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The renormalization group equation

For a vertex v

0 9,

e adjacent to v

For an edge e
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The v, recursion

Extracting the coefficient of L*~! and rearranging gives
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Specializing to the single equation case gives

= T (@) (sign(s) = [sf0n) -1 (0).
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SxY — some definitions

Some definitions

e Let S be the antipode of the Hopt algebra.
\/
e Let Y be the grading operator. l (\@) = 3 _@

o Let
01 = 8L¢T(S*Y)‘L=O

and

Oy = —m”_l(al QX al)A”_l
n! N -~ ”
n times
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S %Y — some lemmas

e SxY is 0 on products
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The scattering type formula

The scattering type formula captures the renormalization group in a
Connes-Kreimer framework. In our notation it says

0 (X") = sign(s)y, ()
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The v, recursion
Using

on(X) = sign(s)yn
o1 = 8L¢T(S*Y)|L:0
1
Oy = ﬁmn_l(g1 Q- & 01J)An_1
n times

(Pin @ Id)AX = X @ X — sX @ 20, X
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And similarly for systems.
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K
y,
Trading p for V izg\c 7

Let D = sign(s@nd Fr(p) = Sk Fr.i(p) so the Dyson-Schwinger

equation reads

L= Y@t (1= D) (e — ) Fy(p)
E>1

p=0
What is the lowest possible degree of = in
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Reduction to geometric series

So, there exists unique rg,7,; € R, k> 1, 1 <7 < k such that
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Mysterious series

The r; ; are mysterious. With s = 2 and a single primitive at 1 loop we

get. wihe Hp) C{:. e +fl§>

T 70 +
T2 f—1_f—1f0 -
r2.1 =0

r3 2 f21(=4fo+ fi) + f-a fo
3,1 +f31f0




Even particular coeflicients and examples are mysterious.

—1
F(p) = ,
p(1—p)(2—=p)(3—p)
gives
1
r = — 6
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Ty = — 6_3 7“2,1 =0
14 —d
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L and L?

The Dyson-Schwinger equation has become

T 2R (1 — DYI=sk (e P _ Tk ryiLl’
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The ~; recursion

Recall .
Ve = E%(I‘)(Sign(s) — 8|20z )yK—1().
Let
P(x) = — Z(rk + 27 1 )"
k>1
Get T fan () = 151 x0) 7,6 = P —¥ (%)
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The goal is

Bolace
— %\\“,6 i
— g)u H\f\a O
— (\Qerem\\'\"\% 1S U\/\fgﬂlé\“zB ?\‘\OSRS_

~osu b
cva-\ ‘I(\[O L~ P

6-5



How to interpret P(x)
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Systems

The shape of the final equations in the system case is

= 3 Rt —sign(s, )7 (@) + 3 [s; i (@)adiaf (@

k>1 JER



Summary of the big picture
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The Broadhurst Kreimer example

x k-q
L)y=1- 5 [ d*% — .
6D =1- 5 [t |

*=p

where L = log(q?/u?).
The differential equation is

Y1(z) =2 — y1(2)(1 — 220, )71 ()

Solving (presented in the beautiful form given by Broadhurst)
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A variant

Take s = 2 and

1 11

1

pF(p) = —= + p°F(p) — —p*F(p) + Zp*F(p)

6 6
This gives that

n=—z(1—7-0_,) " pF(p)|p=0

:’X(‘—K'Qf,ﬁ—\(’é + /ZF(f
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Concluding the variant

So

X

N=g - 279 — 11v3 — 44

But we still have

= (@)1~ 200, -1 (a),

So we get a fourth order differential equation for v; which contains
no infinite series and for which we completely understand the signs of
the coeflicients.
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Bonus slides — Growth estimates

View
Y1(z) = P(z) — 71(z)(sign(s) — [s|z0z )1 (2)

as a recursive equation. At the level of coefficients
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Rewrite for a(n)

Assume 711 # 0 and f(z) = > %x” has radius of convergence p > 0.

Let a(n) = L4+, The recursion becomes
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How bad is the growth of 7

Idea:
n
a(n) is approximately ]L') + |slaran—1
n!
giving a radius of min { I } for > anx™. For nonnegative series im-

plement the idea by boundmg on each side.
Easy direction:

p(n) n— 2
7+ ||
n!

Ap =

a10n—1

Messy direction: for any € > 0 there is an N > 0 such that forn > N

n—1
p
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