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Summary

We continued q-counting today.
The usual binomial theorem is a product formula for the generating series of subsets. We

can get such a product formula when we count our subsets by both size and sum, namely
sum(S) =

∑
s∈S s. Then calculate using indicator vectors∑

S⊆{1,...,n}

x|S|qsum(S) =
∑

w1···wn∈{0,1}n
xw1+w2+···+wnq1w1+2w2+···+nwn

=

 ∑
w1∈{0,1}

xw1qw1

 ∑
w2∈{0,1}

xw2q2w2

 · · ·

 ∑
wn∈{0,1}

xwnqnwn


= (1 + xq)(1 + xq2) · · · (1 + xqn).

The last thing we need for a q-binomial theorem is the q-analogue of
(
n
k

)
. I’ll spoil it by

giving the definition:

Definition 1. [
n
k

]
q

=
[n]!q

[k]!q[n− k]!q

the q-binomial coefficients or Gaussian binomial coefficients.

The next step it to revisit the combinatorial proof of n! =
(
n
k

)
k!(n−k)!. We again need to

formalize a bit. We want a bijection Sn ⇋ B(n, k)×Sk×Sn−k where B(n, k) is the set of size
k subsets of {1, . . . , n}. The map is σ = σ1 · · ·σn maps to (S, τ, η) where S = {σ1, . . . , σk}, τ
is the normalization of σ1 · · ·σk (that is keep the same relative order but shift the numbers
down to be 1, . . . , k) and η is the normalization of σk+1 · · · σn. We checked this and did an
example.

What happens with inversions under this map.

• If i < j ≤ k is an inversion of σ then it is also an inversion of τ and vice versa.
• If k < i < j is an inversion of σ then it is also an inversion of η (shifting indices down
by k) and vice versa.

• if i ≤ k < j is an inversion of σ then there is a pair (a, b) with a ∈ S, b ∈ {1, . . . , n}\S
and a > b, and every such pair gives such an inversion.

Then count the number of such pairs. Writing S = {s1, . . . , sk} with s1 < s2 < · · · < sk we
see that there are s1 − 1 elements in [n] \ S which are less than s1, s2 − 2 elements in [n] \ S
which are less than s2 and so on. So the total number of such pairs is

(s1 − 1) + (s2 − 1) + · · ·+ (sk − k) = sum(S)− k(k + 1)

2
.
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Putting this all together

[n]!q =
∑
σ∈Sn

qinv(σ) =
∑
(S,τ,η)

qsum(S)− k(k+1)
2

+inv(τ)+inv(η) =

 ∑
S∈B(n,k)

qsum(S)

 q−
k(k+1)

2 [k]!q[n− k]!q

so  ∑
S∈B(n,k)

qsum(S)

 = q
k(k+1)

2

[
n
k

]
q

.

Those extra powers of q sometimes show up in q-generalizations. You can’t see them when
q = 1 so you just have to be careful to keep your eyes out for where they need to be added.
Finally, then,

(1+xq)(1+xq2) · · · (1+xqn) =
∑
S⊆[n]

x|S|qsum(S) =
n∑

k=0

 ∑
S∈B(n,k)

qsum(S)

xk =
n∑

k=0

q
k(k+1)

2

[
n
k

]
q

xk

which is the q-binomial theorem.

Next time

Next time we’ll talk about q-counting of lattice paths.
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