.2. Let M be a k-skeleton in £(q), and let T be a 3-tree for M. Then there is a function fg,(m,k, q)
such that, if T has at least fg,(m, k, q) vertices, then M has a 4-connected minor with a set of m pairwise-
disjoint clonal pairs.

As noted above we need to control the degree of bag vertices in a 3-tree for a k-skeleton. Such a
vertex v typically exemplifies a more highly connected part of the matroid, attached to which are the
3-separating sets displayed by v. This motivates the definition of “potato” that we now give.

Let M be a 3-connected matroid and n > 0 be an integer. A potato of M is a partition {Pq, P,
..., Py} of a subset of E(M) such that the following hold.

(i) A(P}))=2,|P;i| >3, and |[E(M) — P;| > 5, forallie{1,2,...,n}.
(ii) If (X, Y) is a 3-separation of M, then, for some i € {1,2,...,n}, either X or Y is contained in P;.
(iii) A(P; U Pj) > 3 for all distinct i and j in {1,2,...,n}.

The set E(M) — (P U P, U---U Pyp) is the core of the potato and each P; is an eye of the potato.
A potato may have an empty core. If M is 4-connected, then the empty set of eyes defines a potato.
If n > 4, then condition (iii) is redundant, but if n € {2, 3}, then (iii) says that a potato cannot be a
3-petal flower. Note that the eyes of a potato are fully-closed sets.

Readers familiar with matroid tangles (see for example [9]) will recognise that, except for trivially
small matroids, a tangle 7 of order 4 can be associated with a potato P of the 3-connected matroid M.
If M(X,Y) <2, then (X,Y) et if either |X| <2, or X is contained in an eye of P. Of course, not all
tangles of order 4 can be derived from a potato in this way.

Our main interest is in potatoes in k-coherent matroids and k-skeletons. If P is a potato of the
k-coherent matroid M, then one annoying possibility is that one of its eyes is a k-wild triangle or
triad. Let {a, b, c} be a k-wild triangle of M. Assume that {a,b,c} is an eye of P. Then {a,b,c} is
certainly not in a 4-element fan, so that it is either standard or costandard, in which case there is
a partition (A, B, C, {a, b, c}) of E(M) such that A, B, and C are each non-trivial 3-separating sets. If
{a, b, c} is standard, then (AU {a}, BUC U {b,c}) is a 3-separation that crosses {a, b, c}, so it must be
the case that {a, b, c} is costandard. In this case there must be eyes that contain A, B and C, so the
potato must be {A, B, C, {a, b, c}}. Using the above notation we have proved the following lemma.

Lemma 8.3. If {a, b, c} is a k-wild triangle of the k-coherent matroid M with associated partition (A, B, C,
{a,b,c}), and {a, b, c} is an eye of the potato P, then {a, b, c} is costandard and P = {A, B, C,{a, b, c}}. In
particular P has four eyes, an empty core, and at most one eye of P is a k-wild triangle or triad.
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Such a result does not hold for a costandard k-wild triangle in an arbitrary k-coherent matroid the
converse of Lemma 8.3 need not hold as, for example, there may be a single element in cl(A) N B. But
this result does hold for k-skeletons. We omit the easy proof.

Lemma 8.4. If {a, b, c} is a costandard k-wild triangle of the k-skeleton M with associated partition (A, B, C,
{a,b,c}), then {A, B, C,{a, b, c}} is a potato in M.

The next lemma helps us to find potatoes in k-skeletons.

Lemma 8.5. Let M be a k-skeleton and let A1 and A, be 3-separating sets each having at least three elements.
IfL(A1UA2) >2and A1 N Ay # @, then either A1 or A; is a k-wild triangle or triad.

Proof. Assume that A1 N Az Z@. As A(A1) =1(Az) =2 and A(A1 U A3) > 2, we have L(A1 N Ay) <2.
Thus |[A1 NAz| =1. Say A1 N Ay ={a}. As A1 and E(M) — A, are 3-separating and the union of these
sets avoids at least two elements of M, we have A(A1 N (E(M) — Ay)) < 2, that is, A(A; — {a}) =2
and similarly A(A; — {a}) = 2. Now a € dl®(A; — {a}) and, up to duality, we may assume that a €
cl(A1 — {a}). Evidently a ¢ cl*(A; — {a}), so that we also have a € cl(A; — {a}).

We now show that a is fixed in M. Say that (A, Ay) =2. Then

A(A1U Ap) = A(A1) + A(A2) — (A1, Ap) — ¥ (A1, Ap) < 2.

Thus n(Aq, A2) = 1. But n(A; — {a}, A, — {a}) = (A1, A2), and it follows by Lemma 5.11 that a is
fixed in M.

If either A7 or A, is a triangle, then, by Lemma 5.29, that triangle is k-wild and the lemma holds.
Therefore we may assume that neither A1 nor A, is a triangle and indeed that r(A1),r(A2) > 3. Thus
si(M/a) is not 3-connected. Now by Bixby’s Lemma and the fact that M has no 4-element fans, the
matroid M\a is 3-connected and therefore k-fractured; that is, a is semi-feral. Let P= (P1, P2, ..., Pp)
be a maximal fracture of M\a. As a is semi-feral, a is in the guts of a 3-separation. If this 3-separation
is not well displayed by P, then we obtain the contradiction that M is not k-coherent. It follows that
there exists j € {2,3,...,m—1} such that a is in the guts of (P{UPU---UP;j, Pj;1{UPj2U---UPp).
As M is a k-skeleton and a is fixed in M, it follows from Theorem 5.35 that P is canonical. Note that,
if A1 —{a} is contained in a petal of P, then a ¢ cl(A1 — {a}). Thus A; — {a} and similarly E(M\a) — A1
is not contained in a petal of P. Thus, by Lemma 3.32, Ay — {a} is equal to a union of petals of P. It
is easily seen that this can only hold if, up to labels, Ay — {a} = Py UP, U .- U P;. Similarly we must
have Ay —{a}=Pj 1 UPj;,U---UPy. But then we obtain the contradiction that M(A1, A2) =2. O

The next two lemmas show that we may shrink the eyes of a potato P to find a 4-connected minor
of a k-skeleton with a clonal pair for each eye of P.

Lemma 8.6. Let P = {Pq, Pa, ..., Pp} be a potato of the k-skeleton M. Then there is a k-skeleton minor M’
of M with a potato P’ = {P}, P’,, ..., P,} such that the following hold.

(i) The core of P’ is equal to the core of P.
(i) PjC P forie(1,2,...,n}.
(iii) At most one eye of P’ does not contain a clonal pair.

Proof. Let P be an eye of P. Assume that |P| > 4. If P is sequential with at least four elements, then P
contains a triangle or triad that is certainly not k-wild and again P contains a clonal pair. Assume that
P is non-sequential. Then P contains a strongly peripheral set Z. If Z contains no clonal pairs, then,
by Lemma 6.10, there is an element z € Z such that M\z or M/z is a k-skeleton. Up to duality we
may assume that M\z is a k-skeleton. Assume that P = Py. We now show that {P1 — {z}, P, ..., Py}
is potato of M\z.
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Condition (iii) of a potato clearly holds. Consider condition (i). If this fails, then |E(M\z) — P;| <5
for some i > 1, that is |[E(M) — P;| = 5. But, in this case, n =2 and the core of P has at most one
element, meaning that Ay (P1 U P2) < 3 contradicting the definition of a potato.

For the more substantial case consider property (ii) of a potato. Note that, as M\z is 3-connected,
z e cl(Py — {z}). Let (X,Y) be a 3-separation of M\z. If X contains P; — {z}, then (X U {z},Y) is
a 3-separation of M and, by the definition of potato, Y C P; for some i € {1,2,...,n}, so that (ii)
holds in this case. Thus we may assume that (X, Y) crosses (P1 — {z}, E(M) — P1). We now consider
subcases of this case. Assume that Ay z(X — P1) = Am\z(Y — P1) = 2. These 3-separating sets are not
blocked by z and it follows that (X — P1,Y — Py, P1) is a partition of E(M) into 3-separating sets.
From the definition of potato, |E(M) — P1| > 5, so we may assume that |X — P1| > 3. Consider the
3-separation (X — P1,Y U Pq). By property (ii) of a potato, we may assume that X — Py is contained
in P,. But then we have the contradiction that Y — P is contained in both P3 and P4. Therefore it is
not the case that Appz(X — P1) =Apmz(Y — P1) =2.

If Am\z(X — P1) <2, then |X — Py| =1 so that Py —{z} is not fully closed in M\z contradicting the
fact that P is fully closed in M.

For the last, somewhat irritating, subcase we may assume that App,(X — P1) > 2. This means
that |Y N (Py — {z})| = 1. But now, Py — {z} and Y are 3-separating sets in the k-skeleton M\z
that meet, and A((P1 — {z}) UY) > 3. By Lemma 8.5 we deduce that Y is a k-wild triangle or
triad of M\z. Say Y = {a, b, c}, where {a} =Y N (P; — {z}). Note that, as P is a potato in M, the
set {a,b,c} is blocked in M, so {a,b,c} is a triad, and a € cI*(P; — {z}). Let (A1, Aa,..., Ax_2,
B1,By,...,Bk_2,C1,Ca,...,Cr_3) be a k-wild display for {a,b,c} and let A=A UA;U---UA_3,
B=B1UByU---UBy_3 and C=C;UCyU---UCy_. We have a € CI*M\Z(P1 —{z,a}), but P1—{z} is fully
closed in M\z. It is readily checked that, since M is a k-skeleton, this implies that P1 — {z} = AU {a}.
In this case {a, b, c} is a standard k-wild triad. Therefore B U {b} and C U {c} are 3-separating. Cer-
tainly they are not triangles or triads. Thus we may assume that for some distinct i and j, we
have BU {b} € P; and C U {c} € Pj. Hence P = (P1, P;, Pj) = (AU {a,z}, BU {b}, C U {c}). But now
Am(Pq1 U Pj) =2, contradicting the definition of a potato. Therefore {P1 — {z}, P2, ..., Py} is indeed a
potato in M\z.

The process may be repeated to obtain a k-skeleton minor M’ of M with a potato P’ = {P}, P/,
..., P}} such that each eye either contains a clonal pair of M’ or is a triangle or triad. If one of these
is k-wild then the lemma holds by Lemma 8.3. Otherwise each triangle or triad is a clonal triple and
the lemma holds in this case too. O

Lemma 8.7. Let P = {P1, P,, ..., Py} be a potato of the 3-connected matroid M with the property that at
most one eye of P does not contain a clonal pair. Then M contains a 4-connected minor containing the core
of P and a set of n — 1 pairwise-disjoint clonal pairs.

Proof. Assume that the potato P = {Pq, Py, ..., Py} has core C. Let {p,q} be a clonal pair in P;. By
Tutte’s Linking Theorem there is a 3-connected minor N of M on {p,q}U P, U---U P, UC such that
N|(P UP3U---UP,UC)=M|(PUP3U---UPyUC). We show that {P,, P3,..., Py} is a potato
in N.

Properties (i) and (iii) of a potato are clear. Consider (ii). Let (X, Y) be a 3-separation in N. Assume
that {p,q} € X. Then (X U Pq,Y) is a 3-separation in M. But X # {p,q}, so X U P; is not contained
in an eye of P. Therefore Y C P; for some i € {2,3,...,n} as required. Assume that pe X and g€ Y.
As p and q are clones, we may assume, up to duality, that both p and g are in the guts of (X,Y).
Thus {p,q} S cl(Y —{q}). If |Y — {q}| =2, then N|(Y U{p}) = U, 4 and, if y € Y — {q}, then (P1 U {y},
E(M) — (P1U{y})) is a 3-separation in M that violates condition (ii). Therefore (X U{q},Y —{q}) is a
3-separation of N. Arguing as above we have Y C P; for some i € {2,3,...,n}, so that {p, q} C cIy(P;).
It is now easily checked that iy (P1 U P;) = 2, contradicting the fact that P satisfies (iii).

Thus {P;, P3,..., Py} is indeed a potato in N. The core of this potato is C U {p, q}. Repeating this
process n times gives a 3-connected matroid M’ with a potato having an empty set of eyes and a core
consisting of C together with a disjoint set of n clonal pairs. If (X, Y) is a 3-separation then either X
or Y is contained in an eye of this potato. This impossibility shows that M’ is 4-connected. O
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Sequential 3-separating sets Here we simply recall for convenience some elementary facts and prove
an easy lemma. Let Z be a sequential 3-separating set of the 3-connected matroid M. Recall that a
sequential ordering for Z is an ordering (z1,z2,...,2:) of Z such that, {z1, z2, ..., z;} is 3-separating
for all i € {1,2,...,t}. Recall also that subset Z’ of Z generates Z if some ordering of Z’ is an initial
segment of a 3-sequence for Z. If |Z'| > 2, then it is easily seen that Z’' generates Z if and only if
Z C fcl(Z'). The first three elements of a 3-sequence for Z either form a triangle or triad, so every
sequential 3-separating set with at least three elements is generated by some triangle or triad T. It is
then immediate that any 2-element subset of T generates Z.

Lemma 8.8. Let Z be a sequential 3-separating set of the 3-connected matroid M and let X and Y be
3-separating subsets of Z where Z C X U Y. Then either X or Y generates Z.

Proof. Note that either X or Y contains at least two elements of a generating triangle or triad for Z.
Assume the former. Then Z C fcl(T N X) so that Z C fcl(X). By Lemma 2.33 X is sequential. Thus X
has a sequential ordering. As Z C fcl(X) this extends to a sequential ordering of Z. O

Strong bag vertices Let T be a 3-tree of the 3-connected matroid M, and let v be a bag vertex of T.
More highly connected parts of the matroids—in other words tangles of order 4—are identified by bag
vertices, but not all bag vertices perform this role. If the bag vertex v has degree at least 4, then it is
certainly the case that v identifies a more connected part of the matroid. For the main result of this
section we are only interested in vertices of high degree, but later we will care about the low-degree
case.

In the low-degree case, the issue is to identify whether there is substance in the bag. In general,
having a lot of elements in B, does not suffice as we could, for example, just be finding a large
sequential 3-separating set. Say that (X,Y) is a non-sequential 3-separation. Then there is a path
(coh(X), z1, 22, ..., zn, coh(Y)) of 3-separations of M and the internal elements of this path can all be
in a bag of low degree. If M is a k-skeleton in £(q), then, by Theorem 7.1, this number is bounded by
f7.1(k,q). In fact a much more modest bound is straightforwardly seen to hold, but we take the lazy
way out.

Lemma 8.9. Let M be a k-skeleton in £(q) and let (X, Y) be a 3-separation of M.

(i) If X is sequential, then X has at most f71(k, q) elements.
(ii) If (X, Y) is non-sequential, then E(M) — (coh(X) U coh(Y)) has at most f71(k, q) elements.

Let M be a k-skeleton in £(q) and let T be a 3-tree for M. If v is a bag vertex of T, then we
denote the subset of E(M) that labels v by B,. If we say that B is a bag of M, then we mean that
B = B, for some bag vertex of a 3-tree for M. We now define what it means for a bag vertex to
be strong. If v has degree at least 3, then v is strong. If v has degree at most 2, then v is strong if
[By| = 4f7.1(k, q).

Let v be a strong bag vertex of T. Define the collection &, of 3-separating sets of M as follows.
A 3-separating set X is in &, if |X| >3 and X is equivalent to a 3-separating set displayed by v
or is equivalent to one contained in B,. Note that as 3-trees do not attempt to display sequential
3-separating sets, there may well be many of the latter type. The maximal members of £, are the
eyes of v.

Lemma 8.10. Let T be a 3-tree for the k-skeleton M and let v be a strong bag vertex of T. Then the eyes of v
form a potato of M.

Proof. Let P={Pq, Py, ..., Py} be the collection of eyes of v.

8.10.1. The lemma holds if an eye of P is a k-wild triangle.
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Subproof. Say Pi = {a,b,c} is k-wild with associated partition (A, B, C, {a,b,c}) obtained from a
k-wild display. Evidently {a, b, c} is costandard. The sets A, B, C and {a, b, c} are clearly the eyes
of v and by Lemma 8.4 they form a potato. O

In what follows we may assume that no eye of P is a k-wild triangle or triad.
8.10.2. [E(M) — Pj| =5 foralli € {1,2,...,n}.

Subproof. The claim is clear if n > 3. If n < 2, then the sublemma is a consequence of the definition
of strong bag vertex and Lemma 8.9. O

8.10.3.If P; and P; are distinct eyes of P, then A(P; U Pj) > 3.

Subproof. Consider the eyes Py and P, of P. Assume that A(P1 U Py) < 2. Consider the case that
n=2.Then d(v) <2, so that |By| >4f7.1(k,q). Let B, = B, — (fcl(P1) U fcl(Py)). Certainly A(B}) <2,
and, by Lemma 8.9, |B/,| > 2f7.1(k,q). But then B/, is a non-sequential 3-separating set that is not
displayed by T, contradicting the definition of a 3-tree.

Assume that n > 3. Then A(Pq U Py) > 2 so that A(E(M) — (P1 U Py)) = 2. If this set is sequential,
then d(v) <2 and we again obtain the contradiction that B, — (fcl(P1) U fcl(P;)) is a sequential
3-separating set with more than f71(k,q) elements. Hence E(M) — (P1 U P3) is non-sequential. If
P1 U P, is sequential, then by Lemma 8.8, P1 U P, is generated by either P or P, contradicting the
definition of eyes. So P1 U P, is non-sequential. But, again, it is easily seen that (P1, P, — Py, E(M) —
(P1 U Py)) is a flower in M. As this flower is not displayed in T, at least one petal, say P1 must be
sequential and v has degree at most 2, so that B, has at least 4f71(k,q) elements. But, again by
Lemma 8.9 we see that B, is covered by three sets whose union has at most 3 f71(k, q) elements. O

8.10.4. The eyes of P are pairwise disjoint.

Subproof. This follows from 8.10.3, Lemma 8.5 and the assumption that no eye of P is a k-wild
triangle or triad. O

8.10.5. If (X, Y) is a 3-separation of M, then either X or Y is contained in an eye of P.

Subproof. If (X,Y) is non-sequential then (X, Y) is equivalent to a 3-separation displayed by T and
it is clear that either X or Y is contained in an eye of v. Say X is sequential. Then X = fcl(T) for
some triangle or triad T. If T is k-wild, then X = T contradicting the assumption that no eye of P
is a k-wild triangle or triad. Thus T is a clonal triple in which case the argument that T (and hence
fcl(T)) is contained in P; for some i is clear. O

The lemma follows from 8.10.2, 8.10.3, 8.10.4 and 8.10.5. O
We are now in a position to prove the main result of this section.

Proof of Theorem 8.2. Let j(m, k,q) = max{m, f71(k,q)}. Now let fg,(m,k, q) = u(m,k,q)f71®0,
Assume that T has at least fg(m,k, q) vertices.

We may assume that m > 5. Say T has a bag vertex v of degree m. Then v is strong and has at
least m eyes. So, by Lemma 8.10, M has a potato with m eyes, and by Lemma 8.6, M has a 3-connected
minor N with a potato with m eyes such that each eye contains a clonal pair. Then, by Lemma 8.7,
M has a 4-connected minor with m clonal pairs. Thus the lemma holds if T has a bag vertex of
degree m, so we may assume that each bag vertex has degree less than m.

Each flower vertex of degree [ induces a path of 3-separations in M of length [, so by Theorem 7.1,
T has no flower vertex of degree at least f71(k,q). Hence the degree of each vertex is less than
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u(m,k,q). But as T has at least fg,(m,k,q) vertices, it has a path of length f71(k,q) contradicting
the fact that M € £(q). O

3. Bounding fettered elements

An element of a matroid is fettered if it is either fixed or cofixed. Otherwise it is unfettered. A ma-
troid is unfettered if it has no fettered elements.

In the previous section it was shown that if a 3-tree T for a k-skeleton M in £(q) has sufficiently
many vertices, then M has a 4-connected minor with many clonal pairs. This turns the focus on to
3-trees of bounded size. The task of this section is to show that in this case we gain control over the
number of fettered elements.

Theorem 8.11. Let M be a k-skeleton in £(q) and let T be a 3-tree for M with v vertices. Then there is a
function fg11(v, k, q) such that M has at most fg 11(v, k, q) fettered elements.

There are no surprises in the next lemma.

Lemma 8.12. Let (L, P, R, Q) be a swirl-like flower in the 3-connected matroid M. Let (L', R") be a partition
of LUPUR suchthat LC L' C LU P.Then Apyq (L', R) =Am(L'UQ,R) — 1.

Proof. As LC L' CLUP, we see that (L, Q) <n(L’, Q) <m(LU P, Q), so that (L', Q) = 1. Also
Am(Q)=2so that r(Q) —r(M) =2 —r(LU P UR). Therefore

m(L'UQ,R) -

r(luQ)+r(R)—r(M)—1
(L) +1r(Q)+r(R") —r(M) —
r(l’)+r(R’) —r(LUPUR)

=AM\Q (L/, R/)

as required. O
The next lemma is essentially the dual of Lemma 5.13.

Lemma 8.13. Let e be an unfixed element of the 3-connected matroid M and | > 4 be an integer. Let P =
(P1, Py, ..., P)) be a swirl-like flower of M/e. Then, up to labels, (P1 U P, U {e}, P3,..., Py) is a flower
in M.

The next corollary follows immediately from Lemma 8.13.

Corollary 8.14. Let M be a k-coherent matroid and e be an element of M that is not fixed and has the property
that M/e is 3-connected. Then M /e is (k + 1)-coherent, and, if P is a flower in M that opens to a k-fracture
in M/e, then P has order k — 1.

Lemma 8.15. Let M be a k-skeleton in £(q) and let P be a petal of the swirl-like flower P of M. Let
{ay,az, ...,an} be aset of fettered elements in P such that the following hold for alli € {1,2,...,n}.

(i) M\a; is k-coherent.
(ii) M/a; is 3-connected.
(iii) There is a k-fracture of M /a; that opens P.

Thenn<q+1.
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Proof. Say i € {1,2,...,n}. As M\a; is k-coherent, g; is not fixed in M. By Corollary 8.14, P is a
swirl-like flower of order k — 1 in M and the flower in M/a; that opens P has order k. Say P =
(P, Py,...,Pr_1). Then for each i € {1,2,...,n}, there is a partition (L;, R;) of P such that P; =
(Li, Ri, P3, ..., Py) is a maximal swirl-like flower of M/a;. We now show that P; is canonical.

As M\a; is k-coherent, a; is not in a bogan couple, so, if p is a loose element of P, then, by
Theorem 5.35, a; < p. It is easily checked that p can only be a guts element in this flower, so p
is fixed in M/a;. This means that either g; is fixed in M, or a; and p are a clonal pair. As M\g; is
k-coherent, a; is not fixed and the latter case contradicts the fact that a; is cofixed. Hence P; is indeed
canonical. Let R=P3, Q = P4 and L = PsUPgU---UP_q, so that (L, P, R, Q) is a (cyclically shifted)
concatenation of P.

8151.Ifi# jandaj € Rj, then L; C Lj.

Subproof. We know that (L, L;, R;, R, Q) is a canonical flower in M/a;. If (LUL;U{a;}) —{a;}, (R; U
RU Q) — {a;}) is a 3-separation in M/a;, we obtain the contradiction that a; is a loose element of
the above flower. Hence ((LUL;U{a;}) —{a;}, (Rj URU Q) — {a;}) is an exact 4-separation in M/a;.
It now follows by Lemma 3.34 that there is a partition (C, Rj) of R; such that Lj — {a;} =L; UC. But
a;j € cly (LU Ly), and it follows readily that L; =L; U{a;} UC, so that L; CL;. O

A consequence of 8.15.1 is that we may assume that indices are chosen for elements of
{ai,az,...,an} sothat L C Ly € --- C Ly. Consider M\ Q. By Lemma 8.12, Ay (LUL; U{a;}, R{UR) =
Amg (LU L, {a;j} U R; UR) = 2. Again, by Lemma 8.12, and the fact that P is maximal, we have
kmo(LUL, RURy) =2.Forie{2,3,...,n}, let L; =L;j — (Li—1 U{aj}). Then

(LULy, a1, Ly, a2, L5, ..., Ly, an, Ry UR)

is a path of 3-separations in M\Q.

Say i €{1,2,...,n}. It is easily seen that a; is not a coguts singleton in the path described above.
Hence a; is a guts singleton. Now M\q; is k-coherent, so that a; is not fixed in M and hence is not
fixed M\ Q. Thus Lemma 7.13 applies and we deduce that M has a U, ,-minor. As M is in £(q), we
conclude that n<g+1. O

Bounding feral elements The task of this subsection is to bound the number of feral elements in a
bag B, of a 3-tree of a k-skeleton as a function of the degree of v. We first develop some terminology
specific to this task.

Let M be a 3-connected matroid and let P = (P, P2, ..., Pp) be a tight swirl-like flower in M,
where m > 3. An element f € P1 expands P at P, if M\ f is 3-connected and there is a partition
(P’,P;nﬂ) of P1 — {f} such that
(i) (P;, Py, P3, ..., Pp, P{nH) is a tight swirl-like flower in M\ f, and
(ii) P} is 3-separating in M.

The element f expands P if it expands P at either P, or Pp. Assume that f expands P at P, and
that (P}, P2, ..., Pm, P, ;) has properties (i) and (ii) above. Assume that, in addition, (P}, P2, ...,
Pm, P;nﬂ) has the property that whenever (Q1, P, ..., Py, Q1;1+1) is another flower in M\ f obtained
by expanding P at P, for which P{ € Q, then P} = Q7. In this case we will say that (P, P2,...,
Pm, P;HH) is an expansion of P by f at P,. It is clear that if f expands P, then an expansion of P by f
at either P, or Py, exists.

Lemma 8.16. Let M be a k-skeleton in £(q) and let v be a strong bag vertex of a 3-tree T for M. Let P =
(Pq, Pa, ..., Py) be a maximal swirl-like flower of M, where m > 3 and B, C P. Assume that P is displayed

by a vertex adjacent to v. Then there are at most 8(q*> + q + 1) feral elements in B, that expand P.
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Proof. Assume that the flowers P’ = (P, Po, ..., Pn, P,’nH) and Q = (Qq, P2, ..., Pm, Q) are ex-
pansions of P at P, by the distinct feral elements f and g in B,. By the maximality of the choice of
P} and Q] and the fact that M is a k-skeleton we deduce that P} and Q] are fully closed 3-separating
sets of M.

Let R'= (R}, P2, ..., Pm, R}, ;) be an expansion of P at P, by an element in P1. We will say that
R’ is equivalent to P’ if P{ = R].

8.16.1. There are at most q> + q + 1 distinct expansions of P that are equivalent to P.

Subproof. Note that )LM(P;n_H U {f}) =3, as otherwise P is not a maximal flower in M. Thus f,
and any other element that expands P to a flower equivalent to P/, is in the coclosure in M of

Py UPU---UPy. As M is cosimple, the dual of Corollary 7.7 implies that this set has at most
q* +q+1 elements. O

8.16.2.If |P|| > 3, then P} is an eye of v and g ¢ P}.

Subproof. Assume that P} is not sequential. Then a 3-separating set equivalent to P} is displayed
in T. The maximality of the choice of P} ensures that P is displayed by an edge of T. If this edge
is not incident with v, then we again contradict the choice of P}. Thus P is an eye of v. Elements
in P} N B, are either in the guts or coguts of a 3-separation and are therefore not feral. Thus g ¢ P}.
Assume that P} is sequential. It is easily checked that P} is not a k-wild triangle or triad. Therefore
P} =fcl(T) for some clonal triangle or triad of M and again it is evident that if P} is not an eye of v
we contradict the maximality of the choice of P}. Again it is clear that g ¢ P]. O

8.16.3. If P’ is not equivalent to Q' and |P{| > 3, then | Q]| = 2.

Subproof. Assume that P} and Q; both have at least three elements. By 8.16.2 P} and Q] are eyes
of v and by Lemma 8.10 the eyes of v form a potato. Thus P{ and Q7 are disjoint. But Q does not
contain a feral element in B,. Hence Q] C P;nﬂ. But then n(Q{, P2) =0 contradicting the fact that
these are adjacent petals in the swirl-like flower Q. O

816.4.1f |P}| = |Q}| = 2,and P} # Q, then f € Q.

Subproof. Say that P} = {f1, f2} and Q] = {g1, g2}. As N(Q], P2) =1 we deduce that Q] ¢ Py
Therefore we may assume that gi € {f1, f2, f}. Assume for a contradiction that g; = f;. Then
{f2, 82} Ccl(P2 U{f1}), so that r(Py U{f1, f2, g&2}) =r(P2) + 1. But n(P1, P2) =1 as these are adja-
cent petals of swirl-like flower in M. Thus n(P3, {f1, f2, g2}) =1 and it follows that r({ f1, f2, g&2}) =2
meaning that this set is a triangle. This contradicts the maximality of the choice of P}. We conclude

that g1 =f. O

A consequence of 8.16.4 is that there are at most three inequivalent expansions of P at P, where
the petal of the expansion adjacent to P, has two elements. Combining this with 8.16.3 we deduce
that there are at most four inequivalent expansions of P at P, by a feral element in B, . If we consider
expansions at P, we obtain at most eight inequivalent expansions altogether. The lemma follows from
this fact and 8.16.1. O

Let f be a feral element of the k-coherent matroid M. By Theorem 4.25, f has a feral display in
either M or M*. If the former case holds we say that f is a standard feral element and if the later
case holds we say that f is a costandard feral element.

Corollary 8.17. Let v be bag vertex of a 3-tree for the k-skeleton M in £(q). If v has degree |, then there are at
most 161(q> + q + 1) feral elements in B..
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Proof. Say that v is not strong. If d(v) < 1, then the elements of B, are peripheral and by
Lemma 4.39, B, contains no feral elements. Say d(v) = 2. Let X and Y be the 3-separating sets
displayed by v. If (X, B, UY) is equivalent to (X U B,,Y), then the elements of B, are not feral as
they are either in the guts or coguts of a 3-separation. On the other hand, if (X, B,,Y) is a flower
and B, is not displayed in a 3-tree, then B, is sequential and the elements of B, are not feral unless
possibly |By| =2, in which case the bound of the lemma certainly holds.

Assume that v is strong. Let f be a feral element in v. Assume that f is standard. Let P =
(P1, Py, ..., P)) be a maximal k-fracture of M\ f. Then, using the properties of a feral display associ-
ated with a feral element, there is ani € {2, 3, ...,I} such that (P, Ps, ..., Pi, Pit1U---UP/UP1U{f})
and (Pij+1, Piy2,...,P;,P1UPU---UP; U{f}) are maximal swirl-like flowers of M, one of which
may have only two petals. We lose no generality in assuming that i > 2. In this case the flower P is
an expansion of (P, P3,..., P, Pit1 U---UPUP1U{f}) by {f}. It is readily seen that this flower is
displayed by a vertex adjacent to v. There are at most [ such flowers and, by Lemma 8.16, each such
flower is expanded by at most 8(q? + q + 1) feral elements. Hence there are at most 8/(q2 +q + 1)
standard feral elements. By duality there are at most 8/(q2 +q + 1) costandard feral elements and the
corollary follows. O

Lemma 8.18. Let A be a sequential 3-separating set of the k-skeleton M. If |A| > 4, then no element of A is
fettered.

Proof. Let B = E(M) — A. Clearly we may assume that A is fully closed. Let (ay,ay,...,a,) be a
sequential ordering of A. Up to duality we may assume that {aj, a, as} is a triangle.

8.18.1. {ay, a, as} is a clonal triple and M\a; is a k-skeleton.

Subproof. As M is a k-skeleton {a, a,as} is not in a 4-element fan, so by Tutte’s Triangle Lemma,
M\g; is 3-connected for some i € {1, 2, 3}. By Corollary 4.6, M\a; is k-coherent. Hence {ay, az, as} is
not k-wild and is therefore a clonal triple. By Corollary 5.34 either M\a; or M/a; is a k-skeleton. But
M/a; is not 3-connected so M\a; is a k-skeleton. O

8.18.2. The lemma holds if |A| = 4.

Subproof. Say A = {a;,a,as,as}. By 8.18.1, a1, a; and a3 are unfettered. Consider a4. If A is a line,
then the claim holds as A is a clonal set. In the other case a4 € cI*({a1, az, as}). Thus co(M\ay) is not
3-connected. By Bixby's Lemma and the fact that M has no 4-element fans, si(M/a4) is 3-connected.
By Corollary 4.6, M /a4 is k-coherent. Thus a4 is not cofixed in M.

It remains to show that a4 is not fixed in M. Note that {ay, as, a4} is a triad of M\ay. By Corol-
lary 5.7(i), a4 is not cofixed in M\a;. Hence {a;, as, a4} is not a k-wild triad in M\a;. As M\a; is a
k-skeleton {ay,as,as} is a clonal triple of M\ay. Thus a4 is not fixed in M\a;. By Lemma 5.17, a4 is
not fixed in M. O

Assume that n > 4 and, for induction, that the lemma holds if |[A| =n — 1. Then all the elements
of A —{ay} are unfettered in M\a;. By Lemma 5.17, they are unfettered in M. O

Proof of Theorem 8.11. Let T be a 3-tree for M. Assume that T has at most v vertices. It is possible
that a fettered element z of M is in the guts or coguts of a 3-separation. Consider this case now. The
element z may be in a k-wild triangle or triad. As a generous bound for the number of such elements
we observe that

8.11.1. There are at most 3v elements of M in k-wild triads or triangles.

Assume that z is not in a k-wild triangle or triad. By Lemma 8.18, z is in the guts or coguts
of a non-sequential 3-separation (X,Y). Note that there is a path (coh(X), z1, z2, ..., Zm, coh(Y)) of



J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175 121

3-separations in M. By Theorem 7.1, there are at most f7.1(k,q) elements of M in such a path. More-
over, a 3-separation equivalent to (X, Y) is displayed by T. Non-sequential 3-separations are displayed
by either flower vertices or edges of T. There are at most 2" 3-separations displayed in such a way.
Putting this information together we get another generous bound.

8.11.2. There are at most 2" f7.1(k, q) fettered elements in the guts or coguts of a non-sequential 3-separation
in M.

If z is a fettered element not covered by the previous cases, then M\z and M/z are both 3-con-
nected. By Corollary 8.17 there are at most 16v(q%> + q + 1) feral elements in any vertex bag of T. It
follows that

8.11.3. There are at most 16v%(q> 4 q + 1) feral elements in M.

Any fettered element not covered by the previous cases has the property that either (a) M\z is
k-coherent and M/z is 3-connected and k-fractured, or (b) M/z is k-coherent and M\z is 3-connec-
ted and k-fractured. Assume that z has property (a). By Corollary 8.14, there is a swirl-like flower
(P1, P2, ..., Pr_q) of M, where x € Py such that, for some partition (P}, P{) of P — {z}, the partition
(P{,P{,Py,..., Pr_1) is a maximal k-fracture of M/z. By Lemma 8.15, there are at most v(q + 1)
elements of this type. Dually, there are at most v(q + 1) fettered elements of type (b).

From the above fact, 8.11.1, 8.11.2 and 8.11.3, we deduce that the theorem holds by letting

fsn1 (k@) =3v+2"f71(k, @) +16v*(¢* +q+1) +2v(@@+ 1. O
4. Finding an unfettered minor

We are now in a position to simplify structure by obtaining a large 4-connected unfettered matroid
from a sufficiently large k-skeleton.

Theorem 8.19. There is a function fs 19(m, v, k, q) such that, if M is a k-skeleton in £(q) having a 3-tree with
at most v vertices, then M has a 4-connected unfettered minor with at least m elements.

Our strategy will be to move to find a bounded size k' such that a sufficiently large k-skeleton has
a large unfettered k’-coherent minor.

Lemma 8.20. Let M be a k-coherent matroid that is not a wheel or a whirl. If M has [ fettered elements, then
there is an element z of M such that either M\z or M /z is 2k-coherent with at most (I — 1) fettered elements.

Proof. Let x be a fixed element in M. Assume that the element z is fettered in M\x. If z is fixed
in M\x, then z is clearly fixed in M. Say that z is cofixed in M\x. Then, by Corollary 5.8 and the fact
that is x is fixed in M, we see z is cofixed in M. From this we deduce

8.20.1. If x is fixed in M, and y is fettered in M\x, then y is fettered in M.

Let x be a fettered element of M. If x is in a 4-element fan, then, as M is not a wheel or a
whirl, this fan has an end z. Moreover, z is either fixed and M\z is k-coherent, or cofixed and M/z is
k-coherent. By 8.20.1, the lemma is satisfied with this choice of z. We may thus assume that M has
no 4-element fans.

Assume that x is in a triangle T. Certainly T is not a clonal triple so it has a fixed element z. If
T has an unfixed element, then by Corollary 5.25, M\z is k-coherent and the lemma holds by 8.20.1.
Assume that all elements of T are fixed. Then, as M has no 4-element fans, T has an element z
such that M\z is 3-connected. It remains to show that M\z is 2k-coherent. Let (P1, P3,..., Py) be
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a maximal swirl-like flower in M\z. Assume that the other elements of T are in P; and P;. Then
(P2, P3,...,Pi—1,PiUPi1U---UP,UP;q U{z}) and (P; U P, U--~UP,’U{Z},P1'+1, Pit2,..., Pp) are
swirl-like flowers in M of order i — 1 and n —i + 1 respectively. Thus i —1 <k and n—i+ 1<k so
that n < 2k and M\z is 2k-coherent.

We may now assume that x is not in a triangle or a triad. Assume that x is in the guts of a vertical
3-separation. Then M\x is 3-connected and there is a 3-separation (A, B) of M\x such that x € cl(A)
and x € cl(B). Let P = (P1, Py, ..., Py) be a maximal swirl-like flower of M\x. By Lemma 3.32, up
to labels and flowers equivalent to P there is an i € {1, 2,...,n} such that either A C P; or (A, B) =
(P1UPU---UPj, Piy1 UPj1p U---UPp). As x € cl(A), cl(B) we again deduce that M\x is 2k-coher-
ent.

If x is fixed in M, then, by 8.20.1, M\x has at most | — 1 fettered elements, but it may be the
case that x is not fixed but cofixed. We consider this case now. Assume that the element z is fettered
in M\x, but not in M. Then, by Corollary 5.7, x = z. As x is cofixed in M we see that x % z. Since
x e cl(A) and x € cl(B), it is also the case that z € cl(A) and z € cl(B). Therefore z is in the guts of the
3-separation (A, B). Thus z is fixed in M. In this case M\z is 2k-coherent with at most [ — 1 fettered
elements.

We may now assume that both M\x and M/x are 3-connected. Assume that x is fixed in M.
Then the lemma holds for M\x unless M\x is not 2k-coherent. In this case, by Corollary 8.14, x is
cofixed. If M/x is k-coherent, then the lemma holds for M/x. Otherwise x is a feral element and has
a feral display in M or M*. It follows immediately from the definition of a feral display that M/x is
2k-coherent, and the lemma holds in this case too. O

As an immediate consequence of Lemma 8.20 we obtain

Corollary 8.21. Let M be a k-coherent matroid with | fettered elements and a nonempty set of unfettered
elements, then M has an unfettered 2'k-coherent minor with at least |E(M) — | elements.

Lemma 8.22. Let (A, B) be a 3-separation of the matroid M, where A is fully closed and let a1 and ay be
elements of A. Let N be a 3-connected minor of M on B U {ay, az}. If the element b of B is unfettered in M,
then b is unfettered in N.

Proof. Say a € A and N is a minor of M/a. Then a ¢ cl(B), as otherwise N is not 3-connected. As
A is fully closed, b ¢ cl*(A), so there is a circuit C C B containing b. As a ¢ cl(B) we have a ¢ cl(C).
Therefore it is not the case that a < b. Thus, by Corollary 5.7, b is not fixed in M/a. Also b is not
cofixed in M/a as b is not cofixed in M. The lemma now follows by duality and induction. O

An unfettered k-coherent matroid is evidently a k-skeleton. We use this fact without comment
from now on.

Lemma 8.23. Let M be a k-coherent unfettered matroid in £(q), and let v be a strong bag vertex of a 3-tree
for M. If |By| = mf7.1(k, q), then M has a 4-connected unfettered minor with at least m elements.

Proof. By Lemma 8.10, the eyes of v form a potato P of M. Say P has | eyes. Note that M has no
k-wild triangles or triads so that an obvious minor perturbation of Lemmas 8.6 and 8.7 proves that
M has a 4-connected minor N containing the core of P and a set of 2| other elements. Moreover, by
Lemma 8.22 this matroid is unfettered. If [ > m/2, then the lemma follows. On the other hand say
I <m/2. By Lemma 8.9, each eye contains at most f7.1(k,q) elements of By. As f7.1(k,q) > 2, we see
that in this case the core of P has at least m elements. Thus the lemma holds in either case. O

Proof of Theorem 8.19. Let k' = 2/s11V:kDk Let v = fgo(m, k', q). Let fg19(m,v,k,q) = (mfy1(K,
Q) + fea1 (v, k. q).

Assume that M as at least fg.19(m, v, k, q) elements. By Theorem 8.11, M has at most fg.11(v,k, q)
fettered elements. By Corollary 8.21, M has an unfettered k’-coherent minor N with at least
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(mf71(K',q))”" elements. Let T’ be a 3-tree for N. If T’ has at least v’ vertices, then, by Theorem 8.2,
N has a 4-connected minor with a set of m pairwise-disjoint clonal pairs. It is easily deduced from
the construction of the minor and Lemma 8.22, that the minor is unfettered, so the theorem holds
in this case. Thus we may assume that T’ has at most v’ vertices. Then T has a vertex v for which
|By| > mf71(k’,q). We may assume that m > 4, so that v is strong. The theorem now follows from
Lemma 8.23. O

5. Unfettered matroids

We now know that a sufficiently large k-skeleton in £(q) has a large 4-connected unfettered minor.
The next task is to extract a 4-connected minor having many clonal pairs from such a matroid. While
we only need the result for matroids in £(q), free spikes play no role in the arguments, so we focus
on the class of matroids with no Uj g12- or Ug g42-minor, that is, the class U(q) NU*(q).

Theorem 8.24. There exists a function fg24(q,t) such that, if M is a 4-connected unfettered matroid in
U(q) NU*(q) with at least fg24(q,t) elements, then M has a 4-connected minor with at least t pairwise-
disjoint clonal pairs.

As usual we prepare for the proof with a series of lemmas. We begin with ones that focus on
connectivity. A matroid M is 4-connected up to rank-k 3-separators, if it is 3-connected and, whenever
(A, B) is a 3-separation of M, either r(A) <k or r(B) < k. A vertically 4-connected matroid is one that
is 4-connected up to rank-2 3-separators. If M is 4-connected up to rank-3 3-separators we will say
that M is 4-connected up to planes.

If M is 3-connected and (A, B) is a 3-separation where r(A) = 3, then A(A — cl(B)) =2, r(A —
cl(B)) =3 and A — cl(B) is a cocircuit. It follows that, if M is 4-connected up to planes, then M is
vertically 4-connected if and only if M has no 3-separating cocircuits. The next lemma is clear.

Lemma 8.25. Let x be an element of the 3-connected matroid M. If M\x is 4-connected up to rank-k
3-separators, then M is also 4-connected up to rank-k 3-separators.

Lemma 8.26. Let M be an unfettered matroid that is 4-connected up to planes. If r(M) > 6, then the
3-separating cocircuits of M partition a subset of the ground set of M.

Proof. Assume that C; and C; are 3-separating cocircuits of M. Say |C;1 N Cy| > 2. Then an uncrossing
argument shows that Ap(Cq U C2) = 2. We also have r(C; U Cy) =4. As M has rank at least six,
rm(E(M) — (C1 UCy)) >4 and we have contradicted the fact that M is 4-connected up to planes.

Assume that |C1 N Cy| =1; say C; N Cy = {x}. As C1 and C; are cocircuits, x € cI*(C; — {x}) and
x € cI*(Cy — {x}). Assume that M*(C; — {x}, C2 — {x}) = 2. Then n*(Cq, C2 — {x}) = 2. As x € cI*(Cq — {x}),
we have x € cI*(E(M) — C3). Using Lemma 2.12 we obtain the following.

AMC1UC) =4(C1U(C2 — (x}))
=A(C1) + A(C2 — {x}) = N(Cq, C2 — {x}) —1*(Cy, C2 — {x})
<2,
and again we have contradicted the fact that M is 4-connected up to planes.

Hence m*(C1 — {x}, C; — {x}) = 1. In this case it follows from the dual of Lemma 5.11 that x is
cofixed in M, contradicting the assumption that x is unfettered. O

The next lemma is a consequence of Lemma 5.16.

Lemma 8.27. If T is a triangle of an unfettered matroid, then the members of T are clones.
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Lemma 8.28. Let M be a vertically 4-connected unfettered matroid. If the element x of M does not have a
clone, then both M\x and M /x are 3-connected and unfettered.

Proof. Assume that x has no clone. Clearly M\x is 3-connected and, by Lemma 8.27 so too is M/x.
Certainly no element of M\x is fixed. Assume that the element z is cofixed in M\x. Then, by Corol-
lary 5.7, either x is cofixed in M, contradicting the fact that M is unfettered, or x and z are clones,
contradicting the fact that x does not have a clone. Thus M\x is unfettered and dually, so too
is M/x. O

Lemma 8.29. Let t be an element of a triangle of a vertically 4-connected unfettered matroid. Then M\t is
vertically 4-connected and unfettered.

Proof. Assume that t belongs to the triangle T of M. By Lemma 8.27, T is a clonal triple of M and it
is easily seen that M\t is vertically 4-connected. No element of M\t is fixed in this matroid. It also
follows routinely from Corollary 5.7 that M\t has no cofixed elements. O

Lemma 8.30. Let M be an unfettered matroid that is 4-connected up to planes, and let A be a 3-separating
cocircuit of M. Then the following hold.

(i) Iflis a non-trivial line that meets A, then | C A.
(ii) Ifa € A and a has no clone, then M /a is 4-connected up to planes.
(iii) If the element a of A is in a non-trivial line | of M and |A — I| > 2, then si(M/a) is 4-connected up to
planes.

Proof. Let [ be a non-trivial line of M that meets A. Assume that [ is not contained in A. Then
[(E(M) — A) NIl =1; say (E(M) — A)Nl={x}. As x is in the guts of the 3-separation (E(M) — A, A),
we have x € cI(E(M) — (AU {x})). But then x is fixed in M by Lemma 5.16, contradicting the fact that
M is unfettered. Thus (i) holds.

Consider (ii). The result is routine if A is not a triad. Assume that A is a triad {a, b, c}. By the dual
of Lemma 8.27, {a, b, c} is a clonal triple so that {b, c} is a clonal pair in M/a. Assume that (B, C) is a
3-separation of M/a. If {b, c} C B, then (BU{a}, C) is a 3-separation of M, and it follows that either B
or C has rank at most three in M/a. Assume that b € B and c € C. If there is a circuit Z contained in B
that contains c, then c e cly/q(Z), and we may apply the previous argument to conclude that either B
or C has rank at most 3 in M/a. Otherwise, both b and c are in the coguts of the 3-separation (B, C).
Consider this case. Assume for a contradiction that ry;/q(B) > 4 and ry/4(C) > 4. Then (B —{b}, CU{b})
is a 3-separation in M/a and b € cl*M/a(B — {b}). As {a,b,c} is a triad of M we have a € cly;(C U {b})
so that (B — {b}, C U {a, b}) is a 3-separation in M. But b € cl",z/,/a(B — {b}), so b € cly;(B — {b}). Hence
(B,CU/{a}) is a 3-separation of M. But ry(B), ry(C U{a}) >4 and we have contradicted the fact that
M is 4-connected up to planes.

We omit the easy proof of (iii). O

A 3-separation (A, B) of a matroid M is cyclic if both A and B contain circuits of M. The matroid M
is cyclically 4-connected if it is 3-connected and has no cyclic 3-separations. Note that M is cyclically
4-connected if and only if M* is vertically 4-connected. Note also that cyclically 4-connected matroids
do not contain triangles unless the matroid is degenerately small.

Lemma 8.31. Let p be an element of the plane P of the cyclically 4-connected unfettered matroid M where
|P| > 5. Assume that M\p is not cyclically 4-connected. Then |P| =5 and M\z is cyclically 4-connected for
allze P — {p}.

Proof. Let (A, B) be a cyclic 3-separation of M\p, where B is coclosed. If |AN (P — {p})| <1, then
(A, B U {p}) is a cyclic 3-separation of M. Thus |[AN (P — {p})| > 1 and symmetrically |B N (P —
{phH| > 1.But r(AN(P —{p})) <2 and r(BN(P —{p})) < 2 as otherwise p is in the closure of either A
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or B implying that M is not cyclically 4-connected. As M has no triangles we deduce that |P| =5 and
that [AN (P —{phH|=[BN (P —{p})| =2. Let {a1,a2} = AN (P —{p}) and let {by, b2} =B N (P —{p}).
Observe that A and cl(P) are a modular pair of cyclic flats of M whose intersection does not span P.
Thus any clone of a; or a, lies on the line {ai,a,}, and by symmetry any clone of b; or b, lies on
the line {b1, by}. It follows that {ay,a,} and {bq, by} are clonal lines of M.

Assume that M\ay is not cyclically 4-connected. Then, arguing as above, we deduce that, for some
x € {b1, by, p}, the pair {ay, x} is a clonal line of M contradicting the fact that {ai, ay} is a clonal line
of M. O

The proof of the next lemma is entirely analogous to the proof of Bixby’'s Lemma.

Lemma 8.32. Let x be an element of the vertically 4-connected matroid M that is not in a triangle. Assume
that M /x is not 4-connected up to planes. Then M\x is 4-connected up to rank-4 3-separators. Moreover, if
(D1, Dy) is a vertical 4-separation of M\x such that r(D;) < 4, then D is covered by a pair of lines of M.

Proof. Assume that M/x is not 4-connected up to planes. Then there is a 4-separation (Cq U {x}, C2)
of M with x in the guts such that r(Cy), r(C2) > 5.

Let (D1, D3) be a 3-separation of M\x. We need only consider the case that r(D1),r(D3) > 3.
Then, as neither (D1 U {x}, D) nor (D1, D U {x}) is a 3-separation of M, we see that (D1 U {x}, D)
is a 4-separation of M with x in the coguts.

Without loss of generality r(C1ND1) > 3. Thus A(C1NDq) > 3. By uncrossing A((C;NDy)U{x}) < 3.
But x € cI(C; UD1) and x € cI*(C; UD1). Hence r(C; UDq U {x}) =r(C1UD1) and r(C;ND3) =r((C2 N
Dy) U {x}) — 1. Therefore A(C; N Dy) < 2. As M is vertically 4-connected, we have r(C2 N Dy) < 2. But
r(Cy) > 5 so that r(C; N D) > 3. Repeating the above argument shows that r(Cy N Dy) < 2. Therefore
r(D2) <4 and D, is covered by a pair of lines of M. O

Let S be a set of elements of the matroid M. Define Py (S) to be the set cl(cl*(S)).
Lemma 8.33.1f z ¢ Py (S), then Py 2(S) 2 Py (S).

Proof. Observe that cl’,(,,\z(S) = cly(SU{z}) — {z}. It follows that cl*M\Z(S) D clj (). As z ¢ cly (cly(S)),
it follows that cly (cly (S)) S clmz(clyy,,(S)) as required. O

Recall that it follows from Lemma 7.6 that a simple rank-t matroid in U (q) NU*(q) has at most
(@* — 1)/t — 1) elements. Let h(q,t) = (¢" — 1)/(t — 1). By duality, if M is a cosimple matroid in
U@ NU*(q) of corank t, then M has at most h(q,t) elements.

Lemma 8.34. Let M be a simple, cosimple matroid in U(q) NU*(q).

(1) If S € E(M) and |S| < ¢, then [Py (S)| < h(q, h(g, 1)).
(ii) Ifr*(M) > h(q, t), thenr(M) > t.

Proof. Consider (i). Assume that |S| <t. As r*(S) <|S|, and r*(cl*(S)) =r*(S), we see that |cI*(S)| <
h(q, t). But r(cl(cI*(S))) =r(cI*(S)) so that |Py(S)| < h(q, h(q,t)).

Consider (ii). Assume that r*(M) > h(q,t). Then |E(M)| > h(q,t) so that, by Lemma 7.6,
r(M)>t. O

For an unfettered matroid M, let Ly; denote the set of elements in non-trivial clonal classes of M.
Not surprisingly, a clonal line of M is a line whose elements form a clonal set. Of course, if the line is
non-trivial its elements will form a clonal class.

Lemma 8.35. Let M be a vertically 4-connected unfettered matroid in U (q) NU*(q). Then there is a function
fs.35(q, t) such that if r*(M) > fs35(q, t), then at least one of the following holds.
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(i) M has a vertically 4-connected restriction N such that |Ly| > t.
(ii) There is an element z € E(M) — Py (Ly) such that M /z is 4-connected up to planes.

Proof. To simplify notation we inductively define hi(q,t) for i > 2 by hi(q,t) = h(g, hi~(q, t)). As-
sume that r*(M) > h®(q,t). For a set S of elements of a matroid N, set Qn(S) = Py(Pn(S)). Let
Z=(z1,22,...,21—1) be a maximal sequence of elements of M such that, for i € {1,2,...,l — 1}, the
following hold.

(i) M\z1, z2, ..., z; is vertically 4-connected.
(11) Zi ¢ LN\Z],ZZV..,Z,‘_] .

Clearly r(M\Z) = r(M). By Lemma 8.28, M\Z is unfettered. If |Lynz| > t, then the lemma
holds. Assume that |Lyy\z| < t. By Lemma 8.34(ii), r(M) > h3(q,t). As r(M\Z) = r(M), it also fol-
lows from Lemma 8.34(ii) that r*(M\Z) > h%*(g,t). By Lemma 8.34(i), there is an element z ¢
E(M\Z) — Qm\z(Lm)-

If M\Z/z is 4-connected up to planes, then, by Lemma 8.25, M/z; is 4-connected up to planes
and the lemma holds. Assume otherwise. Then the conclusions of Lemma 8.32 hold for M\Z\z. Let
M’ = M\ Z\z. It follows from the choice of Z that M’ is not vertically 4-connected. Moreover, if A is
a 3-separator of M’ with r(A) € {3, 4}, then z € cl}(,,\Z(A).

Assume that M’ is not 4-connected up to planes. Let A be a rank-4 3-separator of M’. Then there
are lines Iy and I such that I Ul = A. As r(A) = 4, these lines are disjoint. If A € Ppp\z(Lyyz),
then z; € Qm\z(Lm\z), contradicting the choice of z. Thus we may assume that there is an element
a €ly such that a ¢ Pyyz(Lm\z). Certainly a is not in a triangle, so |I1| = 2. Let L be a subset of I
with |L| = |I;| — 2. By Lemma 8.29, M\Z\L is vertically 4-connected, so that (M\Z\L)* is cyclically
4-connected. Moreover, {z} Ul; U (I — L) is a 5-point plane of this matroid. It now follows by the
dual of Lemma 8.31, that, if z €y, then M\Z\L/z is vertically 4-connected. By Lemma 8.25, M/z is
vertically 4-connected and by Lemma 8.33, z ¢ Py (Lp).

Assume that M’ is 4-connected up to planes and let A be a rank-3, 3-separating cocircuit of M’.
Arguing as above we deduce that there is an element z € A that is not in Py z(Lyy\z). Now z is not
in a triangle of M’, as otherwise, by Lemma 8.27, z € Ly. So, by Lemma 8.30, M’/z is 4-connected up
to planes. Again it follows from Lemma 8.33 that z ¢ Py (Ly).

We conclude that the lemma holds by letting fg35(q,t) =h%(q,t). O

Lemma 8.36. Let M be a vertically 4-connected unfettered matroid in U(q) NU*(q). Assume that r*(M) >
fs.35(q, t). Then at least one of the following holds.

(i) M has a vertically 4-connected restriction N such that |Ly| > t.
(ii) There is a nonempty set | C (E(M) — Ly) such that M/ ] is unfettered and vertically 4-connected.

Proof. Assume that the lemma fails. Then (i) does not hold, so, by Lemma 8.35, there is an element
ze€ E(M) — Py(Ly) such that M/z is 4-connected up to planes. If M/z is vertically 4-connected,
then, by Lemma 8.28, M/z is unfettered so that the lemma is satisfied with | = {z}. It follows that
M/z is not vertically 4-connected. Let {Z, Z2,...,Zn} be the 3-separating cocircuits of M/z. Say
ie{1,2,...,m}.If Z; C Py(Ly), then z € Py (Lyy). Thus there is an element z; € (Zi — Py (Ly)).

8.36.1. Thereisani € {1, 2, ..., m} such that every element of Z; — Ly is contained in a triangle in M /z.

Subproof. Assume otherwise. For i € {1, 2,...,m}, choose z; € Z; — Ly so that z; is not in a triangle
in M/z. It is straightforwardly seen that now the lemma holds with | ={z, z1, z, ..., zm}, contradict-
ing the assumption that the lemma fails. O

Let Z be a 3-separating cocircuit of M/z satisfying 8.36.1 and let H =E(M) — Z.
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8.36.2. Z is coclosed in M and M /z.

Subproof. If z € cI*(Z), then r(H — {z}) =r(M) — 2, so that (H — {z}, ZU{z}) is a vertical 3-separation
of M, contradicting the fact that M is vertically 4-connected. Thus z ¢ cI*(Z). Say that t € H —{z}, and
tecl*(Z). Then t € cl",z/,/Z(Z) and Z U {t} is a rank-4 3-separation of M/z contradicting the fact that
M/z is 4-connected up to planes. Therefore Z is coclosed in M and hence in M/z. O

8.36.3. Z partitions into two clonal lines of M /z. One of these, say I, is a clonal line of M; the other, say 1,
spans a plane of M and contains at least two points u and v that are not in Ly;.

Subproof. If Z C Ly, then z € cl(Ly) contradicting the choice of z. Thus there is a point u € Z — Ly;.
By 8.36.1, u is in a line I; of M/z, where |l;| > 3. As M/z is unfettered, it follows from Lemma 8.30(i),
that [; C Z. As u ¢ Ly, we see that I, is not a line of M. Hence ry(I;) =3, and z € cly ().

Say y € Z. Assume that y is not in a triangle in M/z. By 8.36.1, y € L, and hence has a clone in M
and therefore in M/z. Such a clone must be in Z. Thus Z partitions into clonal lines of M/z.

Let I} be a clonal line of M/z in Z —I,. Assume that ry(I;,) = 3. Then z € cly(l}), and z € cly(H —
{z}) (by 8.36.2). It follows routinely that z is fixed in M. Thus [, is a line of M. If this line is not a
clonal line, then it has two points and is not contained in Ly, and we obtain a contradiction to 8.36.1.
Thus Z — I, partitions into clonal lines of M.

If u is the only element of I, not in Ly, the u is the only element of Z not in Ly. Thus u €
cl*M/Z(LM) so that u € cI*(Ly). This gives the contradiction that z € Py;(Ly). Hence there is another
point v €[, that is not in Ly.

Assume that there is more than one clonal line in Z — I,. If these lines are skew in M, then
z € cl(Lyy), contradicting the choice of z. Thus Z —I; spans a plane in M. If both u and v are on this
plane, then any clone u’ of u must lie on both this plane and the plane I, U {z} (certainly u is not
a coloop of this plane). Thus {u’, u, v} is a triangle and we deduce that {u, v} is a clonal line of M,
contradicting the fact that these elements are not in L.

It follows that we may assume that u ¢ cly(Z —[;) and it is now easily checked that, in M/u, the
set Z U {z} contains a U35 restriction (indeed a U3 restriction, but we do not need this). Thus, if
(P, Q) is a vertical 3-separation of M/u, we may assume that ZU{z} C P. But then u ¢ cly(Q), so this
3-separation is not coblocked by u, so that (P U{u}, Q) is a vertical 3-separation of M, contradicting
the fact that M is vertically 4-connected. Therefore [} is the unique clonal line of M\[,, and the claim
holds. O

8.36.4. M /u and M /v are 4-connected up to planes.

Subproof. Let P = (I; — {u}) U {z}. By Lemma 8.30, si(M/u, z) is 4-connected up to planes apart from
the single parallel class P. If M/u is not 4-connected up to planes, then there is a 3-separation
(X,Y) of M/u,z with ryy z(X) =3, such that z € cly/u(X) and z ¢ cly/u (Y). We may assume that
X is a cocircuit of M/u,z. If P C clyu,v(Y), then z € clyu(Y), so P € X. But, by Lemma 8.26, the
3-separating cocircuits of M/z are all disjoint from P. O

8.36.5. We may assume that neither u nor v is in Pp(Ly).

Subproof. If all but one element t of [, is in Py (Ly), then the remaining element is clearly in the
closure of Z — {t}, so that z e cl(Z — {t}), and z € cl(Pp(Lp)), that is, z€ Py(Ly). O

If M/u is vertically 4-connected, then the lemma holds with J = {u}. Thus we may assume that
neither M/u nor M/v is vertically 4-connected. We now have symmetry between u, v and z in that
there exist sets U and V with partitions {l,,[,} and {l,,I,} respectively such that the conclusions
established above hold with (z, Z,1;,}) replaced by (u, U, I, 1) or (v, V,l,.1,).

8.36.6.1,U{z) =, U{u}) =1, U{v).



128 J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175

Subproof. We first show that I, N1, # #. Assume otherwise. As [, contains a circuit containing u, we
have [l, N Z| > 2. Thus there is an element of I, contained in I,. As I is a clonal line it follows that
I, C 1. Note that any other element of I, is in H. Now r(l, U {u}) =3, so I, U {u} spans [,. Let p and q
be elements of I, — (I; U {u}) and let M’ be the matroid obtained by independently cloning p by p’.
Then {p, p’, q} < cl(l}, U {u}). Also, by 8.36.2, p € cl(H — {p}) so that p’ € cI(H). But n(l, U {u}, H) =2,
so {p,p’,q} is a triangle. This shows that I, — (I, U {u}) is a clonal line of M contradicting the fact,
established by 8.36.3 and symmetry, that this set has at least two elements not in Ly. Therefore
I,Nl #0.

We may now assume that there is an element p €[, N (I; — {u}). Then p is in U. But [, contains
a circuit containing p and U is a cocircuit. Hence there is another element of U contained in I,. If
such an element is contained in [, then, as u is not in a triangle, we see that cl(l, U {u}) = cl(l; U {z})
and it follows easily that I, N {u} =1, N {z}. Thus we may assume that the element is in [, and as [,
is a clonal line we deduce that I}, C I,. By symmetry we also have I, C [, and it follows easily that
U C cl(Z). But then cl(Z) contains two distinct cocircuits, U and Z, so that r(E(M) — cl(Z)) <r — 2,
and hence A(Z) = 2, contradicting the fact that the matroid M is vertically 4-connected. O

Let A denote the common set given by 8.36.6, that is, A =1, U {z}.
8.36.7. There is a pair {s, t} C {u, v, z} such that N(l; U I}, A) = 2.

Subproof. Assume that the sublemma fails. Then n(l;, Ul, Ul,, A) = 1. Moreover, elementary rank
calculations establish that m(l, Ul,, A) =1 and that ry, (I, Ul,, A) = 0. From this latter fact we
deduce that m*(l, Ul}) > 3. Using this and Lemma 2.12 we obtain

Al UL, UA) =4, ULL) 4+ A(A) —n(l, UL, A) —n*(I, UL, A)
>3+3-1-0=5.

But by uncrossing the 4-separations AUI;, and AU, we see that A(l, Ul;, UA) < 3. This contradiction
establishes the sublemma. O

By 8.36.7, we may assume that n(lj, Ul,, A) = 2. Thus n{, Ul,,l;) =2. But I, Ull, € H — {z},
and Ny (H — {z},1;) <1, so that ry (I, UL, 1) < m(l, UL, L;). By Lemma 2.10, z € cly (I, UL,)
contradicting the fact that z ¢ Ly. This contradiction at last completes the proof of the lemma. O

Corollary 8.37. Let M be an unfettered vertically 4-connected matroid in U (q) NU*(q). Ifr*(M) > fg35(q, t),
then M has a vertically 4-connected minor N with |Ly| > t.

Proof. Assume that r*(M) > fs3s5(q,t). Let Z ={z1,22,...,z} be a maximal set of elements of M
such that, for all i € {1, 2, ..., 1}, the matroid M/z1, z2, ..., z; is unfettered and vertically 4-connected
and such that z; ¢ Lyyz, 2,,...2_,- By Lemma 8.28 M/Z is unfettered. Certainly Z is independent.
Hence r*(M/Z) =r*(M) > fg35(q,t). By the definition of Z, part (ii) of Lemma 8.35 does not hold
for M/Z. Thus part (i) of that lemma holds for M/Z and gives the required minor. O

Finally we can achieve the purpose of this section.

Proof of Theorem 8.24. Let fg24(q,t) = h(q, fs.35(q, (@ + 2)t)). Let M be an unfettered 4-connected
matroid in U (q) NU*(q) with at least fg14(q,t) elements. Then r*(M) > fs35(q, (@ + 2)t). By Corol-
lary 8.37, M has a vertically 4-connected minor N with the property that |Ly| > (q + 2)t. Let N’ be
the matroid obtained by deleting all but two elements from each non-trivial clonal line of N. Such
lines have at most g + 1 points. By Lemma 8.29, N’ is an unfettered vertically 4-connected matroid.
But N’ has no triangles, so that N’ is 4-connected. Moreover |Ly/| > 3t. Hence N’ has at least t
pairwise-disjoint clonal pairs. O



J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175 129

Chapter 9. Unavoidable minors of large 3-connected clonal matroids
1. Introduction

Let M be a matroid and C be a partition of E(M). Then C is a clonal partition of M if C is a
partition into clonal pairs. The matroid M is a clonal matroid if E(M) has a clonal partition.

Let N be a minor of M. Then a clonal subset A of N is an M-clonal subset if A is a clonal set in M.
In particular, the clonal pair {a, a’} is an M-clonal pair if {a,a’} is a clonal pair in M. We say that N is
a clonal minor of M if E(N) has a partition into M-clonal pairs.

Let M be a clonal matroid with associated clonal partition P. If {p, p’} is a member of P, then
we say that p’ is the clonal mate of p. We may do this at times without mentioning the underlying
partition, but only when no danger of ambiguity arises. In any unexplained context, we indicate the
clonal mate of an element by adding a prime symbol. Thus a’ will denote the clonal mate of a. If the
subset A of elements of M contains no member of P, then A’ will denote the set A’ = {a’: a € A}.

The goal of this chapter is to prove.

Theorem 9.1. There exists a function fq 1(m, q) such that, if M is a 4-connected matroid in £(q) with at least
fa.1(m, q) pairwise-disjoint clonal pairs, then M has a clonal Ay,-minor.

The next lemma gives the first step towards proving Theorem 9.1.

Lemma 9.2. Let M be a 3-connected matroid with a nonempty set A of elements that has a partition into
pairwise-disjoint clonal pairs. Then M has a 3-connected clonal minor on A.

Proof. Certainly M is not a wheel or a whirl. Thus, if M has a maximal fan with at least four elements,
then this fan has an end. The end of the fan gives an element f that is not in a clonal pair. The
element f is not in A and can be either deleted or contracted to preserve 3-connectivity. Thus we
may assume that M has no 4-element fans. Say x € E(M) — A. Assume that x is in a triangle T. If
T contains a member of A, then by Lemma 5.24, M\x is 3-connected. Assume that T N A = . Then
by Tutte’s Triangle Lemma, there is an element of T that can be deleted to preserve 3-connectivity.
Assume that M has no triangles or triads containing x. Then, by Bixby’s Lemma, either M\x or M/x
is 3-connected. The lemma follows by induction on |[E(M) — A|. O

Given that 4-connected matroids are 3-connected, Theorem 9.1 is an immediate corollary of
Lemma 9.2 and the next theorem.

Theorem 9.3. There is a function fg3(m, q) such that if M is a 3-connected clonal matroid in £(q) whose
ground set has at least fq3(m, q) elements, then M has a clonal Ay,-minor.

Proving Theorem 9.3 is the task of this chapter. This theorem has a similar flavour to the next
important theorem of Ding, Oporowski, Oxley and Vertigan [5]. A matroid is a whorl if it is either a
whirl or the cycle matroid of a wheel.

Theorem 9.4. There is a function fg4(m) such that, if M is a 3-connected matroid with at least fg4(m)
elements, then M has one of the following as a minor: Um m42, U2 my2, M(K3 m), M*(K3,m), a rank-m whorl,
or a rank-m spike.

We use the following immediate corollary of Theorem 9.4.

Corollary 9.5. There is a function fgs5(m) such that, if M is a 3-connected matroid in £(q) with at least
fo.5(m) elements, then M has one of the following as a minor: M(K3 ), M*(K3,m), a rank-m whorl, or a
rank-m spike.
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A brief outline of our path to Theorem 9.3 follows. We begin by using Corollary 9.5 to find an
M(K3,m), M*(K3 ), rank-m whorl, or rank-m spike as a minor of our large 3-connected clonal ma-
troid M in £(q). In doing so we have lost our clones and these need to be recovered. Up to duality
we obtain a series extension of our minor which has many M-clonal series pairs. In Section 2 we
show that we can find such a series extension where the series pairs are bridged in a particularly
simple way. After that, it is a matter of inspecting each type of minor in turn and demonstrating that
in each case the bridging process either produces a violation to the assumption that we are in £(q)
or produces a large clonal free-swirl minor.

Theorem 9.1 serves the needs of this paper, but it is probably not the strongest possible result.
Given a large 3-connected clonal matroid, we are happy to obtain a large line, coline or free-spike
minor. The only minor we care about being clonal is the free swirl. We make the following conjecture.

Conjecture 9.6. There is a function fgg(m) such that if a 3-connected clonal matroid has at least fqg(m)
elements, then it has one of the following as a clonal minor: Uz 2m, Uam—2,2m, Am, or Anp.

2. Bridging M-clonal series pairs

As noted above, our first objective is to produce a highly structured minor with many M-clonal
series pairs that are bridged in a particularly simple way. Recall that a matroid M is 3-connected up to
series pairs if, whenever (X, Y) is a 2-separation of M, either X or Y is a series pair. The next lemma
is the goal of this section.

Lemma 9.7. Let M be a 3-connected clonal matroid in £(q). Then there is a function fg7(m,t,q) such that,
if M has at least fg97(m,t,q) elements, then either M has a clonal Ap-minor or, up to duality, M has a
3-connected minor N with a coindependent set ] such that the following hold.

(i) N\J is 3-connected up to a set of at least t series pairs.
(ii) Each series pair of N\ J is M-clonal.
(iii) co(N\J) is either a spike, a whorl, or for some integer I, is isomorphic to M(K3 ;) or M* (K3 ).

The reader should now recall material on bridging sequences from Chapter 2 Section 3. It is shown
in [11,18] that a bridging sequence for a 2-separation has at most five elements. For an M-clonal
series pair it is not hard to do better.

Lemma 9.8. Let N be a connected minor of the matroid M, let {p, p’} be an M-clonal parallel pair in N, and
let V be a minimal bridging sequence for {p, p’}. Then |V | < 2.

Proof. Say that V = (vg, v1,..., v¢). Assume that |V| > 2, that is, assume that {p, p’} is not bridged
in N[vg, v1]. Let Z=E(N) — {p, p’}. Consider N[vg]. If vg is an extension element of V, then vg €
cInpve({p, p'}), so that {p, p’, vo} is a parallel set in N[vo]. But then vg € clnpvy)(Z), contradicting
Lemma 2.27. Thus vq is a coextension element of V.

9.8.1. {p, p’, vo} is both a triangle and a triad in N[vg].

Subproof. This seems clearer in the dual. Here {p, p’} is a series pair of N*. By Lemma 2.28, vq €
cln+pvo1({p, P'})- As {p. p’} is a clonal pair, {p, p’, vo} is a triangle in N*[vg]. If vq € cly+[v,;(Z), then
we violate Lemma 2.27. Therefore {p, p’, vo} is also a triad. O

Consider N[vg,v1]. Then v is an extension element of V. By this fact and Lemma 2.28, in
N[vo, v1] we have vy € cl({p, p’, vo}), and vq is not parallel to p or p’. Thus {p, p’, v{} is a triangle
in N[vo, v1]. But v1 € cInpvg,v,1(Z), so that N[vo, vi]\vo = N[vg, v1]\v1. Therefore N[V]/vo has N as
a minor, contradicting Lemma 2.26. O
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It is perhaps surprising that we have not used the next easy fact about spikes and swirls earlier in
this paper.

Lemma 9.9. Let M be a spike or a swirl of rank at least four. If M contains a clonal pair, then M is a free spike
or free swirl.

Proof. Let {a,a’} be a clonal pair of M. Then {a,a’} is certainly a leg of the spike or swirl. Assume
that M is not a free spike or free swirl. Then M contains a circuit-hyperplane H that is a transversal
of the legs. But then H contains exactly one of {a,a’}, contradicting the assumption that {a,a’} is a
clonal pair. O

Proof of Lemma 9.7. We lose no generality in assuming that m > q as otherwise, we can de-
fine fg97(m,t,q) to be equal to fo7(q + 1,t,q). Set fg7(m,t,q) = fo95(m + 2t,q). Assume that
|[E(M)| > fo9.7(m,t,q). By Corollary 9.5, we see that M has minor N that is either a rank-(m + 2t)
whorl, a rank-(m + 2t) spike, or is isomorphic to M (K3 m42¢) or M* (K3 m42¢)-

9.7.1.If {a, d’} is a clonal pair of M and a € E(N), thena’ ¢ E(N).

Subproof. Elements of whorls, M(K3 42m) and M*(K3 ryom) are either fixed or cofixed so these ma-
troids contain no clonal pairs. If a spike contains a clonal pair, then by Lemma 9.9, that spike is a free
spike contradicting the assumptions that M € £(q). O

Choose a partition C of E(M) into clonal pairs. Assume that N = M/I\ ] where I is independent
and J is coindependent in M. Each element e of N has a clonal mate e’ € E(M) — E(N). As |[E(N)| >
2(m+ 2t), we may assume, up to duality, that at least m + 2t of these clonal mates are in J. Let K be
the set of elements of J that are not clonal mates of elements of N. Consider M/I\K. Say z € E(N)
has a clonal mate z' € J. Then {z,z'} must be a parallel pair in M\I/K unless z is not fixed in N.
The exceptional case can only happen if either (a) N is a whirl or (b) N is a spike. Assume that we
are in one of these cases and that there are at least m members of E(N) that have clonal mates in
M\I/K that are not in parallel pairs. In case (a) we routinely see that M\I/K has a Ap-minor, the
legs of which are M-clonal, so that the lemma holds. In case (b) we routinely see that M\I/K has a
Am-minor and we have contradicted the assumption that M € £(q).

It follows from the argument of the previous paragraph that we may assume from now on that
M/I\K is 3-connected up to a set of at least 2t parallel pairs and each of these parallel pairs is a
member of C. If {x,x’} is such a parallel pair, then, by Lemma 9.8, its corresponding 2-separation has
a bridging sequence of length at most 2.

Let X be the union of the clonal pairs in M/I\K that are bridged with a 1-element bridging
sequence and let Y be the union of the clonal pairs that are bridged by a 2-element minimal bridging
sequence. Let A=XNE(N), A=X—-—A,B=YNE(N) and B =Y —B.

9.7.2. The lemma holds if |A| > t.

Subproof. For each a € A, let a” denote an element of I that bridges {a,a’} and let A” = {a”: a € A}.
Note that A” could be a small set, indeed it may only have one element. Consider M/(I — A”)\K.
Note that, if b € B, then {b, b’} is a parallel pair in this matroid as otherwise {b, b’} has a 1-element
bridging sequence. Hence each parallel pair of M/I\(J — A’) is bridged in M/(I — A”)\(J — A’) and
the claim follows by taking the dual. O

We now consider the case that |B| >t. Say B = {by,by,...,by}. Then B’ = {b}, b}, ... b;}. For
i€{1,2,...,n}, let b/ and b} be the first and second elements of a 2-element bridging sequence for
{bi,b}}. Set B” ={b7,b},.... by} and B” = {b{", b}, ..., by"}. As {b;,b}} is a parallel pair in M/I\K,
we see that b} is a coextension element of the bridging sequence (b},b;") and hence that b}’ is an
extension element of this bridging sequence. Therefore B” C I and B” C J.
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9.7.3. Foreachi € {1, ...,n}, the pair (b}, b{") is a minimal bridging sequence for {b;, b}} in M/I\(K U A).
Subproof. Say that a € A. Then b} ¢ cl(M/,\K)[ny]({a, a'}), as otherwise b} coblocks {b;, b}} contradict-
ing the definition of bridging sequences. Thus {a,a’} is a parallel pair in (M/I\K)[b{] and also in
(M/INK)[b}, b"]. The claim follows easily from this observation. O

The effect of 9.7.3 is that we can ignore A’ and we have the following setup. Let [” =1 — B” and
J"=]—(B'"UB").Then N =si(M/(I"UB")\(J”UB")). Moreover, for i € {1,2, ..., n}, the pair {b;, b}}
is parallel in M/(I” U B")\(J” U B") and is bridged in M/I"\ J” by the bridging sequence (b}, b{").

By the definition of bridging sequence, {b;, b}, b}'} is 2-separating in M/(I"U(B" —{b}}))\(J” UB""),
and, in this matroid, b} € cl({b;, b}}). This shows that {b;, b}, b{} is a triangle in this matroid and, as
{bi, b}} is a clonal pair, {b;, b} is a series pair in M/(I” U (B” — {b/))\(J” U B” U {b}).

Consider M/I”\(J” U B"). If the 2-separating set {b;,b},b}} of M/(I" U (B” — {b{})\(J" U B")
is bridged in this matroid, then the parallel pair {b;,b;} of M/(I” U B")\(J” U B") is also bridged.
But, as B” is independent in M/I”\(J” U B"’), a minimal bridging sequence must have size one,
contradicting the assumption that {b},b;"} is a minimal bridging sequence for {b;, b;}. From this we
deduce that {b;, b}, b/} is a 2-separating triangle of M/I”"\(J” U B""), and that {b;, b}} is a series pair
of M/I//\(]// UB"” U B”).

Moreover, it is easily seen that {b;, b}, b/} is a clonal triple of M/I"\(J” U B"), so that M/(I" U
BHY\(J"UB”UB”y=M/(I" UB")\(J”UB"” UB’). But the latter matroid is equal to N and the former
is co(M/1"\(J U B” U B")). Each triangle {b;, b, b’} of M/I"\(J” UB") is blocked by b{" in M/I"\ J",
and it follows that each series pair {b;, bj} of M/I"\(J”UB"" UB") is blocked by b} in M/I"\(J" UB").
Thus the lemma holds in this case too. O

3. The whorl case

We begin by examining the case when we have a large whorl minor. The next lemma is the goal
of this section. Its proof is surprisingly lengthy.

Lemma 9.10. Let M be a 3-connected matroid in £ (q) with a coindependent set | such that the following hold.

(i) M\ ] is 3-connected up to a set of n series pairs that are M-clonal.
(ii) co(M\J) is a whorl.

Then there is a function fg10(m, q) such that, ifn > fg9.10(m, q), then M has a A,,-minor, each leg of which is
a series pair of M\ J.

Preliminary results The next three lemmas are easily proved and are certainly well known. Note
that Lemmas 9.11 and 9.12 follow from Ramsey-theoretic results on matrices given in [4]. A vertex of
a hypergraph is isolated if it is not incident with any edges. Edges of a hypergraph are parallel if they
are incident with the same set of vertices.

Lemma 9.11. Let | and n be integers and let H = (V, E) be a hypergraph with no isolated vertices and no
parallel pairs of edges. Assume that no edge of H is incident with more than | vertices and let U be an n-element
set of vertices of H. Then there is a function fg11(m,l) such that, if n > fg.11(m,1), then there is a subset
{ui,uy,...,un} of V and a set {eq, ea, ..., en} of edges of H such that, fori e {1,2,...,m}, u; is incident
with ej ifand only if i = j.

The next lemma is a strengthening of Lemma 9.11 that gives a somewhat more specific out-
come.

Lemma 9.12. Let | be an integer and let H = (V, E) be a hypergraph with no isolated vertices and no parallel
pairs of edges. Assume that no edge of H is incident with more than [ vertices. Let ¢ : V — E be a function
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such that, for all v € V, the vertex v is incident with ¢ (v). Then there is a function fg13(m,[) such that, if
n > fo.12(m,1), then there is a subset {u1, us, ..., un} of V such that, fori € {1,2,...,m}, the vertex u; is
incident with ¢ (u;) if and only ifi = j.

Lemma 9.13. Let G = (V, E) be a graph where V is cyclically ordered and E is a matching. Then there is a
function fg13(m) such that, if |E| =n and n > fg.13(m), then, for some labelling (v1, va, ..., Vv;) of V that
respects the cyclic order, there is a set of m edges in E that can be directed and ordered ((vi,, vj,), (Vi,, Vj,),
.o (Viy,, vj,)) such that one of the following holds.

Nir<ji<ia<jo< - <im<jm
(ii) i1 <ip <+ <im < jm < jm=1 < -+ < j1.
(ili) i1 < < - <im<ji1<j2<-<Jjm

Recall that a flower P in a connected matroid M has the property that if (X, Y) is a 2-separation,
then either X or Y is contained in a petal of P. Let P= (Pq, P3, ..., P;y) be a flower in the connected
matroid M. Recall that a clonal pair {p;, q;} contained in the petal P; is P-strong if x({pi,qi}, P1 U
P,U---UPj_1UP;j;1U---UPy) =2. Equivalently {p;, q;} is P-strong if there is no 2-separating set X
of M with {pj, qi} € X C P;. For convenience we restate here a special case of Lemma 6.11.

Lemma 9.14. Let M be a connected matroid with a swirl-like fower P = (P, P2, ..., Py) such that for alli €
{1,2,...,n} the petal P; contains a P-strong clonal pair {p;, q;} Then M contains a A,-minor with associated
flower ({p1, q1},{p2, 42}, ... {Pn, Gn}).

We will also use the following technical but elementary lemma.

Lemma 9.15. Let M be a matroid with an element z” such that M\z" is connected with an M-clonal series
pair {z, Z'}. Assume that M\z" has an exact 3-separation (X, Y) where {z, z'} C Y. Assume further that (X, Y)
is blocked in M and that App 7 (X U {z,Z'}) > 2. Then the 3-separation (X,Y — {z'}) of M\z"/Z’ is blocked
byz'inM/Z.

Proof. Evidently (X, Y —{Zz’}) is an exact 3-separation of M\z"”/Z'. If this is not blocked by z” in M/Z/,
then either z” € cly/» (Y — {Z}) or z” € cly;» (X). In other words, z” € cly(Y) or z” € cly(X U {Z'}).
The former case does not occur. Consider the latter. In this case z’ € cly (X U {z”}) and, as {z, Z/} are
clones, z € cly (X U{Z"}). Thus ry(X U {z,Z}) <ry(X) + 1. But ry(Y — {2, Z}) <rm(Y)—1 as {z,Z} is
a series pair. Therefore App,7(X U{z,Z'}) <2, contradicting a hypothesis of the lemma. O

It is perhaps surprising that we have not needed the following lemmas on freedom until now.

Lemma 9.16. Let {a, b, c} be a triad of the matroid M, where b and c are clones. Then a is freer than b
inM/c.

Proof. Let F be a cyclic flat of M/c that contains a. Then either F or F U {c} is a cyclic flat of M. In
the latter case F contains b as {b, c} is a clonal pair. In the former case F contains either b or c as
{a,b,c} is a triad of M. But again, as b and c are clones we deduce that F contains b. O

Lemma 9.17. Let a and b be elements of a matroid M, where a is freer than b. If N is a minor of M whose
ground set contains both a and b, then a is freer than b in N.

Proof. Say ¢ € E(M) — {a, b}. Consider M\c. If F is a cyclic flat of M\c that contains a, then either F
or FU/{c} is a cyclic flat of M. In either case we deduce that b € F. Thus a is freer than b in M\c.

As a is freer than b we have b is freer than a in M*, so that b is freer than a in M*\c. Thus a is
freer than b in M/c. The lemma follows from these observations. 0O
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Cleanly-blocked coextended whorls The matroid M is a coextended whorl if it is 3-connected up to
series pairs and co(M) is a whorl. We now consider the case where the series pairs of a coextended
whorl are blocked one at a time by the blocking elements. We begin by developing some terminology
for this case.

Let N be a rank-n whorl with rim elements labelled R = {ri,r2,...,1;} and spoke elements
labelled S = {s1,5s2,...,5,}. We say this labelling is standard if, for all i € {1,2,...,n}, the sets
{si,ri,siy1} and {ri, Siy+1,1i+1} are respectively triangles and triads of N, where indices are taken mod-
ulo n. Let M be a matroid. Then M is a cleanly-blocked coextended whorl of order n with distinguished
5-tuple (R, S, T, T’, T") if we have labellings R = {r1,r2,...,1m}, S={s1,52,...,sn}, T ={t1,t2, ..., tn},
T ={t},t),....ty} and T” = {t{,t5, ..., t;} such that the following hold.

(i) E(M) consists of the union of the disjoint sets R, S, T" and T”. The set T is contained in
RUS.
(ii) M\T”/T’ is a whorl for which R and S give a standard labelling.
(iii) M\T” is a coextended whorl with series pairs {{t;, t;}: i€ {1,2,...,n}}.
(iv) The series pairs of M\T” are M-clonal.
(v) For all i €{1,2,...,n}, the element t!" blocks the series pair {t;, t;} of M\T”, but blocks no other
series pair.

Our goal for this case is to prove.

Lemma 9.18. Let M be a cleanly-blocked coextended whorl in £(q) with distinguished 5-tuple (R, S, T,
T', T”). Then there is a function fg1g(m,q) such that, if |T| > fg1s(m, q), then M has a Ap-minor, each
leg of which is a series pair of M\T".

Note that if M is a cleanly-blocked coextended whorl, then M is 3-connected, the set {t;,t,t!'} is
a triad for all i € {1,2,...,n} and co(M\T") = M\T"/T’. We call a triad of the form {t;,t},t/} a flap
of M. The next lemma is immediate.

Lemma 9.19. If {t;, t;, t/'} is a flap of M, then M\t{'/t; is a cleanly-blocked coextended whorl of order n — 1

it

with distinguished 5-tuple (R, S, T — {t;}, T' — {t[}, T" — {t/'}).

The minor N of M is obtained by removing flaps if it is obtained by a sequence of operations of the
form described in Lemma 9.19. The matroid M is rim based if all the series pairs of M\T" are based
at rim elements, that is, if T C R. It is spoke based if all the series pairs are based at spoke elements,
that is, if T € S. We consider the two cases in turn.

The rim case Our goal in the rim case is to prove

Lemma 9.20. Let M be a rim-based cleanly-blocked coextended whorl in £(q) with distinguished 5-tuple
(R,S, T, T, T"). Then there is a function fg20(m, q) such that, if |T| > f9.20(m, q), then M has a Ap,-minor,
each leg of which is a series pair of M\T".

Throughout this subsection we assume that M is a rim-based cleanly-blocked coextended whorl
with distinguished 5-tuple (R, S, T,T’,T”). Note that a flap of M will have the form {r;,r{,r{'} for
some r; € R.

Say |[R| =n. If 1 <k <n, then the set {sy,,S1,71,...,Tk_1, Sk} is 3-separating in M\T”/T’ and
the corresponding 3-separation is clearly induced in M\T”. We denote this induced 3-separation by
(Lk, Ki). We say that the element r,;/ of T” blocks (Ly, Ki) from the right if he {k,k+1,...,n—1} and
ry blocks (Lg, Ki). On the other hand, r; blocks (Ly, Ki) from the left if h e {1,2,...,k—1} and 1}
blocks (L, Ki).

Lemma 9.21. If M € £(q) and 2 < k < n, then at most ‘zk%f elements of T” block (L, Ky) from the right.
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Proof. Let U” be the set of elements of T” that block (Ly, Ky) from the right. Let U = {r; € T:
r/ e U"}. Let (L, K) = ({Sn, Tn, S1, 71, - s k=1, Sk}> {Tks Skk15 - - - » Sn—1, Tn—1}). By Lemma 9.15, we have

9.21.1. Ifu” € U”, then u” blocks the 3-separation (L, K) of M\T" /T’.

Define the equivalence relation ~ on {s, Sx41,...,Sp} as follows. If k <i < j <n, then s; ~s; if the
set {ri,Ti+1,...,7j—1} contains no member of U. Otherwise s; ~s; if s; ~ s;. Evidently ~ has [U|+ 1
equivalence classes. Let

V=U"U{rie{rn, g, ...} ri ¢ U}
9.21.2. V is independent in M/T'.

Subproof. As M\T”/T’ is a whorl, the set {r, riy1,...,m—1} of rim elements is independent in M/T’.
It is elementary that if x is an element of an independent set X of a matroid and x” is freer than x,
then (X — {x}) U {x"} is also independent. The claim now follows from the above facts, Lemma 9.16
and Lemma 9.17. O

We now focus on the rank-k matroid M/T’/V, the goal being to show that it has at least |U”|
parallel classes.

9213.Ifie{1,2,...,k}, then {s;} is independent in M/T'/ V.

Subproof. As M\T"/T’ is a whorl, {s;, T, Its1,-..,Tn—1} is independent in M\T”/T’. By Lemma 9.17
we see that {s;} UV is independent in M/T’, proving the claim. O

9.214.1fi, je {k,k+1,...,n}, and s; = s, then {s;, s;} is independent in M/T'/V.

Subproof. Assume otherwise. Then, by 9.21.3, {s;,s;} is a circuit of M/T’/V and there is a subset W
of V such that {s;,s;j} UW is a circuit of M/T’. Let X be the set consisting of those elements r;
of {r, k41, ...,m—1} such that either r € W or r € W. Note that, as s; = s;, there is at least one
element rj, in WNU”.

Say r/ € W. Then r{ € cly;r (W — {r/}) U {si, sj}) and, as r/ is freer than r; in this matroid, we
see that r¢ € cly;T(W U {s;,s;}). We conclude that cly/7(W U {s;,s;}) contains X U {s;,s;}. But, in
M\T”/T’, this is a set of at most r — 2 rim elements together with two spoke elements and contains
at most one circuit. Thus the rank of X U {s;,s;} in M/T’ is equal to the rank of W U {s;, s;} in this
matroid. Therefore X U {s;, s;} spans cly,/(W U {s;, sj}), so that r, € cl(X U {s;, s;}) contradicting the
fact that r; blocks this set. O

As r(M/T’/V) =k, and the relation ~ has |U| + 1 equivalence classes, it follows from 9.21.4 that
this matroid has at least |U| = |U”| parallel classes. The elements of U” block (L,, K;) from the right.

As M € £(q), by Lemma 7.6, there are at most Ci;%f of them. O

It may be that an element r; € R— T has the property that M /r;\s; is a cleanly-blocked coextended
whorl with distinguished sets (R — {r;}, S — {s;}, T, T/, T”). If this is the case we say that M/r;\s; is a
reduction of M, and that M is reduced if it has no reductions. The next lemma is clear.

Lemma 9.22. Assume that M is reduced. If r; € R — T, then there is a flap {rj, r;., r}/} such that {r;,rj, rj., r}’}
is a circuit.

In the reduced case we can bound the number of elements that are in R — T.
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Lemma 9.23. Assume that M € £(q) is reduced. Then there is a function fg33(m, q) such that, if |[R — T| >
fo.23(m, q), then M has a Ap-minor all of whose legs are series pairs of M\T".

Proof. Let fo23(m,q) = (q+2)fo.13(2f737(m, q) +2).

Define a graph G with vertex set R such that, for ;e R —T and rj € T, the pair {r;,r;} is an edge
if {rj, rj, r}, rjf} is a circuit. Note that, if r; € T, then the degree of r; is at most one in this graph so
that it decomposes into stars.

9.23.1.Ifr; € R, thend(r;) < q + 2.

Subproof. Up to labels we may assume that i =1, that is r; =r;. Assume that d(r;) > 1. Then r; €
R —T. By Lemma 9.21 at most g+ 1 elements block (L;, K3) from the right. If o # s, and {r1, 14} is an
edge of G, then ry € T, and r, blocks (Ly, K2) from the right. There are at most g + 1 such elements.
It is possible that {r{,r,} is an edge. Altogether we have d(r;) <q+2. O

Thus G has a matching of size f913(2f737(m,q) + 2). By Lemma 9.13, G has a collection A of
2f737(m,q) + 2 edges whose indices can be labelled to satisfy one of the cases of Lemma 9.13. Let
N be the matroid obtained from M by removing all flaps {r;, r{,r'} for which r; ¢ A. If either case (i)
or (ii) of Lemma 9.13 holds, then it is easily seen that N has a path of 3-separations of length at least
f7.37(m, q) each step of which contains a series pair of M\T”. Thus each step of P contains a P-strong
clonal pair, so that in these cases the lemma follows from Corollary 7.37. Note that, if case (i) holds
this minor is found more directly via Lemma 9.14.

Consider case (iii). In this case we have a sequence of indices i1 < iy <--- < j1 < j2 < --- such that,
for 1 <1< 2f737(m,q) + 2, either ry, € T and {r;, rlf‘, r,ff, rj} is a circuit, or rj, € T and {rj,, r;.l, r}:, ri}
is a circuit. Up to labels we may assume that the former case occurs at least t = f7.37(m,q) + 1 times.
(We do this simply for notational convenience; not for any structural reason.) After another round
of flap removals, reductions and label resetting, we obtain a cleanly-bridged coextended whorl N’
with distinguished 5-tuple (R’,S’,U,U’,U"”) such that |R’|=2t, U ={ry,r2,...,1:} and, for all i €
{1,2,...,t}, the set {r;,r},r/,reyi} is a circuit. Let N” = N'\{r1,r},r{,re41}. For ke {2,3,...,t}, let
Py = {Sk. Stk Ths T r;+k} and set P= (P3, P3,..., Pt_1, Py U {sq, s2t}).

9.23.2. N” is 3-connected, and P is a path of 3-separations in this matroid.

Subproof. Consider the matroid N”\U”/U’. As this matroid is obtained by deleting two rim el-
ements of a whorl, it is a matter of elementary graph theory to verify the following facts. Let
S1=1(52,72,53,...,1t,5t41) and Sz = (St42, Mt+2, St+3, - - - S2t, 721, S1)-

(i) The unique separation of N”\U” /U’ is (S1, S2).
(ii) If (X,Y) is a 2-separation of N”\U” /U’ then either X or Y is an initial or terminal segment of
Sq or Sj.
(iii) For i € {2,3,...,t — 1}, the set Z; = {S2,72, ..., Si i, St42, Tt4+2, - - - » St+i» Tt+i} 1S 3-separating in
NN\UN/U,.

We omit the routine verification of the following claims. The separation (Sq, S) of N"\U” /U’ is
not induced in N”/U’. Indeed xpn~(S1, S2) > 3. Also all 2-separations of N”\U” /U’ are bridged in N”.
From these claims we deduce that N” is 3-connected.

Consider a 3-separating set Z; as described in (iii). Say j € {1,2,...,i}. Then r; € clp,\u,,({rj}) as
{rj,r;.} is a series pair of N"\U"”. Thus Axny~(Z; U {r}, 15, ..., 1)) = 2. Also {r;, r},r;.’,rtﬂ-} is a circuit
of N”. Hence Z; U {ry,r5,...,rj}U{ry,r" 4+3,...,r/} is 3-separating in N”. But this set is equal to
P,UP3U---UP;. O

The lemma now follows from 9.23.2, the fact that P has length t — 1 = f737(m, q), and Corol-
lary 7.37. O
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We develop some notation for the next lemma. If M; is a minor of M obtained by flap removal
and reductions, we denote its distinguished 5-tuple by (R¢, S¢, T¢, T{, T{), where for some integer I,
we have Ry = {rf,r%,....rf} and S; = {s%,s},....s;}. For an integer i, we define the 3-separation
(Ll?, K{) in a way that is precisely analogous to the way that we defined (L;, K;) in M.

Lemma 9.24. Assume that M € £(q) and M has no Ap-minor each leg of which is a clonal pair of M\T".
Then there is a function fq24(h, m, q) with the property that, if |T| > fg.24(h, m, q), then M has a minor My,
obtained by flap removals and reductions such that the following hold.

(i) There is a sequence of indices (h1, ha, ..., hy) such that, fori € {1, 2, ..., h}, the 3-separation (Lﬁi, K,’;i)
is not blocked from the right.
(ii) LZ contains exactly one member of Ty, and, if 1 < i < h, then Lﬁ_ — L’,}_ contains exactly one member
1 i i—1

Of Th-

Proof. For 0 <u <h, let u(u,m,q) = (q@++/o23(mD) _1)/(q—1), and let fo4(h,m,q) =Y "h_ouu,
m,q).

Let Mp = M and assume that, for some u € {0, 1,...,h — 1}, the matroid M,, obtained from M by
flap removals and reductions, satisfies the conclusion of the lemma with h replaced by u.

9.241. If |[K}j N Tyl > 1, then M has a minor My.1, obtained from M by flap removals and reductions, that
satisfies the conclusions for the lemma with m replaced by u + 1, and such that

K ey N Tust| > K, [ = e m, ).
Subproof. It is clear that reductions preserve the desired properties of My, so that we may assume
that My is reduced. Let i be the least integer such that r} ¢ L¥, and r} e T,. Consider L}. This set
contains u + 1 elements of R, N T, and, by Lemma 9.23, at most fg,3(m, q) elements of R, — Ty.
Hence i <u+1+ fg23(m, q). It now follows from Lemma 9.21 that at most . (u,m, q) elements of T,/
block (L}, K{') from the right. If we remove the flaps associated with the blocking elements, then we
obtain the desired minor. O

The lemma follows from 9.24.1 and induction. O

Proof of Lemma 9.20. Let

fa20m, @) = fo.24(fo.24((f737(m, @), m, q), m,q)).

Assume that |T| > fo24(m,q). Let h = f924(f7.37(m, q), m, q). Assume that the lemma fails. Then by
Lemma 9.24 and a reversal of the indices, we obtain a minor My of M with a sequence {h1, hy, ..., hy}
of indices such that, for i € {1, 2, ..., h}, the 3-separation (Lﬁi, RZ,') is not blocked from the left and

such that, after possibly removing some extra flaps, has the property that |L’;‘ N Tyl =1, and, for
ie{2,3,...,h}, the set LI — L | contains one element of Tj,. We would like to apply Lemma 9.24
again, but we are not quite in a position to do this as we have distinguished indices to worry about.
We omit the details of the obvious upgrade of Lemma 9.24 that covers this and conclude that, for
some | > f7.37(m, q), we have a minor M; of M, obtained by flap removal and reductions that has the
property that there is a sequence of indices, {l1, [, ...,[;} such that, for i € {1, 2,...,1}, the separation
(L, K!) is neither blocked from the left nor the right, that is, is 3-separating in M;.

Let Py =LY, let Py =1L\ —1! | for i €{2,3,....h — 1}, and let P, = K} ;. Then the path
(P1, Pa, ..., Py) of 3-separations of M; has the property that each step contains a clonal pair that
is a series pair of M\T”. By Corollary 7.37 M; has a Ap-minor each leg of which is a clonal series
pair of M\T” and the lemma follows. O
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The spoke case The goal here is to prove

Lemma 9.25. Let M be a spoke-based cleanly-blocked coextended whorl in £(q) with distinguished 5-tuple
(R,S, T, T, T"). Then there is a function fq,5(m, q) such that, if |T| > f9.25(m, q), then M has a Ap,-minor,
each leg of which is a series pair of M\T".

Now for the series of lemmas that lead to Lemma 9.25.

Lemma 9.26. Let M be a matroid whose ground set contains disjoint sets T = {t1,ta, ..., tn}, T' = {t{, t},
cootp)and T = {t],t), ...t} such that the following hold.

(i) Forallie{1,2,...,n}, the pair {t;, t;} is an M-clonal series class of M\T", and these are the only non-
trivial series classes of M\T".
(ii) T is a parallel class of co(M\T") = M\T" /T'.
(iii) Up to the parallel class T, the matroid M\T” /T’ is a whorl with R as its set of rim elements, and T is at a
spoke of this whorl.
(iv) There is an injective function ¢ : {1,2,...,n} — R such that, for all i € {1,2,...,n}, the set {tj,t
t!', ¢ (i)} is a circuit of M.

/
i’

Then there is a function fg26(q) such that, ifn > f9.26(q), then M ¢ £(q).

Proof. Let fg26(q) = f7.1(5,9) + 3.

Let (s1,71,52,72,...,St, Tt) be a labelling of sitM\T”/T") = M\T" /T'\(T — {t1}), where R = {r, 12,
.., Tth, S ={s51,52,...,5}, t1 =s1 and triples of the form (si,ri,si+1) and (ry, Si+1,7iy1) are tri-
angles and triads respectively. We may assume that, if i > j, then ¢(i) > ¢(j). Define a partition
(P1, Py, ..., Py) of E(M\T”/T’) as follows: let Py = {t1,11,52,72,...,Te)}; let Pr = {tk, Spk—1)+1
Tok—1)+1» -+ -5 Sp(k)» To(ky} for ke {2,...,n—1}; and let Py = {tn, Sg(n—1)+1, T¢(n—1)+1, - - - » St, t}. This is
a path of 3-separations in M\T"/T. Moreover, (P1 U {t},t]}, P2 U{t;,t7},..., P, U{t, t;}) is a path of
3-separations in M of length n — 1.

Furthermore, it is readily checked that if (A, B) is a 3-separation of M, where |A|, |B| > 4, then ei-
ther A or B is a fan of M. Thus M is 5-coherent. It now follows from Corollary 7.2 that, if n > f9.26(q),
then M is not in £(q). O

Lemma 9.27. Let M be a spoke-based cleanly-blocked coextended whorl in £(q) with distinguished 5-tuple
(R, S, T,T', T"). Assume that there is an injection ¢ from the indices of members of T to the indices of mem-
bers of R such that, for all s; € T, the set {s;, s, s}, 14} is a circuit of M. Then there is a function fg27(m, q)
such that, if |T| > fg27(m, q), then M has a Ay,-minor, each leg of which is a series pair of M\T".

Proof. Let f937(m,q) = max({fo13(2m), fo.13(2fo.26(q))}. Assume that n > fg7(m,q). Then n >

fo.13(2t), where t > max{m, fo.26(q)}-
By Lemma 9.13, a majority argument, and an appropriate cyclic ordering of the indices, we see
that there is a minor N of M, obtained by flap removal, with ¢t flaps,

Usivs sty St Toan s {8 Sty Stys T o - 1Sies Sty St Todin |}
where either

(i) i1 < @(i1) <iza <P(ia) <--- <ir < P(ip),
(ii) i1 <ip <---<ir < @p(iy) <--- < ¢(i1), or
(iii) i1 <iz <--- <ir < @(i1) < P(i2) < P(ip)-

Assume that case (i) holds. For k € {1,2,...,t — 1}, let Px = {Sj,, Tigs Sip 15 Tigt 15 -+ - » Sigyq—1» Tigyy —1

s;k, s;;} and let Py =E(N) — (P{UPyU---U P;_1). Note that, for k € {1,2,...,t}, the set Py contains
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the clonal pair {Sik’S;k} and that (Pq, Pa,..., P¢) is a swirl-like flower in N. It now follows from
Lemma 9.14 that in this case, as t > m, the lemma is satisfied by producing a Ap-minor each of
whose legs are clonal pairs of the form {s;, s}}.

Assume that either (ii) or (iii) holds. Let R'={rjeR: i1 < j <ik}. Consider N/R’. Apart from a
single parallel class at the common basepoint of the series palrs {{s,l,sl Ix {s,z,s 1. {s,t,s }} in
N/R’ \{s”, ; T '} that does not affect the argument, the hypotheses of Lemma 9 26 hold for N/R’

so that, as t > fg,za(m), we obtain the contradiction that M ¢ £(q). O
Proof of Lemma 9.25. Define fg25(m, q) by

mfo26(@ fo27(m.q) _ 1
2(m—1)

fo25(m,q) =

Let Z be a maximal subset of R with the property that each series pair of M\T”/Z is blocked in M/Z.
Note that, up to parallel classes at spokes, M\T”/(T' U Z) is a whorl.

Let 1 denote the maximum number of elements contained in a single parallel class of M\T"/
(T’ U Z). The next claim follows from an elementary bookkeeping argument and Lemma 9.26.

9.251.If A > fo.26(q), then M ¢ E(q).
Thus A < fg6(m). Let u denote the rank of M\T”/(T' U Z).
9.25.2. The lemma holds if (L > f9.26(q) fo.27(m, q).

Proof. Let R’ denote the rim elements of M\T”/(T" U Z). If r € R/, then, by the definition of Z, there
is an element t; of T such that {t,-,tlf,tlf/,r} is a circuit. There may be more than one. Arbitrarily
choose one for each rim element to define a function p : R’ — T. Note that this function is injective.
As A < fo26(q) and 1 > f9.26(q) fo.27(m, q), we may choose a subset R” of R" with [R”| > fq27(m,q)
such that, if r; and r; are elements of R”, then p(r;) is not parallel to p(r;) in M\T”/(T'UZ). It is now
straightforward to take an appropriate minor of M and apply Lemma 9.27 to prove the sublemma. O

We may now assume that @ < f9.26(q) fo.27(m, q). Assume that n > fg5(m,q). Then n > 2"("‘;:11).

Consider M/(Z U T"). This matroid has rank w. Moreover, each clonal pair {t,,t } is independent in

this matroid. Hence it has at least 2n parallel classes, that is, it has at least m ’1 parallel classes. By
Lemma 7.6 we obtain the contradiction that M ¢ £(q). O

The general case First observe that Lemma 9.18 follows routinely from Lemmas 9.20 and 9.25. We
omit the ritual incantation that establishes it.

Lemmas 9.20 and 9.25 deal with one case that arises in Lemma 9.10. We now consider a comple-
mentary case.

Lemma 9.28. Let M be a 3-connected matroid with an element x such that M\x is 3-connected up to an
n-element set of M-clonal series pairs and such that co(M\x) is a whorl. Then there is a function fq23(q) such
that, ifn > fo28(q), then M ¢ £(q).

Proof. Let f923(q) = f7.1(5,9) +4 and let t = f71(5,q) + 2.

Let ro be a rim element of co(M\x). It may be that ro is in a series pair {rp,rp} of M\x. In
this case let N = M\rg/r;,. Otherwise let N = M\ro. Observe that N\x has a path (Pg, P1,..., P;) of
2-separations each step of which contains a series pair of M\x. We omit the routine verification of
the following claims. The path (Pg U {x}, P1, ..., P¢) is a well-defined path of 3-separations in N. If
(A, B) is a 2-separation of N, then either A or B is contained in either Py or P;. The underlying
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3-connected matroid M’ obtained by appropriately removing all but one element of each maximal
2-separating subset of M contained in Py or P; is 5-coherent. Each step of the path in M induced
by P contains a clonal pair of M’. By Corollary 7.2, M ¢ £(q). O

At last we can achieve the purpose of this section.

Proof of Lemma 9.10. Recall the hypotheses of the lemma. Let | = fg13(m,q) and let fg.10(m,q) =
fo.11(, fo.28(q)). Assume that n > fg 10(m, q).

Let H be the hypergraph whose vertex set is the collection of series pairs of M\J and whose
edge set is J where an element x € ] is incident with a series pair if x blocks that series pair. If H
has an edge containing at least fq2g(q) vertices, then it is easily seen that M has a minor satisfying
the hypotheses of Lemma 9.28 giving the contradiction that M ¢ £(q). Thus, by Lemma 9.11 and the
definition of fg.10(m, q), there is a set S = {{s1,s}}, {s2, 5/2}, oo s s;}} of series pairs and a collection
T ={t1,t2,...,t} of elements of J such that, if i, j € {1,2,...,1}, then t; blocks {s;, s;} if and only if
i=j.

We ignore the elements of | not in T and focus on M\(J — T). Let {u, u’} be a series pair of M\ J
that is not in S. Consider M\(J — T)/u’. Assume, for a contradiction, that, for some i € {1,2,...,1},
the series pair {s;,s;} is not blocked in this matroid. Then we have t; € cly -y ({si, 5;}), that
is, t; € cly({si, s}, u'}), so that u’ e cly({s;, s, t;}). But {u,u’} is a clonal pair of M, so that {u,u’} €
cly({si. s}, t;}). However, this implies that Anp j({u,u’, s;, si}) = 1, contradicting the fact that M\ J is
3-connected up to series pairs.

Therefore each series pair of S is blocked in M\(J — T)/u’. It follows from this fact and an obvious
induction that M has a minor N with a set T of elements that is a cleanly-blocked coextended whorl,
where the series pairs of N\T are series pairs of M\ J. Moreover, N\T has at least | = fq15(m, q)
series pairs. By Lemma 9.18 N, and hence M, has a Ap-minor each leg of which is a series pair
of N\T, and hence of M\T. O

4. The M (K3, ,) case

We now consider the case where the underlying matroid is M(K3 ). The goal of this section is to
prove

Lemma 9.29. Let M be a 3-connected matroid with a coindependent set ] such that the following hold.

(i) M\ ] is 3-connected up to a set of n series pairs that are M-clonal.
(if) co(M\ J) = M(K3,t) for some integer t.

Then there is a function fg29(q) such that, ifn > f9.29(q), then M ¢ £(q).

As usual we develop a series of lemmas. The next lemma is just a special case of Lemma 6.11 that
we state here for convenience.

Lemma 9.30. Let M be a connected matroid with a paddle P = (Pq, Pa, ..., Py) such that, for all i €
{1,2,...,n} the petal P; contains a P-strong clonal pair. Then M contains a U ,-minor.

To make life easier in this section we develop some local terminology. Let N be a connected
matroid such that co(N) = M(K3,) for some t > 3. Just as there is a unique flower of order ¢ in
co(N), so too is there a unique flower of order t in N and, extending existing terminology, we say
that this is the canonical flower associated with N.

A matroid M is a blocked coextended M (K3 ;) of order n with blocking set ] if the following hold.

(i) M\J is 3-connected up to a set of n series pairs that are M-clonal.
(ii) co(M\J) = M(K3 ).
(iii) If j € J, then there is a series pair of M\ J that is blocked by j.
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Let M be a blocked coextended M(K3,) with blocking set J and let P = (P, P2, ..., P;) be the
canonical flower associated with M\ J. For x€ J, and i € {1, 2, ..., t}, we say that x is incident with P;
if either x blocks a series pair in Pj, or x blocks P;. Note that the former case is redundant unless
x € cl(P;). The above incidence relation defines a hypergraph whose vertex set is the set of petals of P
and whose edge set is J. We denote this hypergraph by H(P, J).

Lemma 9.31. Let M be a blocked coextended M (K3 ) with blocking set | and canonical associated flower
(P1, Py, ..., Py). Let {e, e’} be a series pair of M\ J that is contained in P;j. Say that the element x of |
blocks Pj, where P # P;. Then x blocks P in M/e.

Proof. Assume otherwise. Then x € cly/e(P;j) so x € cly(P; U {e}) — cly(P;). Thus r(P; U {x,e}) =
r(PjUfe}) =r(Pj)+1=r(P;U{x}). As e and ¢’ are clones, we deduce that r(PjU{e,e’}) =r(Pj) +1,
so e’ € cly/e(Pj), contradicting the fact that co(M\ J) = M(K3,). O

Lemma 9.32. Let M be a blocked coextended M(K3 ) with blocking set ] and canonical flower P =
(P1, Py, ..., Py). IfH(P, V) has an edge that is incident with at least q vertices, then M has a Ag-minor.

Proof. Assume that x is incident with at least q vertices. We may assume that | = {x} and, by
Lemma 9.31, we may assume that M\x has a single series pair {a;, d)} that is contained in P; and is
blocked by x. We may further assume that x blocks every petal of P.

Let A={a1,az,...,ac}, B={b1,ba,...,b} and C = {cy1,ca,...,c;} be a partition of (P —{a}}) U
P, U---U P; such that the following hold: P1 = {a1,a/1,b1, c1}; for eachie{2,3,...,t}, we have P; =
{ai, b;, c;}; and A, B, and C are cocircuits of M\x/a}. In other words, A, B and C are stars of the under-
lying K3 . Consider N =si(M/b1, cq1). The parallel pairs of M/bq,cq are {ba, c2}, {b3,c3}, ..., {ac, bt},
so we may assume that E(N) = A U (B — {b}) U {a},x}. Note that N\x = M(K3;), that for all
ie{2,3,...,t}, the set {ar,a},a;,b;} is a circuit of N, and that each series pair of N\x is blocked
by x. It follows that N/x is a spike. But the clonal pair {a;,a}} is a leg of this spike. By Lemma 9.9,
the only spikes with clonal pairs are free spikes. Hence N/x = A;. As t is the degree of x and t > g,
the lemma follows. O

Lemma 9.33. Let M be a blocked coextended M(Ks ) of order n with blocking set | and canonical flower
P = (Pq, Pa,..., Py) and let | be an integer. Then there is a function fo33(l, q) such that, if each edge of
H(P, J) has at most [ vertices and n > fo.33(l, q), then M has a U3 g4»-minor.

Proof. Let w = (%1 and let fg933(1,q) = w. For [ > 1 let fg933(l,q) = f9.12(s,]) where s = w(q +
2)(fos3—1,9) +w(g+3).

Assume that n > fg33(l,q). Say that [ = 1. Up to labels we may assume that Pq, Py,..., Py, all
contain series pairs of M\ J. But then, for each i € {1, 2, ..., w}, there is an element x; € J such that
x; blocks a series pair in P;. By the fact that [ =1 we have x; € cI(P;). Thus (P; U {x1}, P2 U {x2},...,
Py, U{xy}) is a paddle in M|(P1U---U P, U{xq,...,Xxw}) each petal of which contains a clonal pair
that is strong relative to this flower. By Lemma 9.30 M has a U ¢4>-minor.

Assume that [ > 1 and, for induction, assume that the lemma holds for smaller values of [. Up
to labels of the petals of P, there is, by Lemma 9.12, a subset ]’ = {x1,x2,...,%} of J and a set
{{a1,d}}. {a2. a5}, ..., {as, ag}} of series pairs of M\ such that {a;,a}} € P; for i € {1,2,...,s}, with
the properties that

(i) x; blocks {a;,a}} for all i € {1,2,...,s}; and
(ii) if i e {1,2,...,s}, je{1,2,...,t}, and x; blocks Pj, then either j=i or j>s.

It may be that there exist i € {1,2,...,s} and je{s+1,s+2,...,t} such that, for some z € P;, the
set {a;,a},x;,z} is a circuit. For terminology restricted to this proof, we say in this case that x; is a
fragile element of | and z is a fragile element of Pj.
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Let y be an element of P; for some je{s+1,s+2,...,t} and assume that y is not fragile. Then,
for all i € {1,2,...,s}, the series pair {a;,a}} of [M/z\(Pj — {z})]\] is blocked by x;. It follows from
this that if the lemma holds in the case that every element of P51 U Psyp U---U P; is fragile, then it
holds in general. Thus we may assume that every element of this set is fragile.

Let K be the set of fragile elements of J’.

9.33.1. The lemma holds if |K| > w(q + 2).

Proof. Note that the elements of K are 2-element edges of H(P, J). Indeed the subhypergraph in-
duced by K is a union of stars. Thus, it either has a vertex of degree q + 2 or a matching of
size w. The latter case implies that M has a 3-connected minor with a paddle containing w petals,
each petal of which contains a clonal pair. In this case, by Lemma 9.30, M has a U g42-minor.
Consider the former case. Assume that P; has degree q + 2 in H(P, J). Up to labels we may as-
sume that the members of {x1,x2,...,xq42} are fragile elements incident with P; in H(P, J). Say
ie{1,2,...,q+ 2}. Then, as n({a;,a}}, P;) = 0, there is at most one element of P; in the clo-
sure of {a;,a;j,x;}. Thus, again up to labels, we may assume that there is an element z in P; such
that z ¢ cl({ai,ag,xi}) for i € {1,2,...,w}. This means that, if i € {1,..., w}, the series pair {a,-,alf}
of M/z\] is blocked by x;. But x; € cI(P; U P;) and it follows from properties of M(K3y) that
x; € cly/z(Py). Indeed (M/z)[(P1UPU---UP,, U{X1,...,Xy}) is a 3-connected matroid with a paddle
(P1U{x1}, P2 U{x2},..., Py U{xy}), each petal of which contains a clonal pair. Again, by Lemma 9.30
M has a Uy g42-minor. 0O

We may now assume that ]’ has at most w(q + 2) fragile elements. If J' contains at least w
elements of degree 1 in H(P, J), then we again find a Ujg4o-minor, so we may assume that J’
has at least s — (w(q + 2) + w) =s — w(q + 3) elements that are not fragile with degree at least 2.
But, each element of {Psy1, Ps42,..., P;} is incident with a fragile element and, somewhat crudely,
we see that t — s < w(q + 2). From these facts and the definition of s, we deduce that, for some
jel{s+1,s4+2,...,t}, at least fg33(I—1,q) members of |’ are incident with P;. Let J” be the set
of members of J’ that are incident with P;. Then |]J”| > fg33(I—1,q). Up to labels we may assume
that J” ={x1,x2,...,Xp}, where p > fo33(I—1,q). Say z € P;. Consider M/z|(P{UP,U---UP,U J").
This is a blocked coextended M(K3 ) of order fqg33(I —1,q) with blocking set J” such that each edge
of H((P1, P2, ..., Pp), J) is incident with at most [ — 1 vertices. By the induction assumption this
matroid, and therefore M, has a U g42-minor. O

Proof of Lemma 9.29. Let f929(q) = fo.33(q, q). Let P be the canonical flower associated with M\V.
If H(P, V) has an edge incident with g vertices, then, by Lemma 9.32, M ¢ £(q). Otherwise M ¢ £(q)
by Lemma 9.33. O
5. The spike case

We now turn to spikes. In this case we prove

Lemma 9.34. Let M be a 3-connected matroid with a coindependent set | such that the following hold.

(i) M\ ] is 3-connected up to a set of n series pairs that are M-clonal.
(ii) co(M\J) is a spike.

Then there is a function fq34(q) such that, ifn > fq34(q), then M has a Ag-minor.

Lemma 9.34 is a routine consequence of the next lemma, which is indeed somewhat stronger.
Let x be an element of the matroid M and P be a flower in M\x. Then P is well blocked by x if x
blocks (P, Q) whenever (P, Q) is a 3-separation of M\x such that both P and Q are unions of at
least two petals of P. Note that while we have used “well blocked” with a different meaning—as in
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a well-blocked 3-separation—here we are using it as an adjective that applies to flowers, so there is
no danger of ambiguity.

Lemma 9.35. Let M be a 3-connected matroid with a triad {x, a1, a}} such that M\x/a} is a rank-n spike and
{a1, d}} is an M-clonal series pair in M\x. Then, ifn > q* — 1, the matroid M has a Ag-minor.

Proof. Let P = (Pq, P,..., P;) be the spike-like flower associated with M\x, where {a;,a}} S Py
and (P — {d}}, P2,..., Py) is a spike in M\x/a}. Say P ={ay,a},bq} and, for i € {2,3,...,n}, let
Pi ={aj, bi}.

9.35.1. If P is well blocked by x and n > q + 1, then M has a Ag-minor.

Subproof. First observe that M\x/b;\ P, = M (K3 n—1). We omit the easy rank calculations that estab-
lish this fact. Let M’ = M/b1\P,,. We now show that every petal of (Py — {b1}, P2, ..., Pp_1) in M"\x
is blocked by x in M’.

Consider P1 — {b1} ={ay, a/l}. If x does not block P; — {b1}, then x € clyy (P, UP3U---UPy_1), SO
that x € clyy (E(M) — {a1, a}}), contradicting the fact that x blocks {a;,a}} in M. Say i€ (2,3,...,n—1}
and assume that x does not block P;. Then x e clyy((P1 —{aj})) UP2U---UP;_{UPj;1U---UPp_y)
so that x € clyp\p, (Pt UP2U---UP;_1UPj 1 U---UPpy_q) and therefore x does not block P; U Py
in M, contradicting the assumption that P is well blocked by x in M. Therefore every member of
(P1 —{b1}, P, ..., Pp_1) in M'\x is indeed blocked by x in M'.

We now have an anemone in M’. But, if P and P’ are petals of this flower, then n(P, P") = 1.
It follows that the flower is spike-like, that is, M’ is a spike with cotip x. Thus M’/x is a spike. But
{aq, a’l} is a clonal pair, so M'/x= A,_1 by Lemma 9.9. As n — 1 > q, the claim follows. O

Let P and Q be maximal sets of petals of P such that x € cl(E(M) — Upcp(P)) and x €
cl(E(M) — UQEQ(Q)). If PN Q # ¢, then, by Lemma 3.31, we deduce that x € cl(E(M) — (Upep (P)U
UQ c0(Q))) and we have contradicted the assumption that P and Q were maximal with the given
property. Observe that x ¢ cl(E(M) — (P1 U {x})), but, if i € {2, 3,...,n}, then x € cI(E(M) — (P; U {x})).
This establishes the next claim.

9.35.2. There is a partition ({P1}, P2, ..., Ps) of the petals of P such that, for alli € {2, 3, ..., s}, the set P; is
a maximal collection of petals with the property that x € cly (E(M) — UPEPI, (P)).

Consider the partition given by 9.35.2.
9.35.3.1f s > q + 1, then M has a Aq-minor.

Subproof. Up to labels we may assume that (P, P3, ..., Ps) is a transversal of (P, Ps, ..., Ps). Let
M’ = M\{as+1, 0542, -..,an}/{bst1,bss2, ..., by}. Then (P1, P2, ..., Ps) is a spike-like flower in M’\x.
Elementary rank calculations show that (Pq, Py, ..., Ps) is well blocked by x in M’ and that {a1,a;}
is a series pair in M’\x that is blocked by x. By 9.35.1, M’ has a As;_q-minor and the sublemma
follows. O

9.354.1fie(2,3,...,s} and |P;i| > q — 1, then M has a Ag-minor.

Subproof. Say |P;| =1. Up to labels we may assume that P; = P U P3 U --- U P;4. Let P| =
Py UPpoUP3U---UPp. Observe that P’ = (P}, P, ..., Pi41) is a spike-like flower in M and that
{a1,a}} is a P’-strong clonal pair in Pj. It follows easily from Tutte’s Linking Lemma and the fact that
{a1,d}} is a clonal pair, that M has a 3-connected minor on {a;,a}}U P2 UP3U---U Py, such that
({ar,ay}, P2, ..., Pi4q) is a spike in M”. Now {ay, d)} is a clonal pair and M” = A4 by Lemma 9.9. O

Asn>(q+1)(q— 1), either 9.35.3 or 9.35.4 applies and the lemma follows. O
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Corollary 9.36. Let M be a 3-connected matroid with an element x such that M\x is 3-connected up to
a nonempty set of M-clonal series pairs and that co(M\x) is a rank-n spike. If n > q* — 1, then M has a
Ag-minor.

Proof. The goal is to contract elements from M that are in series pairs of M\x keeping a matroid
satisfying the hypotheses of the lemma until we have only one series pair remaining, in which case we
can apply Lemma 9.35. No difficulties arise with this strategy unless we have two clonal pairs {s;, 5;}
and {sj,s;} such that {sj,s/j} is not blocked in M/s;, that is, if x € clM/Si({sj,s;}). In this case s; €
clM({s]-,s/j,x}) and, as {s;, s} is a clonal pair, {s;,s}} C clM{sj,s;.,x}. Therefore rM({s,-,sg,sj,s;}) =3.
But this means that {s;, s/j} is dependent in M/s;, s; contradicting the fact that co(M) is 3-connected.
It follows that our strategy is fine and that the corollary indeed follows from Lemma 9.35. O

Finally we observe that Lemma 9.34 is an almost immediate consequence of Corollary 9.36.
6. The M*(K3 ;) case

We now come to the final case. This seems to be more difficult than the previous cases—although
we may be missing an easy argument. Rather than solve it independently of the other cases, we
combine it with the fact that the previous cases have been resolved. We begin by developing some
specialist terminology.

Let M be a matroid and I be an integer. A set X of elements of M is a star of order [ if:

(i) X is closed;
(ii) X is the union of I 2-element series classes of M; and
(iii) X NE(M) is a parallel set in co(M).

Note that we have also used “star” to describe a graph that is a certain type of tree. However no
danger of confusion arises as here the adjective “star” qualifies structures in matroids, not graphs.

Evidently a star is maximal if it is not contained in a larger star. Insisting that X be closed is just
a non-triviality condition that we do not really need, but it helps to make certain arguments cleaner.
The matroid M is 3-connected up to stars, if whenever (X, Y) is a 2-separation of M, either X or Y is
a star.

A matroid M is a star extended M*(K3;) if M is 3-connected up to stars, and si(co(M)) =
M*(K3). Let M be a star extended M*(K3 ;). Then there is a flower P = (P, Py,..., Pt) such that
(P1 N E(si(co(M))), P, N E(si(co(M))), ..., Py N E(si(co(M)))) is the canonical flower associated with
M*(K3 ) in si(co(M)). We call this flower the copaddle associated with M.

Let M be a star extended M*(Ks3;), then M is an (n,[)-copaddle if n <t and the flower P =
(P1, Py, ..., Pt) associated with M has the property that P; contains a unique star of order [ for each
ie{l,2,...,nhL

Let M be a connected matroid. The triple (M, P, J) is a blocked (n, l)-copaddle, with blocking set |
and associated flower P = (Pq, P2, ..., P;) if J is a coindependent set of M such that M\ J is an (n, [)-
copaddle with associated flower P and the following properties hold.

(i) Every series pair of M\ J in P; U Py U---U Py is blocked in M.
(ii) All series pairs of M\ J are M-clonal.

If we say that a matroid M is a blocked (n,[)-copaddle, we mean that there exist P and ] such that
(M, P, J) is a blocked (n, I)-copaddle.

Let M be a blocked (n,l)-copaddle with blocking set J and associated copaddle P = (P1, P»,
..., Py). If we say that a set SC Py UP,U---U P, is a series pair or a star of P, we will always
mean that it has this property in M\ J and if we say that an element x of J blocks S, we will always
mean that this set is blocked by x in M\(J — {x}).

For the time being we focus on blocked (n, 1)-copaddles so that our stars are series pairs. The
more general structures will eventually play a role. We begin by showing that, given a sufficiently
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large 3-connected clonal matroid, we can always either achieve a desirable outcome or produce a
blocked (n, 1)-copaddle.

Lemma 9.37. Let M be a 3-connected clonal matroid in £(q). Then there is a function fq937(s, m, q) such that,
if [E(M)| > fo.37(s,m, q), then at least one of the following holds.

(i) M has a clonal Ap,-minor.
(ii) Either M or M* has a minor N with an associated triple (N, P, ]) such that (N, P, ]) is a blocked (s, 1)-
copaddle. Moreover, all of the series pairs of N\ J are M-clonal.

Proof. Let & = max{3s, fo.10(m, q), fo.29(m, q), fo.34(m, q)}. Let fo37(m,q) = fo7 (1L, Q).
By Lemma 9.7, M or M* has a 3-connected minor N with a coindependent set | such that one of
the following holds.

(i) N\J is 3-connected up to a set of at least y series pairs.
(ii) Each series pair of N\ J is M-clonal.
(iii) co(N\]J) is either a spike, a whorl, or for some integer ¢, is isomorphic to M(K3 () or M*(K3 ).

If co(N\J) is a whorl, then, by Lemma 9.10, M has a clonal Ap-minor and the lemma holds. If
co(N\ J) is a spike or is isomorphic to M(Ks3 ), then, by Lemma 9.34 or Lemma 9.29, we contradict
the assumption that M € £(q). Hence co(N\ J) = M*(K3). In this case it is easily seen that N has a
minor N’ that has a representation as a blocked (u/3, 1)-copaddle where all of the series pairs in the
copaddle associated with N’ are M-clonal. By the definition of ©, we have w/3 > s, and the lemma
follows. O

We now define a more highly structured type of blocked (n,1)-copaddle. Let (M,P, J) be a
blocked (n, 1)-copaddle where P = (P1, Py, ..., P). For all i € {1,2,...,n} there is a unique series
pair in P; which we denote by {a;,a;}. The triple (M, P, J) is an n-blockage if there is a function
¢:{1,2,...,n} — ] such that, for all i € {1,2,...,n}, the element ¢ (i) blocks {a;, a;} and ¢ (i) blocks
Ppy1UPpaU---UP; but ¢ (i) does not block Pj for any je{1,2,...,i—1,i+1,...,n}. We call the
function ¢ the blocking function of (M, P, J). The remainder of this section is devoted to producing a
large m-blockage from a very large blocked (n, 1)-copaddle.

Theorem 9.38. Let (M, P, ]) be a blocked (n, 1)-copaddle in £(q). Then there is a function fg33(m, q) such
that, ifn > fo.3g(m, q), then there is a permutation Q of the petals of P and a partition (], J”') of J such that
(M\]J',Q, J") is an m-blockage.

This is a technical result and probably does not merit the honour of being called a theorem,
but doing so helps clarify the organisation of this section. Before proving Theorem 9.38, we note
a corollary of it.

Corollary 9.39. Let M be a 3-connected clonal matroid in £(q). Then there is a function fg39(s, m, q) such
that, if [E(M)| > f9.39(s, m, q), then either

(i) M has a clonal Ay,-minor, or
(ii) M or M* has a minor M’ with an associated triple (M’, P, J) such that (M’, P, J) is an s-blockage. More-
over, all of the series pairs in M'\ | are M-clonal.

Proof. Let fg939(s,m,q) = fo.37(f9.33(S, q), m, q). With this function, the corollary follows immediately
from Lemma 9.37 and Theorem 9.38. O

Let P be a collection of subsets of the ground set of a matroid. To simplify life we make some
convenient abbreviations. We will often say cl(P) to refer to cl({p.p P). This convention is extended
to r(P), A(P), and so on.
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Lemma 9.40. Let P be a copaddle in the matroid M and let P and Q be disjoint subsets of petals of P whose
union does not contain all the petals of P. Then r(P) +r(Q) =r(P U Q).

Part (i) of the next lemma is true for any petal of a copaddle that has no elements in the coguts
of a petal. This is clearly true in our case.

Lemma 9.41. Let M be an (n, l)-copaddle with associated flower (P1, P», ..., Pt). Then the following hold.

(i) M|P;is connected forallie{1,2,...,t}.
(i) Ifi € {1,2,...,n} then M/P; is an (n — 1,1)-copaddle with associated flower (Pq,..., Pi—_1, Pit1,
.o, Po).
(iii) Ifie{n+1,n+2,...,t}, then M/P; is an (n, l)-copaddle with associated flower (P1,..., Pi_1, Pi+1,
.oy Po).

The next lemma is also elementary.

Lemma 9.42. Let M be a matroid with an element x such that M\x is connected with a copaddle (P1, P>,
..., Pp). Say that x blocks P in M, but not in M/P1. Then the following hold.

(i) x e cl(P1 U Py).
(ii) If P is any set of petals that contains Py but not Py, then x blocks | Jpcp (P).

The straightforward properties described above enable us to prove the next useful lemma.

Lemma 9.43. Let M be a matroid with an element x such that M\x is an (n, [)-copaddle with associated flower
P= (P, P;,..., P).Let {p, p'} C P1 be an M-clonal series pair of M\x and let P’ = (P1 — {p’}, P2, ..., Py).
Let (P, Q) be a partition of the petals of P’ where |P| > 2 and (P1 — {p’}) € P. Then x blocks (P U {p’}, Q)
in M if and only if x blocks (P, Q) in M/p’.

Proof. For the not completely trivial direction assume that x blocks (P U {p’}, Q) in M and, for a
contradiction, that x does not block (P, Q) in M/p’. In this case it is clear that x € cly/,/(Q), so that
xecly(QU{p'}). But x ¢ cly(Q). Hence p’ € cly(Q U {x}). By Lemma 9.41(i), p’ € cly(P1 — {p’}). By
Lemma 9.40, My (QU {x}, P — {p’}) < 1. Now, by Lemma 5.11, p’ is fixed in M, contradicting the fact
that the pair {p, p’} is M-clonal. O

The previous four lemmas will be used freely without reference throughout this section.

The well-blocked case Let M be a matroid with an element x such that M\x is connected with a
copaddle P. Then P is well blocked by x if, P; U P; is blocked in M for all distinct petals P; and P;
of P. This situation corresponds to a straightforward case in our analysis.

Lemma 9.44. Let M be a connected matroid with an element x such that M\x is 3-connected up to M-clonal
series pairs and co(M\x) = M*(K3 ). Assume that the canonical copaddle associated with M\x is well blocked
by x. Then there is a function fq 44(q) such that, ifn > fq.44(q), the matroid M has a Ug q2-minor.

Lemma 9.44 is a consequence of the next lemma. We prove the dual version as it seems intuitively
clearer.

Lemma 9.45. Let M be a matroid with an element x such that M /x = M (K3 ) for some n > 4. Assume that
x coblocks every pair of triads of M(K3 ). Then there is a function fq45(q) such that, if n > f945(q), then M
has a Uy q42-minor.

Proof. Let P = (P, P2, ..., Py) be the canonical maximal flower in M(Ks,) and let A = {a;,a>,
...,an} be a transversal of the petals of P. Let P; = P; — {a;}. By assumption x coblocks P; U Pj.
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Therefore 1y (P; U Pj) =5 for all distinct i, j € {1,2,...,n}. Consider M/x/A. Note that r(M/x/A) =2
and, for all i € {1,2,...,n}, we have ryyx/a(P}) = rmya(P}) = 2. As x coblocks P; U Pj, we see
that x € cly(P; U Pj), so x € clM/A(Plf U P}). Hence, for all distinct i, j € {1,2,...,n}, we have
rm/a(PU P}) =3. Thus P; and P;. span distinct lines of M/A. Hence M/A has at least n distinct
lines. By Lemma 7.6, a rank-3 matroid with no U3 ¢4>-minor has at most q* +q + 1 parallel classes

and hence at most (q2+2q+1) lines. The lemma holds by letting f9.45(q) = (q2+2fl+1)' O

Proof of Lemma 9.44. Let f944(q) = f9.45(q) and assume that n > fg44(q). It follows from Lem-
mas 9.42 and 9.43 that the flower associated with M*(K3) in co(M\x) is well blocked by x. Now M
has a Ug g42-minor by the dual of Lemma 9.45. O

For a blocked (n, 1)-copaddle (M, P, J) we would not expect to find elements giving us the easy
win of Lemma 9.44. Nonetheless, for x € J, we can find a partition which effectively gives us a con-
catenation of P which is well blocked by x.

Lemma 9.46. Let M be a connected matroid with an element x such that M\x is connected with a copaddle
P = (Pq, Py, ..., Py). Then there is a partition (Q, P1, P2, ..., Ps) of the petals of P, where possibly Q =
such that the following property holds: if P is a set of petals of P such that x € cl(P), then ({P1, P2, ..., Pt} —
P) C Pjforsomeie{l,2,...,s}.

Proof. Assume that {91, Q»,..., Qs} are the distinct minimal subsets of petals whose closure
spans x. For i € {1,2,...,s}, let Py ={P{,Py,...,P;} — Qj, and let Q =91 N Qy U---U Qs. By
Lemma 3.31, if i and j are distinct elements of {1,2,...,s}, then Q; U Q; contains all of the petals

of P, that is, P; and P; are disjoint. It follows from this fact that (Q,Pq,Pa, ..., Ps) satisfies the
lemma. O

Note that, in the partition given by Lemma 9.46, Q consists of the petals of P that are blocked
by x. Let (M, P, J) be a blocked (n, 1)-copaddle. For x € J, let 7 (x) denote the partition of the petals
of P given by Lemma 9.46.

Lemma 9.47. Let (M, P, ]) be a blocked (n, 1)-copaddle where M € £(q), and let x be an element of | with
(%) =(Q,P1,Pa2, ..., Px). Then | Q| + k < fo.44(q).

Proof. Let {Q1, Q2,..., Qi} be a transversal of (P1, P2, ..., Px), and let Q be the union of the set of
petals of P not in QU {Q1, Q2,..., Qk}. Then QU {Q1, Q2, ..., Qk} is the set of petals of a copaddle
in M\ J/Q. It is easily checked that this flower is well blocked by x. The lemma now follows from
Lemma 9.44. O

As immediate consequences of Lemma 9.47 we get the next two results.

Corollary 9.48. Let (M, P, J) be a blocked (n, 1)-copaddle where M € £(q). If x € ], then x blocks at most
fo.44(q) petals of P.

Corollary 9.49. Let (M, P, ) be a blocked (n, 1)-copaddle where M € £(q), and let P be a subset of P with
|P| = 2f9.44(q). If x € ], then there is a subset Q of P such that:

(1) 1Q1 =PI/ fo.44(q), and
(ii) x is spanned by the union of the petals of P that are not in Q.

Good 3-paths Let (M, P, ]J) be a blocked (n, 1)-copaddle where P = (Pq, Py, ..., P¢). A good 3-path of
lengths in (M, P, J) is a partition (P1, P2, ..., Ps) of {Pnt1, Pnt2,..., P¢}, and a subset {xq, X2, ..., Xt}
of J such that
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(i) x; ecl(Py) foralli e{1,2,...,s}, and
(ii) x; blocks a series pair of a member of P; for all i € {1,2,...,s}.

It is not hard to see that having a sufficiently long good 3-path is a clear win.

Lemma 9.50. Let (M, P, ]) be a blocked (n, 1)-copaddle. Then there is a function fg50(q) such that, if M has
a good 3-path of length s, where s > fq50(q), then M ¢ £(q).

Proof. Let fg50(q) = f7.36(3,q). Assume that s > fg50(q). Assume that the partition (P1, P2, ..., Ps)
of {Pnt1, Pnt2, ..., Pt}, and the subset {x1,xa,...,x:} of J define a good 3-path in (M, P, J). Let Q1
be the union of the sets in {P1, P2, ..., Py, {x1}}UPq,and forie {2,3,...,s}, let Q; = UPePi(P)U{Xf}'
Then Q= (Q1, Q2,..., Q) is a path of 3-separations in M\(J — {x1, X2, ...,Xs}), each step of which
contains a Q-strong clonal pair. Assume that Q displays a swirl-like flower (R1, Ry, R3). Let E/ =
E(co(M\])). By Lemma 3.19 (R{ NE’,R; NE’,R3NE’) is a swirl-like flower in co(M\ J). But, also by
Lemma 3.19 (Ry NE’, R, NE’,R3 N E’) is a copaddle in co(M\ J). Thus Q does not display a 3-petal
swirl-like flower. By Lemma 7.36, M ¢ £(q). O

Near n-blockages Let (M, P, J) be a blocked (n, 1)-copaddle. For i € {1, 2, ...,n} there is an element
of J that blocks the series pair {a;, ag} in P;. Of course there may be more than one such element. Let
¢:{1,2,...,n} — ] be a function with the property that ¢ (i) blocks {a;,a;}. If (M,P, J) is endowed
with such a function we will say that (M, P, J) is a blocked (n, 1)-copaddle with blocking function ¢.
Evidently deleting the members of | that are not in the range of ¢ preserves the property of being a
blocked (n, 1)-copaddle.

Let (M, P, J) be a blocked (n, 1)-copaddle with blocking function ¢ where P = (P1, P>, ..., P¢).
Then (M, P, J) is a near n-blockage if Pp4q U Ppq2 U---U P, blocks ¢ (i) for all i € {1,2,...,n}.

The next task is to find a near n-blockage. Note that, if (M, P, J) is a blocked (n, 1)-copaddle of
order n, then it is also a blocked (n, 1)-copaddle of any order m <n.

Lemma 9.51. Let (M, P, J) be a blocked (n, 1)-copaddle with blocking function ¢, where P = (P, Pa, ..., P¢).
Assume that (M, P, J) has a good 3-path of length s and that (M,P, J) is not a near n-blockage. If
n > mfq 44(q), then there is an ordering of the elements of { P1, P, ..., Py} such that, relative to this ordering,
(M, P, ])is a blocked (m, 1)-copaddle with a good 3-path of length s + 1.

Proof. Assume that n > mfg44(q). Assume that the partition (P1,P2,...,Ps) of {Pnt1,..., Pt} to-
gether with the subset {xq,x3,...,Xs} of J give a good 3-path of length s. As (M, P, J) is not a near
n-blockage, there is an i € {1, 2, ..., t} such that ¢ (i) is not blocked by P;4+1UP;2U---UP;. By Corol-
lary 9.49, there is a subset P of {P1, P2, ..., P} of size m such that x is in the closure of the union of
the petals of P that are not in PP. Up to labels we may assume that this subset is {P1, P2, ..., Pm}. As
¢ (i) blocks {aj, ag}, we see thati ¢ {1,2,...,m}. Let Psy1 = {Pm+1, Pm+2, ..., Pn} and let x;11 = ¢ (i).
It is now clear that (P1, P2, ..., Ps+1) and (x1,X3,...,Xs41) define a good 3-path of length s+ 1 in
the blocked (m, 1)-copaddle (M, P, J). O

Corollary 9.52. Let (M, P, J) be a blocked (n, 1)-copaddle with blocking function ¢ where M € £(q). Then
there is a function fgs52(m, q) such that, if n > fq952(m, q), then there is an ordering of the petals of P such
that, with respect to this ordering, (M, P, ]) is a near m-blockage whose blocking function is ¢ restricted to
{1,2,...,m}.

Proof. Let fg5,(m,q) = mf9,44(q)f9-50<q>. With this function, the corollary follows immediately from
Lemmas 9.50 and 9.51. O

Cleaning a near n-blockage At last we are able to achieve the goal of this section.
Lemma 9.53. Let (M, P, J) be a near n-blockage with blocking function ¢, where P = (P1, P2, ..., Pt). As-

sume that M € £(q). Then there is a function fg53(m, q) such thatifn > fg53(m, q), then there is an ordering
of the petals of P such that, with respect to this ordering, (M, P, ]) is an m-blockage.
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Proof. Let f953(m,q) = fo.12(f9.44(q), m).

Define a hypergraph whose vertices are {P1, Py,..., P,} and whose edges are {¢(1),¢(2),...,
¢ ()} as follows: for i € {1,2,...,n}, the vertices incident with ¢ (i) are the members of {Pq, Pa, ...,
P,} that ¢ blocks. It follows from Corollary 9.48 that each edge is incident with at most fg.44(q)
vertices. It follows from the definition of ¢ that P; is incident with ¢ (i) for all i € {1, 2,...,n}. It now
follows from Lemma 9.12 that, up to an appropriate permutation of {P1, P5, ..., P}, we may assume,
for all i, j € {1,2,...,m}, that ¢ (i) blocks P; if and only if i = j. The lemma now follows by observing
that the members of {¢ (i), ¢ (2), ..., ¢ (m)} have the properties required for an m-blockage. O

Proof of Theorem 9.38. Let fg33(m,q) = fo952(f9.53(m,q),q). Let ¢ be a blocking function for
(M, P, J). By Corollary 9.52, there is an ordering of the petals of P such that, with respect to this or-
dering, (M, P, J) is a near fq52(m, q)-blockage whose blocking function is ¢ restricted to {1, 2,...,m}.
Life is now good as we can observe that, by Lemma 9.53, there is an ordering of the petals of P, rela-
tive to which, (M, P, J) is an m-blockage. O

7. Building a blocked (n, I)-copaddle

In this section we prove that given a very large 3-connected clonal matroid in £(q) then we can
either find a large free-swirl minor or we can build blocked (n, I)-copaddles, where [ is large.

Theorem 9.54. Let M be a 3-connected clonal matroid in £(q). Then there is a function fq54(s, 1, m, q) such
that, if [E(N)| = fo.54(s,1,m, q), then at least one of the following holds.

(i) M has a clonal Ap,-minor.
(ii) Either M or M* has a minor N with an associated triple (N, P, J) such that (N, P, ]) is a blocked (s, I)-
copaddle where all of the series pairs of N\ J are M-clonal.

Of course we will need some preliminary lemmas. The next technical lemma is straightforward
but crucial.

Lemma 9.55. Let M be a connected matroid with an element x such that M\x is 3-connected up to stars and
let S be a maximal star of M\x. Assume that x € cI(S) N cl(E(M) — S) and that x is cofixed in M\S. Let M’
be a matroid obtained from M by cocloning x by x'. If {x, X'} is not a series pair of M’ then there is a partition
(51, S2) of S such that the following hold.

(i) {x,x'} is a parallel pair in M’'\S1/S>.
(i) M/\S1/S2\x = M\S.

Proof. Let T = E(M) — (S U {x}). We first observe,
9.55.1. T is not coblocked by X'.

Proof. Otherwise x' € clyy(T) so that {x,x'} C clyy(T). This means that {x,x'} is a coindependent
clonal pair in M’|(T U {x, x'}). But M’|(T U {x,x'})/x' = M\S, and we have contradicted the fact that x
is cofixed in M\S. O

Note that {x,x’} is independent in M’, as otherwise x is a loop of M = M’/x. Let ' C S be a
transversal of the series pairs of S and let S” =S — S’. Each series pair in S is also a series pair in M’
and it follows that {x, x'} is independent in M’/S’. As S is a star of M, we have ryy s/ (S U {x}) = 1.
Thus ry /s (S” U {x,X'}) =2. If S consists of a single parallel set in the closure of T, then {x,x'} is a
series pair in M’/S’ and hence, also in M’. Thus there is an element s € S” such that s ¢ clyy s (T).
As {x,x'} is a clonal pair, {s, x, x'} is a triangle. Let S; =S” — {s} and S, = S’ U {s}. It is now clear that
the lemma is satisfied by this choice of Sy and S,. O
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Let (M, P, J) be an n-blockage with blocking function ¢, where P = (P1, P, ..., P¢). Then (M, P, ])
is a minimal n-blockage if | = {¢(i): i €{1,2,...,n}}, and M is 3-connected, that is, if there are no
unblocked series pairs in Pp4q U Ppqp U---U P Clearly there is no loss of generality in focussing on
minimal n-blockages. Note that, for any n-blockage, ¢ is injective, so that for a minimal n-blockage
¢ is a bijection.

In what follows, in the n-blockage (M, P, J), we denote the series pair in the petal P; of P by
{a;,a}} for i € {1,2,...,n}. We denote the other two elements of P; by {b;,c;}. Let B={b1,ba, ..., by}
and C={cq,¢a,...,Cn}.

Lemma 9.56. Let (M, P, ]) be a minimal n-blockage with blocking function ¢. Then the following hold.

(i) M/C is 3-connected.
(ii) If i € {1,2,...,n}, then (b;,a;,a}, ¢(i)) is a maximal fan in M/C where {b;,a;,a} is a triangle and
{a;, a}, ¢ (i)} is a triad.

Proof. Consider part (i). Evidently M/C is connected. Assume that M/C is not 3-connected. Let
(X’,Y") be a 2-separation of M/C. Let (X,Y)=(X'— J,Y’ — J). Assume that |X| < 1. As J is coinde-
pendent in M, and hence in M/C, we see that ry,c(X’) € {1,2}. In either case we deduce that there
is an element z € E(M) and an {i, j} € {1,2,...,n} such that C U {¢(i), ¢(j), z} contains a circuit.
A routine check shows that in all possible cases we have a contradiction to the definition of minimal
n-blockage. Therefore (X,Y) is a 2-separation in M/C\ J. It is straightforwardly verified that, up to
labels, we may assume that either

X ={ay,a}} or
(b) X ={{a1,a},b1},{az,d}, b2}, ..., {a;,a}, b;}} for some i e {1,2,...,n}.

The verification of this is particularly routine if one considers the dual. Recall that ¢ (1) blocks both
{a1,a’1} and Py UPpip U---U Py in M. Thus, in either of the above cases, ¢(1) blocks X in M/C.
Therefore M/C is 3-connected so that (i) holds.

Consider (ii). Say i € {1,2,...,n}. Evidently {a;,a{,¢(i)} is a triad in M/C. As {a;,a},b;,c;} is a
circuit in M and M/C is 3-connected we see that {a;, a}, b;} is a triangle in M/C. Thus (ii) holds. O

Let C and D be disjoint subsets of a matroid and let N = M\D/C. Say d € D and c € C. In the
remainder of this section we will at times refer to the matroid M\(D — {d})/C as being obtained
from N by undeleting d and the matroid M\D/(C — {c}) as being obtained from M by uncontracting c.

Lemma 9.57. Let M be a 3-connected clonal matroid in £(q) and let N be a 3-connected minor of M with the
following properties.

(i) Thereis aset B={b1, b, ..., by} of elements of N such that N\B is an (n, l)-copaddle, with associated
flower (P1, Py, ..., Py).
(ii) The series pairs of N\ B are M-clonal.
(iii) Forie{1,2,...,n}, themaximal star S; € P; of N\B has the property that b; € cly(S;) Ncly(E(N) —S;).

Then there is a function fq57(m, q) such that, ifn > fg957(m, q), then M has an (m, [+ 1)-copaddle minor all
of whose series pairs are M-clonal.

Proof. Let fo57(m,q) = f929(q) + m. Assume that n > fg9s57(m,q). As M is clonal, each member of
{b1,b2,...,by} has a clone in M. For i€ {1,2,...,n}, denote the clone of b; by bl(. Let C and D be
disjoint subsets of E(M) such that N=M\D/C.

Consider Pq. There are two cases to consider. For the first assume that b} € D. Let N’ denote the
matroid obtained by undeleting b). As by is fixed in N, we see that {by,b}} is a parallel pair in N’.
In this case let P} = (P1 — S1) U {b}} and let Ny = N’\S. Note that we have replaced the star Sy of
N\B by an M-clonal parallel pair at the basepoint of Sj.



J. Geelen, G. Whittle / Advances in Applied Mathematics 51 (2013) 1-175 151

For the second case, assume that b} € C. In this case let N’ be the matroid obtained from N by
uncontracting b/l. Assume that {bq, b/l} is not a series pair in N’. Note that by is cofixed in N\S; so
that Lemma 9.55 applies. By this lemma there is a partition (X, Y) of Sy such that {bq, b}} is a parallel
pair in N'\X/Y and N'\X/Y\b} = N. In this case, let Ny = N'\X/Y and let P{ = (Py — S1) U {b}}.
Observe that we have again replaced the star S1 by an M-clonal parallel pair at the basepoint of the
star. On the other hand, if {b1,b}} is a series pair, then let N’ = Ny and let P{ = P1 U {b}. Observe
that Sq U {sy,s}} is a star of order I+ 1 in P].

Repeat the above process for the remaining elements of B to obtain a matroid N, with associated
flower P’ = (P}, P}, ..., Py), where, fori € {n+1,n42,...,t} we have P; = P;. Assume that for some
s > fo.20(q) there are s members of {P], P/, ..., P;} that contain M-clonal parallel pairs. Up to labels
we may assume that these are {P{, P, ..., P¢}. Observe that (Nn/(P; ; UP; ,U---U P[))* satisfies
the hypotheses of Lemma 9.29, giving the contradiction that N, ¢ £(q). Otherwise, by the definition
of fg57(m,q), at least m petals in {P’, P/z, ..., P}} have stars of order [ + 1. The series pairs in these
stars are M-clonal. The lemma follows from these observations. 0O

Lemma 9.58. Let M be a 3-connected matroid in £(q) with a minor N that is an (n, [)-copaddle. Assume that
all series pairs in N are M-clonal. Then there is a function fq 53(m, q) such that, ifn > f953(m, q), then M has
a minor M’ that is a blocked (n, I)-copaddle (M’, P’, ]J). Moreover, all of the series pairs of P’ are M-clonal.

Proof. Let fg9s53(m,q) = f9.29(q) + m. Assume that n > fgs3(m,q). Let P = (Pq, Pa,..., P;) be the
flower associated with N. Fori € {1,2,...,n}, let S; denote the maximal star in P;. By Lemma 9.8, if
{si, s} is a series pair in S;, then {s;, s} has a 1- or 2-element bridging sequence. We will say that P;
has type-1 if every series pair in S; has a 1-element bridging sequence and has type-2 otherwise.

Note that the first element of a bridging sequence for a series pair consists of a delete element. It
follows routinely that if there are m members of {P1, P, ..., Py} that are of type-1, then the lemma
holds. Otherwise, we may assume that for some @ > fg929(q), there are u members of P; that are of
type-2. Up to labels we may assume that {P1, P2, ..., P, } are all of type-2. For i € {1,2,..., u}, let
{s,-,sg} be a series pair in S; with a 2-element bridging sequence (t;, u;). Let T = {ty,t2,...,t,} and
let N’ be the matroid obtained from N by undeleting the elements of T. Say t; € T. As (t;, u;) is a
bridging sequence and t; is a delete element of this bridging sequence, t; € cly/({s;, s;}). Note that this
means that {s,',sg} is a series pair in N’\t; and that (P U{t1}, P2 U{t2}, ..., PaU{tn}, Pnt1,..., Py) is a
copaddle in N'. As {s;, s;} is M-clonal, {t;, s;, s} is a triangle in N'. If {s;, s} is a series pair in N’, then
u; cannot coblock {s;, s;}. Hence {s;, s;} is not a series pair in N’ so that {t;, s, s} is also a triad in N'.

Forie({1,2,...,n} let P{=P;—(S;—{si,s;}). Let N” = N'/T\((S1—{s1,5}})U-- VS —1su, s/
(Pny1 U Py U---UPy). Then P’ = (P}, P,..., P;) is a copaddle in N”. Moreover, each petal of P’
contains a single M-clonal parallel pair and si(N”) = M*(K3 ). Thus P’ satisfies the hypotheses of
Lemma 9.29 in M* and, by that lemma we obtain the contradiction that M ¢ £(q). O

Proof of Theorem 9.54. The proof is by induction on [. If [ > 1, assume that fgs54(s,| — 1,m,q) has
been defined and, for induction, assume that the theorem holds with this definition of fg54(s,l — 1,
m, q). Let ng = fo58(s,q). Let n3 = fg57(ng,q). Let ny =n3 + fo29(q). Let ny = fo37(nz2,m,q) if =1
and let n1 = fg54(ny,l —1,m,q) if n > 1. Finally let fg54(s,l,m,q) = fo.39(n1,m, q).

Assume that n > fg54(s,l,m,q). Assume that M does not have a clonal Ap-minor. By Corol-
lary 9.39, M or M* has a minor M; with an associated triple (M1, P, J) such that (Mq,P, J) is
an ni-blockage. We now apply Lemma 9.56. Using the notation of that lemma we have a set C
such that M;/C is 3-connected, and every set in {{a1,a}},{az,d5},..., {an,,ap,}} is contained in
both a triangle and a triad. By Lemma 9.2 M1/C has a 3-connected minor N whose ground set is
{a1,a}} U{az, @y} U--- U fan,, ap, ).

If =1 we apply Lemma 9.37 and if [ > 1 we apply the induction assumption to deduce that
either M;/C or (M1/C)* has a minor M, with an associated triple (M3, Py, J2) such that (M, P2, J2)
is a blocked (ny,l)-copaddle. Moreover, all of the series pairs of M\ J, are M-clonal and hence are
M-clonal. Let M} = M1/C if M3 is a minor of My and otherwise let M} = (M1/C)*. Every series pair
of M3\ J2 is in a 4-element fan in M]. Thus every series pair in M\ J, is in a triangle of M/. By
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a slight abuse of notation assume that P, = (Pq, P2,..., P;). For i € {1,2,...,ny}, let S; denote the

maximal star in P; and let {s;,s}} be a series pair in S;. Let B’ = {by,ba,...,bn,} be elements of
E(M)) — E(M2) such that {s;, s}, b;} is a triangle in M} forie {1,2,...,n2}.
Observe that the members of B’ were all deleted from M; as otherwise, for some i € {1,2,...,n3},

we contradict the fact that {s;, sg} is independent in M,. Let M3 be the matroid obtained by undeleting
the elements of B’ from M. Observe that {s;, slf, b;} is a triangle in M3 for all i € {1,2,...,n2}. Apply-
ing Lemma 9.29 and arguing just as in the proof of Lemma 9.58, we deduce, up to the labels of petals
in {P1, P2, ..., Py,}, that we may assume that {s;, s}} is a series pair in M3 for all i € {1,2,...,n3}. It
follows from this that, for i € {1, 2,...,n3}, the element b; is in the guts of a 2-separation of M3 one
side of which is S;. Let B = {b1,b3,...,by;} and let M4 be the matroid obtained by undeleting the
elements of B from M.

We may now apply Lemma 9.57 and deduce that M or M* has an (ng4, [+ 1)-copaddle minor all of
whose series pairs are M-clonal. Finally, by Lemma 9.58, M or M* has a minor M’ with an associated
triple (M’,P’, J’) such that (M’, P/, J’) is a blocked (s, [+ 1)-copaddle such that all series pair of M"\ J’
are M-clonal, completing the proof of the theorem. O

8. Excluding a blocked (n, I)-copaddle

We now show that a matroid in £(q) cannot contain a blocked (n,I)-copaddle for large values
of L. In striking contrast to Theorem 9.54, the bound here is quite modest. We will use the following
theorem of Lemos and Oxley [17].

Theorem 9.59. Let M be a connected matroid in which a largest circuit and cocircuit have c and c* elements
respectively. Then M has at most %cc* elements.

Lemma 9.60. Let M be a 3-connected matroid with a set S such that M|S = M (K3 ;). Assume that all of the
series pairs in M|S are M-clonal. Then there is a function fq.60(q) such that, if| > fq 60(q), then M has a Aq-
or Uz q42-minor.

Proof. Let foso(q) = (3% +1) L%j. Assume that [ > fq60(q).

Say that the series pairs in M|S are S = {{s1, 51}, {s2,55}. ..., {s1. 5;}}. Then, by Lemma 9.2, M has a
3-connected minor M; on S. It follows from Lemma 2.10 that ripy, ({s;, sg}, {sj, s/j}) > 1 for all distinct
iand j in {1,2,...,1}. Consider the lines of My that are spanned by members of S. If any of these
lines has at least g + 2 points, then the lemma holds, so we may assume that each line contains at
most L%J members of S. Thus there is an integer ny, where n; +1 > %qz + 1 such that, up to
labels, min, ({si, si}, {sj,s/j}) =1forallie{1,2,...,n,n; +1}. Let M = My|({s1,8]} U {s2,s5} U--- U
{Sny+1, S;HH}). Evidently M, is 3-connected.

9.60.1. Thereisani € {1, 2, ...,n1 + 1} such that My /s; is 3-connected.

Subproof. Assume that the sublemma fails. Then, for all i € {1,2,...,n7 + 1} there is a path
(Xi, {si, 57}, Y;) of 3-separations in M, where {s;, s7} C cl(X;) and, of course, {s;, s;}  cl(Y;). Amongst
all such paths assume that we have chosen s; and the associated path so that |X;| is minimal.
Note that we may assume that X; is a union of clonal pairs. If |X;| =2, then iy, (X;, {si,s§}) =2
and X; is a clonal pair so that we have contradicted the fact that iy, ({si, s}}, {sj,s;}) =1 for all
ief1,2,...,n1,n1 +1}. Thus |X;| > 4.

Choose {sj,s/j} C X; and let (Xj,{sj,s/j},Yj) be an associated path of 3-separations where
{si,s;} C Yj. Assume that X; NY; # . An easy uncrossing argument shows that A(X; NY;) =
A((XjNY;)U{s;}) = 2. Thus s; is in the guts or coguts of (X;NY;, E(M)—(X;NY;)). But s; € cl(Y;) and
Y; CE(M)— (XjNY;), so that sj, and hence also s/j is in cl(Xj N'Y;). Therefore {s;, 5;,51',53} C cl(Yy)
and M|{s,-,s,f,sj,s/j} = Uy 4, contradicting the fact that i, ({s,-,sg},{sj,s’j}) = 1. We conclude that
XjNY; is empty, so that X; is a subset of X;. As {sj,s/j} € X; — Xj, we have contradicted the mini-
mality assumption and the sublemma follows. O
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By 9.60.1 we may assume that M/s,, 1 is 3-connected. Relabel s,’“_H by t and let M3 = M3/sp, +1.
Observe that {s,',sg,t} is a triangle in M3 for all i € {1,2,...,n1}. Consider M3/t. This matroid is
connected, so si(Ms/t) is connected. By Theorem 9.59 si(M3/t) either has a circuit of size at least g
or a cocircuit of size at least q. Assume that C is such a set. Up to labels we may assume that
C={s1,82,...,5,}, where u >q.

Assume that C is a circuit of si(M3/t) of size at least q. As {s1, s’l} is a clonal pair in M3, we have
s7 € cly, (C) so that t € cly,(C). Thus C U {t} is a circuit in Ms. It now follows that M3|({sq,s}} U
{s2,s5}U---U {SM»SL}) = Ay. Hence M has a Ag-minor.

Assume that C is a cocircuit of si(M3/t) of size at least q. Then C’' = {s1,s}} U {s2,s5} U--- U
{su. s;L} is a cocircuit of M3. Let H = E(M3) — C’ and let B be a basis of M3|H containing t. Consider
si(M3/(B—{t})). We may assume that t € si(M3/(B—{t})). Evidently r(si(M3/(B —{t}))) = 2. Moreover,
if ie{1,2,..., 1}, the pair {s;,s;} is independent in si(M3/(B — {t})), as otherwise we have, at some
stage, contracted a point on a line spanned by {s;, si}. As C’ is a cocircuit, such a point must have been
parallel with t and we contradict the fact that ¢ is not a loop of si(M3/(B — {t})). Hence si(M3/(B —
{t})) = U2 241 and in this, the final case, we also conclude that M has a Uy g4»-minor. O

9. Summing up
At last we are able to achieve the goals of this chapter. We first consider Theorem 9.3.

Proof of Theorem 9.3. Let fo3(m,q) = fo9.54(1, fo.60(q), m, q). Assume that n > fg3(m, q) and that the
3-connected matroid M has a partition into n pairwise-disjoint clonal pairs. Assume that M does not
have a clonal Ap-minor. By Theorem 9.54, either M or M* has a minor N with an associated triple
(N, P, J) such that (N, P, J) is a blocked (1, fg.60(m, q))-copaddle where all of the series pairs of N\ J
are M-clonal. Say P = (Pq, P2, ..., P¢). Let S be the maximal star of order fggo(m, q) in Py. Evidently
N|S = M(K3, £y, (m, q)). The hypotheses of Lemma 9.60 are satisfied and by that lemma N ¢ £(q).
This contradicts the assumption that M € £(q). It follows from this contradiction that M has a clonal
Ap-minor. O

We conclude by observing again that Theorem 9.1 is an immediate corollary of Theorem 9.3 and
Lemma 9.2.

Chapter 10. Strict paths of 2-separations
1. Introduction

Let M be a connected matroid. A path of 2-separations in M is a partition P = (Py, Pq,..., P;) of
E(M) into subsets such that A(PoUP{U---UP;)=1forallie{0,1,...,]—1}. Adapting terminology
from Chapter 7, we say, for i € {0, 1,...,1}, that P; is a step of P, that Pg and P; are end steps and
otherwise P; is an internal step. A 2-separation (X, Y) of M is displayed by P if (X,Y) = (PoU P1 U
-++UPj, Piy1 UPj1pU---UP) for some i € {0,1,...,] —1}. Let Q be a path of 2-separations in M.
Then Q is a concatenation of P if every 2-separation displayed by Q is also displayed by P. If P has
I+ 1 nonempty steps, then P has length L.

So far we have simply extended terminology from paths of 3-separations. The next two defini-
tions are of specific importance to this chapter. Let P be a path of 2-separations in the connected
matroid M. A 2-separation (X, Y) of M is P-relevant if there is a j € {1,2,...,n— 1} such that either
X or Y has the form PpUP{U---UP;_1U P;. for some subset P; of P;. The path P is strict if

(i) A(Pj)=2forallie{1,2,...,1—1}, and
(ii) if (X,Y) is a 2-separation of M, that is not P-relevant, then either X or Y is contained in a step
of P.

We are particularly interested in paths whose steps contain clonal pairs. A clonal pair {pj, q;} con-
tained in the internal step P; is P-strong if Ky ({pi, qi}, E(M) — P;) = 2.
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The results of this chapter focus on bridging strict paths of 2-separations whose steps contain
strong clonal pairs. It is clearly possible to have a matroid in £(q) in which all the steps of such
a path are bridged. An example is a free swirl. But if constraints are placed on the way that the
2-separations are bridged, then we do obtain certificates that prove that a matroid is not in £(q).
In this chapter we obtain a sequence of such results leading to Lemma 10.22. This lemma will, in
turn, be used in Chapter 11 to prove that large free swirls that are bridged in certain ways cannot be
in £(q).

2. Basic facts

We begin by obtaining some basic facts on strict paths of 2-separations.

Lemma 10.1. Let P = (Pg, Pq, ..., P)) be a strict path of 2-separations in the connected matroid M. If i €
{1,2,...,1}, then the following hold.

(i) I‘I(PoUP1U-~UP,’_1,Pi+1UPi+2U-~vUPl)=O.
(ii) M*(PoUP1U---UPj_1, PixqUPj4o U---UP)=0.

Proof. Let Qo =PoUP1U---UP;_q1 and Q; = Pj;1 UPjyp U---U P. By Lemma 2.12 A(Qo U Q)) =
A(Qo) + A(Qp) — n(Qo, Q) — M*(Qyp, Q). The lemma follows from this and the fact that A(Qp) =
MQp=1 0O

We omit the easy arguments establish the properties of the next lemma.

Lemma 10.2. Let P = (Pg, P1, ..., P;) be a strict path of 2-separations in the connected matroid M. Then the
following hold.

(i) Pis a strict path of 2-separations in M*.
(ii) If0<i< j<n, then A(P;UPi 1 U---UPj)=2.
(iii) IfQ s a concatenation of P, then Q is a strict path of 2-separations in M.

Presumably the next lemma is well known. We omit the easy proof. It is a generalisation of the
fact that if x is an element of the connected matroid M, then either M\x or M/x is connected.

Lemma 10.3. Let (A, B) be a 2-separation of the connected matroid M. Then either M\ A or M /A is connected.
The next lemma follows from Lemma 10.3.

Lemma 104. If P = (Py, P1, ..., Py) is a strict path of 2-separations in the connected matroid M, and 1 <
i <n,then, (Pit+1, Pi+2, ..., Pp) is astrict path of 2-separations in either M\(PoU P1U---U P;) or M*\(PoU
P1U---UPj).

Lemma 10.5. Let P = (Py, Pq, ..., P;) be a strict path of 2-separations of the connected matroid M, let | be
a proper nonempty subset of {1,...,1} and let Z = Uje] P;. Then the following hold.

(i) Ifthereexistsi € {0,1,...,1—1} suchthat | ={0,1,...,i}or J={i+1,i+2,...,1}, then .(Z) = 1.

(ii) If there existi, j € {1,2,..., 1 —1}withi<jand J={i,i+1,...,jlor J={0,1,...,i—1,j+1,
j+2,...,1}, then A(Z) = 2.

(iii) If neither (i) nor (ii) holds, then A(Z) > 2.

Proof. Part (i) follows from the definition. Part (ii) is just Lemma 10.2(ii). Consider part (iii). Assume
that Z satisfies neither (i) nor (ii). The result is vacuous if P has length one. Assume for induction
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that (iii) holds if P has length at most [ — 1. Up to complementation we may assume that 0 ¢ J. Let
i+ 1 be the least integer in J. Let Y = E(M) — Z and let Y/ = Po U P; U---U P;. By Lemma 10.2(i)
and Lemma 10.4, we may assume that M\Y’ is connected and that (Pjyq U Pjyo U---U Py) is a strict
path of 2-separations in this matroid. By the choice of | and either (ii) or the induction assumption
we have Appy/(Z,Y —Y’) > 2. Note that n(Y’,Y —Y’) =0, so that r(Y) =r(Y —Y’) +r(Y’). But
r(M) =r(M\Y’) +r(Y") — 1. The lemma now follows from an easy calculation. O

Let P = (Pg, P1,..., P;) be a path of 2-separations in the matroid M. A subset X of E(M) is

i) an initial set of P if X=PyUP{U---UP; for some i {0,1,...,1};
(ii) a terminal set of P if E(M) — X is an initial set;
(iii) a consecutive set of P if X =P; UPj; 1 U---UP; where 0<i< j<I; and
)

(iv) a coconsecutive set of P if E(M) — X is a consecutive set.
The next lemma is a version of our old friend Lemma 3.31 for paths rather than flowers.

Lemma 10.6. Let e be an element of the matroid M such that M\e is connected with a strict path P =
(Po, P1, ..., Pp) of 2-separations. Let X and Y be subsets of E(M\e). Assume that both X and Y are unions
of steps and that e € cl(X) and e € cl(Y).

(i) If X is the union of an initial set of steps, Y is the union of a terminal set of steps, and X N'Y # (), then
ecc(XNYy).

(i) If X and Y are the union of either a consecutive or coconsecutive set of petals, X UY # E(M) — {e}, and
XNY #@Y, theneec(XNY).

Proof. In either case it suffices to show that X and Y form a modular pair. In case (i) we have
AX)=A(Y)=1, A(XNY)=2 and A(XUY) =0. Thus (i) holds.

Consider (ii). Since X UY # E(M) — {e} and X NY # ¢, it is readily deduced that both X UY
and X N'Y are unions of consecutive or coconsecutive sets of steps of P. It now follows from Lem-
mas 10.2(iii) and 10.5(ii), that X and Y form a modular pair. O

The next lemma establishes a connection between strict paths of 2-separations and swirl-like flow-
ers. We omit the easy proof.

Lemma 10.7. Let e be an element of the matroid M such that M\e is connected with a strict path P =
(Po, P1,..., P)) of 2-separations. If e € cl(Po U P;), but e ¢ cl(Po) and e ¢ cl(P;), then (P; U Py U {e},
P1,..., Pj_q) is a swirl-like flower in M.

If P=(Pq, Py, ..., Py) is a swirl-like flower in the connected matroid M, then it is easily seen that,
if P1 is coclosed, then M\ Py is connected. We also omit the easy proof of the next lemma.

Lemma 10.8. Let P = (P1, P2, Ps3, ..., Py) be a swirl-like flower in the connected matroid M. If P is coclosed,
then (P3, Ps3, ..., Py) is a strict path of 2-separations in the connected matroid M\ Py.

Lemma 10.9. Let P = (Py, Pq, ..., P;) be a strict path of 2-separations in the connected matroid M, and let
{pi, qi} be a P-strong clonal pair. Then, k ({pi, q;i}, Po U P;) = 2.

Proof. If the lemma does not hold, then there is a 2-separation (X,Y) of M with Py U P; € X and
{pi,qi} C Y. Such a separation is not P-relevant so it must be the case that there is a petal P; such
that Y C P;. But this contradicts the definition of P-strong clonal pair. O

Lemma 10.10. Let N be a connected minor of the connected matroid M and let P = (Pg, P1,..., P;) be a
strict path of 2-separations in N. Assume that every P-relevant 2-separation of N is bridged in M, and that
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Q=1(Qo, Q1, ..., Qn) isapartition of E(M) such that, Po € Qg, Pm € Qmand Ay (QoUQ1U---UQ;) =2
forie{0,1,...,m — 1}. Then the following hold.

(i) Qis a path of 3-separations in M.
(ii) If{p, q} is an M-clonal pair of N that is P-strong, then it is also Q-strong.

Proof. Assume that (Qg, Q;,) is a 2-separation of M with Qo € Q/ and Qn C Q;,. Then (Qg, Q;,) is
induced by a 2-separation (Pg, P)) with Pg C P and P; C P;. But by the definition of strict path, such
2-separations are P-relevant and hence bridged in M. Part (i) follows from this contradiction. Part (ii)
follows from Lemma 10.9. O

3. Afirst certificate

We now develop some certificates for showing that a matroid is not in £(q). Interpreted in this
way the next lemma says that if we block all the 2-separations displayed by a strict path of 2-sepa-
rations, and we do not keep a large displayed swirl-like flower, then we are not in £(q).

Lemma 10.11. Let M be a matroid in £(q) with an element b such that M\b is connected with a strict path
P = (Py, P1, ..., Pp) of 2-separations, each internal step of which contains a P-strong M-clonal pair. Assume
that b blocks both Py and Py. Then there is a function fi9.11(m, q) such that, if n > f10.11(m, q), then the
following holds. There exists an s € {1, 2, ...,n — 2} such that s + m < n with the property that

R=(PoUP1U--UPsUPsnUPsimiqU---UPyU{b}, Psya,..., Psim—1)
is a swirl-like flower in M of order m. Moreover, each petal of R contains an R-strong M-clonal pair.

Proof. Let f19.11(m,q) = f736(m + 1,q) + 2. Assume that n > f19.11(m, q). Note that, if (X,Y) is a
2-separation of M\b where Py C X and P, C Y, then b blocks (X, Y). Hence P’ = (PoU{b}, P1,..., Py)
is a path of 3-separations in M as otherwise b fails to block both Py and P,. Say i€ {1,2,...,n—1}.
Then, by the definition of P-strong for strict paths of 2-separations, the step P; of P contains an
M-clonal pair {p;, p}} such that knnp({pi, p}}, PoU---UP;_1 UPj 11 U---UPy)=2. Hence kn ({pi, p}},
{byUPoU---UP;i_1 UPjy1U---UPy) =2.1It follows that {p;, p}} is P’-strong in the sense of P’-strong
defined for paths of 3-separations.

Let P” = ({b} U PgU Pq, Py, ..., Py_2, P,_1 U Py). Then each step of P” contains a P” strong clonal
pair and P” has length n — 2. By Lemma 7.36, P” displays a swirl-like flower of order m + 1. Let Q
be a maximal such flower, say Q has order u +12>m+ 1. Let Q =(Q1, Q2,..., Qu+1). Then, by
Lemma 7.14, there is an integer s > 2, with s 4 u <n —2 such that {Q1, Q2,..., Qu41} ={{b} U PgU
PlU"'UPs»PH-L»--yPs+u—1vPs+uUPs+u+lU"‘Upn—lupn}-

Recall that if R and R’ are petals of a swirl-like flower, then M(R,R’) > 0 if and only if R
and R’ are adjacent. Say {i,i + 1} S {s+ 1,s+2,...,s + u — 1}. Then, by the definition of strict
2-path, Myns(Pi, Pix1) =1, so that my (P, Piy1) = 1. Hence P; and P;; are adjacent in Q. More-
over, My({b} U PoU Py U---UPs, Psy1) > 1, so these two petals of P are adjacent in Q. Also
M(Pstp—1, Psyp U Psypy1U---UPr_1UPyp) > 1, and these two petals are adjacent in Q. By elim-
ination {b} U PoU Py U---UPs and Psyy_1 U Psyy U---UPy_1 UP, are adjacent. Hence Q =
(b} U PoUPLU---U Ps, Psy1,..., Psypp—1,Psypu U---UPp_1UPy). Let Q =({b}UPgUP{U---U
PsUPsyy U---UPy_1U Py, Ps1, Psya, ..., Psyp—1). Every petal of this flower contains a Q'-strong
clonal pair. As @ > m, the lemma is satisfied by taking R to be an appropriate concatenation
of Q. O

4. A second certificate

Our next certificate requires somewhat more work.
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Lemma 10.12. Let M be a matroid with aset B = {b,, b3, ..., by} of elements such that M\ B is connected with
a strict path P = (Py, P1, ..., Pp) of 2-separations each internal step of which contains a P-strong M-clonal
pair. Assume that, fori € {2, 3, ...,n}, the element b; is in cl(P; U Py), but not in cl(Py) or cl(P;). Then there
is a function f10.12(q) such that, ifn > f10.12(q), then M ¢ £(q).

We begin by proving Lemma 10.12 in two special cases. For the first case was assume that Py
consists of a single element.

Lemma 10.13. Let M be a matroid with aset B = {b,, b3, ..., by} of elements such that M\ B is connected with
astrict path P = ({po}, P1, ..., Pn) of 2-separations each internal step of which contains a P-strong M-clonal
pair. Assume that, for i € {2,3,...,n}, the element b; is in cl(P; U {pg}), but not in cl({po}) or cl(P;). Then
there is a function f10.13(q) such that, ifn > f10.13(q), then M ¢ £(q).

Proof. Consider the partition

P’ = ({po} U P1, P2 U{b2}, ..., Pn_qU{ba_1}, Py U {by})

of E(M). We first prove that P’ is a path of 3-separations in M.

Say that je{1,2,...,n—1}. Note that pg ¢ cI(Pj 1 UPjpU---UPy), as otherwise App({po} U
Pji1U---U Pp) =1, contradicting Lemma 10.5. Also b; € cI(P; U {po}) for all i e {1,2,...,n—1}.
Thus

r({po} UP1UP2U{ba}U---UPj_1U{bj_1})=r({po}UP1U---UP;_q)

and

r(PjU{bj}U---UPyU{bs})=r(PjU---UP,U{po}) =r(PjU---UPp) +1.

Hence

Am({po}UP1UP,U{b}U---UP;j_1U{bj_4})=2.

To prove that P’ is a path of 3-separations in M. It remains to show that xp ({po} U P1, P, U {by}) = 2.
Assume not. Then, for some i € {1,2,...,n} and subset P of P; U {b;}, we have Ay ({po} U P1 U P U
{ba}U---UP;j_1U{bj_1}U Pl,) =1. But )»M\B({po} UP{UPU---UPj_1U PI/) =1, so that b, does not
block the 2-separation corresponding to this 2-separating set. Hence either b, € cl({po} U P1 U P, U
~-UP;_1UP}) or by € cl((P; = P))UPjy1U---UPp). But by € cl({po} U Py). By Lemma 10.6, we obtain
the contradiction that either b, € cl({po}) or b, € cl(Py).

If i e{2,3,...,n}, then b € cl(P; U {b;}). Therefore, if P; and P;. are distinct steps of the path P/,
then M(P;, P;.) > 0. This shows that P’ does not display any 4-petal swirl-like flower. Moreover, it is
evident that if i € {2,3,...,n — 1}, then any P-strong clonal pair in P; is P’-strong. The lemma now
follows by letting f10.13(q) = f736(4,@) +2. O

For the second special case we assume that Pg consists of a series class that is blocked in a
particular way.

Lemma 10.14. Let M be a matroid with a set B = {b3, bs, ..., by} such that M\B is connected with a strict
pathP = (Py, Pq, ..., Py) of 2-separations, where Pg = {s2, 53, ..., Sp} is a series class and each internal step
of P contains a P-strong M-clonal pair. Assume that, fori € {2, 3, ..., n}, the element b; is in cl(P; U {s;}), but
b; ¢ cl(P;) and b; ¢ cl({s;}). Then there is a function f10.14(q) such that, if n > f10.14(q), then M ¢ £(q).
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Proof. Clearly we may assume that n > 3. We first note:

10.14.1.

(i) If2 <i<n,thenb; ¢ cl(PyU Py U---U Pj_»). In particular cl(Py) N B = (.
(ii) Say Py € Po and |Pgy| > 2.If s; € Py, then b; ¢ cl((Pg — Pg) U P{ U P U--- U Pp).

Subproof. Assume that b; € cl(PoU P1U---U P;_3). Consider the pair of sets PoUP{U---UP;_» and
P; U {s;}. As s; is in a non-trivial series class of M\B that does not meet P;, we have r(P; U {s;}) =
r(P;) + 1. The union of the two sets under consideration is Pg U P1U---U P;_5 U P;. By Lemma 10.1
the rank of this set is r(Pg U P1 U---U P;_y) +r(P;). Moreover, the intersection of the sets is {s;}. We
deduce that the two sets form a modular pair. As b; is in the span of each we obtain the contradiction
that b; € cl({s;}). Hence (i) holds.

Consider (ii). Assume that |Py| > 2 and that s; € Pj. As b; € cl(P; U {s;}) but not in cl(P;), we have
si € cl(P;U{b;}). Thus, if b; € cl((Po—Py) UP1U---UPy), then we have s; € cl((Po— P{)UP1U---UPy),

/

contradicting the fact that P is a series set in M\B. O

10.14.2. If (X, Y) is a 2-separation of M, then, for some Z € {X, Y}, either Z C P; forani e {1,2,...,n— 2}
orZC Pp_1UPy.

Subproof. Consider the 2-separation (X, Y). Let (X', Y") = (X — B, Y — B). Assume that |X’| < 1. Then,
as r(M\B) =r(M), and M\B is connected, we see that X C cl(Y). Hence r(X) = 1. But it is evident
that no member of B is in a non-trivial parallel class. Hence |X — B| > 1 and also |Y — B| > 1, so that
(X’,Y’) is a 2-separation of M\B.

Assume that (X’,Y’) is P-relevant, so that, up to labels, (X',Y") = (PoUP{U---UPij_1 UPj,
P/ UPi1U---UPy) for some ie(1,2,...,n—1}. If i #n —1, then, by 10.14.1, (X', Y’) is blocked
by a member of B. Thus i=n—1, and Y’ C P,,_1 U Py. In this case, it also follows from 10.14.1 that
cy(Y)YNB =, so that Y’ =Y and the claim holds in this case.

On the other hand, if (X', Y’) is not P-relevant then, by the definition of strict path of 2-separation,
we may assume that X’ C P; for some i € {0,1,...,n}. Again by 10.14.1, cly(X’) N B =@, so that
X' = X. If X' C Py, then it follows from 10.14.1 that X’ is blocked by at least one member of B. Thus
X" ¢ Pg and the sublemma follows. O

10.14.3.Foralli € {1,2,...,n— 1}, we have Apy(P1 U Py U---UP;U{sy,s3,...,5;}U{ba, b3, ...,bi}) =2.

Subproof. By the definition of paths of 2-separations, Appp(P1 U P U---UP;U{sy,s3,...,5}) =1.
Since {s3, S3,...,Sp} is a series class of M\B, and n({sz, s3, ..., Sy}, P1) =1, we have r(P{UP,U---U
PiU{s2,83,...,5} ) =r(P{UPU---UPj)4+n—1.But r(P1UP,U---UP;U{s2,83,...,5}) =r(P1 U
PyU---UPy)+i,and r(Pi;q UPjyp U---UPnU{Sit1,Si+2, .-+ Sn}) =1(Pig1 UPjpp U---UPp) +n—i.
Hence App\p(P1UP2U---UP;U {s2,53,...,Si}, Pit1 U Pigp U--- U Py U {Sit1, Si4+2,---,5n}) = 2. The
sublemma is a straightforward consequence of this observation and the fact that b; e cI(P; U {s;}) for
all je{2,3,...,n}. O

By 10.14.3 and 10.14.2, P’ = (P1 U P U {s2, b2}, P3 U {s3,b3},..., Phn_a U {sp_2,bn_2}, Phn_1 U P, U
{Sn—1, Sn, bn—1, bp}) is a path of 3-separations in M. If this path displays a swirl-like flower with
at least four petals, then there exists an i € {3,4,...,n — 2} such that Ay (P; U {sj, bj}) = 2, so that
AmB(PiU{s;}) =2. But, if i € {3,4,...,n -2}, then s; ¢ cI(P;) and s; € cl(P1 U {s2,53,...,Si_1, Si41,
..., Sp}) so that Appg(P; U {si}) = Am\p(P;) + 1. By Lemma 10.2, Appg(P;) = 2. Hence Appp(P; U
{si}) =3 and we conclude that P’ does not display any 4-petal swirl-like flowers.

To complete the proof we need to show that our M-clonal pairs are P’-strong. Say i € {2,3, ...,
n—2}, and {p;, p;} € P} is a P-strong M-clonal pair. If xp({pi, p{}, E(M) — (P; U {b;, s;})) < 2, then
there is a 2-separating set Z of M such that {p;, pj} € Z C P; U {b;,s;}. By 10.14.2, Z C P; and is
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2-separating in M\B contradicting the definition of P-strong. Thus {p;, pj} is a P’-strong clonal pair
as required.
The lemma now follows by letting f10.14(q) = f736(4,q9) +3. O

Before proving Lemma 10.12 we note an elementary fact.

Lemma 10.15. Let C be a circuit of the connected matroid M. If x € E(M) — C then thereisan N € {M\x, M /x}
such that N is connected and C is a circuit of N.

Proof. If M\x is connected, let N = M\x. Otherwise say (X, Y) is a separation of M\x, where C C X.
If x € cl(C), then (X U {x},Y) is a separation of M. Thus x ¢ cI(C) and the lemma holds by setting
N=M/x. O

We also recall the theorem of Lemos and Oxley [17] that we have stated in this paper as The-
orem 9.59. The next result is a straightforward consequence of this theorem. We omit the routine
proof.

Corollary 10.16. Let (A, B) be a 2-separation of the connected matroid M € £(q). Then there is a function
f10.16(m, q) such that, if |A| > f10.16(m, q), then A contains either a circuit, a cocircuit, a parallel set, or
a series set with at least m elements.

Proof of Lemma 10.12. Let o = max{ fi0.13(q), f10.14(@)} and let fi0.12(q) = f10.13(q) f10.16((q + 1) p).
Assume that n > f10.12(q).

To facilitate the proof, we make some local definitions. Let M’ be a minor of M obtained by
removing a proper subset of elements of Pg, let N'=M’\B, and let P{ = Po N E(N’). Then M’ is an
allowable minor of M if N’ is connected and B is coindependent in M.

We will always use the convention that, if M" is an allowable minor of M, then Py = Po N E(M’)
and N’ = M’\B. The next claim is evident.

10.12.1. Let M’ be an allowable minor of M. Say e € Py and |Py| > 1. If N'\e is connected, then M'\e is
allowable and if N’ /e is connected, then M’ /e is allowable. Moreover, either M'\e or M’ /e is allowable.

Let M” be an arbitrary minor of M obtained by removing elements of Po and let Py = E(M")N Po.
For an element x of Py, define

dyr () =|{Pi: i€{2,3,...,m}, xeclys(P; U {bj})}|

and define

dM"y=|{P;: i€{2,3,...,n}, bj e clyr(P§ U P;), b; ¢ clyr (P}
Let x and z be distinct elements of P(. The next sublemma is elementary.

10.12.2.

(i) dmnz(x) = dyer (x) and, if z is not a coloop of M”, then d(M"\z) = d(M").
(ii) dmr/z(%) = dyr (x) and d(M" /2) = d(M") — dpy (2).

10.12.3. Let M’ be an allowable minor of M, and let p be an element of Py. If dyy(p) > f10.13(q), then
M¢E@.
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Subproof. Consider the partition

P' = ({p}, (Po — {p}) UP1, P2, ..., Pp).

It is easily checked that this is a strict path of 2-separations each internal step of which contains a
P’-strong, M’-clonal pair. But now the hypotheses of Lemma 10.13 hold for M’, N’ and P/, so by that
lemma M’ ¢ £(q). Hence M ¢ £(g). O

10.12.4. There is an allowable minor M’ of M that has the following properties: P, has no non-trivial parallel
classes; d(M’) = d(M); and dpy (p) > 0 for all p € Py,

Subproof. Let M’ be an allowable minor of M that has the properties that d(M") =d(M) and that
|E(M")| is minimal. It follows from 10.12.1 and 10.12.2 that M’ satisfies the claim. O

From now on we assume that M’ is an allowable minor of M satisfying 10.12.4.

10.12.5. If ry (Pg) < f10.16((q + 1) p), then M ¢ E(q).

Subproof. Recall that n > f10.13(q) fi0.16((q + 1)p). If M’ contains an allowable minor M” with an
element z € E(M”) N Py such that dy» ) > f10.13(q), then the claim follows from 10.12.3. Thus we
may assume that this never occurs. It follows from this that we may apply 10.12.1 and 10.12.2 to
obtain an allowable minor M”, where E(M”) N Pg = {po}. But, in this case dy~(pg) = d(M”) and
d(M") > f10.13(g)- It now follows from Lemma 10.13 that M ¢ £(g). O

10.12.6. If P{, contains a series class of N" of size at least f10.14(q), then M ¢ £(q).

Proof. Let P =S, P} = (Po— Py) U Py, and P’ = (P, P}, P2,..., Py). Then P/, N" and M’ satisfy the
hypotheses of Lemma 10.14, so that, by that lemma M ¢ £(q). O

10.12.7. If P}, contains a circuit C of N’ with at least (q + 1) f10.14(q) elements, then M ¢ £(q).

Subproof. Say P # C. Then by Lemma 10.15 and 10.12.1, there is an element z € P such that either
M’\z or M’/z is allowable with C as a circuit. By this fact and 10.12.2, we lose no generality in
assuming that P(’) =C. As An'(C) =1 we have 1}, (C) =2. If M € £(q), then C contains at most q + 1
series classes of N'. As |C| > (q + 1) f10.14, there is a series class S in C of size at least f10.14(q).
By 10.12.6 M ¢ E(g). O

An easy argument that we omit shows that

10.12.8.If M” is an allowable minor of M’ and the element p € P; N E(M") belongs to a parallel class of size |,
then dy(p) > L

10.12.9. IfP(’) has a cocircuit C of N’ with at least (q + 1) f10.13(q) elements, then M ¢ £(q).

Subproof. Arguing as in 10.12.7, but using the dual of Lemma 10.15, we obtain an allowable mi-
nor M” with P{ N E(M”) = C such that C is a cocircuit in M”. But then, ry/(C) <2. So that C has a
parallel set of size at least f10.13(q). Say that p is an element of such a parallel set. Then, by 10.12.8,
dyr(p) = f1013(q). Let P” = ({p}, P1 U Pg — {p}, P2, ..., Py). With this path of 2-separations in M"\B
the hypotheses of Lemma 10.13 are satisfied. Thus M ¢ £(q). O

If r(Py) < fi0.16((q+1)p), then M ¢ £(q) by 10.12.5. Thus we may assume that r(Pg) > fi0.16((q +
1)p). By definition P; contains no non-trivial parallel sets of N’, so, by the definition of o and Corol-
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lary 10.16, P contains one of the following: a series set of N’ of size at least f19.14(q), a circuit of
size at least (q + 1) f10.14(q), or a cocircuit of N” of size at least (q + 1) f10.13(q). By 10.12.6, 10.12.7
and 10.12.8 respectively, we deduce in each case that M ¢ £(q). O

5. A third certificate

Let P = (Pg, P1,..., P;) be a strict path of 2-separations. Recall that a 2-separation (X,Y) is
P-relevant if either X or Y is of the form PoUP;U---UP;j_1U Plf for some subset Plf of P; for
someie{l,2,...,n—1}L

Lemma 10.17. Let M be a matroid with a set coindependent set B such that M\B has a strict path P =
(Po, P1, ..., Py) of 2-separations, each internal step of which contains a P-strong M-clonal pair. Assume that
the following hold.

(i) Forallb € B, there existsi € {1, 2, ...,n} such that b € cl(P;_1 U Pj).
(ii) Every P-relevant 2-separation of M\B is bridged in M.

Then there is a function f10.17(q) such that, ifn > f10.17(q), then M ¢ £(q).

Proof. We may assume that B is minimal in that, for all b € B, there is a P-relevant 2-separation that
is induced in M\b. Forie{1,2,...,n},let Zi={beB: becl(PoUP1U---UP;),b¢cl(PpUP1U---U
Pi_1)}.

10171. (Z1, Z3, ..., Zy) partitions B into nonempty subsets.

Subproof. It is immediate from the definition that the members of (Z1, Z3, ..., Z,) are pairwise dis-
joint. Say i € {1,2,...,n}. We now prove that Z; # . Consider (PoUP1U---UP;_1, PjUP;j;1U---UPp).
This 2-separation of M\B is not induced in M, so some member b of B blocks it. For such an ele-
ment b we have b ¢ cl(PoUP;U---UP;_1) and b ¢ cl(P;UP;j; 1 U---UPy). But b e cl(Pj_1 U Pj) for
some j, so we have j =i and it follows that b e cl(PoUP{U---UP;) sothat be Z;. O

10.17.2.If b € Z, then b € cl(Py_1 U Py).

Subproof. There is a j € {1,2,...,n} such that b € cI(Pj_; U P;). By the definition of Z; we have
j>k—1.1If j=k the claim holds. Say j > k. Then b € cl(Px U Py U---U Py), so by Lemma 10.6,
b € cl(Py). Hence b € cl(Px_1 U Py) in this case too. O

1017.3. Say j € {1,2,...,n} and b € Zj. Let (X,Y) be a P-relevant 2-separation of M\B that induces a
2-separation (X', Y’) of M\b. Then the following hold.

(i) P()UP]U~-~UPj_2gXande+1UPj+2U~-~UP,—,§Y.
(ii) 21U22U~-~UZJ',3gx’and2j+2UZj+3U--~UZnEY/.

Subproof. By the definition of P-relevant,

(X,Y)=(PoUP{U---UPi_1UP{,P{UPi;1U---UPy)

for some i € {1,2,...,n—1}. If i < j—1, then by 10172, b € cl(Y). If i > j, then b € cI(X) by the
definition of Z;. In either case we contradict the fact that (X,Y) is not induced in M. Thus i €
{j — 1, j} and (i) holds.

Consider (ii). Say z€ Z; UZ U---U Zj_3. Assume that ze Y'. Then ze cl(Pj_1 UP;U---U Py)
as otherwise (X,Y) is not induced in M\b. But, by definition, z € cl(Po U P1 U--- U P;_3). Now, by
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Lemma 10.1, n(PgUP1U---UPj_3,Pj_{UPjU---UPy) =0, contradicting the fact that b is not a
loop of M. Thus z € X'. A similar argument proves that if ze Z; o UZj 3U---UZy, thenzeY'. O

Lett=|(n—1)/4]. Forie{1,2,...,t}, let bsy; be an element of Zy4;. Let (Xj“, lei) be a 2-separation
of M\by; that is induced by a P-relevant 2-separation (Xa;, Y4;) of M\B. Note that (X};, {bai} UYy,) is
a 3-separation of M.

1017.4.1f1<i < j <t, then X; € X} ;.

Subproof. By Lemma 10.17(i), P4j+1UP4j42U---UP, C Yy C th.. By Lemma 10.17(ii), Z4i412 U Z4i43U
U Zp C Y‘/“. Similarly Py UP,U---U Pyj_5 C Xilj and Z;UZyU--- U Z4j3 C X‘/U" But j > i, so
4j—3>4i+1. Thus Yy, UXA’”. = E(M) and hence X}; € lej. m|

Let Ry =X}, Re ={b;}UY{, and fori e (2,3,...,t -1}, let R; = X}; — X;_,. Note that Ay (R1UR, U
---URy)=2forie{l,2,...,t —1}. By this fact and 10.17.4, we deduce that R=(Rq, Ra,...,R) is a
path of 3-separations in M. Each internal step of R contains an internal step of P and hence contains
a P-strong, M-clonal pair. Such a clonal pair is clearly R-strong.

1017.5.1fi,je{1,2,...,t},andi < j—2,then R{UR2 U---UR; and RjU R U--- U R; are skew.

Proof. Consider X4; and Y4j_4. Then 4i < 4j —4, so, by Lemma 10.1, X4; and Y4;_4 are skew in M\B.
Now X}, € cl(X4) and lej U {baj} € cl(Y4j_4). Moreover X, =R;{URyU---UR; and lej U {bsj} S
cl(Y4j_4). This establishes the claim. O

It is a straightforward consequence of 10.17.5 that R does not display any swirl-like flowers of
order 4. The lemma now follows by letting f10.17(q) =4(f736(4,q) +2). O

6. Simply-bridged paths of 2-separations

Let P= (Pg, P1,..., Py) be a strict path of 2-separations of the connected matroid N and let M
be a matroid with an N-minor. Then we say that M simply bridges P if there is a labelling V =
{vo,...,vp} of E(M) — E(N) and a sequence N = Mg, M1, ..., M; =M of minors of M such that the
following hold.

(i) Forall i €{0,1,...,n— 1}, the matroid M; is either a single-element extension or coextension
of M; by v;.
(ii) For allie{0,1,...,n—1}, the partition (PoUP1U---UP;U{vg, v1,...,Vi—1}, Pit1 UPj;2U---U
Py) is a 2-separation of M; that is bridged by v; in Mj1.
(iii) Every P-relevant 2-separation of N is bridged in M.

The goal of this section is to prove the following lemma.

Lemma 10.18. Let P = (Pg, P1, ..., Py) be a strict path of 2-separations in the connected matroid N that is
simply bridged by the matroid M. Assume that each internal step of P contains a P-strong M-clonal pair. Then
there is a function f10.18(q) such that, ifn > f10.13(q), then M ¢ £(q).

For the remainder of this section we assume that we are under the hypotheses of Lemma 10.18
with labelling for the sequence of minors and set V of bridging elements as given in the definition of
“simply bridges”.

Forie{0,1,...,n—1}, we say that v; is a delete (respectively contract) element of V if M;;1 is an
extension (respectively coextension) of M;. We denote the set of delete and contract elements by D
and C respectively.
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Say that S = {s1,52,...,5,]} is a subset of V. We use the notation N[S] or N[s1, 52, ..., S,] for the
matroid M/(C — S)\(D — S). Thus we have M; = N[v1, V2, ..., v;_1]. For clarity we will use the latter
notation from now on. The next lemma follows easily from the definition of simply bridges.

Lemma 10.19. C is independent in M and D is coindependent in M. Hence, if S is a subset of V, then C N S is
independent in N[S] and D N S is coindependent in N[S].

Define the function o on {0,1,...,n — 1} as follows: «(i) =0 if v; bridges Py in N[v;]. Otherwise
o (i) is the least integer j such that the 2-separating set

PoUP1U---UPj 1 U{vg,Vvy,...,Vj}

of N[vo, v1,...,Vj]=Mj4 is bridged in N[vo, v1,..., v}, v;]. It follows from the definition of simply
bridged that « is well defined. Moreover, if (i) > 0, then v; does not bridge the 2-separating set

PoUPqU---UPgqyU{vo, v1,..., Vagi-1}
of N[vo, ..., Va@)—11 in N[vo, ..., Va@i)-1, Vil
For an integer i we will denote the collection of delete elements whose indices are less than i

by D; and the set whose indices are greater than or equal to i by Di*. The sets C;” and C,* are
defined analogously.

Lemma 10.20. Say that v; is a delete element of V. Then:

(i) vi € clm(Puciy+1 Y Pagiy42 U---UPp U C;(,-)).

(ii) viecly(PoUP1U---UPjiq Uci_+1).

Proof. As the 2-separation (PoU PqU---U Pyiy U{vo, V1,..., Vac)—1}s Paci)+1 U Pa(iy+2 Y-+ U Pp) of
N[vo, V1i,..., Va@)—1] is induced in N[vg, v1,..., Va@i)-1, Vil, we see that

Vi € cINfvg, vy, vy —1.vil (Pagiy+1 Y Pagiy+2 U - - U Pp).
Part (i) follows from this fact. We omit the easy proof of (ii). O
Let Q=(Qo, Q1,..., Q) be a concatenation of P. Then Q is tidy if for all i € {0,1,...,n — 1} the
following holds: whenever P; € Qj, then Py € Qj—1 U Q. We now consider the situation when we

can find a tidy concatenation of sufficient length.

Lemma 10.21. Let Q = (Qo, Q1, ..., Q¢) be a tidy concatenation of P. Then there is a function f19.21(q) such
thatift > f10.21(q), then M ¢ £(q).

Proof. We first show that if ¢ is sufficiently large, then we can get s large such that we have one of
two cases in M/C.

10.21.1. There is a function f19.21.1(s) such that ift > f10.21.1(s), then one of the following holds.

(i) There are indices B, y with y > s and a concatenation

Q/:(QOUUQﬂs Q,B+]a Qﬁ+27"'a Qﬂ+y7], Qﬂ+yU'UQt)

of Q such that every Q'-relevant 2-separation of N is bridged in M/C.
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(ii) Thereis a path R’ = (Rg, R}, ..., R}) of Q-relevant 2-separations of N such that,
(a) forallie{0,1,...,s}, thereisa j€{0,1,...,t} such that Q; U Q41 S R}, and
(b) R induces a strict path R= (Rg, R1, ..., Rs) of 2-separations in M/C.

Subproof. Let f1021.1(5) =s(4s + 3) and assume that t > f19.21.1(s). Assume that (i) does not hold.
Then, in any concatenation

Qr=(QoU---UQy, Qrs1s--+, Qsjk—1, Qs U---U Qp)

of Q, there is a Qy-relevant 2-separation that is induced in M/C. Thus there is a path R” =
(Rg-RY, ..., RZS+3) of Q-relevant 2-separations such that

(1) forall i €{0,1,...,4s+ 2}, if
RGURTU---UR/=QoUQ1U---UQ;j-1UQj,
and

RGURTU---UR{ 1 =QoUQ1U--UQk1UQy,
then j <k; and

(2) every displayed R”-relevant 2-separation is induced in M/C.

Forie{0,1,...,s}, let R =R}; U RZ;‘H U RZHZ u RZi+3’ and let R" = (Rg, R}, ..., R}). Evidently each

step of R’ contains two consecutive steps of Q so that (a) holds. Let Rg = cly,c(Rp) and, for i €

{0,1,...,s}, let Ry =clpm/c(RyUR| U---UR]) —clp/c (RyUR| U---UR}_,). It follows from the definition

of R/, Lemma 10.20, and Lemma 10.6, that R is a path of 2-separations in M/C.

There remains the irritating possibility that R is not a strict path of 2-separations. We now show
that we may choose R’ and R so that R is indeed strict. If R is not strict, then there exists a
2-separation (X,Y) of M/C that is not R-relevant such that neither X nor Y is contained in a step
of R. By Lemma 10.19, D is a coindependent set of M/C. If X C D, then X is a parallel class and is
contained in a step of R by the definition of R. Thus we may assume that neither X nor Y is contained
inD.Let X’=X—Dand Y=Y — D. As D is coindependent in M/C and N is connected, we have
clpyc(X) 2 X, cpmyc(Y) 2 Y, and (X', Y’) is a 2-separation in N. As Q is a strict path in N, we may
assume, up to labels, that X € Q,, for some w € {1, 2,...,t — 1}. Then, by the definition of R, there is
ade{l,2,...,s} such that Q, C Rj UR:S—H' Moreover, by uncrossing, Ay/c(RyUR|U---URjUX) =1.
Consider the path

(RG. Ry, ... RS, R§UX Ry, 1 — X', Ri,s, ..., RY).

Observe that the 2-separation (RyUR| U---URyUX’, (R§ ; —X)UR},,U---URY) is induced in M/C.
Repeat the process. As we are always moving sets from a set of higher index to one of lower index,
the process must terminate. When it does, and we perform an appropriate relabelling we have found

the required paths R’ and R satisfying the sublemma. O

Assume that we are in case (ii) of 10.21.1 and consider the path R = (Rg, R1,...,Rs). For i e
{1,2,...,t}, let B(i) denote the least positive integer k such that Q; € Ry U Ry_4. For clarity we
give an alternative description of 8. Say Q; N R; # @. If Q; € Ry, then B(i) = I. Otherwise, either
Qi € RjUR41, in which case B(i) =1+ 1, or Q; € R;jUR_1, in which case 8(i) =1.

10.21.2.If v; € D,and Piy1 € Qj, then v € Rg(jy U Rg(j)—1-
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Subproof. From the definition of 8 and the fact that each member of R contains a member of Q

we see that Q; U Qj_1 € Rg(jy U Rg(j)—1. By Lemma 10.20 and the definition of Q, we see that

viecdm(QoUQiU---UQ;UC) and v; ecy(Qj—1UQ;U---UQsUC). Therefore v; € cly;c(Qo U

QiU---UQ;) and v; eclpy/c(Qj—1UQjU---UQs). By Lemma 10.6 v; € cly/c(Qj—1 U Q). Hence
X / /

vi € clmyc (R ;) U Ry 1)

We now prove that v; € Rg(j) U Rg(j)—1. If this is not the case, then v; e clyc(RgURj U --- U
R;_‘B(j)72)' Observe that, by construction, Q;j_» U Q;j_1 € Rg(jy U Rg(j)—1. But, by the fact that Q is a
tidy concatenation of P, we have v; € cly/c(Qj—1 U---U Q). This yields the contradiction that v; is
a loop of M/C and the sublemma follows. O

10.21.3.1f v; € C and Pi11 € Qj, then v; € cly;(Rg(jy Y Rp(j)—1)-

Subproof. If Piy1 € Qj, then Py) € QU Qj_1. By the dual of Lemma 10.20 v; € cly(Q; U Q11 U
--UQeUD ;). By 10.21.2, D ;) € Rp(jy—1URp(j) U---URs. Hence v; € clyy(Rp(j—1 URg(j) U---UR).
Again by the dual of Lemma 10.20 we have v; € cly(Q1 U QU ---UQ; U D;), so that v; €
CI*M(Rl URyU---URg(j).
This proves that v; does not coblock either Rgjy—1 U Rg(jyU---URs or R URy U---URgj). By

the dual of Lemma 10.6 we conclude that v; € clj; (Rg(j) U Rg(j)—1) as required. O

Assume that (i) holds in 10.21.1. By Lemma 10.17, if s > f10.17(q), then M ¢ £(q). On the other
hand if (ii) holds in 10.21.1 then we may apply the dual of Lemma 10.17 and conclude that if s >
f1017(q), then M ¢ £(q). Thus the lemma holds by letting f10.21(9) = fi0.21.1(f10.17(@)). O

Proof of Lemma 10.18. Consider the path P = (Pq, P3, ..., P,) satisfying the hypotheses of the lemma.

10.18.1. Assume that M € £(q). Then there is a function f19.1s.1(m, [, q) such that, ifn > f10.13.1(m, 1, q), then
there exists an integer t(m) € {1, 2, ...,n}, and a concatenation Q= (Qo, Q1, ..., Qm-1, Qm) of P, where
Qm = Pty U Pramy+1 U - - - U Py, such that the following hold.

(i) (P1, P2, ..., Ptmy—1, Qm) is simply bridged by {v1, v2, ..., Veamy} in N[v1, V2, ..., Vel
(ii) Foralli, if P; € Qj, then Py € Qj—1 U Q.
(iii) Qm—1 contains at least | steps of P.

Subproof. Let N =2 f10.12(q).

We define fi9.18.1(m, 1, q) inductively. To begin let fi0.18.1(3,l,q) = (I + 1)N. Assume that n >
(I+ 1)N. Let S be the subset of V with indices i for which «a(i) = 0. If |S| > N, then there are
either at least f10.12(q) members of D in S or at least f19.12(q) members of C in S. In either case by
Lemma 10.12, or its dual, we contradict the assumption that M € £(q). Thus there are at most N in-
dices i such that a; = 0. Thus, if n > N(I+ 1), there are indices s and t with t —s > m such that, for all
jefs,s+1,...,t} we have oj>1.Llet Q1 =P1, Q=P UP3U---UPs_1, Q3 =PsUPs 1U---UP;_4
and Q4 =Pt UPry1U---UPy. Clearly (Qg, Q1, Q2, Q3) satisfies the claim with m =3.

For m >4, let fi0181(m,1,q) = fi0181(m —1,N(l+ 1), q). A repeat of essentially the same argu-
ment as in the base case establishes the claim. O

Let m = f10.21(q) and let f10.18(q) = f10.18.1(m, 1,q). If M € £(q), then 10.18.1 implies that P has a
tidy concatenation Q of length f1021(q). By Lemma 10.21, M ¢ £(q). O

7. Sequentially bridged paths of 2-separations

Let P = (P, Pq,..., Py) be a strict path of 2-separations in the connected matroid N and let M
be a matroid having N as a minor. Then P is sequentially bridged in M if M has a sequence Mg =
N, M1, ..., My of minors such that the following hold.
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(i) For all i € {0,1,...,n — 1}, the matroid M; is a minor of M;; and M, is a minor of M. Denote
E(Mit1) — E(M;) by V;.
(ii) For all i € {0,1,...,n — 1}, the 2-separation (PpUP{U---UP;j_1,P;U---UPy) of N is bridged
in M;, and Apv;(P1U---UP;UVoU---UVi_1)=1.
(iii) Every P-relevant 2-separation of N is bridged in M.

Lemma 10.22. Let N be a matroid with a strict path P = (Pg, P1, ..., Py) of 2-separations that is sequentially
bridged in the matroid M. Assume that each step of N is an M-clonal pair. Then there is a function f10.22(q)
such that, ifn > f10.22(q), then M ¢ £(q).

Proof. We use the notation of the definition of sequentially bridges. Thus we have matroids N =
Mo, M1, ..., M, such that, for all i € {0,1,...,n — 1} the matroid M; is a minor of M;;1 and M, is
a minor of M. We also have V; = E(Mj+1) — E(M;). It is straightforwardly seen that we lose no
generality in assuming that for all i € {0, 1,...,n— 1}, the set V; is a bridging sequence for the 2-sep-
aration (PoU---UP;UVoU---UV;_q,Pi;qU---UPp) of M;. For i € {0,1,...,n}, let v; denote the
first element of V;. Let V ={v;: i€{0,1,...,n—1}} and let C and D denote the elements of V that
are respectively contract and delete elements of their bridging sequences. Let N’ = M, /C\D. Observe
that

P = (Po, P1U (Vo - {Vo}), o, PpU (Vn,] — {anl}))

is a strict path of 2-separations in N’. Moreover, this path is simply bridged in M,. Evidently, if
ie{l1,2,...,n—1}, then P; is a P'-strong M-clonal pair. The lemma now follows by letting f10.22(q) =

fr018(@). O
Chapter 11. Last rites

It will take only a few more lemmas and we will finally be able to prove the main theorems of
the paper.

1. Sequentially bridged paths of 3-separations

We have defined “sequentially bridges” for paths of 2-separations. The extension to paths of 3-sep-
arations has no surprises.

Let P = (Pg, P1,..., Py) be a path of 3-separations in the matroid M. A 3-separation (X, Y) of M is
P-relevant if there is a j € {1,2,...,n—1} such that either X or Y has the form PoUP1U---UP;_4 UP}
for some subset P’ of Pj.

Let P = (Pg, Pq,..., Py) be a path of 3-separations in the connected matroid N and let M be
a matroid having N as a minor. Then P is sequentially bridged in M if M has a sequence Mg = N,
Mji, ..., My of minors such that the following hold.

(i) For all i € {0,1,...,n — 1}, the matroid M; is a minor of M;; and M, is a minor of M. Denote
E(Mit1) — E(M;) by V.
(ii) For all i € {0,1,...,n — 1}, the 3-separation (PpUP{U---UP;j_1,P;U---UPy) of N is bridged
in M;, and Ap;(P1U---UP;UVoU---UV;_1) <2
(iii) Every P-relevant 3-separation of N is bridged in M.

Lemma 11.1. Let M be a matroid with a connected minor N that has a swirl-like flower P = (Pg, P1, ..., Pp)
such that each petal of P, apart from Py and P, are M-clonal pairs, and such that the path P is sequentially
bridged in M. Then there is a function f11.1(q) such that, ifn > f11.1(q), then M ¢ £(q).

Proof. As P is sequentially bridged, there is a sequence of minors N = Mg, My, ..., M, of M satisfying
the definition of sequentially bridged. Let V; = E(M;) — E(Mj_1). For i € {0,1,...,n — 1} let A; =
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VoUVyU-.-UV;. Observe that, as both P,_1 and P,_3 are clonal pairs, the set P,_5 is coclosed
in N, so that N\P,_, is connected. Let P6 =PgUP,UP,_1, and let P’ = (P}, P1,..., Pp_3). By
Lemma 10.8 P’ is a strict path of 2-separations in N\P,_.

11.1.1. P’ is sequentially bridged in M.

Subproof. Say i € {1,2,...,n —4}. Then Ap;(PgUP1U---UP;UA;_1)=2 and it follows that (PoU
P1U---UP;UAj_1q,Pit1,..., Py) is a swirl-like flower in M;. Hence (P6 UP{U---UP;jUA;_1,
Pit1,..., Pa_3, Py_3) is a swirl-like flower in M; so that (PpUP{U---UP;UA;_1, Pi11,..., Pp_3) is
a path of 2-separations in M;\Py—». Thus AMi\pnfz(P(’) UP{U---UP;jUA;j_1)=1.

We now prove that the 2-separation (PyU Py U---UP;_q,P;U---U Py_3) of P’ is bridged
in M;\Pn_>. Assume otherwise. Then there is a partition (A’, A”) of A;_; such that

AMAPy(PoUP1U---UPi_yUA, PjU---UP,_3UA")=1.

But it is easily seen that

v (PiU- - UPp_3UA"UP_3) <ty (PiU---UPp_3UA") + 1.

Thus Ay, (PyU Py U---UP;_q1UA’) =2. By definition Ap;(PoU Py U---UP;UA;_1) = 2. Uncrossing
these two 3-separating sets proves that Apy(PoUPqU---UPj_1 UA’) =2. Hence PoUP;U---UP;j_4
is not bridged in M;, contradicting the definition of sequentially bridges.

The claim follows from the above facts and the fact that every P’-relevant 2-separation is displayed
by P. O

Let f11.1(q) = f10.22(q) + 3. The lemma now follows from Lemma 10.22. O
2. Bridged swirls
The goal of this section is to prove the following theorem.

Theorem 11.2. Let M be a 4-connected matroid in E(q) and let N be a free-swirl minor of M all of whose
clonal pairs are clonal in M. Then there is a function f11.2(q) such that |[E(N)| < f11.2(q).

Given Lemma 11.1, it is clear that the task is to prove the following lemma.

Lemma 11.3. Let M be a 4-connected matroid in £(q) with a Ap-minor N whose ground set consists of
M-clonal pairs. Then there is a function f11.3(m, q) such that, if n > f11.3(m, q), then M has a minor with a
swirl-like flower Q = (Qo, Q1, ..., Qm), each petal of which apart from Qg is an M-clonal pair, having the
property that the path Q is sequentially bridged in M.

In fact this task is quite straightforward, although notationally unwieldy. In the light of
Lemma 10.11, there are no surprises in the next lemma.

Lemma 11.4. Let M be a matroid in £(q) with an element b such that M\b is connected with a swirl-like
flower P = (Py, P1, ..., Pp). Assume that all petals of P, apart from Pg, are M-clonal pairs and that Pg is

blocked by b. Then there is a function fi1.4(m, q) such that, ifn > f11.4(m, q), then the following holds. There
existiand jin{1,2,...,n} with j —i > m such that

(PoUP{U---UPi_{UPj 1 U---UPyU{b}, P, Piy1,..., Pj)

is a swirl-like flower in M.
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Proof. Let f11.4(m,q) = f10.11(m,q) +m+2. Observe that P,_; is coclosed in M\b, so by Lemma 10.8,
(PoUPy, Pq, ..., Ph_p) is a strict path of 2-separations in M\b\ P,_1. Assume that Pp_p_2UPp_p_1U
-+-U Pp_3 is not blocked by b in M\P;,_1. Then the partition ({h} UPoUP{U---UPp_pn_3UPp_qU
Pn, Pn_m—2, Pn_m-1, ..., Pn_3) of E(M) clearly satisfies the lemma. Assume then, that Pp_p_ U
Pp_m—1U---UPy_y is blocked by b in M\ P,,—1. Consider the path (P,UPg, P1,..., Phom—2UPp_m—1U
-+-U Py_p) of 2-separations in M\b\P,. This path satisfies the hypotheses of Lemma 10.11. Applying
that lemma gives a swirl-like flower in M\ P,_1 of the form

(PoUP1U-+-UPi_1UPjyqU---UPn_aUP,U{b}, P;, Piyq,..., Pj),

where j —i > m. To complete the proof of the lemma it suffices to observe that P,_1 C cl(P,_» U
Py). O

Extending from a single blocking element to a bridging sequence we obtain:

Lemma 11.5. Let M be a matroid in £(q) with a minor N that is connected and has a swirl-like flower P =
(Po, P1, ..., Py). Assume that all petals of P except Py are M-clonal pairs. Let Vo be an M-bridging sequence
for Py. Then there is a function fq1.5(m, q) such that if n > f11.5(m, q), then the following holds. There exist i
and jin{1,2,...,n} with j — i > m such that

(PoUP1U---UPi_1UPj+]U---UPnUVO,P,',PH_],.‘.,Pj)
is a swirl-like flower in N[V¢].

Proof. Say that bridging sequence is (vg, v1,..., V). Up to duality we may assume that v; is a dele-
tion element. Observe that (Po U {vg, V1,..., V¢—1}, P1, P2, ..., Py) is a swirl-like flower in N[Vg]\v¢
all of whose petals are N[Vg]-clonal pairs apart from the initial petal. Moreover, the initial petal is
blocked by v;. The lemma follows from Lemma 11.4 by letting f115(m,q) = f11.4(m,q). O

To facilitate the proof of Lemma 11.3 we introduce some terminology. Let P = (Pg, P1,..., Py)
be a swirl-like flower in a matroid N all of whose petals except Po consist of clonal pairs. If i €
{1,2,...,n}, and P; = {p;,q;}, then P = (Py,..., Pi_1, Piy1,..., Pp) is a swirl-like flower in N’ =
N\pi/qi = N/pi\q;. In this case we say that N’ and P’ are obtained by removal of P;. More generally, if
N’ and P’ are obtained by a sequence of such operations, then we say that they are obtained from M
and P by petal removal.

The next lemma, while lengthy to state, is an immediate corollary of Lemma 2.30.

Lemma 11.6. Let P = (Py, P, ..., Py) be a swirl-like flower in the matroid N. Assume that all petals of P
except Py are clonal pairs. Let Vo be an M-bridging sequence for Py. Assume that 1 <i < j < n and that

(PpUPq{U---UP;i_1UPj;1U---UP,UVq, Pj, Piy1,...,Pj)

is a maximal swirl-like flower in N[V¢]. Then eitheri > 1 or j <n.
Ifi > 1and N/C\D is the matroid obtained by removing the petals P1, P, ..., Pi_2, Pj11, Pji2,..., Py
from P then the following hold.

(i) The petal Pq of the swirl-like flower (Po, Pi_1, Pj, ..., Pj_1, Pj) of the matroid N/C\D is bridged in
N[Vo]/C\D.
(ii) ANpvoyep(PiUPj 1 U---UPj) =2.

On the other hand, if j < n and N' is the matroid obtained by removing the petals Py, ..., Pi_1, Pj42,..., Py
from P (say N’ = N/C’\D’), then the following hold.
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(iii) The petal Py of the swirl-like flower (Po, Pi,...,Pj, Pjt+1) of the matroid N/C'\D’ is bridged in
N[Vol/C'\D'.
(iv) Anpvgyenp’ (PiU P U---UPj) =2

In the next lemma we use the notation N < M to indicate that N is a minor of M. The lemma is
somewhat stronger than we need, but it is set up to facilitate an inductive proof. Note that n + 1 =
0 mod n+ 1.

Lemma 11.7. Let M be a 4-connected matroid in £(q) and let N be a minor of M with a swirl-like flower P =
(Po, P1, ..., Pp) all of whose petals apart from Py are M-clonal pairs. Then there is a function f11.7(m,t, q)
such that, if n > f11.7(m, t, q), then N has a minor N’ with a swirl-like flower (Pg, Q1, Q2, ..., Q) obtained
by removing petals from P such that there are indices

O<h<h< - <Klyp<m<rpop < <rp<Ks+1
and minors N' = Ng < N1 < --- < N;m < M, where E; = E(N;) — E(Np), such that the following hold.

i)rm—In>t
(i) Ifie{2,3,...,m}, then (I — li_1) + (ri_1 —rj) =1, and (I1,r1) € {(0, s), (1,0)}.
(iii) An;(PoU Py, U---UP, UPy U---UP, UE)=2forie({1,2,...,m}.

)

(iv) PoUP,U---UP;,  UP, U---UP_  UE;_qisbridgedinN; forie{1,2,...,m}.

Proof. Define fi17(m,t,q), by f11.7(1,t,9) = f11.5(t,q) and, for m> 1 by fi1.7(m,t,q) = f11.7(m—1,

s, @), q).
It follows from Lemmas 11.5 and 11.6 that the lemma holds for m =1 with N; = N[Vj] as de-

fined in Lemma 11.6. Say k > 1 and assume that the lemma holds for all t whenever m < k. Let
t' = fi115(t,q) and say that n > f117(k,t’,q). Let No be a minor of M with a swirl-like flower
(Po, Q1,..., Q) for which there exists a sequence of minors Ng < Ni < --- < Ny < M with indices
li,lo, ..., lg, 11,12, ..., 1 that satisfy the conclusion of the lemma where r, — I >t'. Let

Qo=PoUQqU---UQy UQpUQp41U---UQy U (E(Ny) — E(No)),

and let

Q: (QOa Qlk+17 Q1k+27 ceey Qrk—l)-

Then Q is a swirl-like flower in Nj, each petal of which, apart from Qg is an M-clonal pair. Therefore,
by Lemmas 11.5, 11.6, and the choice of t’, there is a minor N;/C\D of Ny, obtained by removing
petals from Q, with a swirl-like flower Q' = (Qo, Q1, ..., Q;), where s >t +1, for which the following
hold.

(i) Ni/C\D < Niy1 < M.
(ii) Qo is bridged in Nj41.
(iii) Either Ay, ,(QqUQ5U---UQ _{)=20r AN,,,(Q;UQ3U---UQ)) =2.

Consider the sequence

No/C\D,N1/C\D, ..., N¢/C\D, Ny41,

and the swirl-like flower in No/C\D obtained by removing the petals of (Pg, Q1,..., Qs) that are
contained in C U D. It is now easily verified that the conclusions of the lemma hold for this choice of
flower and sequence of minors. O
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Proof of Lemma 11.3. Let f113(m,q) = f11.7(2m, 1,q). By Lemma 11.7 we have the following: a se-
quence of minors

NogN1 x-S Nom < M,

where E; = E(N;) — E(Np); a swirl-like flower P = (Pg, P1,..., Py) in Ny, all of whose petals apart
from Py are M-clonal pairs; and a sequence of indices

0<h<hb< - <bm<rm<---<rp<2m+1

such that the following hold.
(i) Ifie{2,3,...,2m}, then (; —li_1) + (i1 —13) =1, and (I4,11) € {(0,n), (1, 0)}.
(ii) AN;(PoU P, U---UP,UPr U---UPUEj) =2 forie{1,2,...,2m}.
(iii) PoU Py U---UP;_ UPy U---UPy_ UE;_q is bridged in N; for i € {1,2,...,2m}.

Let N ={Ng, N1, ..., Ny} For i € {0,1,...,2m — 1} say that N; € N is bridged on the left if li,1 =
I; + 1; otherwise it is bridged on the right. Let | denoted the number of matroids in N that are bridged
on the left. We lose no generality in assuming that [ > m. Let Ny, Ni,..., Nj denote the matroids that

are bridged on the left, where Ny < N < --- < Nj. Let Ej = E(N)) — E(N;_,). The next claim is an
immediate consequence of the definitions.

11.31.Say i€ {1,2,...,1}. Then there is a sequencen > j1 > jy > --- > j; > 1+ 2 such that

(i) Ay (PoUP1U---UP;UP,UPy_1U---UPj, UE)) =2, but
(ii) PoUP{U---UP;jUPyUPy 1 U---UPj,_ UE]_, is bridged in N;.

Let Py =P UP3U---UPy,UPgU (E(N)) — E(Np)). An easy uncrossing argument proves
11.3.2.Sayi€{0,1,...,1}. Then

(i) AN{(PE)UP] UH-UP,‘UE;):Z, but
(ii) PoUPqU---UP;_1 UE]_; is bridged in N.

Let P' = (Pg, P1, P2,..., Piyq). Then P’ is a swirl-like flower in Nj all of whose petals, apart
from Pg, are M-clonal pairs. It follows from 11.3.2 that the path P’ is sequentially bridged by the
matroids N;, Ni,...,N|. The lemma now follows from the fact that [>m. O

Proof of Theorem 11.2. Let f112(q) = f11.3(f11.1(q@) + 1, q). Assume that M has a A,-minor all minor
of M all of whose petals are M-clonal pairs, where n > f112(q). Then, by Lemma 11.3, for some
m > f11.1(q) + 1, the matroid M has a minor with a swirl-like flower Q = (Qop, Q1,..., Q) all of
whose petals, apart from Qq, are M-clonal pairs with the property that the path Q is sequentially
bridged in M. By Lemma 111 M ¢ £(g). O

3. The interment

At long last we are able to bury our skeletons and prove that there are only a finite number of
k-skeletons in £(q).

Theorem 11.8. Let q and k > 5 be integers. Then there is a function f11.g(k, q) such that, if M is a k-skeleton
in £(q), then M has at most f11.g(k, q) elements.
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Proof. Let ny = f112(q) + 1, let n; = fo.1(n1,q), and let fi18(k,q) = fs.1(n2,k, q).

Let M be a k-skeleton and assume that |E(M)| > f11.g(k, q). By Theorem 8.1, M has a 4-connected
minor N with a set of ny pairwise-disjoint clonal pairs. By Theorem 9.1, N has an N-clonal Ay, -minor.
By Theorem 11.2, M ¢ £(q). O

Chapter 12. Applications to matroid representability

We are finally in a position to obtain consequences for inequivalent representations of matroids.
We begin with results that bound the number of inequivalent representations. Two representations of
a matroid over a field F are equivalent if one can be obtained from another by elementary row oper-
ations and column scalings. This differs from the definition given in [19] where field automorphisms
are also allowed. For the results presented here the difference is not significant—for a finite field,
a bound on the number of inequivalent representations with respect to one notion of equivalence
implies a bound with respect to the other.

1. Bounding inequivalent representations
Our main theorems bounding inequivalent representations are corollaries of the next theorem.

Theorem 12.1. Let k > 5 and q > 3 be integers and let IF be a finite field. Then there is a function f12.1(k, q, )
such that a k-coherent member of £(q) has at most f12.1(k, q, F) inequivalent F-representations.

To prove Theorem 12.1, we need a few more easy facts. Let F be a field. Suppose that z is
fixed in M, and consider two F-representations of M of the form [A, y] and [A, y'], where A rep-
resents M\z. The matrix [A, y, y'] represents a single-element extension of M and it is easily checked
that y and y’ are clones in this matroid. Since z is fixed, {y, y’} is a parallel pair. Thus [A, y] and
[A, y'] are equivalent. This shows that, up to equivalence, any representation of M\z extends to at
most one representation of M. Part (i) of the next lemma follows from this argument. Part (ii) is the
dual of part (i).

Lemma 12.2. Let z be an element of the matroid M and F be a finite field.

(i) If z is fixed in M, then the number of inequivalent F-representations of M is at most the number of in-
equivalent F-representations of M\z.

(ii) If z is cofixed in M, then the number of inequivalent [F-representations of M is at most the number of
inequivalent F-representations of M/ z.

Recall that wheels have one k-skeleton minor, namely U3 and whirls have an additional one,
namely Uy 4.

Lemma 12.3. Let M be a k-coherent matroid and let F be a finite field. Then the number of inequivalent
[F-representations of M is bounded above by the maximum of the number of inequivalent F-representations of
members of the set of k-skeleton minors of M.

Proof. Assume that M is not a k-skeleton. If M is a wheel, then M is uniquely F-representable,
as is Up3. If M is a whirl, then it is well known and easily seen that the number of inequivalent
F-representations of M is equal to that of Uy 4. So the lemma holds in these trivial cases. Assume
that M is not a wheel or a whirl. Then by Corollary 4.4, up to duality, there is an element x € E(M)
such that x is fixed in M and M\x is k-coherent and the lemma holds by Lemma 12.2 and an obvious
induction. O

Proof of Theorem 12.1. By Theorem 11.8 there is a finite number of k-skeletons in £(q). Let
f12.1(k,q,F) denote the maximum of the number of inequivalent F-representations of a k-skeleton
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in £(q). It follows from Lemma 12.3 that a k-coherent matroid in £(q) has at most fi3.1(k,q,F)
inequivalent F-representations as required. 0O

It follows from [12, Lemma 11.6] that, if p is a prime that exceeds 3, then A, is not GF(p)-
representable. Certainly neither Uy p42 nor Uy ;42 is GF(p)-representable. We therefore have

Lemma 12.4. Let p > 3 be a prime. Then the class of GF(p)-representable matroids is contained in £ (p).
The next corollary follows immediately from Theorem 12.1 and Lemma 12.4.

Corollary 12.5. Let k > 5 be an integer, p be a prime number and [ be a finite field. Then a k-coherent GF(p)-
representable matroid has at most f12.1(k, p, F) inequivalent representations over F.

A special case of Corollary 12.5 is Theorem 1.3. We restate it here for convenience.

Theorem 12.6. Let k > 5 be an integer and p be a prime number. Then there is a function f1,.6(k, p) such that
a k-coherent matroid has at most f12(k, p) inequivalent representations over GF(p).

Finally Theorem 1.1, stated in the introduction, follows from Theorem 1.3 as 4-connected matroids
are k-coherent.

2. Excluding a free swirl

If, as well as excluding a free spike we exclude a free swirl, we bound the number of inequivalent
representations of 3-connected matroids over a finite field.

A 3-connected matroid M is totally free if it is not a wheel or a whirl of rank at least three, and
has the properties that, for all x € E(M), if M\x is 3-connected, then x is not fixed in M, and if M/x
is 3-connected, then x is not cofixed in M. If, in addition to excluding U g42, Ugq42 and Ag, we
also exclude Ag, then, as well as having only a finite number of k-skeletons, we have only a finite
number of totally-free matroids. It is proved in [12], and easily seen, that the maximum number of
inequivalent representations of a 3-connected matroid over a finite field is bounded above by that of
its totally-free minors. Let EX(U3 g42, Ug,q+2, Ag, Aq), denote the class of matroids with no U g12-,
Uq,q+2-» Ag- Or Ag-minor.

Theorem 12.7. Let q be a positive integer. Then there are a finite number of totally-free matroids in
EX(UZ,quZa Uq.q+2a Aq7 Aq)'

Proof. Let M be a totally-free matroid. Observe that, if M is k-coherent, then M is also a k-skeleton.
By Theorem 11.8, there are a finite number of k-skeletons in £(q) for any fixed k. Thus, if the the-
orem fails, there is a totally-free matroid M € EX(U3 g42, Ug,q+2, Aq, Ag) that is not g-coherent. Let
[ =|E(M)|. Then any 3-connected minor of M is [-coherent. Hence M is an [-skeleton. As M is not
g-coherent, M has a swirl-like flower of order q. By Corollary 6.12, M has a Ag-minor, contradicting
the assumption that M € EX(U3,q12, Ugq q+2, Ag, Ag). O

The next corollary follows from Theorem 12.7 and the observation prior to it.

Corollary 12.8. Let q > 3 be an integer and IF be a finite field. Then there is a function f12.8(q, F) such that a
3-connected matroid in E(Up g2, Uqg,q+2, Aq, Aq) has at most f128(q, F) inequivalent F-representations.

Excluding both a free swirl and a free spike is a significant constraint, but it is not so severe that
we lose all interesting classes. We give one illustration. Let p be a prime. Recall that p is a Mersenne
prime if p =2™ — 1 for some integer m. It is a well-known and widely believed conjecture that the
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number of Mersenne primes is infinite. We first note that if p is a Mersenne prime, then not all free
swirls are representable over GF(p + 1). While this is widely known, there does not appear to be
a proof in the literature so we give one here. Readers familiar with bias matroids of group-labelled
graphs, see for example Zaslavsky [31], will find the proof particularly obvious. The bound that the
proof provides is certainly not tight. Note that the converse of Lemma 12.9 holds in that, if F is a
finite field and |F| — 1 is not prime, then all free swirls are F-representable.

Lemma 12.9. Let [F be a finite field such that |F| — 1 is prime. Then there is an integer f12.9(|F|), such that, if
n > f12.9(|F)), then A, is not F-representable.

Proof. Let M, denote a matroid whose ground set consists of a basis B = {b1, b, ...,b,} together
with a set {e1, f1,e2, f2,...,en, fn} such that, for i € {1,2,...,n — 1}, the elements e; and f; are
placed freely on the line spanned by {b;,b;+1} and e,, f, are placed freely on the line spanned by
{bn’ bl }

Recall that A, = Mp\B. We will refer to the members of {{e1, f1},{e2, f2}, ..., {en, fn}} as the legs
of My. Note that a representation of A, induces a representation of M, by adding the points of
intersection of the legs of Aj. Therefore M, is representable over a field I if and only if Ap is. Thus
we lose no generality in focussing on representations of M.

Let n = |F|2. We show that M, is not F-representable. Note that Az = U3z and that Uz is not
GF(3)-representable, so the lemma holds in this case. Thus we may assume that F has even order
and hence that —a =a for all a € F.

Assume that M, is F-representable. Consider a standard representation of M, relative to the ba-
sis B. For convenience we identify elements of the legs of M, with the column vectors that they
label. Up to scaling we may assume, for i € {1,2,...,n — 1}, that e; = (0,...,0,1,1,0,...,0)T and
that f;=(0,...,0,1,¢;,0,..., 0)T, where «; # 0 and the nonzero entries are in the ith and (i 4+ 1)th
coordinates. We may also assume that f, = (a, 0, ...,0,1)7. Note that e, plays no role in this argu-
ment.

Consider a transversal T of the legs of M, that contains f,. It is easily verified that the matrix
labelled by T has determinant I7f,c7(ct;). As n= |F|2, there is an element o € F* such that ;; = « for
at least |F*| members of {1,2,...,n — 1}. As M, is simple, o # 1. As F* has prime order, o gener-
ates F*. Thus, for some [ € {1,2, ..., |F|*}, we have o = oz,;l. It now follows that there is a transversal
of the legs that labels a square matrix whose determinant is 0, contradicting the assumption that we
have a representation of M,. O

For a prime power g, let R(q) denote the class of matroids representable over all fields of size at
least q. Thus, R(2) and R(3) are the classes of regular and near-regular matroids respectively.

Theorem 12.10. Let F be a finite field and q be a prime power. If there is a Mersenne prime greater than or
equal to q — 1, then there is a function f1.10(IF, q) such that a 3-connected matroid in R(q) has at most
f12.10(F, q) inequivalent F-representations.

Proof. Assume that there is a Mersenne prime greater than or equal to g — 1. Then, by Lemma 12.9,
there is a free swirl that is not in R(q). Certainly there is a prime p greater than q, so there is a free
spike that is not in R(q). It follows that there is an integer q’ such that the members of R(q) are in
EX(Uz,q'42, Ug q¢42, Ag, Ag). The theorem now follows from Corollary 12.8. O

Corollary 12.11. There are infinitely many Mersenne primes if and only if, for each prime power q, there is a
number p(q) such that a 3-connected member of R(q) has at most p(q) inequivalent GF(7)-representations.

Proof. If there are infinitely many Mersenne primes, then the corollary follows from Theorem 12.10.
Assume that there are a finite number of Mersenne primes. Let g be a prime power larger than
the largest Mersenne prime. Then R(q) contains all free swirls. But it is shown in [25] that A, has
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at least 2" inequivalent GF(7)-representations, so that no bound can be placed on the number of
inequivalent GF(7)-representations of members of R(q). O

3. Certifying non-representability

As noted in the introduction, one of the main applications of the material in this paper is in [14]
where the following theorem is proved.

Theorem 12.12. (See [14, Theorem 1.1].) For any prime p, proving that an n-element matroid is not repre-
sentable over GF(p) requires at most O (n?) rank evaluations.

The purpose of this section is to adumbrate a straightforward consequence of earlier material from
this paper that is optimised for the application in [14]. We consider a slight augmentation of the class
of k-coherent matroids. A matroid M is near k-coherent if it is connected and either si(M) or co(M)
is k-coherent.

Corollary 12.13. Let p be a prime number and k > 5 be an integer. Then the following hold.

(i) If M is a nonempty near k-coherent matroid, then there is an element e € E(M) such that either M\e or
M /e is near k-coherent.
(ii) Let M be a near k-coherent and e € E(M). Then the following hold.
(a) If M/e is not near k-coherent, then there is a 4-separating partition (A, B) of E(M) such that e €
clm (A —{ep) Nclm(B — {e}).
(b) If M\e is not near k-coherent, then there is a 4-separating partition (A, B) of E(M) such that e €
cly (A —{e}) Ncly; (B — {e}).
(iii) There is an integer (i, such that a near k-coherent matroid has at most (1, inequivalent representations
over GE(p).

Proof. Consider (i). If M is not k-coherent, then we may either delete an element in a non-trivial
parallel class or contract an element in a non-trivial series class to preserve near k-coherence. If M is
k-coherent then it follows that from Corollary 4.4 that M has an element e such that either M\e or
M /e is k-coherent unless M is a wheel or a whirl. Assume that M is a wheel or a whirl. Let e be a
rim element. Observe that M/e is near k-coherent.

Consider condition (ii). Let M be a near k-coherent matroid. Assume that e € E(M) and that M/e
is not near k-coherent. Then e is not in a non-trivial series class. Assume that e is in a non-trivial
parallel class. Then e is in the guts of a 2-separation in M and (ii) holds. If M is 3-connected, then
it follows from Lemma 4.2 that e is in the guts of either a 3-separation or a 4-separation in M. The
upgrade to the case when M has non-trivial series classes or parallel classes which do not contain e
is elementary and is omitted. The case when M\e is not near k-coherent follows by duality.

Consider (iii). Note that we can either delete fixed elements or contract cofixed elements from
a near k-coherent matroid to obtain a k-coherent matroid. Part (iii) follows from this observation,
Lemma 12.2 and Theorem 12.6. O
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