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Chapter 1

Review and More

1.1 Probability Space

A probability space consists of three parts: sample space, a collection of
events, and a probability measure.

Assume an experiment is to be done. The set of all possible outcomes
is called Sample Space. Every element w of (2 is called a sample point.
Mathematically, the sample space is merely an arbitrary set. There is no
need of a corresponding experiment.

A probability measure intends to be a function defined for all subsets of
). This is not always possible when the probability measure is required to
have certain properties. Mathematically, we settle on a collection of subsets
of 2.

Definition 1.1
A collection of sets F is a o-field (algebra) if it satisfies
1. The empty set ¢ € F,
2. If A1, Ay, ... € F, then UX, € F (closed under countable union).

3. If A € F, then its complement A¢ € F.

Let us give a few examples.
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Example 1.1

1. The simplest o-field is {¢, }.
2. A simplest non-trivial o-field is {¢, A, A¢, Q}.

3. A most exhaustive o-field is F consists of all subsets of (2.

¢

It can be shown that if A and B are two sets in a o-field, then the resulting
sets of all commonly known operations between A and B are members of the
same o-field.

Axioms of Probability Measure
Given a sample space €2 and a suitable o-field F, A probability measure
P is a mapping from F to R (set of real numbers) such that:

1. 0< P(A) <1forall AecF,;

3. P(U2,A;) = >, P(A;) for any A, € F, i = 1,2,... which satisfy
A;A; = ¢ whenever i # j.

Mathematically, the above definition does not rely on any hypothetical
experiment. A probability space is given by (2, F, P). The above axioms
lead to restrictions on F. For example, suppose Q@ = [0,1] and F is the
o-field that contains all possible subsets. In this case, if we require that the
probability of all closed intervals equal their lengthes, then it is impossible
to find such a probability measure satisfying Axiom 3.

When the sample space €2 contains finite number of elements, the collec-
tion of all subsets forms a o-field F. Define P(A) as the ratio of sizes of A
and of (), then it is a probability measure. This is the classical definition of
probability.

The axioms for a probability space imply that the probability measure
has many other properties not explicitly stated as axioms. For example, since
P(¢pU @) = P(¢p) + P(¢), we must have P(¢) = 0.
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Axioms 2 and 3 imply that
1=P(Q)=P(AUA°) = P(A) + P(A°).

Hence, P(A°) =1 — P(A).
For any two events A; and Ay, we have

P(A1UAg) = P(Ay) + P(Ay) — P(A1 As).
In general,

P(UL A) =Y P(A) — Y P(Aj Ai) + -+, +(=1)"" P(NiL, Ay).

11 <19
Lemma 1.1 Continuity of the probability measure.

Let (€2, F, P) be a probability space. If A1 C Ay C A3 C --- is an increasing
sequence of events and

A= lim U A, = nhrgo A,

n—o0

then
P(A) = lim P(A,).

n—~o0

Proor: Let B, = A, — A,_1, n = 1,2,3,... with Ag = ¢. Then A, =
Ul ,B;, and A = U, B;. Notice that B;, B, ... are mutually exclusive,
and P(B,) = P(A,) — P(A,_1). Using countable additivity,

P(4) = §P<BZ->
= T}LngiP(Bz’)

= lim P(4,).

n—oo

This completes the proof. &
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1.2 Random Variable

Definition 1.1

A random variable is a map X :  — R such that {X <z} ={w € Q:
X(w) <z} e FforalzeR. O
Notice that {X < z} is more often the notation of an event than the
notation for the outcome of an experiment.
The cumulative distribution function (c.d.f.) of a random variable X
is Fx(t) = P(X <t). Tt is known that a c.d.f. is a non-decreasing, right
continuous function such that

The random behaviour of X is largely determined by its distribution
through c.d.f. At the same time, there are many different ways to characterise
the distribution of a random variable. Here is an incomplete list:

1. If X is absolutely continuous, then the probability density function
(p.d.f.) is f(z) > 0 such that

For almost all z, f(z) = dF(z)/dz.

2. If X is discrete, taking values on {1, xs,...}, the probability mass
function of X is

flai) = P(X = z;) = F(z;) — F(z;—)
for i =1,2,..., where F(a—) = lim, .4 ,<q F(2).
3. The moment generating function is defined as

M(t) = E{exp(tX)}.
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4. The characteristic function of X is defined as

o(t) = E{exp(itX)}

where i is such that i?> = —1. The advantage of the characteristic
function is that it exists for all X. Otherwise, the moment generating
function is simpler as it is not built on the concepts of complex numbers.

5. The probability generating function is useful when the random variable
is non-negative integer valued.

6. In survival analysis or reliability, we often use survival function
S(x)=P(X >x)=1—-F(x)
where we assume P(X > 0) = 1.

7. The hazard function of X is

< >
Az) :Alir& P{x_X<Z—|—A|X _m}'

It is also called “instantaneous failure rate” as it is the rate at which
the individual fails in the next instance given it has survived so far.

When X is absolutely continuous,

Azx) = gg; = —ddxlogS(:z:).

Hence, for x > 0,

S(z) = exp{— /0 " A()dt).

Let us examine a few examples to illustrate the hazard function and its
implication.

Example 1.2
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(1) When X has exponential distribution with density function f(z) =
Aexp(—Az), it has constant hazard rate A.
(2) When X has Weibull distribution with density function

f(z) = da(Az)* " exp{—(A\z)"}
for x > 0. The hazard function is given by
AMz) = da(Az)* 1.

(a) When « = 1, it reduces to exponential distribution. Constant hazard
implies the item does not age.

(b) When « > 1, the hazard increases with time. Hence the item ages.

(¢) When a < 1, the hazard decreases with time. The longer the item
has survived, the more durable this item becomes. It ages negatively.

(3) Human mortality can be described by a curve with bathtub shape.
The death rate of new borns are high, then it stabilizes. After certain age,
we becomes vulnerable to diseases and the death rate increases.

1.3 More o-fields and Related Concepts

Consider a random variable X defined on the probability space (Q, F, P).
For any real number such as —v/2, the sample points satisfying X < —/2
form a set which belongs to F. Similarly X > 1.2 is also a set belongs to F.
This claim extends to the union of these two events, the intersection of these
two events, and so on.

Putting all events induced by X as above together, we obtain a collection
of events which will be denoted as o(X). It can be easily argued that o(X)
is the smallest sub o-field generated by X.

Example 1.3

1. The o-field of a constant random variable;
2. The o-field of an indicator random variable;

3. The o-field of a random variable takes only two possible values.
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If X and Y are two random variables, we may define the conditional
cumulative distribution function of X given by Y =y by
P(X <z,Y =y)

PY =y)
This definition works if P(Y = y) > 0. Otherwise, if X and Y are jointly
absolutely continuous, we make use of their joint density to compute the

PX <2y =y) =

conditional density function.

One purpose of introducing conditional density function is for the sake
of computing conditional expectation. Because we have to work with con-
ditional expectation more extensively later, we hope to define conditional
expectation for any pairs of random variables.

If Y is an indicator random variable I, for some event A, such that
0 < P(A) < 1, then E{X|Y = 0} and E{X|Y = 1} are both well defined
as above. Further, the corresponding values are the average sizes (expected
values) of X over the ranges A° and A. Because of this, the conditional
expectation of X given Y is expected sizes of X over various ranges of €2
partitioned according to the size of Y. When Y is as simple as an indicator
random variable, this partition is also simple and we can easily work out
these numbers conceptually. When Y is an ordinary random variable, the
partition of Q is o(Y). The problem is: o(Y) contains so many events in
general, and also they are not mutually exclusive. Thus, there is no way to
present the conditional expectation of X given Y by enumerating them all.

The solution to this difficulty in mathematics is to define Z = F{X|Y'}
as a measurable function of Y such that

E{Z1} = E{X14}

for any A € o(Y).

We may realize that this definition does not provide any concrete means
for us to compute E{X|Y'}. In mathematics, this definition has to be backed
up by an existence theorem that such a function is guaranteed to exist. At
the same time, when another random variable differs to Z only by a zero-
probability event, that random variable is also a conditional expectation of
X given Y. Thus, this definition is unique only up to some zero-probability
event.
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Since Z is a function of Y, it is also a random variable. In particular, by
letting A = ), we get
E[E{X|Y}] = E{X}.

A remark here is: the conditional expectation is well defined only if the
expectation of X exists. You may remember a famous formula:

Var(X) = Var[E{X|Y}| + E[Var{X|Y}].

Note that definition of the conditional expectation relies on the o-field
generated by Y only. Thus, if G is a o-field, we simply define Z = E{X|G}
as a G measurable function such that

E{Z1} = E{X1A}

for all A € G. Thus, the concept of conditional expectation under measure
theory is in fact built on o-field.

Let us go over a few concepts in elementary probability theory and see
what they mean under measure theory.

Recall that if X and Y are independent, then we have

E{gl(X)QQ(Y)} = E{gl(X)}E{QQ(Y)}

for any functions g; and g». Under measure theory, we need to add a cosmes-
tic condition that these two functions are measurable, plus these expectations
exist. More rigorously, the independence of two random variables is built on
the independence of their o-fields. It can be easily seen that the o-field gen-
erated by ¢1(X) is a sub-o-field of that of X. One may then see what g;(X)
is independent of g»(Y).

Example 1.4 Some properties.
1. If X is G measurable, then

E{XY|G} = XE{Y|G}.

2. If G; C G, then
E[E{X|G2}|G1] = E{X|G:}.



1.4. MULTIVARIATE NORMAL DISTRIBUTION 9

3. If G and o(X) are independent of each other, then

E{X|G} = E{X}.

Most well known elementary properties of the mathematical expectation re-
main valid.

1.4 Multivariate Normal Distribution

A group of random variables X have joint normal distribution if their joint
density function is in the form of

Cexp(—zAx™ — 2bx")

where A is positive definite, and C'is a constant such that the density function
has total mass 1. Note that z and b are vectors.
Being positive definite implies that there exists an orthogonal decompo-
sition of A such that
A= BAB"

where A is diagonal matrix with all element positive and BB™ = I, the
identity matrix.
With this knowledge, it is seen that

. 1 o n/2
/exp(—ga:AxT)da: = /exp(—§yAyT)dy = (|A|>1/2 :

Hence when b = 0, the density function has the form
1
F(@) = [(2m) ALY exp(—SwAa”).

Let X be a random vector with the density function given above, and let
Y = X + p. Then the density function of Y is given by

{2m) A exp{— 5 (s — A — '}

It is more convenient to use V = A~! in most applications. Thus, we
have the definition as follows.
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Definition 1.1 Multivariate normal distribution

X = (X3, ..., X,) has multivariate normal distribution (written as N(u, V')),
if its joint density function is

(&) = (@ VI exp{— (e — V(o — )

where V' is positive definite matrix. &

If X is multivariate normal N(u, V), then F(X) = p and Var(X) =V.

If X(length n)is N(u, V) and D is an n X m matrix of rank m < n, then
Y =XDis N(uD, D™V D).

More general, we say a random vector X = (X7, ..., X,,) has multivariate
normal distribution when Xa” is a normally distributed random variable for
all a € R".

A more rigorous and my favoured definition is: if X can be written in
the form AY + b for some (non-random) matrix A and vector b, and Y is
a vector of iid standard normally distributed random variables, then X is a
multinormally distributed random vector.

We now list a number of well known facts about the multivariate distri-
butions. If you find that you are not familiar with a large number of them,
it probably means some catch up work should be done

1. Suppose X has normal distribution with mean p and variance o2. Its
characteristic function is

o(t) = exp{iut — ;02152}.

[ts moment generating function is

1
M (t) = exp{ut + 502t2}.

2. If X has standard normal distribution, then all its odd moments are
zero, and its even moments are

EX* = (2r —1)(2r —3)---3-1.
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3. Let ®(z) and ¢(z) be the cumulative distribution function and the
density function of the standard normal distribution. It is known that

{1 _ 1} $(z) <1—D(x) < —¢(x)

r a3 T

for all positive x. In particular, when x is large, they provide a very
accurate bounds.

4. Suppose that X, X, ..., X, are a set of independent and identically
distributed standard normal random variables. Let X,y = max{X;,i =

1,...,n}. Then X,y = O,(y/logn).

5. Suppose Y7, Y; are two independent random variables such that Y; +Y5
are normally distributed, then Y; and Y5 are jointly normally dis-
tributed. That is, they are multivariate normal.

6. A set of random variables have multivariate normal distribution if and
only if all their linear combinations are normally distributed.

7. Let X1,...,X, beiid. normal random variables. The sample mean
X, =n"1Y", X; and the sample variance S? = (n — 1)"! S0 (X, —
X)? are independent. Further, X,, has normal distribution and S? has
chisquare distribution with n — 1 degrees of freedom.

8. Let X be a vector having multivariate normal distribution with mean g
and covariance matrix Y, and A be a non-negative definite symmetric
matrix. Then, X AX" has chi-squared distribution when

AYAY A = AY A.

1.5 Summary

We did not intend to give you a full account of probability theory learned in
courses preceding this one. Neither we try to lead you to the world of measure
theory based, advanced, and widely regarded as useless rigorous probability
theory. Yet, we did introduce the concept of probability space, and why a
dose of o-field is needed in doing so.
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In the later half of this course, we need the o-field based definitions of
independence, conditional expectation. It is also very important to get fa-
miliar with multivariate normal random variables. These preparations are
not sufficient, but will serve as starting point. Also, you may be happy to
know that that the pressure is not here yet.



Chapter 2

Simple Random Walk

Simple random walk is an easy object in the family of stochastic processes.
At the same time, it shares many properties with more complex stochas-
tic processes. Understanding simple random walk helps us to understand
abstract stochastic processes.

The building block of a simple random walk is a sequence of iid random
variables Xy,..., X, ... such that

P(X;=1)=p, PXi=-1)=1-p=gq.

We assume that 0 < p < 1, otherwise, the simple random walk becomes
trivial.

We start with Sy = a and define S,.1 = S, + X1 forn=1,2,.... It
mimics the situation of starting gambling with an initial capital of $a, and
the stake is $1 on each trial. The probability of winning a trial is p and the
probability of losing is ¢ = 1 — p. Trials are assumed independent.

When p = g = 1/2, the random walk is symmetric.

Properties:
A simple random walk is
(i) time homogeneous:

P{Sptm = j|Sm = a} = P{S, = j|So = a}.
(ii) spatial homogeneous:

P{Spim =j+b|S, = a+b} = P{S, = j|So = a}.

13
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(iii) Markov:

P{Sn+m:j’50:j0751 :jb"'asm:jm}:P{Sner:j’Sm:jm}-

Example 2.1 Gambler’s ruin

Assume that start with initial capital Sy = a, the game stops as soon as
S, =0or S, = N for some n, where N > a > 0. Under the conditions of
simple random walk, what is the probability that the game stops at S,, = N7

SOLUTION: A brute force solution for this problem is almost impossible.
The key is to view this probability as a function of initial capital a. By
establishing a relationship between the probabilities, we will get a difference
equation which is not hard to solve. &

2.1 Counting sample paths
If we plot (S;,i =0,1,...,n) against (0,1,...,n), we obtain a path connect-
ing (0,S5) and (n,S,). We call it a sample path. Assume that Sy = a and

S, = b. There might be many possible sample paths leading from (0, a) to
(n,b).

Property 2.1

The number of paths from (0, a) to (n,b) is

Ny (a,b) = (,;Z_)

2

when (n + a — b)/2 is a positive integer, 0 otherwise. &

Property 2.2
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For a simple random walk, and when (n + a — b)/2 is a positive integer, all
sample paths from (0,a) to (n,b) have equal probability p(n+b=a)/2g(n+a=b)/2
to occur. In addition,

n —a nra—

n+b—a
2

The proof is straightforward.
Example 2.2

It is seen that

2n
P(sn =015 =0) = (%)

for n =0,1,2,.... This is the probability when the random walk returns to
0 at trial 2n.
When p = g = 1/2, we have

2n
Using Stirling’s approximation
n! ~ V2mn(n/e)"

for large n. The approximation is good even for small n. We have
1
Uy R ﬁ
Thus, Y, us, = 0o0. By renewal theorem to be discussed, S,, = 0 is a recurrent
event when p = ¢ = 1/2. O
Property 2.3 Reflection principle

Let N2(a,b) be the number of sample paths from (0,a) to (n,b) that touch
or cross the z-axis. Then, when a,b > 0,
N%a,b) = Ny(—a,b).

PrRoOOF: We Simply count the number of paths. The key step is to establish
the one-to-one relationship. &
The above property enables us to show the next interesting result.
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Property 2.4 Ballot Theorem

The number of paths from (0, 0) to (n,b) that do not revisit the axis is

0]
N, (0,b).

PROOF: Notice that such a sample path has to start with a transition from
(0,0) to (1,1). The number of paths from (1,1) to (n,b), such that b > 0,
which do not touch z-axis is

Nn—l(]-?b) - Ng—l(lvb) = Nn—l(l’b) - Nn—l(_17b)

¢

What does this name suggest? Suppose that Micheal and George are in a
competition for some title. In the end, Micheal wins by b votes in n casts. If
the votes are counted in a random order, and A =“Micheal leads throughout

the count”, then

Py SN0 b

N,(0,b) n’

Theorem 2.1

Assume that Sy = 0 and b # 0. Then

(i) P(S1Sy -+ S, # 0,8, = b[Sy = 0) = UP(S, = b|S, = 0).

(i) P(S1Sy--- S, # 0) = n ' E(|S,]). ¢
ProOF: The first part can be proved by counting the number of sample
paths which do not touch z-axis.

The second part is a consequence of the first one. Just sum over the

probability of (i) for possible values of S,,. O

Theorem 2.2 First passage through b at trial n (Hitting time problem).
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If b# 0 and Sy = 0, then

fa(b) = P(S1 # b, St # 0,5, = b Sp = 0) = ’z'ﬂsn —b).

PROOF: If we reverse the time, the sample paths become those who reach b
in n trials without touching the z-axis. Hence the result. &

The next problem of interest is how high .S; have attained before it settles
at S, = b. We assume b > 0. In general, we often encounter problems of
finding the distribution of the extreme value of a stochastic process. This
is an extremely hard problem, but we have a kind of answer for the simple

random walk.
Define M,, = max{S;,i =1,...,n}.

Theorem 2.3

Suppose Sy = 0. Then for r > 1,

P(S, = b) if b >r

> — ey
P(M, > 1,5, =b) = { (q/p)" " P(Sy = 2r —b) ifb<r

Hence,

POL>1) = P(S.>1+ X (afp) P(S, =2~

C=—00

= P(Su=r)+ 3 [+ (a/p) TIPS, = o)

c=r+1

When p = g = 1/2, it becomes
P(M, >r)=2P(S, >r+1)+ P(S,=r).

ProOOF: When b > r, the event M, > r is a subset of the event S, = b.
Hence the first conclusion is true.

When b < r, we may draw a horizontal line y = r. For each sample path
belongs to M,, > r, S, = b, we obtain a partial mirror image: it retains
the part until the sample path touches the line of y = r, and completes it
with the mirror image from there. Thus, the number of sample paths is the



18 CHAPTER 2. SIMPLE RANDOM WALK

same as the number of sample paths from 0 to 2r — b. The corresponding
probability, however, is obtained by exchanging the roles of » — b pairs of p
and q.

The remaining parts of the theorem are self illustrative. &

Let p;, be the mean number of visits of the walk to the point b before
it turns to its starting point. Suppose Sy = 0. Let Y, = I(S1S2---S, #
0,5, =b). Then }_°°, Y, is the number of times it visits b. Notice that this
reasoning is fine even when the walk will never return to 0.

Since E(Y,) = fo(n), we get

po = hln)

Thus, in general, the mean number of visit is less than 1. When p = ¢ = 0.5,
all states are recurrent. Therefore p, = 1 for any b. &
Suppose a perfect coin is tossed until the first equalisation of the accu-
mulated numbers of heads and tails. The gambler receives one dollar every
time that the number of heads exceeds the number of tails by b. This fact
results in comments that the “fair entrance fee” equals 1 independent of b.
My remark: how many of us thinks that this is against their intuition?

Theorem 2.4 Arc sine law for last visit to the origin.

Suppose that p = ¢ = 1/2 and Sy = 0. The probability that the last visit to
0 up to time 2n occurred at time 2k is given by

P(Sak = 0)P(San_op = 0).

PRroOF: The probability in question is

n(2k) = P(So = 0)P(Sapy1 - -+ Son # 0[S2, = 0)
= P(Sy, =0)P(Sy -+ Sop_or # 0|Sy = 0).

We are hence asked to show that

P(Sl e Sop_ok 7& 0150 = 0) = U2n—2k-
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Since Sy = 0 is part of our assumption, we may omit the conditional part.
We have

b#£0
b£0 1T

o 2b
= 2 — P(Ss,, = 2b
132::1 2m (82 )

1\2m 2m — 1 2m — 1
pu— 2 et -_
B 2l -G
N m 2
= U9m-
The proof shows that

Denote, as usual, ug, = P(Ss, = 0) and aw,(2k) = P(Sy =0,5; #0,i =
2k +1,...,2n). Then the theorem says

Q2 (2k) = UgkUon—ok-

As p=¢q=1/2is a simple case, we have accurate approximation for ugy.
It turns out that ug, ~ (k)% and so a,(2k) ~ {7[k(n — k)]} V2. If
we let 15, be the time of the last visit to 0 up to time 2n, the it follows that

P(Ton < 20m) ~ 3 {mlk(n = K)}7

k<zn

Q

@ 1
/0 a1 — w2
= iarcsin(\/i).

That is, the limiting distribution has a density function described by

arcsin(/z).
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(1) Since p = ¢ = 1/2, one may think the balance of heads and tails
should occur very often. Is it true? After 2n tosses with n large, the chance
that it never touches 0 after trial n is 50% which is surprisingly large.

(2) The last time before trial 2n when the simple random walk touches
0 should be closer to the end. This result shows that it is symmetric about
midpoint n. It is more likely to be at the beginning and near the end.

Why is it more likely at the beginning? since it started at 0, it is likely
to touch 0 again soon. Once it wandered away from 0, touching 0 becomes
less and less likely.

Why is it also likely occur near the end: if for some reason the simple
random walk returned to 0 at some point, it becomes more likely to visit 0
again in the near future. Thus, it pushes the most recent visit closer and
closer to the end.

(3) If we count the number of k£ such that S; > 0, what kind of distribution
it has? Should it be more likely to be close to n? It turns out that it is either
very small or very large.

Thus, if you gamble, you may win all the time, or lose all the time even
though the game is perfectly fair in the sense of probability theory.

Let us see how the result establishes (3).

Property 2.5 Arc sine law for sojourn times.

Suppose that p = 1/2 and Sy = 0. The probability that the walk spends
exactly 2k intervals of time, up to time 2n, to the right of the origin equals
U2k U2n—2k - %
PRrooF: Call this probability (2,(2k). We are asked to show that (o, (2k) =
a9, (2K).

We use mathematical induction.

The first step is to consider the case when &k =n = m.

In our previous proofs, we have shown that for symmetric random walk

uzm:P(Sﬁng#O)

Since these sample paths can belong to one of the two possible groups: always
above 0 or always below 0. Hence,

UQmZQP(Sl>O,...,SQm>O).
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On the other hand, we have

P(81>O,SQ>O,"‘,SQm>O>

— P(S =1,8>1,. .., > 1)
P(Si—1=0,8 —1>0,...,5, —1>0)
1

= SP(S22 0,85 20,5 2 0[S = 0)
1

- §P(SI2078220a"'7s2m—1ZO|SOZO)
1

= EP(Sl20732207"'>S2m712075’217120‘30:0)
1

= iﬁQm(Zm)

where the last equality comes from the fact that Ss,,_1 > 0 implies Sy, > 0
as it is impossible for Sy,,_1 = 0. Consequently, since uy = 1, we have shown
that

Q2 (2m) = Ugm = Bom(2m).
Let us now make an induction assumption that

Oégn(Qk’) = ﬁ2n<2k‘)

forall n with £ =0,1,...,m—1land k=n,n—1,...,n—(m—1). Note the
reason for the validity of the second sets of k is symmetry. Our induction
task is to show that the same is true when & = m.

By renewal equation,

m
U2m = Z u2m—2rf2r-
r=1

Using idea similar to renewal equation, we also have

ﬂ?n(Qm) = ; i f2r62n—27‘(2m - 27’) + ;nzm f27”62n—27‘(2m)
r=1 r=1

since the walk will start with either a positive move or a negative move, it
will touch 0 again at some point 2r in another 2n — 2r trials (it could happen
that 2r = 2n).
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So, with renewal equation, and induction assumption,

1m 1 n=m
ﬁZn(Qm) = 5 Z Jortom—2rUan—2m + 5 Z JorUom—2rU2n—2m—2r
r=1 r=1
1
- 5 [u2n—2mu2m + u2mu2n—2m]
= U2mU2n—2m-
The induction is hence completed. &

2.2 Summary

What have we learned in this chapter? One observation is that all sample
paths starting and ending at the same location have equal probability to
occur. Making use of this fact, some interesting properties of the simple
random work are revealed.

One such property is that the simple random work is null recurrent when
p = q and transient otherwise. Let us recall some detail; by counting sample
paths, it is possible to provide an accurate enough approximation to the
probability of entering 0.

The reflection principle allows us to count the number of paths going from
one point to another without touching 0. This result is used to establish the
Ballot Theorem. In old days, there were enough nerds who believed that this
result is intriguing.

We may not believe that the hitting time problem is a big deal. Yet when
it is linked with stock price, you may change your mind. If you find some
neat estimates of such probabilities for very general stochastic processes, you
will be famous. In this course, we provide such a result for the simple random
work. There is a similar result for Brownian motion to be discussed.

Similarly, arc sine law also have its twin in Brownian motion. Please do
not go away and stay tuned.



Chapter 3

Generating Functions and
Their Applications

The idea of generating functions is to transform the function under inves-
tigation from one functional space to another functional space. The new
functional space might be more convenient to work with.

If X is a non-negative integer valued random variable, then we call

the probability generating function of X.
Advantages? It can be seen that moments of X equal derivatives of Gx(s)
at s = 1.
When X and Y are independent, then the probablity generating function
of X +Yis
Gx+y(8) = Gx<S)Gy(S>.

Theorem 3.1

If X1, X5, ... is asequence of independent and identically distributed random
variables with common generating function Gx(s) and N(> 0) is a random
variable which is independent of the X;’s and has generating function Gy (s),
then

S=X1,+ X0+ -+ Xy

23
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has generating function given by
Gs(s) = Gy (Gx(s)).

¢
The proof can be done through conditioning on N. When N = 0, we

assume that S = 0.
Definition 3.2

The joint probability generating function of two random variables X; and
X, taking non-negative integer values, is given by

CTYX1,X2 (517 $2> = E[S{ﬁ 55(2]'

Theorem 3.2
X and X5 are independent if and only if
Gx, x,(51,82) = Gx,(51)Gx, (52).
¢

The idea of generating function also applies to a sequence of real numbers.
If {a,}52, is a sequence of real numbers, then

A(s) =D a,s"

is called the generating function of {a,}>>, when it converges in a neighbor-
hood of s = 0.

Suppose that {a,};>, and {b,}7°, are two sequence of real numbers, and
their generating functions exists in a neighborhood of s = 0. Define

Cn = Z aibnfi
i=0
forn=20,1,.... Then
C(s) = A(s)B(s)

where A(s), B(s) and C(s) are generating functions of {a,}22, {b,}>>, and
{en}52 respectively.
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3.1 Renewal Events

Consider a sequence of trials with outcomes X;, X5, .... We do not require
X;’s be independent of each other. Let A represent some property which, on
the basis of the outcomes of the first n trials, can be said unequivocally to
occur or not to occur at trial n. By convention, we suppose that A\ has just
occurred at trial 0, and E,, represents the “event” that A occurs at trial n,
n=12,....

Roughly speaking, a property is a renewal event if the waiting time dis-
tribution for the next occurrence remains the same, and is independent of
the past, given that it has just occurred. Thus, the process renewals itself
each time when the renewal event occurs. It re-sets the clock back to time 0.

Let X represent a renewal event and as before define the lifetime sequence
{fn} where fo =0 and

fn = P{X occurs for the first time at trial n}, n=1,2,....
In like manner, we define the renewal sequence u,,, where ug = 1 and
un, = P{X occurs at trial n}, n=12,....

Let F(s) = X fos™ and U(s) = Y u,s™ be the generating functions of
{fn} and {u,}. Note that

f=>fa.=F1) <1

because f has the interpretation that A recurs at some time in the sequence.
Since the event may not occur at all, it is possible for f to be less than 1.
Clearly, 1 — f represents the probability that A never recurs in the infinite
sequence of trials. When f < 1, the probability that A occurs finite number
of times only is 1. Hence, we say that A is transient. Otherwise, it it
recurrent.

For a recurrent renewal event, F(s) is a probability generating function.
The mean inter-occurrence time is

o

p="F1)=> nfa.

n=0
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If 4 < oo, we say that A is positive recurrent. If ;1 = co, we say that A is
null recurrent.

Finally, if A can occur only at n = t,2t,3t,... for some positive integer
t > 1, we say that \ is periodic with period t. More formally, let t =
g.cd{n: f, >0} (g.c.d. stands for the greatest common divisor). If ¢ > 1,
the recurrent event A is said to be periodic with period ¢. If ¢t = 1, X is said
to be aperiodic.

For a renewal event \ to occur at trial n > 1, either A occurs for the first
time at n with probability f, = f,ug, or A occurs for the first time at some
intermediate trial £k < n and then occurs again at n. The probability of this
event is fru,_r. Notice that fy = 1, we therefore have

Uy = foun+f1un_1 —+ .. +fn_1U1 —|—fnU07 n = ]_,2,....

This equation is called renewal equation. Using the typical generating
function methodology, we get

Hence

Theorem 3.3

The renewal event A is
1. transient if and only if v = Y u,, = U(1) < oo,
2. recurrent if and only if u = oo,

3. periodic if t = g.c.d{n : u, > 0} is greater than 1 and aperiodic if
t=1.

4. null recurrent if and only if " u,, = co and u,, — 0 as n — oo.
The following is the famous renewal theorem.

Theorem 3.4 (The renewal theorem).
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Let X\ be a recurrent and aperiodic renewal event and let

w= ann = F,(l)
be the mean inter-occurrence time. Then

lim u, = p .
The proof of the Renewal Theorem is rather involved. We will put it as
a section here. To the relief of many, this section will only for the sake of

those who are nerdy enough in mathematics.

3.2 Proof of the Renewal Theorem

[ am using my own language to restate the results of Feller (1968, page 335).
First, the result can be stated without the renewal event background.
Equivalent result: Let fy = 0, f1, f2,... be a sequence of non-negative
numbers such that Y f, = 1, and 1 is the greatest common divisor of these

n for which f, > 0. Let ug =1 and

Up = f()un—i_flunfl + +fnu0

for alln > 1.

Then u, — u~!

asmn — oo where =Y nf, (and p=' =0 when p = 00).
¢

Note this definition of u,, does not apply to the case of n = 0. Otherwise,
the u-sequence would be a convolution of f-sequence and itself.

The implication of being aperiodic is as follows. Let A be the set of all
integers for which f,, > 0, and denote by A" the set of all positive linear
combinations

biax +P2@2 4+ +prar

of numbers ay,...,a, in A.

Lemma 3.1
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There exists an integer N such that A™ contains all integers n > N. &
In other words, if the greatest common divisor of a set of positive integers
is 1, then the set of their linear combinations contains all but finite number
positive integers. To reduce the burden in math respect, this result will not
be proved here. Some explanation will be given in class.
The next lemma has been re-stated in different words.

Lemma 3.2

Suppose we have a sequence of sequences: [ {(@mn)m_q}0>4] such that 0 <
A < 1 for all m,n. There exists a sequence {n; : i = 1,2,...} such that
lim; o0 G, exists for each m. &

Again, the proof will be omitted. This result is also used when proving
a result about the relationship between convergence in distribution and the
convergence of characteristic functions.

Lemma 3.3

Let {w,}>° ___ be a doubly infinite sequence of numbers such that 0 < w, <1

and .
Wp = Z JrWn
k=1
for each n. If wy = 1 then w,, = 1 for all n. &

To be more explicit, the sequence f,, is assumed to have the same property
as the sequence introduced earlier.

PRrOOF: Since all numbers involved are non-negative and w, < 1, we have
that for all n

k=1

Applying this conclusion to n = 0 with the condition wy = 1, we have
w_p = 1 whenever f, = 0.
Recall the definition of A, the above conclusion can be restated as

w_, =0 whenever a € A.
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For each a € A, using the same argument:
o
Wy = [y <> fr=1
k=1

to n = a, we find w_,_, = 1 whenever both a,k € A.
It can then be strengthened to w_, = 1 for any a € A" by induction.
An implication is then: there exists an N such that

any=lLanyi1=1laya=1....

Using
(o)
Wy =Y fowp—p <D fo=1
k=1
again for n = —N + 1, we get w_n11 = 1.
Repeat it, we get w_n12 = 1. Repeat it again and again, we find w,, = 1
for all n. %

Finally, we prove the renewal theorem.

PrRoOOF OF RENEWAL THEOREM: Our goal is to prove the limit of u,, exists
and equals ;1. Since the items in this sequence are bounded, a subsequence
can be found such that this subsequence converges to some number 7. As-
sume this 7 is the upper limit.

Notationally, let us denote it as u(i,) — 1 as v — 0.

Let w,, be a double sequence such that for each v, u,, = up4i, When
n + 1, > 0; and u,, = 0 otherwise. In other words, it shifts the original
sequence by i, positions toward left, and further adding zeroes to make a
double sequence.

For example, suppose i5 = 10, then we have

<oy U225 = U8, U—15 = Ug, Ug,5 = U10, U1,5 = ULl .- - -
If we set n = 0 and let v increases, the resulting sequence is
., u(0,0) = u(ig), w0, 1) = u(ir), u0,2) = u(iz),....

Hence, lim, .o g, = 7.
For the sequence with n = 41, they look like
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coou(1,0) = wgp, u(l, 1) = wy g, u(1,2) = wipgn, .-
coou(=1,0) =ugq,u(—1,1) = w1, u(—1,2) = ujp_q ...
with the additional claus that if n < —i,, u(n,v) = 0.

In summary, for each n = 0,£1,+2, ..., we have a sequence u(n,v) in v.
By the earlier lemma, it is possible to find a subsequence in v, say v;,j =
1,2,... such that

lim w4,

j—0o0
exists for each n. Call this limit w,,.
Since for all n > —wv, we have

u(n,v) = ki fru(n —k,v).

Taking limit along the path of v = v;, we get

0o
Wp, = Z JeWn g
k=1

By the other lemma, we then get w, = n for all n.

After such a long labour, we have only achieve that the limit of each
Unpw; = Uy;4n,J = 1,2,... are the same. What we wanted, however, is that
the limit of u,, exists and equal p~*.

To aim a bit low, let us show that = p~!. This is easy when u = oo.
Let

Pk = Jes1 + frr2 o
for k=0,1,..., we have sump, = p. We should have seen it before, but if you
do not remember, it is a good opportunity for us to redo it with generating
function concept. Another note is that

l—pe=hH+fot -+ fi

Let us now list the defining relations as follows:

U = fluo;
us = faup + fiug;
ug = faug + four + frus;

ey

uy = fwnuo+ fyo1ur + fnoous + - 4 fiun—i.
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Adding up both sides, we get

N
Z U — (1 — pN)UQ + (1 — pN,l)ul + (1 — pN,Q)UQ + -+ (1 — pl)uN,l.
k=1

This is the same as

uy = (1 — pn)uo — pN—1U1 — PN—2Ug — - -+ — P1UN_1.

Noting that uy = 1, we have
PNUY + pN—1U1 + -+ + prun—1 + pouny = 1. (3.1)

Recall that

lim ., =w, =1

J—00
for each n. At the same time, u,,, = w1 is practically true for all n (or
more precisely for all large n). Let N = v;, and let j — oo, (3.1), implies

nx{>_ pe}=1.

That is, either n = p~! when p is finite, or 0 otherwise.

Even with this much trouble, our proof is not complete yet. By definition,
7 is the upper limit of u,,. Is it also THE limit of w,,? If its limit exists, then
the answer is yes. If u = oo, then answer is also yes because the lower limit
cannot be smaller than 0. Otherwise, we have more work to do.

If the limit of u, does not exist, it must has a subsequence whose limit
exists and smaller than 7. Let it be 1y < 1. Being the upper limit of wu,,
it implies that given any small positive quantity e, for all large enough n,
u, <N+ €. Let us examine the relationship:

PNUo + PN_1Uy + -+ prun—1 + pouy = 1

again. By letting some uy replace by a larger value 1, it becomes

N—-r—1 N-1

S opnokt+ D pn—ruk 4 poun > 1.
k=0 k=N-—r
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By including more terms in the first summation, it becomes

oo N-1
S o+ D py—wuk + poun > 1.
k=r+1 k=N-—r

Replacing ug by a larger value n + € which is true for large k, we have
Yo ookt (€)Y pr+ poun > 1.
k=r+1 k=1
Further, since >3~ pr = i, we get
Y e+ (A= po) + poun > 1.
k=r+1
Re-organize terms slightly, we get
Y. ottt poluy —n—e€ =1L
k=r+1

At last, let N go to infinite along the subsequence with limit 7y, we get

o0

S e+ mtep+polno—n—e) > 1
k=r+1

Since this result applies to any r and €, let r — oo and € — 0, we get

np+ po(no —n) > 1.

Because nu = 1, we must have 79 —n > 0. Combined with the fact that 7 is
the upper limit, we must have 1y = n or there will be a contradiction.

Since the limit of any subsequence of u,, must be the same as 7, the limit
of u,, exists and equals 7.

Thus, we finally proved the Renewal Theorem.

3.3 Properties of Random Walks by (Gener-
ating Functions
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3.3.1 Quick derivation of some generating functions

The generating functions for certain sequences:
For “first returning to 0”: F(s) = 1 — (1 — 4pgs®)/2.
For “returning to 07: U(s) = (1 — 4pgs?)~1/2.
For “first passage of 17: A(s) = (2¢s) 71 — (1 — 4pgs?)*/?].
Consequences:

P(ever returns to 0) =1 — |p — q|.

P( ever rearches 1) = min(1,p/q).

(We will go through a lot of details in the class)

3.3.2 Hitting time theorem

Hitting time theorem is more general than what has been shown. Consider
the random walk such that

Sn:X1+X2+"'+Xn7

P(X<1)=1

and P(X = 1) > 0. This is so called right-continuous random walk. The
random walk cannot skip over (up-ward) any state without stepping on it.

Let Ty be the first time when S,, = b for some b > 0 and assume Sy = 0.
It has been shown for simple random walk that

b
foln) =P(T, =n) = ﬁP(Sn =n).
Let us see why this is still true for the new random walk we have just
defined.
For this purpose, define

Fy(z) = E(z")
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which is the generating function of 7,. It may happen that P(T, = co) > 0,
in which case, it is more precise to define

n—oo 4
=1

Fy(z) = lim Y z"P(T, = n).
We also define

G(z) = B(z' ).

Since X; can be negative with large absolute values, work with generating
function of 1 — X7 makes sense. Since 1— X is non-negative, GG is well defined
for all |z| < 1. Please note that our G here is a bit different from G in the
textbook.

The purpose of using letter z, rather than s, is to allow 2z to be a complex
number. It seems that defining a function without a value at z = 0 calls for
some attention. We will pretend z is just a real number for illustration.

If we ignore the mathematical subtlety, our preparations boil down to have
defined generating functions of T, and X;. Due to the way 5, is defined, the
“generating function” of S, is determined by [G(z)]". Hence the required
hitting time theorem may be obtained by linking G(z) and F,(2).

This step turns out to be rather simple. It is seen that

Fy(z) = [Fi(2))"

as the random walk cannot skip a state without landing on it. We take notice
that this relationship works even when b = 0.
Further,

Fi(z) = E[E(z" X)) = Bl2""T 5] X0] = 2B{[Fy(2)]' "} = 2G(F(2)).

Denote w = Fi(z), this relation can then be written as

That is, it is known that w = Fj(z). At the same time, its relationship
with w is also completely determined by the above equation. The two versions
must be consistent with each other. The result to be proved is a consequence
of this consistency.

It turns out there is a complex analysis theorem for inversing z = w/G(w).
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Theorem 3.5 Lagranges’ inversion formula

Let z = w/ f(w) where f(w) is an analysis function (has derivative in complex
analysis sense) in a neighborhood of w = 0. (and a one-to-one relationship
between z and w in this neighborhood.). If g is infinitely differentiable, (but
I had the impression being analytic implies infinitely differentiable), then

0 ,n dn—l

() = a0) + 3 5 [ )]

|
ey

u=0

(See Kyrala (1972), Applied functions of a complex variable. Page 51 for
a close resemble of this result. Related to Cauchy integration over a closed
path). &

Apply this result with f(w) being our G(w) and g(w) = w’, we have

rer = £ 5 [ ]

Let us not forget that [F}(2)]® is the “probability” generating function of Tj,
and G™(u)/z" is the probability generating function of S,,.
Matching the coefficient of 2", we have

dnfl

dun—l

nlP(T, = n) = l [bub‘lG”(U)]]

u=0

"=l in the power

Notice the latter is (n — 1)! times of the coefficient of u
expansion of bu’~1G"(u), which in turn, is the coefficent of "~ in the power
series expansion of bG™(u), and which is the coefficient of = in the expansion
of bu™"G"(u).

Now, we point out that u™"G"(u) = Fu~°». That is, (n — 1)! times of
this coefficient is b(n — 1)!P(S,, = b). Hence we get the result. &

3.3.3 Spitzer’s Identity

Here we discuss the magical results of Spitzer’s identity. I kind of believe
that a result like this can be useful in statistics. Yet I find that it is still too
complex to be practical at the moment.
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Theorem 3.6

Assume that S, is a right-continuous random walk, and let M,, = max{sS; :
0 < i < n} be the maximum of the walk up to time n. Then for |s|, || < 1,

o o0 1

bg<§jﬁuﬂqu>:=§:Tﬁ¢E@&H
n=0 n=1

where S, = max{0,S,} (which is the non-negative part of S,,). &

ProOF: We keep the notation fi,(n) = P(T, = n) as before. To have M,, = b,
it has to land on b at some time j between 1 and n, and at the same time,
the walk does not land on b + 1 within another n — j steps. Thus,

P(T, = j)P(Ty > n —j)

=
=
I
=
I
WE

<
Il
o

Il

<
Il
o

P(T, = j)P(Ty > n — j).

Multiply both sides by s°#" and sum over b,n > 0. The left hand side is
S " B(sM)
n=0

Recall Y t"P(Ty > n) = L=F1() " The right hand side is, by convolution

1—t
relationship,
s 1— Fy(t 1-F(t) &
St A0 LR g
= 1—t 1-t =
1— Fi(t)

(1—1)(1—sFi(t))

Denote this function as D(s, t).
The rest contains mathematical manipulation: By Hitting time theorem,

nﬂﬂ:m:H&:D:iPm:ﬁﬂ&ﬁzm

and we get generating function relationship as

tEI(t) = Fy(H)U().
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(Recall U(s) is the g.f. for returning to 0).
With this relationship, we have

—sE()
1—SF1()
= —fF1 LUt Zs [Fy(1)]F

gtlog[l —sFi(t)] =

o] 1

= _ZS
—;;Mwmmw
-~ SR

k+1U( )

Notice

= 3" P(T = §)P(S,; = 0).

Thus, the generating function [F}(¢)]*U(t) is in fact a generating function for
the sequence of P(S,, = k) in n. That is,

o0

(B OIUE) = 3 t"P(Sh = k).

n=0
Notice that the sum is over n.
It therefore implies

aatlog[l —sFi(t)] = Z tnt Z s*P(S

n=1
So, we get
0 0 0 9,
5108 D(s,t) = —z.log(l —1) + = log[l — Fi(t)] - 7. log[1 — sF1(t)]
= Yt (1 — > P(S,=k)+>_ s"P(S, = k))
=1 k=1 k=1

= Zt” 1( (S, <0) +ZskPS _k)>

k=1
— ZtnflE(ss
=1
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Now integrate with respect to t to get the final result.

¢

Remark: I do not see why this final result is more meaningful than the
intermedian result. I am wondering if any of you can offer some insight.

3.3.4 Leads for tied-down random walk

Let us now go back to the simple random walk such that Sop = 0 and P(X; =
1)=p, P(Xi=-1)=q=1-p.

Define L, as the number of steps when the random walk was above the
line of 0 (but is allowed to touch 0). We have an arc-sin law established for
this random variable already. This time, we investigate its property when
Son, = 0 is given.

Theorem 3.7 Leads for tied-down random walk.

For the simple random walk S,

1
on+1’

for k=0,1,...,n. &

P(Ly, = 2k|Sy, =0) =

Remark: we may place more possibility at Lo, = n. It should divide the

time evenly above and below zero. This theorem, however, claims that a
uniform distribution is the truth. Note also that the result does not depend
on the value of p.
PRrROOF: Define T be the first time when S is zero again. Given Ty = 2r
for some r, Lo, can either be 0 or 2r as the simple random walk does not
cross zero. Making use of the results on the size of Ay, and fs,, it turns out
the conditional distribution is placing half and half probabilities on 0 and 2r.
Thus,

1 1
E(s"| Sy, = 0, Ty = 2r) = 5+ 532".
Now we define G, (s) = E[S¥2"|Sa,—0 and Fy(s) = E(S™). Further, let

o0

H(S, t) = Z t2nP(Sgn = O)ng(S).

n=0
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Conditioning on Ty, we have

Gon(s) = Y E[S""|Sy, =0,Ty = 2r|P(Ty = 2r|Ss, = 0)
r=1
Ly
= Z(§S2T)P<TO = 27”5271 = O)

r=1

Also
P(TO = QT)P(SQTL,QT = 0)

P(Ty = 2r|San = 0) = P = 0]

Hence,
1
H(s,t)—1= iH(s,t)[Fo(t) + Fy(st)].
Recall that
Fo(t) = (1 — dpqt®) /2,
one obtains
2
V1—12 41— s2t2
2[\/1 — 212 — /1 — t2]
t2(1 — s?)

_ i £21P( Sy, = 0) <(n ;)ini%) '

n=0

H(s,t) =

Compare the coefficient of t2" in two expansions of H(s,t), we deduce

n

Gan(s) =D (n+1)7's.

k=0

3.4 Branching Process

We only consider a simple case where Zy = 1 representing a species starts
from a single individual. It is assumed that each individaul will give birth of
random number of offsprings independently of each other. We call it family
size. We assume family sizes have the same distribution with probability
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generating function G(s). Let g and ¢? be the mean and variance of the
family size.

Let the population size of the nth generation be called Z,,.

It is known that

ElZ,) = u"

o?(p—=1)

-1
These relations can be derived from the identity:

Var(Z,) =

Gn(t) = G(Gn—l(t))

where G,,(t) = E(t?"). The same identity also implies that the probability of
ultimate extinction n = lim P(Z, = 0) is the smallest non-negative solution

of the equation
r = G(x).

Because of this, it is known that:
Lifu<l, n=1;

2.t p>1,n<1;

3. if u=1and 02 > 0, then n = 1;
4. if 4 =1 and 0? = 0, then = 0.

Discussion will be given in class.

3.5 Summary

The biggest deal of this chapter is the proof of the Renewal Theorem. The
proof is not much related to generating function at all. One may learn a lot
from this proof. At the same time, it is okay to choose to ignore the proof
completely.

One should be able to see the beauty of generating functions when han-
dling problems related to the simple random walk and the branching process.
At the same time, none of these discussed should be new to you. You may
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realize that two very short sections on the simple random walk and brach-
ing process are rich in content. Please take the opportunity to plant these
knowledge firmly in you brain if they were not so before.
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Chapter 4

Discrete Time Markov Chain

A discrete time Markov chain is a stochastic process consists of a countable
number of random variables arranged in a sequence. Usually, we name these
random variables as Xy, X1, X5, .... To qualify as a Markov chain, its state
space, S, which is the set of all possible values of these random variables,
must be countable, In addition, it must have Markov property:

P(Xn+1 = j‘Xn == i,Xn_l = in—ly e ,X1 = il,XO == Zo) == P(Xn+1 == j|Xn = Z)

When this transition probability does not depend on n, we say that the
Markov chain is time homogeneous.

The Markov chain discussed in this course will be assumed time homoge-
neous unless otherwise specified. In this case, we use notation

pij = P(X7 = j|Xo =1)

and P for the matrix with the ¢, jth entry being p;;.

It is known that all entries of the transition matrix are non-negative, and
its row sums are all 1.

Further, let P be the m-step transition matrix defined by

P = P(X,, = j|Xo = i).
Then they satisfy the Chapman-Kolmogorov equations:

pmtn) — pim)pr)

43
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for all non-negative positive integers m and n. Here, we denote P(0) = J.
Let ;™ be the row vector so that its ith entry

It can be seen that p(m*t? = ,MPn,
Both simple random walk and branching process are special cases of dis-
crete time Markov chain.

Example 4.1 Markouv’s other chain.

Note that the Chapman-Kolmogorov equation is the direct consequence of
the Markov property. Suppose that a discrete time stochastic process has
countable state space, and its transition probability matrix defined in the
same way as for the Markov chain, satisfies the Chapman-Kolmogorov equa-
tion. Does it have to be a Markov chain?

In mathematics, we can offer a rigorous proof to show this is true, or offer
an example a stochastic process with this property which is not a Markov
chain. It turns out the latter is the case.

Let Y1, Y3, Y5, ... be a sequence of iid random variables such that

PYi=1)=P(Vi=—1)=

Let Yo, = Yor_1Yorsq for £ = 1,2,.... We hence have a stochastic process
Y1,Ys,Ys, ... which has state space {—1,1}.
Note that

E[YoYopi1]) = E[Yar-1Ygh 1] = E[Yar_1] = 0.

Since these random variables take only two possible values, having correlation
0 implies independence. All other non-neighbouring pairs of random variables

are also independent of each other by definition.

Thus,

. ) . 1
P(Xm+n:]|Xn:Z) :P(Xm+n:J) = 9

for any 7,7 = £1. Thus, the m-step transition matrix is

)

wM:P:<

MBS NIES
INIE NI
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which is idempotent. It implies P+ = P(™P®) for all m and n.
That is, the Chapman-Kolmogorov equation is satisfied. However,

1
P(Yosq = 1Yo, = —1) = 5

but
P(Yopp1 = 1Yy, = =1, Y91 = 1) = 0.

Thus, this process does not have Markov property and is not a Markov chain.
¢

Although this example shows that a stochastic process with transition
probability matrices satisfying the Chapman-Kolmogorov equations is not
necessarily a Markov chain. When we are given a set of stochastic matrices
satisfying Chapman-Kolmogorov equations, it is always possilbe to construct
a Markov chain with this set of stochastic matrices as its transition proba-
bility matrices.

4.1 Classification of States and Chains

We use i, 7, k and so on to denote states in state space.

SN 0, we say that j is

If there exists an integer m > 0 such that pl(;n
reachable from .

If 7 is reachable from j and j is reachable from i, then we say that ¢ and
J communicate.

It is obvious that communication is an equivalence relationship. Thus, the
state space is partitioned into classes so that any pair of states in the same
class communicate with each other. Any pair of states from two different
classes do not communicate.

It is usually very simple to classify the state space. In most examples, it
can be done by examining the transition probability matrix of the Markov
chain.

Now let us consider individual classes. Let GG be a class. If G consists of
all states of the Markov chain, we say that the chain is irreducible.

If for any state ¢ € G and state j € G, p;; = 0. Then the Markov chain
can never leave class G once it enters. That is, once the value of X,, is in G
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for some n, then the values of X,,.,,’s are all in G when m > 0. A class G is
closed when it has this property. Notice that given X,, € G for some n, the
Markov chain {X,,, X,,11, ...} has effectively G as its state space. Thus, the
state space is reduced when G is a true subset of the state space.

In contrast to a closed class, if there exist states ¢ € G and j € G such
that p;; > 0, then the class is said open.

4.2 Class Properties

It turns out that the states in the same class have some common properties.
We call them class properties.

Due to Markov property, the event X,, = i for any ¢ is a renewal event.
Some properties that describe renewal events are positive or null recurrent,
transient, periodicity.

Definition 4.1 Property of renewal events

1. A renewal event is recurrent(persistent) if the probability for its future
occurrence is 1, given its occurrence at time 0.

2. If a renewal event is not recurrent, then it is called transient.

3. If the expected waiting time for the next occurrence of a recurrent
renewal event is finite, then the renewal event is positive recurrent.
Otherwise, it is null-recurrent.

4. Let Abe arenewal event and 7 = {n : P(A occurs at n|A occurs at 0) >
0}. The period of A is d, the greatest common divisor of 7. If d = 1,
then A is aperiodic.

¢

Due to the fact that entering a state is a renewal event, some properties
of renewal event can be translated easily here. Let

Py(s) = is"pijm)
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as the generating function of the n-step transition probability. Define
flj(”) = P<X1 7&‘777an1 #j’XO = Z)

be the probability of entering j from ¢ for the first time at time n. Let its
corresponding generating function be Fj;(s). We let

fij = Z fij(n)
for the probability that the chain ever enters state j starting from ¢. Note
that fi; = Fi;(1).
Lemma 4.1

(a): Pi(s) =1+ Fi(s)Pu(s).
(b): Fij(s) = Fij(s)Pj;(s) if i # j. &

PrRoOOF: The first property is the renewal equation. The second one is the
delayed renewal equation. &
Based on these two equations, it is easy to show the following.

Theorem 4.1

(a) State j is recurrent if and onmly if >, p;;(n) = oo. Consequently,
> n Dij(n) = oo when j is reachable from 4

(b) State j is transient if and only if Y-, p;;(n) < oo. Consequently,
>on Dij(n) < oo.

&
Proor: Using the generating function equations.
Theorem 4.2
. All properties in Definition 4.1 are class properties. &

PROOF: Suppose 7 and j are two states in the same class. State ¢ is recurrent,
and we want to show that state j is also recurrent.
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Let p;j(m) be the m-step transition probability from i to j. Hence,
> m Pii(m) = oo. Since ¢ and j communicate, there exist m, and my such that
pij(ml) > (0 and pji(mg) > 0. Hence, pjj(m—i-ml—i-mg) > pji(mQ)pii(m)pij (ml)
Consequently,

Y pji(m) > Y pji(m+my +mo)

> pji(m2){d_ pii(m)}pi;(ma)

= OQ.

That is, 7 is also a recurrent state.

The above proof also implies that if 7 is transient, j cannot be recurrent.
Hence, j is also transient.

We delegate the positive recurrentness proof to the future.

At last, we show that ¢ and j must have the same period.

Define 7; = {n : p;(n) > 0} and similarly for 7;. Let d; and d; be the
periods of state ¢ and j. Note that if ny,ny € 7;, then any + bny € 7; for any
positive integers a and b. Since d; is the greatest common divisor of 7;, there
exist integers aq, ..., a, and ny,...,n,, € 7; such that

aing + agMo + -+ + ANy, = dz

By grouping positive and negative coefficients. it is easy to see that the
number of items m can reduced to 2. Thus, we assume that it is possible to
find aq, as and nq, ny such that

aini + agng = dZ
We can then further pick non-negative coefficients such that
anny + agng = kd;,  anng + asny = (k + 1)d;

for some positive integer k.
Let m; and ms be the number of steps the chain can go and return from
state ¢ to state j. Then, both

m1+m2+kdi,m1+m2+(k+1)di EIZ}.

Thus, we must have d; divides d;. The reverse is also true by symmetry.
Hence d; = d;. <
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4.2.1 Properties of Markov Chain with Finite Number
of States

If a Markov chain has finite state space, then one of the states will be visited
infinite number of times over infinite time horizon. Thus, at least one of
them will be recurrent (persistent). We can prove this result rigorously.

Lemma 4.2

If the state space is finite, then at least one state is recurrent and all recurrent
states are positive recurrent. &

PROOF: A necessary condition for a recurrent event to be transient is u,, — 0
as n increases. In the context of Markov chain, it implies that state j is
transient implies p;;(n) — 0. Because

1= sz'j(")a

we cannot have p;;(n) — 0 for all j when the state space is finite. Hence, at
least one of them is recurrent. O

Intuitively, the last conclusion implies that there is always a closed class
of recurrent states for a Markov chain with finite state space. Since the
Markov chain cannot escape from the finite class, the average waiting time
for the next visit will be finite. Thus, at least one of them is recurrent and
hence positive recurrent.

We skip the rigorous proof for now.

4.3 Stationary Distribution and the Limit The-

orem

A Markov chain consists of a sequence of discrete random variables. For
convenience, they are regarded as non-negative integers.

For each n, X,, is a random variable whose distribution may be different
from that of X,,_; but is involved from it. When n is large, the dependence of
the distribution of X,, on that of X, gets weaker and weaker. It is therefore
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possible that the distribution stabilizes and it may hence have a limit. This
limit turns out to exist in many cases and it is related to so called stationary
distribution.

Definition 4.1

The vector 7 is called a stationary distribution of a Markov chain if 7 has
entries m;, j € S such that

(a) m; > 0 for all j and >°; m; = 1;

(b) m = P where P is the transition probability matrix. &

It is seen that if the probability function of X is given by a vector called
«, then the probability function of X, is given by

B(n) = aP™.

Consequently, if the distribution of X, is given by m, then all distributions
of X,,.,n, are given by 7. Hence it gains the name of stationary.

It should be noted that if the distribution of X,, is given by =, the distri-
bution of X,,_,, does not have to be .

Lemma 4.3

If the Markov chain is irreducible and recurrent, there exists a positive root
x of the equation x = xP, which is unique up to a multiplicative constant.
The chain is non-null if >, z; < oo, and null if >, x; = oco. &

PROOF: Assume the chain is recurrent and irreducible. For any states k,7 €
S,
Nip =>_ I(X, =14,T >n)
n

with T} being the time of the first return to state k. Note that T}, is a well
defined random variable because p(T), < o0) = 1.

Define p;(k) = E[N|Xo = k| which is the mean number of visits of the
chain to state i between two successive visits of state k.

By the way, if j is recurrent, then p; = E[T}] is called the mean recurrent
time. It is allowed to be infinity when the summation in the definition of



4.3. STATIONARY DISTRIBUTION 51

expectation does not converge. When j is transient, we simply define y; = oo.
Thus, being positive recurrent is equivalent to claim that p; < oo.
Note that px(k) = 1. At the same time,

It will be seen that the vector p with p;(k) as its kth component is a base for
finding the stationary distribution.
We first show that p;(k) are finite for all k. Let

lki = P(Xn = i,Tk Z TL|X0 = k?),

the probability that the chain reaches ¢ in n steps but with no intermediate
return to the starting point k.
With this definition, we see that

Jer(m +n) > Iy (m) fir(n)

in which the right hand side is one of the sample paths taking a roundtrip
from k back to k in m + n steps, without visiting £ in intermediate steps.
Because the chain is irreducible, there exists n such that fir(n) > 0. Now
sum over m on two sides and we get

kakm+n >fzk: Zlkz

Since Y, fer(m +n) < oo and fix(n) > 0, we get >, lri(m) < co. That is,
pi(k) < o0.

Now we move to the next step. Note that l;(1) = px;, the one-step
transition probability. Further,

Li(n) = Y P(Xi,Xno1=34.Tx >n|Xo = k)
J:i#k
= Z lk_] pj’L
J:i#k

for n > 2. Now sum over n > 2, we have

pi(k) = pui+ Z {Zlkj(n_l)}pji

jii#k | n>2

= pe(K)pei + > pj(k)pji
itk



52 CHAPTER 4. DISCRETE TIME MARKOV CHAIN

because pi(k) = 1. We have shown that p is a solution to xP = x.
This proves the existence part of the lemma. We prove uniqueness next.
First, if a chain is irreducible, we cannot have a non-negative solution for
xP = x with zero-components. If so, write x = (0, x5) and

Py P21]
P = .
[le Py

Then, we must have x,P; = 0. Since all components in x5 are positive, we
must have P»; = 0. This contradicts the irreducibility assumption.

If there are two solutions to xP = x who are not multiplicative of each
other, then we can obtain another solution with non-negative components
and at least one 0 entry. This will contradicts the irreducibility assumption.
(This proof works only if there are finite number of states. The more general
case will be proved later).

Due to the uniqueness, for any solution x, we must have for any state k,

P = CZ%’-

Thus, if £k is positive recurrent, we have > x; < oo.
This completes the proof of the lemma. &
We have an immediate corollary.

Corollary 4.1

If states ¢ and j communicate and state ¢ is positive recurrent, then so is
state 7. &

One intermediate results in the proof of the theorem can be summarised
as another lemma.

Lemma 4.4

For any state k of an irreducible recurrent Markov chain, the vector p(k)
satisfies p;(k) < oo for all ¢, and furthermore p(k) = p(k)P. O

The above lemma shows why we did not pay much attention on when
a Markov chain is positive recurrent. Once we find a suitable solution to
x = xP, we know whether it is positive recurrent or not immediately.

The next theorem summary these results to give a conclusion on the
existence of stationary distribution.
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Theorem 4.3

An irreducible Markov chain has a stationary distribution 7 if and only if
all the states are positive recurrent; in this case, 7 is the unique stationary
distribution and is given by m; = ,u;l for each i € S, where p; is the mean
recurrence time of j. &

Proor. We have already shown that if the chain is positive recurrent, then
the stationary distribution exists and is unique. If the chain is recurrent
but not positive recurrent, then due to the uniqueness, there cannot be an-
other solution x such that ) z; < co. Thus, there cannot exist a stationary
distribution or it violates the uniqueness conclusion.

Now if the chain is transient, we have p;;(n) — 0 for all ij as n — oo. If
a stationary distribution 7 exists, we must have

mj = > mipij(n) — 0

by dominate converges theorem. This contradicts the assumption that 7 is
a stationary distribution.

Thus, all left to be shown is whether m; = ,uj_l for each ¢ € S when the
chain is positive recurrent.

Suppose X has 7 as its distribution.. Then

mip; =y P(T; > n|Xo = j)P(Xo = j) = P(T; > n, Xo = j).
n=1

However, P(T; > 1, Xy = j) = P(Xo = j) = m; and for n > 2,

P(T; > n, Xo = j)

= PXo=7X,#j forall 1<m<n-—1)
P(Xy,#j for 1<m<n—1)—P(X,,#j for 0<m<n—1)
P(X,#j for 0<m<n—2)—P(X,,#j for 0<m<n-1)

= Ap—2 — Qp-1

with a,, defined as is.
Thus, sum over n we obtain

mip; = P(Xo = j) + P(Xo # j) — lima, =1 — lima,,.
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Since state j is recurrent,
a, = P(X,, #j forall 1<m#n)

has limit 0. Hence we have shown 7; = u;l. O

Now we come back for the uniqueness again. We skipped its proof earlier.
It turns out that the general proof is very tricky.

Suppose {X,,} is an irreducible and recurrent Markov chain with transi-
tion probability matrix P. Let x be a solution to x = xP. We construct
another Markov chain Y,, such that

Qz‘j(n) = P(Yn = ]|Y0 = Z) = ;]pﬂ(n)

for all 7,7 € S and n. It is easy to verify that ¢;; make a proper transition
probability matrix. Further, it is obvious that {Y,,} is also irreducible. By
checking the sum over n, it further shows that {Y,,} is recurrent.

Let, for i # 7,

lii(n) =P(X,=14,X,, #7 for 1 <m <n—1|X,=7).
We show that

gij(n) = P(Yy, = 5, Yy # 4, for 1<m<n—1]¥; =1i)
satisfies

9 (n) = 1y (n).

Let us examine the expressions of g;; and [;. One is the probability of all
the pathes which start from j and end up at state ¢ before they ever visit j
again. The other is the probability of all the pathes which start from ¢ and
end up at state j without being there in between. If we reverse the time of
the second, then we are working with the same set of sample pathes.

For each sample path corresponding to [;;(n), let us denote it as

jv kla k?a R kn—la i?
its probability of occurrence is

Pjk1Pky ks Php_,i-
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The reverse sample path for g;;(n) is i, k,—1, ..., k2, k1, j and its probability
of occurrence is

qiyknflqk'rLflykan T qu,kl qklyj
Lh—1 Thp_s LTky Tk;

= DPkp_1,i" " Pk1kaPjr X :
Ty Tk, 4 Loy Ty

Ty
= T Pkn_1, """ PkykaPjkn
L

Since it is true for every sample path, the result is proved.
Note that 3, gi;(n) corresponds to the probability that the chain will ever
enter state j and the chain is recurrent and irreducible, we have Y°,, g;;(n) = 1.

Consequently, .
B L -1
= [l ()]

and hence the ratio is unique.

4.3.1 Limiting Theorem

We have seen that an irreducible Markov chain has a unique stationary dis-
tribution when all states are positive recurrent. It turns out that the limits
of the transition probabilities p;;j(n) exist when n increases, provided they
are aperiodic.

When the chain is periodic, the limit does not always exist. For example,
if S =1{0,1} and p12 = pa1 = 1, then

p11(n) = paa(n) = I(n is even).

Obviously, the limit does not exist.
When the limits exist, the conclusion is neat.

Theorem 4.4
For an irreducible aperiodic Markov chain, we have that
pij(n) — p;"!

as n — oo for all i and j.
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Remarks:

1. If the chain is transient or null recurrent, then it is known that p;;(n) —
0 for all + and j. Since p1; = oo in this case, the theorem is automatically
true.

2. If the chain is positive recurrent, then according to this theorem,
pij(n) — w5 = p; .

3. This theorem implies that the limit of p;;(n) does not depend on n. It
further implies that

P(X,=j)— ﬂj_l

irrespective of the distribution of Xj.
4. If {X,,} is an irreducible chain with period d, then { X4} is an aperiodic
chain. (Not necessarily irreducible). It follows that

pii(nd) = P(Y, = j|Yy = j) — dp;’
as n — oo.

PROOF:

Case I: the Markov chain is transient. In this case, the theorem is true
by renewal theorem.

Case II: the Markov chain is recurrent. We could use renewal theorem.
Yet let us see another line of approach.

Let {X,} be the Markov chain with the transition probability matrix P
under consideration. Let {Y,} be an independent Markov chain with the
same state space S and transition matrix P with {X,}.

Now we consider the stochastic process {Z,} such that Z, = (X,,,Y,),
n=20,1,2,.... Its state space is S x S. Its transition probabilities are simply
multiplication of original transition probabilities. That is,

Plij)—(kl) = PikDjl-

The new chain is still irreducible. If pj(m) > 0 and p;(n) > 0, then
pik(mn)pj(mn) > 0 and so kl is reachable from ij.

The new chain is still aperiodic. It states that if the period is one, then
pij(n) > 0 for all sufficiently large n. Thus, p;;(n)pk(n) > 0 for all large
enough n too.
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Case IL.1: positive recurrent. In this case, { X, } has stationary distribu-
tion 7, and hence {Z,} has stationary distribution given by {mx; : i,j € S}.
Thus by the lemma in the last section, {Z,} is also positive recurrent.

Assume (X, Yy) = (¢, ) for some (i, 7). For any state k, define

T =min{n: Z, = (k, k)}.

Due to positive recurrentness, P(T' < oo) = 1.

Implication? Sooner or later, X,, and Y,, will occupy the same state. If so,
from that moment and on, X,,,,, and Y,,.,, will have the same distribution.
If Y,, has 7w as its distribution, so will X,.

More precisely, starting from any pair of states (7, j), we have

pir(n) = P(X,=k)
P(X, =k, T <n)+ P(X, =k T >n)
= P(Y,=kT<n)+P(X,=kT>n)
< P(Y,=k)+ P(T >n)

pix(n) + P(T > n).
Due to the symmetry, we also have
pir(n) < pix(n) + P(T > n).
Hence
Ipik(n) — pjr(n)] < P(T'>n) — 0
as n — oo. That is,
pzk(”) — pjk(n) — 0.
or if the limit of p,,(n) exists, it does not depend on j. (Remark: P(T >

n) — 0 is a consequence of recurrentness).
For the existence, we have

Tk — pin(n) = z;qﬂi(pik(”) — pjr(n)) — 0.

Case I1.2: null recurrent. We can no longer claim P(T > n) — 0.
In this case, {X,,,Y,} may be transient or null recurrent.
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If {X,,Y,} is transient, then
P(X, =3j,Y, = j|Xo=1,Yy =1) = [p;(n)]* — 0.

Hence, the conclusion p;;(n) — 0 remains true.
If {X,,, Y, } is null recurrent, the problem becomes a bit touchy. However,
P(T > n) — 0 stays. Thus, we still have the conclusion

pir(n) — pjr(n) — 0,

but we do not have a stationary distribution handy.
What we hope to show is that p;;(n) — 0 for all ¢,j € S. If this is not
true, then we can find a subsequence of n such that

pij(ne) —

as r — 00, and at least one of «; is not zero.
Let F be a finite subset of S. Then

> a; = lim p;j(n,) < 1.
ik r—00
This is true for any finite subset, which implies
o= Z a; < 1.
i€s

(Recall that S is countable).
Using the idea of one-step transition, we have

> pin(ne)pry < pij(ne + 1) = pipri(ng).
keF kes
Let r — 0o, we have
Z QpPrj < Zpikoéj = qj.

keF kesS

Let F' get large, we have

> iy < .
kesS
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The equality has to be true, otherwise,

doak = Y ok pr

keS kesS jes

= Z Ok Pk

k,jeS

= Z[Z P

j€S kes
< X

jes

which is a contradiction. However, when the equality holds, we would have

Z Prj =
keS

for each j € S. Thus, {a;/a,j € S} is a stationary distribution of the
Markov chain. This contradicts the assumption of the null recurrentness. <

Theorem 4.5

For any aperiodic state j of a Markov chain, pj;(n) — /L;l as n — 00.
Furthermore, if 7 is another state, then p;;(n) — fiju;1 as n — 0o. O

Corollary 4.2

Let

SRS

Tij(n) =

z: pij(m)

be the mean proportion of elapsed time up to the nth step during which the
chain was in state j, starting from ¢. If j is aperiodic, then

Tii(n) = fij/ 1

as n — 0o. &
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4.4 Reversibility

Let {X,,:n=0,1,2,..., N} be a (part) of a Markov chain whose transition
probability matrix is P and it is irreducible and positive recurrent so that 7
is its stationary distribution.

Now let us define Y,, = Xy_, for n = 0,1,...,N. Suppose all X,, has
distribution given by the stationary distribution 7. It can be shown that
{Y,.} is also a Markov chain.

Theorem 4.6
The sequence Y = {Y,, : n=10,1,..., N} is a Markov chain with transition
probabilities -

¢
PrROOF We need only verify the Markov property. Other conditions for a

Markov chain are obvious.
P(Yn+1 :/L.n+1|Yk :ik,k:O,...,n)
= P(Yk:zk,k:O,,n,n—i—l)/P(Yk:zk,k:O,,n)
= P(XN_k:ik,k:0,...,TL,TL+1)/P(XN_k:ik,]{:O,...,n)

P(XN—n—l - in-l—l)P(XN—n — in‘XN—n—l — in—i—l)
P(Xan = Zn)

Tin1Ping1in
Tin,
Since this transition probability does not depend on iy, Kk =0,...,n— 1, the
Markov property is verified. &
Although Y in the above theorem is a Markov chain, it is not the same
as the original Markov chain.

Definition 4.1

Let {X,, : 0 <n < N} be an irreducible Markov chain such that it has sta-
tionary distribution 7 for all n. The chain is call reversible if the transition
matrices of X and its time-reversal; Y are the same, which is to say that

TiPij = TiDji
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for all 1, 5. %

Why do we define the reversibility? One advantage is when a chain is
reversible, the transitions between ¢ and j are balanced at equilibrium. This
provides us a convenient way to solve for the stationary distribution. We
have also used the idea to prove the uniqueness of the solution to # = 7w P.

Theorem 4.7

Let P be the transition matrix of an irreducible chain X and suppose that
there exists a distribution 7 such that mp;; = m;p;; for all ¢,7 € S. Then
7 is a stationary distribution of the chain. Furthermore, X is reversible in
equilibrium.
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Chapter 5

Continuous Time Markov
Chain

It is more realistic to consider processes which do not have to evolve at
specified epochs. However, setting up continuous time stochastic processes
properly involves a lot of effort in mathematics. We now work on two special
continuous time stochastic processes first to motivate the continuous time
Markov chain.

5.1 Birth Processes and the Poisson Process

These processes may be called counting processes in general. We have a
process {N(t) : t > 0} such that

(a) N(0) =0, and N(t) € {0,1,2,...},

(b) if s < t, then N(s) < N(t).

What other detailed properties should we place on it?

Definition 5.1

A Poisson process with intensity A is a process N = {N(t) : t > 0} taking
values in S = {0,1,2,...} such that
(a) N(0) = 0; if s < ¢, then N(s) < N(t),

63
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Ah +o(h) if m=1,
(b)P{N(t+h) =n+m|N(t) =n} =4 o(h) it m>1,
1 —=Xh+o(h) if m=0.

(c) if s < t, the random variable N(t) — N(s) is independent of the N(s).
¢

In general, we call (b) the individuality, and call (¢) the independence
property of the Poisson process. It is well known as these specifications imply
that N(t) — N(s) has Poisson distribution with mean A(¢t — s) for s < ¢.

Theorem 5.1

N(t) has the Poisson distribution with parameter At; that is to say

t)J
(A,) exp(—At), j=0,1,2,....

PN() =) =5,

¢

PROOF: Denote p;(t) = P(N(t) = j). The properties of the Poisson process
lead to the equation

Pj(t) = Apj1(t) — Ap;(t)
of j # 0; likewise
po(t) = —Apo(t).
With the boundary condition p;(0) = I(j = 0), the equations can be solved
and the conclusion proved. &

We may view a counting process by recording the arrival time of the nth
event. For that purpose, we define

Ty =0, T, =inf{t: N(t) =n}.
The inter-arrival times are the random variables X, X5, ... given by
X,=T,—T, 1.

The counting process can be easily recontructed from X,,’s too.
The following theorem is a familiar story.
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Theorem 5.2
The random variables X7, Xs, ... are independent, each having the exponen-
tial distribution with parameter \. &

PROOF: It can be shown by working on

n
P(Xpp >t+ > 4] Xi=t;,i=1,2,...,n)
i=1
by making use of the property of independent increment. %

There is a bit problem with this proof as the event we conditioning on has
zero probability. It could be made more rigorous with some measure theory
results.

The Poisson process is a very satisfactory model for redioactive emissions
from a sample of uranium-235 since this isotope has a half-life of 7x 10® years
and decays fairly slowly. That is, we have a constant radio-active source in
a short time. For some other kinds of radio-active substances, the rate of
emission should depend on the number of detected emission already.

It can be shown that {N(¢) : t > 0} is a Poisson process if and only if
X1, Xo, ... are independent and identically distributed exponential random
variables. If the X, has exponential distribution with rate \; instead, then
we have a general birth process.

Definition 5.2

A birth process with intensity A, A1,... is a process {N(t) : t > 0} taking
values in S = {0,1,2,...} such that
(a) N(0) > 05 if s < t, then N(s) < N(t),

Mh+olh)  ifm=1,
(b)P[N(t+h) =n+m|N(t) =n) =14 o(h) if m>1,
1= Mh+o(h) if m=0.

(c) if s < t, the random variable N(t) — N(s) is independent of the N (s).
%

Here is a list of special cases:
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(a) Poisson process. A\, = A for all n.

(b) Simple birth. A, = nA. This is the case when each living individual
gives birth independently of others, and at the constant rate.

(¢) Simple birth with immigration. A\, = nA+v. In addition to the simple
birth, there is a steady source of immigration.

The differential equation we derived for the Poisson process can be easily
generalized. We can find two basic sets of them. Define p;;(t) = P(N(s+t) =
J|N(s) = i). The boundary conditions are p;;(0) = d;; = I(i = j).

Forward system of equations:

Pij(t) = Ajmapig () = Apis (1)

for 57 > 1.
Backward system of equations:

Py () = Aipiv1i(t) — Aipys (1)

for 7 > 1.

The forward equation can be obtained by computing the probability of
N(t+ h) = j conditioning on N(t) = i. The backward equation is obtained
by computing the probability of N(t 4+ h) = j conditioning on N(h) = i.

Theorem 5.3

The forward system has a unique solution, which satisfies the backward sys-
tem. <>

ProOOF: First, it is seen that p;;(t) = 0 whenever j < i. When j = 1,
pii(t) = exp(—A;t) is the solution. Substituting into the foward equation,
we obtain the solution for p;;1(t). Repeat this procedure implies that the
forward system has a unique solutions.

Using Laplace transformation reveals the structure of the solution better.

Define -
pij(0) :/0 exp(—0t)pq;(t)dt.

Then, the forward system becomes

(9 + Aj)ﬁz’j@) = 5ij + )‘jflﬁi,jfl(e)-
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The new system becomes easy to solve. We obtain

A”w)_i Ai Ait1 Aj
Pl = X 0 M0+ s O+ A

for j > 4. The uniqueness is determined by the inversion theorem for Laplace
transforms.

If m;;(t)’s solve the backword systems, their corresponding Laplace trans-
forms will satisfy

(0 + Xi)7i;(0) = 0ij + Nitig1,;(0).

It turns out that these satisfying the forward system will also satisfy the
backward system here in Laplace transforms. Thus, the solution to the for-
ward equation is also a solution to the backward equation. &

An implicit conclusion here is: the backward equation may have many
solutions. It turns out that if there are many solutions to the backward
equation, the solution given by the forward equation is the minimum solution.

Theorem 5.4

If {p;;(t)} is the unique solution of the forward system, then any solution
{m;;(t)} of the backward system satisfies p;;(t) < m;;(¢) for all 4, j, ¢. &

If {p;;(t)} is the transition probabilities of the specified birth and death
process, then it must solve both forward and backward systems. Thus, the
solution to the forward system must be the transition probabilities. This
could be compared to the problem related to probability of ultimate extinc-
tion in the branching process. Conversely, the solution to the foward system
can be shown to satisfy the Chapman-Kolmogorov equations. Thus, it is a
relevent solution.

The textbook fails to demonstrate the why the proof of the uniqueness
for the forward system cannot be applied to the backward system. The
key is the assumption of p;;(t) = 0 when j < i. When this restrict is
removed, the backward system may have multiple solutions. This restriction
reflects the existence of some continuous time Markov chains which have the
same transition probability matrices to some degree to the birth process.
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Consequently, the text book should not have made use of this restriction in
proving the uniqueness of solution to the forward system.
Intuitively, we may expect that

> pi(t) =1

jes
for any solutions. If so, no solutions can be larger than other solutions and
hence the uniqueness is automatic. The non-uniqueness is exactly built on
this observation. This constraint does not hold for some birth processes.
When the birth rate increases with the population size fast enough, the
population size may rearch infinity in finite amount of time.

When the solution to the forward equation

> pi(t) <1
j€s
for some ¢t > 0 and 1, it is possible then to construct another solution which
also satisfies the backward system. See Feller for detailed constructions.
In that case, it is possible to design a new stochastics process so that its
transition probabilities are given by this solution.
What is the probabilistic interpretation when

Y opit) <1

jes

for some finite ¢, and 7 It implies that within the period of ¢, the population
size has jumped or exploded all the way to infinity. Consequently, infinite
number of transitions must be have occurred. Recall the waiting time for the
next transition when N (t) = n is exponential with rate A,. Let T,, = > | X
be the waiting time for the nth transition. Define T, = lim,, .. T},.

Definition 5.3 Honest/dishonest

We call the process N honest if P(T < co) = 0 and dishonest otherwise.

Lemma 5.1
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Let X1, X5, ... be independent random variables, X,, having the exponential
distribution with parameter \,,_;, and let T, = >>° ; X,,. We have that
0 if 32 At = o0,

n=1"'n

}w&<@:{1ﬁzwA < oo

ProOF: By definition of T, we have
[TOO] = Z /\;1-
n=1

Hence, when 2%, A7 < oo, E[T,] < 0o and P(T,, < co) = 1. This implies
dishonesty.

If >, A\, 1 = oo, it does not imply T,, = oo with any positive prob-
ability. If, however, P(Ty < t) > 0 for any ¢ > 0, then Elexp(—Tw)] >
exp(—t)P(Ty < t) > 0. We show that this is impossible under the current
assumption. Note that

Elexp(-Ty)] = hm EHexp -X,)
n=1
=$pHEm$%)
= hm H (1+2H71
N
= lim [[[(1+ X!
Nﬂoo el

According to mathematical analysis result, the product with infinite terms
equals infinity when 30 ; A1 = oco. (Check its logrithm). Hence, Elexp(—T)] =

n=1"'n

0 which contridicts the assumption Flexp(—T4)] > 0 made earlier. &
The following theorem is an easy consequence.

Theorem 5.5

The process N is honest if and only if >°°, At =
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5.1.1 Strong Markov Property

The Markov property for discrete time stochastic process states: given the
present (X,, = i), the future (X,,,,,’s) is independent of the past (X, _;’s).
The time represents the present is a non-random constant. In the example
of simple random walk, we often claim that once the random walk returns
to 0, it renews itself. That is, the future behavior of the random walk does
not depend on how the random walk got into 0 nor when it returns to 0. We
may notice that this notion is a bit different from the Markov property. The
“present time” is a random variable.

This example implies that the Markov property is true for some randomly
selected time. The question is what kind of random variable can be used for
this purpose? Suppose {N(t) : t > 0} is a stochastic process and T is
a random variable. If the event T" < t is completely determined by the
knowledge of {N(s) : s < t}, then we call it a stopping time for stochastic
process {N(t) : t > 0}. More rigorous definition relates to the concept of
o-field we introduce before.

Theorem 5.6 Strong Markov Property

Let N be a birth process and let T" be a stopping time for N. Let A be an
event which depends on {N(s) : s > T'} and B be an event which depends
on {N(s) : s <T}. Then

P(A|N(T) = i, B) = P(A|N(T) = i)

for all 4. &

PROOF: In fact, this is a simple case, as N(T') is a discrete random variable.
The kind of event B which causes most trouble are those contains all infor-
mation about the history of the process before and including time 7". If that
is the case, then the value of T' is completely determined by B. Hence, we
may write "= T'(B). Hence, it claims that

P(A|N(T) =1i,B) = P(AIN(T) =i, T = T(B), B).

Among the three pieces of information on the right hand side, T is defined
based on {N(s) : s <T(B)} and is a constant when “N(T') =i,T =T(B)”.
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Hence the Markov (weak one) property allows us to ignore B itself. At the
same time, the process is time homogeneous, it depends only on the fact that
the chain is in state ¢ now, not when it first reached state ¢. Hence, the part
of T'=T(B) is also not informative. Hence the conclusion.

The measure theory proof is as follows. Let H = 0{N(s) : s < T’} which
is the o-field generated by these random variables. An event B containing
historic information before T" is simply an event in this o-algebra. Recall the
formular F[E(X|Y)] = E(X). Let H play the role of Y, and E(:|N(T) =
i, B) play the role of expectation, we ahve

P(AIN(T)=i,B) = E(I(A)|N(T)=1i,B)
[(A)|N(T) = i, B, H)|N(T) = i, B).

|
=
&

We claim E(I(A)|N(T) = i,B,H) = E(I(A)|N(T) = i) since it is H-
measurable, plus 7" is a constant on B and the weak Markov property. Since
this function is a constant in the eyes of N(T') = i, B, we have

E{E(I(A)|N(T) = )|N(T) = i, B} = E(I(A)[N(T) = i).

This result is easy to present for discrete time Markov chain. Hence, if
you cannot understand the above proof, work on the discrete time example
in the assignment will help. &

Example 5.1

Consider the birth process with N(0) = I > 0. Define p,(t) = P(N(t) = n).
Set up the forward system and solve it when A\, = nA\. &

5.2 Continuous time Markov chains

Let X = {X(t) : t > 0} be a family of random variables taking values in
some countable state space S and indexed by the half-line [0, 00). As before,
we shall assume that S is a subset of non-negative integers.

Definition 5.1
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The process X satisfies the Markov property of
P(X(t,) =j|X(t1) =d1,..., X(tno1) = tn1) = P(X(t,) = j| X (tn-1) = in_1)
for all j,41,...,7,1 € S and any sequence 0 < t; < ty < --- < t,, of times.

A continuous time stochastic process X satisfying the Markov property
is called a continuous time Markov chain.

One obvious example of continuous time Markov process is the Poisson
process. The pure birth process is not a Markov process when it is dishonest.
The reason is that to qualify as a Markov chain, we would have required
{N(t) : t > 0} to be a family of random variables. If the population size can
explode to infinity at finite ¢, then N(¢) is not always a random variable for
a given t.

One difficulty of studying the evolution of the continuous time Markov
chain is the lack of one-step transition probability matrix. No matter how
short a period of time is, we can always find a shorter period. This observa-
tion gives rise to the need of infinitesimal generator.

Definition 5.2
The transition probability p;;(s,t) is defined to be
pij(s,t) = P(X(t) = j|X(s) = 1)

for s < t.
The chain is called time homogeneous if p;;(s,t) = p;;(0,t — s) for all
i,J,s,t and we write p;;(t — s) for p;;(s, ). O

We will assume the homogeneity for all continuous time Markov chain
to be discussed unless otherwise specified. We also use notation P, for the
corresponding matrix. It turns out that the collection of all transition prob-
ability matrices form a stochastic semi-group. Forming a group means we
can define an operation on this set such that the operation is closed and
invertable. A semi-group may not have an inverse for each member in the
same set.

Theorem 5.7
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The family {P; : ¢ > 0} is a stochastic semi-group; that is, it satisfies the
following conditions:

(a) Py = I, the identity matrix;

(b) Py is stochastic, that is P; has non-negative entries and row sum 1;

(¢) the Chapman-Kolmogorov equations: Py, = PP, if s,¢,> 0. &
Proor: Obvious. %

Remark: a quick reference to mathematics definition reveals that only
(¢), and sometimes also (a) are properties of a semi-group.

For continuous time Markov chain, there is no ¢, such that P,  can be
used to compute P, for all ¢. This is different from the discrete time Markov
chain. Is it possible to represent all P, from a single entity?

The answer is positive if the semi-group satisfies some properties.

Definition 5.3

The semigroup {P; : ¢t > 0} is called standard if P, — I as t | 0, which is to
say that p;;(t) — 1 and p;;(t) — 0. &

Being standard means that every entry of P, is a continuous function of ¢,
not only at t = 0, but also at any ¢ > 0 by Chapman-Kolmogorov equations.
It does not imply, though, that they are differentiable at ¢ = 0.

Suppose that X (¢) = i at the the moment ¢t. What might happy in the
next short period (¢,t + h)?

May be nothing will happen, the corresponding chance is p;;(h) + o(h).

It may switched into state j with corresponding chance p;;(h) + o(h).

The chance to have two or more transitions are assumed o(h) here. I take
it as an assumption, which means not all Markov chain has this property.
The book mentioned that it can be proved. I am somewhat skeptical.

It turns out that when the semi-group is standard, the following claim is
true:

pij(h) = gijh 4+ o(h), piu(h) =14 gih + o(h) (5.1)

where g;;’s are a set of constants such that ¢;; > 0 for ¢ # j and —oco < g;; <0
for all 4.
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Unless additional retrictions are applied, some g;; may take value —oo.
In which case I guess that the interpretation is

pu(h) -1 .
h

—0Q.

When all the needed conditions are in place, we set up a matrix G for g;;
and call it infinitesimal generator.
Linking this expansion to the transition probability, we must have

> 95 =0
;

for all 2. Due to the fact that some g;; can be negative infinity, the above rela-
tionship does not apply to all Markov chains. We will discuss the conditions
under which this result is guaranteed.

Once we admit the validity of (5.1), then we can easily obtain the forward
and backward equations.

Forward equations P}, = P,G;

Backward equations P}, = GPy;

Example 5.2

Birth process. Write down the infinitesimal generator here. &

The validity of (5.1) does not guarantee the uniqueness of the solution
to these two systems. It is known that the backward equations are satisfied
when the semi-group is standard. The forward equations are proved when
the semi-group is uniform which will be discussed a bit further.

When all entries of G are bounded by a common constant in absolute
value, then two systems share a unique solution for P;. In fact, the solution
can be written in the form

OOtTL

We may also write it as
Pt = eXp(tG)
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Recall that for some Markov chain with standard semi-group transition
probability matrices, the instantanuous rates g;; could be negative infinity.
In this case, state i is instantanuous. That is, the moment of the Markov
chain entering state i is also the moment of leaving the state. Barring such
possibilities by assuming g;; have a common upper bound in absolute value,
then waiting times for Markov chain leaving state i will have momoryless
property. Therefore, we have the result as follows.

Theorem 5.8

Under some conditions, the random variable U; is exponentially distributed
with parameter —g;;, where U; is the waiting time for the Markov chain to
leave state 1.

Further, the probability that the chain jumps to state j from state 7 is
_gij/ Gii- &

The result on the exponential distribution is the product of the Markov
property. Since the Markov property implies the memoriless property, and
the later implies the exponential distribution. The only hassle is the param-
eter —g;;. As long as it is finite for all 7, the proof is good enough.

The proof for the second part is less rigorous. Taking a small positive
value h, we consider the probability under the assumption of x < U < x +
h. The conditional probability converges to —g;;/¢;; when the boundedness
conditions on g;; are satisfied.

Example 5.3

A continuous Markov chain with finite state space is always standard and
uniform. Thus, all the conclusions are valid. &

Example 5.4

A continuous Markov chain with only two possible states can have its forward
and backward equations solved easily. &
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5.3 Limiting probabilities

Our next issue is about limiting probabilities. Similar to discrete time Markov
chain, we need to examine the issue of irreducibility. It turns out that for
any state ¢ and j, if
pij(t) >0
for some ¢ > 0, then p;;(t) > 0 for all £ > 0.
We say that a continuous time Markov chain is irreducible when p;;(t) > 0
for all 4,5 and ¢t > 0.

Definition 5.1

The vector 7 is a stationary distribution of the continuous Markov chain if
;> 0,>;m =1, and m = 7P, for all ¢t > 0. &

By Chapman-Kolmogorov equations, if X (¢) has distribution =, then
Xt + s) also has distribution 7 for all s > 0.

If 7 is such a distribution, it must be unique and non-negative when the
chain is irreducible. This is due to the fact that P, is a transition probability
matrix of some discrete times Markov chain which is irreducible. Hence, its
stationary distribution is non-negative and unique.

Solving equations m = wP; may not be convenient as P,’s are hard to
specify. We hence seek help from the following theorem.

Theorem 5.9

If the Markov chain has uniform semi-group transition probability matrices,
then m = 7P, for all ¢ if and only if 7G = 0. &

The proof is simple. When the Markov chain has uniform semi-group,
then we have P; = exp(tG). Using the expansion for the exponential function
results in the conclusion. Note that when 7G = 0, it is easy to show that
every term in the power expansion is zero. If 7P, = 0 for all ¢, it implies the
function is a zero function. An analytical function is a zero function if and
only if all coefficients are zero. This implies that 7G = 0.

The textbook does not specify the uniformity condition. The result is
true for more general Markov chains such as the birth and death process.

Finally, we state the limiting theorem.
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Theorem 5.10

Let X be irreducible with a standard semigroup {P,;} of transition proba-
biblities.

(a) If there exists a stationary distribution 7, then it is unique and
pii(t) = m;
as t — oo for all 7 and j.

(b) If there is no stationary distribution then p;;(t) — 0ast — 0 ast — oo
for all 7 and j.

&

PrOOF: For any h > 0, we may define Y;, = X(nh). Then we have a
discrete time Markov chain which is irreducible and ergodic. If it is non-null
recurrent, then it has a unique stationary distribution 7(®. In addition,

pij(nh) = P(Y, = j[Yy = i) — 7",

If the chain is null recurrent or transient, we would have

for all 7, j.
For any two rational numbers h; and hs, applying the above result implies
that 7\ = 7!
J i
Next, using continuity of p;;() to fill up the gap for all real numbers.
Remark: Unlike other result, we are told that the conclusion is true when
the class of the transition matrix is a standard semi-group.

5.4 Birth-death processes and imbedding

Birth and death process is a more realistic model for population evolution.
Suppose the random variable X (¢) represents the population size at time ¢.
(a) Its state space is S ={0,1,...}.
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(b) Its infinitesimal transition probbilities are given by

Ah +o(h) ifm=1,
PX(t+h)=m+n|X(t)=n)=1S p,h+o(h) ifm=-1,
o(h) if |m| > 1,

(c) the ‘birthe rates” A, ..., and ‘death rates’ ug = 0, py, fto, . . . satisfy
An > 0 and p, > 0.

Due to memoryless property, the waiting time for the next transition has
exponential distribution with rate A, + p, when X (¢) = n. The probability
that the next transition is a birth is given by A\, /(A, + ptn)-

The infinitesimal generator G' ha a nice form

—Xo Ao 0 0 0

o — (A + ) A 0 0

G = 0 fi2 —(Ag + o) Ao 0
0 0 3 —(A3+pu3) Az

The chain is uniform if and only if sup,{\, + pn} < co. When A\g = 0,
the chain is reducible. State 0 becomes absorbing. If A\, = 0 for some n > 0
and X (0) = m < n, then the population size will be bounded by n. It seems
the standard semi-group condition is satisfied as long as all rates are finite.
Yet, we have to assume that the process is honest to maintain that it is a
continuous time Markov chain.

The transition probabilities p;;(t) may be computed in principle, but may
not be so useful. It has a stationary distribution under some simple condi-

tions:
AOAL - Ap_t
T, = —————————Tg
Hifh - - fhn
with
751 _ i": AOAL ... )\n—1_
=0 /,lll/ubg .. un

The limit exists when my > 0. Note that in this case, the condition of
standard semi-group is satisfied. Hence, the conclusion for the existence of
the limiting probabilities is solid.
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Example 5.5 Simple death with immigration.

Consider the situation when the birth rates A, = A for all n, and p, = nu
forn =1,2,.... That is, there is a constant source of immigration, and each
individual in the population has the same rate of die. Using the transition
probability language, the book staes that

pij(h) = P(X(t+h)=j|X(t)=1)
B P(j —darrivals, 0 deaths) + o(h) if j > i,
~ | P(i — jdeaths, 0 arrivals) +o(h) if j <i '

Since the chance to have two or more transitions in a short period of length
h is o(h), it reduces to
Pii+1(h) = Ah+ o(h),

pii—1(h) = (ip)h + o(h)

and p;;(h) = o(h) when |i — j| > 2.
It is very simple to work out its limiting probabilities.

Theorem 5.11

In the limit as ¢ — oo, X(¢) is asymptotically Poisson distributed with

parameter p = ﬁ That is,
P(X(t)=n) — p—'exp(—p), n=0,1,2....
n!

The proof is very simple. Let us work out the distribution of X (¢) directly.
Assume X (0) = 1.
Let p;(t) = P(X(t) = j|X(0) = I). By the foward equations, we have

Pi(t) = Apj—1(t) — (A +5p)p;(t) + 1 + 1)pja(t)

for 7 > 1 and pj(t)a = pp.(t).
Note that the probability generating function of X (¢) is given by G(s,t) =
E[s¥®)], we have

> s ps(t)

=0

%_OO
s
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and 30 -
= =2 sp(t).

Hence, by multiplying s/ on both sides of the forward system and sum
up, we have

oG
D1 = M= 0G50 — (s — 1) 5 (s,)
oG
It is easy to verify that

Gls,t) = {1+ (s — 1) exp(—ut)} exp{p(s — 1)(1 — )},

It is interesting to see that if I = 0, then the distribution of the X (¢) is
Poisson. Otherwise, the distribution is a convolution of a binomial distribu-
tion and a Poisson distribution. Due to the uniqueness of the solution to the
forward system, we do not have to look for other solutions anymore.

Example 5.6 Simple birth-death

When the birth and death rates are given by A\, = n\ and u,, = nyu, we can
work out the problem in exactly the same way.

It turns out that given X (0) = I, the generating function of X (¢) is given
by
p(1—s) = (= As) exp{—t(\ — )}’
Al =s) = (1= As) exp{—t(A — p)

The corresponding differential equation is given by

%Cj(s,t) = (As —p)(s — 1>?9f(57t>'

G(s,t) =

Does it look like a convolution of one binomial and one negative binomial
distribution?

One can find the mean and variance of X (¢) from this expression.

E[X ()] = Texp{(A — p)t}
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Var(X(1)) = 5 " cxp{ (A~ i exp{ (A~ 0t} — 1)

The limit for the expectation is either 0 or infinity depending on whether the
ratio of \/u is larger than or smaller than 1.

The probability of extinction is given by the limit of n(t) = P(X(¢) = 0)
which is min(p~!, 1). &

5.5 Embedding

If we ignore the length of the time between two consecutive transitions in a
continuous time Markov chain, we obtain a discrete time Markov chain. In
the example of linear birth and death, the waiting time for the next birth or
death has exponential distribution with rate n(A 4+ p) given X(¢) = n. The
probability that the transition is a birth is (n))/[n(A 4+ u)] = A/(A + p).
Think of the transition as the movement of a particle from the integer
n to the new integer n + 1 or n — 1. The particle is performing a simple
random walk with probability p = A\/(A + u). The state 0 is an absorbing
state. The probability that the random walk will be absorbed to state 0 is

given by min(1, ¢/p).

5.6 Markov chain Monte Carlo

In statistical applications, we often need to compute the joint commulative
distribution functions of several random variables. For example, we might be
interested to know the distribution of s2 = (n — 1)"* X% (X; — X,,) where
Xy,..., X, are independent and identically distributed random variables,
X, =n"'Y X,

When X; has normal distribution, the distribution of s2 is known to be
chisquare with n — 1 degrees of freedom. The density function is well known,
and the value of P(s? < x) can be easily obtained via numerical integration.
If X; has exponential distribution, the density function of s? is no longer
available in a simple analytical form. Straightforward numerical integration
becomes very difficult. If one can generate 10,000 sets of independent random
variables Y7, Y5, ..., Y, such that they all have exponential distribution, then
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we may compute 10,000 many s> values. If 12% of them are smaller than
x = 5, then it can be shown that P(s?> < 5) can be approximated by 12%.
The precision improves when we generate more and more sets of such random
variables.

A more general problem to compute

[9@m@)d8, o > g(6)m(6)
0
over § € O, where 7(0) is a density function or probability mass function
on O©. If we can generate random variables X, Xy, ... such that they all
take values in © and have 7(f) as their density function or probability mass
function, then the law of large number in the probability theory implies

n! Zg(Xi) — E{g(X1)}.

Hence, the value of n™' 3>, g(X;) provides an approximation to [ g(0)w(0)d0,
or 32 g(0)7(6).

Before this idea becomes applicable, we need to overcome a technical
difficulty. How do we generate random variables with a specified distribution
very quickly? It is found that some seemly simple functions can produce very
unpredictable outcomes. Thus, when this operation is applied repeatedly,
the outcomes appear to be completely random. A so called pseudo random
number generator for uniform distribution is hence constructed. Starting
from this point, one can then generate random numbers from most commonly
used distributions, whether they are discreate or continuous.

In some applications, especially for Baysian analysis, it is often necessary
to generate random numbers from a not well defined density function. For
example, we may only know that the corresponding density function 7(6) is
proportional to some known function. In theory, one needs only rescale the
function so that the total probability becomes 1. In reality, to find the scale
itself is numerically impractical.

The beauty of the Markov Chain Monte Carlo (MCMC) is to construct
a discrete time Markov chain so that its stationary distribution is the same
as the given density function (@), without the need of completely specifying
7(0). How this is achieved is the topic of this section.



5.6. MARKOV CHAIN MONTE CARLO 83

In the eyes of a computer, nothing is continuous. Hence we deal with
discrete 7(6). Assume the probability function 7 = (7, : ¢ € ©) is our target.
We construct a discrete time Markov chain with state space given by ©, and
its stationary distribution is given by 7.

For a given m, we have many choices of such Markov chains. The one
which is reversible at equilibrium may have some advantage. Thus, we try
to find a Markov chain with its transition probabilities satisfying

TkPkj = TjiDjk

for all k,j € ©. The following steps will create such a discrete time Markov
chain.

Assume we have X,, =i already. We need to generate X,,,; according to
some transition probability.

(1) First, we pick an arbitrary stochastic matrix H = (h;; : 4,5 € O).
This matrix is called the ‘proposal matrix’. We generate a random number Y
according to the distribution given by (h; : k € ©). Thatis, P(Y = k) = hyy.
Since h;;, are well defined, we consider it feasible.

(2) Select a matrix A = (a;; : i,7 € O) be a matrix with entries between
0 and 1. The a;; are called ‘acceptance probabilities’. We first generate a
uniform [0, 1] random variable Z and define

Xn+1 = XnI(Z > Clij) + YI(Z < aij).

Repeat this two steps, we have created a sequence of random numbers
Xo, X1, ... with an arbitrary starting value Xy. Our next task is to choose
H and {A} such that the stationary distribution is what we are look for: .

With the given A, the transition probabilities are given by

Pi=11- D keki hinaie i1 =

This is because that the transition to j occurs only if both Y = j and Z < a;;
when X, # j.
It turns out that the balance equation is satisfied when we choose

ai; = min{1, (m;h;)/(mihi;) }-
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This choice results in the algorithm called the Hastings algorithm. Note also
that in this algorithm, we do not need the knowledge of m;, but m;/7; for all
¢t and 7.

Let us try to verify this result. Consider two states ¢ # j. We have m;p;; =
mihija;; = min{m;h;;, m;hj;}. Similarly, m;p;; = mhja; = min{mh;;, 7h;}.
Hence, m;pi; = m;pji.

When two states are the same, the balance equation is obviously satisfied.

When © is multi-dimensional, there is some advantage of trying to gener-
ate the random vectors one component a time. That is, if X, is the current
random vector, we make X, equal X, except of one of its component. The
ultimate goal can be achieved by randomly select a component or by rotating
the component.

Gibbs sampler, or heat bath algorithm Assume © = SV. That is,
its dimension is V. The state space S is finite and so is the dimension V.
Each state in © can be written as i = (i, : w = 1,2,..., V). Let

O ={J €O : ju =iy for w # v}.

That is, it is the set of all states which have the same components as state ¢
other than the vth component. Assume X,, = i, we now choose a state from
©;, for X, 4. For this purpose, we select
pij :
hij = mu J € Oy

in the first step of the Hastings algorithm. That is, the choice in ©,, is based
on the conditional distribution given the vth component.

The next step of the Hastings algorithm is the same as before. It turns
out that a;; = 1 for all j € ©;,. That is, there is no need of the second step.

We need to determine the choice of v. We may rotate the components or
randomly pick a component each time we generate the next random vector.

Metropolis algorithm If the matrix H is symmetric, then a;; = min{1, 7;/7;}
and hence p;; = h;; min{1, 7;/m;}.

We find such a matrix by placing a uniform distribution on 6, , as defined
in the last Gibbs samples algorithm. That is

hij = 1850 — 1]
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for i # j.

Finally, even the limiting distribution of X,, is 7. The distribution of X,
may be far from 7 until n is hugh. It is also very hard to tell how large
n has to be before the distribution of X,, well approximates the stationary
distribution.

In applications, researchers often propose to make use of a burn out period
M. That is, we throw away X, Xs,..., X, for a large M and start using
Y: = Xunp1, Yo = X0 and so on to compute various characteristics of
7. For example, we estimate E,g(f) by n=' 3", g(Xa4). Tt is hence very
important to have some idea on how large this M must be before the random
vectors (numbers) can be used.

Let P be a transition probability matrix of a finite irreducible Markov
chain with period d. Then,

(a) Ay = 1 is an eigenvalue of P,

(b) the d complex roots of unity,

M=w =W A =wt

are eigenvalues of P.

(c) the remaining eigenvalues Agt1,. .., Ay satisfy |A;| < 1.

When all eigenvalues are distinct, then P = B~!'AB for some matrix
B and diagonal matrix with entries A\1,...,Ay. Thus, this decomposition
allows us to compute the n step transition probability matrix easily. That
is, P" = B~'A"P.

When not all eigenvalues are distinct, then we can still decompose P as
B~'MB. However, M cannot be made diagonal any more. The best we can
is block diagnonal diag(.Jy, Jo, . ..) such that

A1 0 0
0O N 1 0
= 0 0 XN 1
0 0 0 XN

Fortunately, M™ still have a very simple form. Hence, once such a decompo-
sition is found, the n-step transition probability matrix is easily obtained.
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Remember that the limiting probability is closed linked to the n-step
transition probability matrix. Suppose that the Markov chain in MCMC
algorithm is aperiodic. Then, it can be shown that

P =7 4+ O™ o)

where \s is the eigenvalue with the second largest modulus and m is the
multiplicity of this eigenvalue. Note that the transition probability converges
to m; at exponential rate when m = 1.

Theorem 5.12

Let X be an aperiod irreducible reversible Markov chain on the finite state
space O, with transition probability matrix P and stationary distribution 7.
Then

S pik — m] < 1O] - Xo|" sup{|u,(i))| : r € O}, i€ O,n>1,
k

where v,.(i7) is the ith term of the rth right-eigenvector V,. of P. &



Chapter 6

General Stochastic Process in
Continuous Time

The term stochastic process is generally referred to a collection of random
variables denoted as {X(¢),t € 7}. Usually, these random variables are
linked by some index generally referred to as time. If so, 7 is a set of
time points. When 7 contains integer values only, we get a discrete time
stochastic process; while when 7 is an interval of the real numbers, we have
a continuous time stochastic process. Examples other than 7 being time
includes the situation when 7 represents geological location.

6.1 Finite Dimensional Distribution

Let us make a simplifying assumption that 7 = [0,7] for some positive
number T'. Let us recall that a random variable is a measurable function on
a probability space (2, F, P). That is, for each t € T', S(t) is a map in the
form

Sit): Q—R

where R is the set of all real numbers. That is, at any sample point w € €,
S(t) takes a real value: S(w,t).

It becomes apparent that S(w,t) is a bivariate function. One of its vari-
ables is time ¢, and the other variable is the sample point w. Given t, we

87
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get a random variable. At the same time, once we fix w = wy, S(wp, 1) is a
function of ¢. This function is called a sample path of S(¢). We denote s(t)
as realized sample path of S(¢). This is analog to use x for a realized value
of a random variable X.

We may also put it as follows: a random variable is a map from the sample
space to the space of real numbers; a stochastic process is a map from the
sample space to the space of real valued functions. Recall that a random
variable is required to be a measurable map. Thus, there must be some kind
of measurability requirement on stochastic process.

Compared to the space of real numbers, the space of real functions on
[0, 7] is much more complex. The problem of setting up a suitable o-algebra
is beyond this course. The space of all continuous functions, denoted as
C'[0,T], has a simpler structure, and a proper o-field is available. In appli-
cations, however, stochastic processes with non-continuous sample paths are
useful. The well known Poisson process, for example, does not have contin-
uous sample path. A slight extension of C[0,7] is to add functions which
are right-continuous with left limits. We denote this space as D[0,T]. These
functions are referred as regular right-continuous function or cadag
functions. It turns out that D[0,T] is large enough for usual applications,
yet is still simple enough to allow a useful o-field.

To properly investigate the properties of a random variable X, we want
to be able to compute P(X < z) for any real number z. We refer to
F(z) = P(X < z) as the cumulative distribution function of X, or sim-
ply the distribution of X. If S(t) is a stochastic process on D[0, T, then for
any t1,ts € [0,T], we must have

P(S(tl) S Sl,S(tQ) S 82)

well defined. That means, the set S(t1) < s1,S5(t2) < s must be a member
of F. It is easy to see that this requirement goes from two time points to any
finite number of time points, and to any countable number of time points. It
can be shown that if we can give a proper probability to all such sets (called
cylinder sets), then the probability measure can be extended uniquely to the
smallest o-algebra that contains all cylinder sets.

As consequence of this discussion is the following theorem.
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Theorem 6.1

A stochastic process taking values in D[0, T is uniquely determined by its
finite dimensional distributions. &

6.2 Sample Path

Let us have a look of the following example.
Example 6.1

Let X(t) =0 for all ¢, 0 <t < 1, and 7 is a uniformly distributed random
variable on [0, 1]. Let Y(¢) =0fort #7and Y(¢t) =1if t = 7.

Now we have two stochastic processes: {X(t) : t € [0,1]} and {Y(?) :
t € [0,1]}. It appears that they are very different. All sample paths of X
is identically 0 function, and every sample path of Y'(¢) has a jump point at
t=r.

Yet we notice that for any fixed t,

P(Y(t) £ 0) = P(r = t) = 0.

That is, P(Y(t) = 0) = 1. Hence, for any t € [0,1], X(¢),Y (¢) have the
same distribution. Further, for any set of 0 < t; < t, < --- < t, < 1,
the joint distribution of {X(¢1), X(t2),..., X (t,)} is identically to that of
{Y(t1),Y(ta),...,Y(t,)}. That is, X(¢) and Y (¢) have the same finite di-
mensional distributions. &

The moral of this example is: even if two stochastic processes have the
same distribution, they can still have very different sample paths. This ob-
servation prompts the following definition.

Definition 6.1
Two stochastic processes are called a version (modification) of one another
if

P{X(t)=Y(t)} =1forallt,0<t<T.



90CHAPTER 6. GENERAL STOCHASTIC PROCESS IN CONTINUOUS TIME

In the case when a number of versions exist for a given distribution, a
stochastic process with the smoothest sample path will be the version for
investigation.

Having P{X (t) = Y(t)} = 1 does not mean the event X (¢) # Y (¢) is an
empty set. Let this set be called N;. While the probability of each is zero,
the probability of its union over ¢ € [0,7] can be non-zero. In the above
example, it equals 1. When P(Uy<;<7N;) = 0, the two stochastic processes
are practically the same. They are indistinguishable.

Given a distribution of a stochastic process, can we always find a version
of it so that its sample paths are continuous or regular (with only jump
discontinuities)?

Theorem 6.2

Let S(t),0 <t < T be a real valued stochastic process.
(a) A continuous version of S(t) exists if we can find positive constants
a, € and C such that

E|S(t) = S(u)|* < Ot —ul™**

forall 0 <t,u<T.
(b) A regular version of S(t) exists if we can find positive constants
a1, ao, € and C such that

E{|S(u) — S()|[**|S(t) — S(v)|*2} < C|t — u|'*

foral0<u<ov<t<T. &

There is no need to memorize this theorem. What we should make out
of it? Under some continuity condition on expectations, a regular enough
version of a stochastic process exists. We hence have legitimate base to
investigate stochastic processes with this property.

Finally, let us summarize the results we discussed in this section. The
distribution of a stochastic process is determined by its finite dimensional
distributions, whatever it means. Even if two stochastic processes have the
same distribution, their sample paths may have very different properties.
However, for each given stochastic process, there often exists a continuous
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version, or regular version, whether the given one itself has continuous sample
paths or not.

Ultimately, we focus on the most convenient version of the given stochastic
process in most applications.

6.3 Gaussian Process

Let us make it super simple.

Definition 6.1

Let {X(t) : 0 <t < T} be a stochastic process. X (t) is a Gaussian process

if all its finite dimensional distributions are multivariate normal. &

We are at ease when working with normal, multivariate normal random
variables. Thus, we also feel more comfortable with Gaussian processes when
we have to deal with continuous time stochastic process taking arbitrary real
values. We will be obsessed with Gaussian processes.

Example 6.2 A simple Gaussian Process

Let X and Y be two independent standard normal random variables. Let
S(t) = sin(t) X + cos(t)Y.

It is seen that S(t) is a Gaussian process with certain covariance structures.

&

6.4 Stationary Processes

Since the random behavior of a general stochastic process is very complex, we
often first settle down with very simple ones and then timidly move toward
more complex ones. The simple random work is the first example of stochastic
process. We then introduce discrete time Markov chain and so on. We still
hope to stay in the familiar territory by moving forward a little: introducing
the concept of stationary processes here.
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Definition 6.1 Strong Stationarity.

Let {X(t) : 0 <t < T = oo} be a stochastic process. If for any choices of
0<t; <ty...<t,, with any n and positive constant s, the joint distribution
of

X(ti+59),X(t2+59),...,X(t, +9)

does not depend on s, then we say that {X(¢): 0 <t < T = oo} is strongly
stationary. &

Definition 6.2 Weak Stationarity.

Let {X(t) : 0 <t <T = oo} be a stochastic process. If for any choices
of 0 < t; < ty... < t,, with any n and positive constant s, the mean and
covariance matrix of

Xt +s), X(t2+5),..., X(tn + 5)

do not depend on s, then we say that {X(¢) : 0 < ¢t < T = oo} is weakly
stationary, or simply stationary. &
The above definition can be easily applied to the case when T" < oo, or
to discrete time stochastic processes. The obstacles are merely notational.
Being strongly stationary does not necessary imply the weak stationary,
because of the moment requirements of the latter.
Most results for stationary processes are rather involved. We only men-
tion two theorems.

Theorem 6.3 Strong and Weak Laws of Large Numbers (Ergodic Theo-
rems).

(a) Let X = {X,, :n=1,2,...} be a strongly stationary process such that
E|X;| < co. There exists a variable Y with the same mean as the X,, such
that .
n'y X, Y
i=1

almost surely, and in mean.
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(b) Let X = {X,, : n=1,2,...} be a weakly stationary process. There
exists a variable Y with the same mean as the X, such that

n
n! Z X, —Y
i=1
in the second moment. &
If a continuous time stationary process can be discretised, the above two
results can also be very useful.

6.5 Stopping Times and Martingales

We are often interested in knowing how the property of a stochastic process
following the moment when some event has just occurred. This is a setting
point of a renewal process. These moments are random variables with special
properties.

Consider the example of simple random walk {X, : n = 0,1,...}, the
time of returning to zero is a renewal event. At any moment, we examine
the value of X,, to determine whether the process has renewal itself at n with
respect to this particular renewal event.

In general, we need to examine the values of {X; : i = 0,1,...,n} to
determine the occurrence of the renewal or other events. The time for the
occurrence of such events is therefore a function of {X; :4=0,1,...,n}. In
measure theory language, if 7 represents such moments, then the event

T<n
is F, = 0(Xo, ..., X,,} measurable.
Definition 6.1 Stopping Time

Let {X(t): 0 <t <T = oo} be a stochastic process. A nonnegative random
variable 7, which is allowed to take value oo, is called a stopping time if for
each t, the event

{r <t} eo(X,,0<s <t}

Example 6.3 To be invented.
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Chapter 7

Brownian Motion or Wiener
Process

It was botanist R. Brown who first described the irregular and random mo-
tion of a pollen particle suspected in fluid (1828). Hence, such motions are
called Brownian motion. Interestingly, the particle theory in physics was not
widely accepted until the Einstein used Brown motion to argue that such
motions are caused by bombardments of molecules in 1905. The theory is
far from complete without a mathematical model developed later by Wiener
(1931). This stochastic model used for Brown motion is hence also called
Wiener process. We will see that the mathematical model has many desir-
able properties, and a few that do not fit well with physical laws for Brownian
motion. As early as 1931, Brown motion has been used in mathematical the-
ory for stock prices. It is nowadays a fashion to use stochastic processes to
study financial market.

Definition 7.2 Defining properties of Brownian motion.

Brownian motion { B(t)} is a stochastic process with the following properties:

1. (Independent increment) The random variable B(t) — B(s) is indepen-
dent of {B(u) : 0 < u < s} for any s < t.

2. (Stationary Gaussian increment) The distribution of B(t) — B(s) is
normal with mean 0 and variance ¢ — s.

95
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3. (Continuity) The sample paths of B(t) are continuous.
¢

We should compare this definition with that of Poisson process: the in-
crement distribution is changed from Poisson to normal. The sample path
requirement is needed so that we will work on a definitive version of the
process.

Once the distribution of B(0) is given, then all the finite dimensional
distributions of B(t) are completely determined, which then determines the
distribution of B(t) itself. This notion is again analog to that of a counting
process with independent, stationary and Poisson increments.

In some cases, B(0) = 0 is part of the definition. We will more or less
adopt this convention, but will continue to spell it out.

Example 7.1

Assume that B(t) is a Brownian motion and B(0) = 0.
1. Find the marginal distributions of B(1), B(2) and B(2) — B(1).

2. Find the joint distribution of B(1) and B(2), and compute P(B(1) >
1,B(2) <0).

¢

Recall the multivariate normal distribution is completely determined by
its mean vector and covariance matrix. Thus, the finite dimensional distribu-
tions of a Gaussian process is completely determined by the mean function
and the correlation function. As a special Gaussian process, it is useful to
calculate the mean and correlation function of the Brownian motion.

Example 7.2 Compute the correlation function of the Brownian motion.

¢

Based this calculation, it is clear that the above Brownian motion is not
stationary.

Example 7.3 Distribution of [y B(t)dt given B(t) = 0.
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Example 7.4

Let &y, &1, ... be a sequence of independent standard normally distributed
random variables. Define

Assume that we can work with infinite summation as if nothing is unusual.
Then we can verify the covariance structure of S(t) resembles that of the
Brownian motion with B(0) = 0 over [0, 7]. Thus, S(¢) is a Brownian motion
and it provides a very concrete way of represent the Brownian motion. It can
be seen that all sample paths of S(¢) are continuous, yet they are nowhere
differentiable. &

Example 7.5 Sample paths of the Brownian motion.

Brownian motions have the following well known but very peculiar properties.
1. Almost all sample paths are continuous;

2. Almost every sample path is not monotone in any interval, no matter
how small the interval is;

3. Almost every sample path is not differentiable at any point;

4. Almost every sample path has infinite variation on any interval, not
matter how short it is;

5. Almost all sample paths have quadratic variation on [0,¢] equal to ¢,
for any .

Definition 7.3
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Let s(z) be a function of real variable.
(a) The (total) variation of s(z) over [0,] is

n
Hm > |s(z;) — s(zi—1)|
i=1
where the limit is taken over any sequence of sets of (z1, ..., x,) such that

O=ap <1 < T2 <+ -<xp, =1

and max{x; —z; 1 :i=1,...,n} — 0.
(b) The quadratic variation over the interval [0, ¢] is

n
lm {s(z;) — s(x;-1)}?
i=1
where the limit is taken over any sequence of sets of (z1,...,x,) such that

O=zg< 1 <I2 <" <xp, =t

and max{x; —z;_1:i=1,...,n} — 0. &

If s(z) is monotone over [0,t], then the total variation is simply |s(t) —
s(0)|. Having a non-zero quadratic variation implies that the function fluc-
tuates up and down very very often. It is hard to think of a function with
such property. One example is s(x) = /xsin(1/z) over [0, 1].

Theorem 7.1

If s(x) is continuous and of finite total variation, then its quadratic variation
is zero. &

Property 1 is true by definition. Property 2 can be derived from Property
4. If a sample path is monotone over an interval, then its variation is finite,
which contradicts Property 4. Property 3 fits well with Property 2; if a
sample path is nowhere monotone, it is very odd to be differentiable. This
point can be made rigorous.

Finally, it is seen that Property 4 follows from Property 5 because of these
arguments. It is hence vital to show that Brownian motion has Property 5.
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Let 0 =ty < t; <ty <--- <t, =tbe a partition of the interval [0, 1],
where each of ¢; depends on n though not spelled out. Let

T = i{B(tH) — B(t))?

be the variation based on this partition. We find

E{T,} = iE{B(ti_l) - B(ti)}2
= i Var{B(ti—1) — B(t;)}

n

= > (ti—ti1) =t
i=1
That is, the expected sample path quadratic variation is ¢, regardless of how
the interval is partitioned.
Property 5, however, mean that lim7,, = ¢ almost surely along any se-
quence of parititions such that ¢, = max|t; — t;_1] — 0. We give a partial
proof when " d,, < co. In this case, we have

Var{T,} = Var{B(t;_1) — B(t;)}?

t_tzl

M: I M:

i=1
S 3t HlaX|ti - i—1| = 35nt

Therefore, > Var{T,} = 3 E{T,, — E(T,)}* < co. Using monotone conver-
gence theorem in measure theory, it implies E Y {T,, — F(T})}* < oo. (Note
the change of order between summation and expectation). The latter implies
T, — E(T,) — 0 almost surely, which is the same as T,, — ¢ almost surely.
Despite the beauty of this result, this property also shows that the math-
ematical Brownian motion does not model the physical Brownian motion in
microscope level. If Newton’s laws hold, the acceleration cannot be instan-
taneous, and the sample paths of a diffusion particle should be smooth.
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7.1 Existence of Brownian Motion

One technical consideration is whether there exist stochastic processes with
the properties prescribed by the definition of Brownian motion. This question
is usually answered by defining a sequence of stochastic processes such that
its limit exists, and having the defining properties of Brownian motion. One
rigorous proof of the existence is scratched as follows.

Let &,1 = 1,2,... be independent and normally distributed with mean
0 and variance 1. The existence of such sequence and the corresponding
probability space is well discussed in probability theory and is assumed here.
Let

and define

By (t) Ying + (0t = [0t]) e 11}

1
_ ﬁ{
which is a smoothed partial sum of £’s. It can be verified that the covari-
ance structure of B, (t) approaches what is assumed for Brownian motion.
All finite dimensional distributions of B,(t) are normal. With a dose of
asymptotic theory which requires the verification of tightness, it is seen that
B, (t) has a limit, and the limiting process has all the defining properties of a
Brownian motion. Thus, the existence is verified. See Page 62 of Billingsley
(1968).

One may replace &;,7 = 1,2, ... by independent and identically distributed
random variables taking +a,, values. We may define the partial sum Y,, in the
same way, and define a similar stochastic process. By properly scaling down
the time, and letting a,, — 0, the limiting process will also have the defining
properties of a Brownian motion. Thus, Brownian motion is regarded as a
limit of simple random walk. Many of other properties of Brownian motion
to be discussed have their simple random walk versions.

7.2 Martingales of Brownian Motion

The reason for Brownian motion being the centre of most textbooks and
courses in stochastic processes can be attributed to the fact that it is a good
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example of any important concepts in continuous time stochastic process.
This section introduces its martingale aspects.

Recall that each random variable X generates a o-field: o(X). This
extends to a set of random variables. If X (¢) is a stochastic process on [0, T,
then {X(u) : 0 < u < t} is a set of random variables and it generates a
o-field which is usually denoted as F;. As sets of sets, these o-fields satisfy

Fs CF

forall0 <s<t<T.

We may put forward a sequence of o-field F; not associated with any
stochastic processes. As long as {F;,t > 0} has the increasing property, it is
called a filtration.

Definition 7.1 Martingale

A stochastic process {X(t),t > 0 is a martingale with respect to F; if for
any ¢ it is integrable, F|X ()| < oo, and for any s > 0

E{X(t+ 9)|F:} = X(t).

¢
With this definition, we have implied that X (¢) is F; measurable. In

general, F; represents information about X (t) available to an observer up
to time t. If any decision is to be made at time t by this observer, the
decision is a JF; measurable function. Unless otherwise specified, we take
Fi = 0{X(s): s <t} when a stochastic process X () and a filtration JF; are
subjects of some discussion.

One of the defining properties of Brownian motion can be reworded as
the Brownian motion is a martingale.

We would like to mention two other martingales.

Theorem 7.2

Let B(t) be a Brownian motion.
(a). B%(t) —t is a martingale;
(b). For any 6, exp{0B(t) — 36*t} is a martingale. &

Proofs will be provided in class.
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7.3 Markov Property of Brownian Motion

Let {X(t),t > 0} be a stochastic process and F; is the corresponding filtra-
tion. The Markov property is naturally extended as follows.

Definition 7.1 Markov Process.

If for any s,t > 0,
P{X(t+s) <y|F}=P{X(t+s) <ylX;}

almost surely for all y, then {X(¢),t > 0} is a Markov process. &

Compared to the definition of Markov chain, this definition removes the
requirement that the state space of X (t) is countable.

Theorem 7.3 A Brownian motion is a Markov Process.

Proor: Working out the conditional moment generating function will be
sufficient. &

In applications, we often want to know the property following the occur-
rence of some event. A typical example is the behavior of a simple random
walk after its return to 0. Since the returning time itself is random, we must
be careful when claim that the simple random walk following that moment
will have the same property as a simple random walk starting from 0.

If we recall, this claim turns out to be true. Regardless, we must be
prepared to prove that this is indeed the case. As we mentioned before,
Brownian motion in many respects generalizes the simple random walk. They
share many similar properties. One of them is the strong Markov property.
As a preparation, we re-introduce the concept of stopping times.

Definition 7.2
Let {X(t),t > 0} be a stochastic process, and F; = o{X(s) : s < t}. A

random time 7T is called a stopping time for {X(¢),t > 0} if {T' <t} € F
for all ¢ > 0. <
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If we stripe the jargon of o-field, a stopping time 7" is a random quantity
such that after we observed the stochastic process up to and include time £,
we can tell whether T < ¢ or not.

Let T to be the time when a Brownian motion first exceeds value 1. Then
T is a stopping time. By examining the values of X (s) for all s smaller or
equal t, the truthfulness of T' <t is a simple matter.

Let T be the time when the value of stock price will drop by 50% in the
next unit of time. If 7" were a stopping time, we would make a lot of money.
In this case, you really have to be able to see into the future. We do not
need strong mathematics to find that 7" is not a stopping time.

Another preparation is: for each non-random time ¢, F; is the o-field
generated by random variables X (s) including all s < ¢t. If T' is a stopping
time, we hope to be able to use it as if it is a non-random time. We define

Fr={A:Aec F,An{T <t} € F for any t}.
Finally, let us return to the issue of strong Markov property.
Theorem 7.4 Strong Markov Property.

Let T be a stopping time associated with Brownian motion B(¢). Then for
any t > 0,

PA{B(T +1t) <y|Fr} = P{B(T +1t) <y|B(T)}
for all y. %

We cannot afford to spend more time at proving this result. Let us
tentatively accept it as a fact and see what will be the consequences.

Let us define B(t) = B(T 4+ t) — B(T). When T is a constant, it can be
easily verified that B(t) is also a Brownian motion. When T is a stopping
time, it remains to be true due to the strong Markov property.

7.4 Exit Times and Hitting Times

Let T(z) = inf{t > 0 : B(t) = x} be a stopping time for Brownian motion
B(t). It is seen that T'(x) is the first moment when the Brownian motion
hits target x.
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Assume B(0) = x and a < z < b. Define T' = min{7(a),T(b)}. Hence
T is the time when the Brownian motion escapes the area formed by two
horizontal lines. The question is: will it occur in finite time? If so, what is
the average time it takes?

The first question is answered by computing P(7 < 00), and the second
question is question is answered by computing E{7'} under the assumption
that the first answer is affirmative. One may link this problem with simple
random walk and predict the outcome. The probability for the first passage
of “1” for a symmetric simple random walk is 1. Since the normal distribution
is symmetric, the simple random walk result seems to suggest that P(T <
o00) = 1. We do not have similar results for E{T'}, but for E{T'(a)} or
E{T(b)} for simple random walk, and the later are likely finite from the
same consideration. The real answers are given as follows.

Theorem 7.5
The hitting time T defined above have the properties:
(a) P(T < oo|B(0) =2x) =1,
(b) E{T|B(0) = x} < oo, under the assumption that a < = < b.

¢
PROOF: It is seen that the event {T" > 1} implies a < B(t) < b for all

t € [0,1]. Hence,

P(T>1|B(0)=2) < Pl{a<B(1) <b|B(0) ==z}
O(b—2)— P(a —x).

As long as a, b are finite,
a=sup{P(b—x)—Pla—1x)} <1
Next, for any positive integer n,

pn = P{T'>n|B(0) =z}
= P{T>n|T>n—-1,B(0) =2)p,_1
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= P{a<B(s)<b, forn—1<s<nla< B(s) <b,
for 0 <s<n-1,B(0)=z}p,—1
= Pla<B(s)<b, forn—1<s<nla<Bn-—1)<b}p,1
= P{a<B(s)<b, for 1 <s<1la< B(0) <b}p,
< appr.

Applying this relationship repeatedly, we get p,, < a™. Thus, we have
P(T < oo|B(0) =) =1— lim p, = 1.

Further,
E(T|B(0)=2) < Z P{T > n|B(0) =z} < occ.

n=0

o
I worry slightly that I did not really make use of strong Markov property,

but the Markov property itself.
The following results are obvious:

P{T(b) < 0| B(0) = a} =1; P{T(a) < 00| B(0) = a}.

7.5 Maximum and Minimum of Brownian Mo-
tion
Define, for a given Brownian motion,
M(t) =max{B(s) : 0 < s <t} and m(t) =min{B(s):0<s <t}

The significance of these two quantities are obvious.
Again, the following result resembles a result of simple random walk, and
I believe that a proof using some limiting approach is possible.

Theorem 7.6

For any =z > 0,

P{M(t) > m|B(0) = 0} = 2P{B(t) < m|B(0) = 0}.
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PrOOF: We will omit the condition that B(0) = 0. Also, we use T'(a) as the
stopping time when B(t) first hits a.
First, for any m, we have

P{M(t) >m} = P{M(t)>m,B(t) >m}
+P{M(t) > m,B(t) < m}.
Note that B(T(m)) = m as the sample paths are continuous almost surely,
plus {M(t) > m} is equivalent to T'(m) < t.
P{M(t) > m,B(t) < m}
= P{T(m) <t,B(t) < B(T(m))}
P{B(t) < B(T(m))|T(m) <t} P{T(m) < t}
= P{B(t) > B(T(m))|T(m) < t}P{T(m) < t}
Strong Markov Property

Reflection Principle
— P{M(t) > m, B(t) > m}.

Applying this back, we get
PM(t) > m} = 2P{M(t) > m, B(t) > m}.
Since B(t) > m implies M (t) > m, the above result becomes
P{M(t) > m} =2P{B(t) > m}.

This completes the proof. &
This result can be used to find the distribution function of 7'(x) under
the assumption that B(0) = 0.

Theorem 7.7

The density function of 7'(z) is given by

|| a?
f(t) = We}(p{_%} t=0.
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PROOF: It is done by using the equivalence between T'(xz) <t and M(t) > x.

¢
We call T'(x) the first passage time.

The reflection idea is formally stated as the next theorem.
Theorem 7.8

Let T be a stopping time. Define B(t) = B(t) for t < T and B(t) =
2B(t) — B(t) for t > T. Then B(t) is also Brownian motion. &

The proof is not hard, and we should draw a picture to understand its
meaning.

7.6 Zeros of Brownian Motion and Arcsine
Law

Assume B(0) = 0. How long does it take for the motion to come back to 07
This time, the conclusion is very different from that of simple random walk.

Theorem 7.9
The probability that B(t) has a least one zero in the time interval (a,b) is

2
- \/a/b.
7Taurc cos/a/

PROOF: Let E(a,b) be the event that B(t) = 0 for at lease some ¢ € (a,b).

given by

P{E(a,b)} = E[P{E(a,b)|B(a)}]
For any z > 0,
P{E(a,b)|B(a) = —x} = P{T(x) <b—a|B(0) =0} = P{T(z) < b—a}

by Markov property and so on.
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Hence,

= 2 [ P{E(a.b)|B() = —o}fu(a)da

— 2/0°° P{T(2) < b— a} fu(x)dz

EIP{E@DIB@)] = [~ PE(@.b)|Bla) = o} fulw)do

where f,(x) is the density function of B(a) and known to be normal with
mean 0 and variance a. The density function of T'(x) is given earlier. Sub-
stituting two expressions in and finishing the job of integration, we get the
result. &

When a — 0, so that a/b — 0, this probability approaches 1. Hence, the
probability that B(t) = 0 in any small neighborhood of ¢ = 0 (not including
0) is 1 given B(0) = 0. This conclusion can be further strengthened. There
are infinite number of zeros in any neighborhood of ¢ = 0, no matter how
small this neighborhood is. This result further illustrates that the sample
paths of Brownian motion, though continuous, is nowhere smooth.

The famous Arcsine law now follows.

Theorem 7.10

The probability that Brownian motion has no zeros in the time interval (a, b)
is given by (2/m)arcsin/(a/b). &
There is a similar result for simple random walk.

7.7 Diffusion Processes

To be continued.



