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Abstract

In this paper, we give an exact expression for Clarke generalized Jacobian of the projection
onto symmetric cones, which generalizes and unifies the existing related results on second-
order cones and the cones of symmetric positive semi-definite matrices over the reals. Our
characterization of the Clarke generalized Jacobian exposes a connection to rank-one matri-
ces.
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1 Introduction

This paper focuses on Clarke generalized Jacobian of the projection onto symmetric cones. First,
we recall some basic concepts. Let f : Q C X — ) be a locally Lipschitz function on an open set
Q, where X and ) are two finite dimensional inner product spaces over the field R. Let VF ()
denote the derivative of F at x if F is differentiable at x. The Clarke generalized Jacobian of
[ at x is defined by OF (x) := conv{9gf (x)}, where OpF (v) := {limz—, zep, VF (Z)} is the
B-subdifferential of F at x, and Df is the set of points of {2 where F is differentiable. We
assume that the reader is familiar with the concepts of (strong) semismoothness, and refer to
[4, 5, 14, 15, 16] for details.

It is well-known that the scalar-valued function g : R — R4 with ¢(t) = t4 := max{0,t} is
strongly semismooth and its Clarke generalized Jacobian is specified by t; /t if ¢ # 0 and the
interval [0, 1] if ¢t = 0. Note that the projection onto an arbitrary closed convex set is Lipschitz
continuous. In the case of second-order cone, we know that the projection operator is strongly
semismooth, see, e.g., [2, 3, 8]. In particular, Hayashi, Yamashita and Fukushima [8] gave
an explicit representation for Clarke generalized Jacobian of the projection onto second-order
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cones. Malick and Sendov [12] studied the differentiability properties of the projection onto cone
of positive semi-definite matrices and worked out its Clarke generalized Jacobian. Recently, Sun
and Sun [19] showed that the projection onto symmetric cones, which include the nonnegative
orthant, the cone of symmetric positive semi-definite matrices and the second-order cone as
special cases, is strongly semismooth everywhere. Kong, Sun and Xiu [11] studied the Clarke
generalized Jacobian of the projection onto symmetric cones and gave its upper bound and lower
bound. Meng, Sun and Zhao [13] studied the Clarke generalized Jacobian of the projection onto
nonempty closed convex sets and showed that any element V in its Clarke generalized Jacobian
is self-adjoint and V = V? (see Proposition 1 of [13] for details).

One of the areas where projection operator is widely applied is the area of complementarity
problems, see, e.g., [5]. Also, projection operator is a fundamental ingredient of many algorithms
for solving convex optimization problems (see for instance the survey by Bauschke and Borwein
[1] and the references therein). Our work is in the setting of symmetric cones which unifies
and generalizes the special cases of second-order cones, cones of Hermitian positive semi-definite
matrices over reals, complex numbers, quaternions as well as the direct sums of any subset of
these cones.

Motivated by all of the work cited above, we aim to give the exact expression of the Clarke
generalized Jacobian of the projection onto symmetric cones x4 (or IIx (z), see Section 2). Our
result generalizes corresponding results of [8] and [12] (from second-order cones and positive
semi-definite cones respectively) to symmetric cones. Interesting enough, the expression of the
Clarke generalized Jacobian of x4 is linked to rank-one matrices. This allows us to obtain the
formulae of operators z_ and |z| in a similar manner.

This paper is organized as follows. In the next section, we establish the preliminaries and
study the relationship among all the Jordan frames of an element. We also introduce the matrix
representation of the Jacobian operator of x,. In Section 3, we present the exact expression of
the Clarke generalized Jacobian of the projection operator x; by studying its B-subdifferential.
In Section 4, we investigate the relationships among B-subdifferentials of z, x_ and |x|.

2 Preliminaries

2.1 Euclidean Jordan algebras

We give a brief introduction to Euclidean Jordan algebras. More comprehensive introduction
to the area can be found in Koecher’s lecture notes [10] and in the monograph by Faraut and
Koranyi [6].

A FEuclidean Jordan algebra is a triple (7, (-,-),0) (V for short), where (7,(-,:)) is a n-
dimensional inner product space over R and (z,y) — zoy: J x J — J is a bilinear mapping
which satisfies the following conditions:

(i) xoy=yox forall z,y € 7,
(ii) wo(2?20y) =220 (woy) forall z,y € J where x

(iii) (xoy,w) = (x,yow) forall z,y,we J.

2.=zou,

We call zoy the Jordan product of x and y. In general, (zoy)ow # wo(yow) for all x,y,w € J. We
assume that there exists an element e (called the identity element) such that zoe = eox = x for
all x € J. Given a Euclidean Jordan algebra V, define the set of squares as K := {w2 cx e J}
By Theorem IIT 2.1 in [6], K is the symmetric cone, i.e., K is a closed, convex, homogeneous
and self-dual cone. For x € J, the degree of x denoted by deg(x) is the smallest positive



integer k such that the set {e,z, 22, - Lk } is linearly dependent. The rank of V is defined as
max{deg(x) : x € J}. In this paper, r will denote the rank of the underlying Euclidean Jordan
algebra. An element ¢ € J is an idempotent if ¢> = ¢ # 0, which is also primitive if it cannot be
written as a sum of two idempotents. A complete system of orthogonal idempotents is a finite
set {c1,c2,- -+, ¢} of idempotents where ¢;oc; =0 forall i # j, and c; +co+ -+ ¢, =e. A
Jordan frame is a complete system of orthogonal primitive idempotents in V.

We now review two spectral decomposition theorems for the elements in a Euclidean Jordan
algebra.

Theorem 2.1 (Spectral Decomposition Type I (Theorem III.1.1, [6])) Let V be a FEuclidean
Jordan algebra. Then for x € J there exist unique real numbers pi(x), p2(x), -, pr(z), all
distinct, and a unique complete system of orthogonal idempotents {by,ba,- -, bz} such that

r = p1(z)br + - + pr(w)bi.

Theorem 2.2 (Spectral Decomposition Type II (Theorem II1.1.2, [6])) Let V be a Euclidean
Jordan algebra with rank r. Then for x € J there exist a Jordan frame {c1,co, -, ¢} and real
numbers A\ (x), Aa(x), -+, \p(x) such that

x=M(x)er + Aa(x)eg + - 4+ M (2) ey (2.1)

The numbers \i(z) (i = 1,2,---,r) are the eigenvalues of x. We call (2.1) the spectral decom-
position (or the spectral expansion) of x.

Note that the above {by,bs,--,bs} and {c1,c2,--+,¢.} depend on x. We do not write this
dependence explicitly for the sake of simplicity in notation. Let C(z) be the set consisting of
all Jordan frames in the spectral decomposition of z. Let the spectrum o(x) be the set of all
eigenvalues of . Then o(z) = {u1(x), ua2(x), -, ps(z)} and for each p;(x) € o(x), denoting

Ni(z) :={j : \j(xz) = pi(z)} we have b; = ZjENi(x) ¢j

Let g : R — R be a real-valued function. Define the vector-valued function G : 7 — J as
Z g(A = g(Mi(@))er () + g(Aa(@))ea(x) + -+ + g(Ar(@))er(z),  (22)

which is a Lowner operator. In particular, letting ¢, := max{0,¢}, ¢t— := min{0,¢} and noting
[t| =t4 —t_ (t € R), respectively, we define

T T

(o) i=ay = (@) sai(@), o= D (N(@)-ci(x) and |2 —ZM ez

i=1 i=1
Note that z € K (z € int(K)) if and only if \j(z) > 0 (Ai(2) > 0) (Vi € {1,2,---,r}), where
int(K) denotes the interior of K. It is easy to verify that

zy €K, r=x4y+2x_, and |z| =24 —2_.

In other words, x4 is the projection of x onto K.

For each = € J, we define the Lyapunov transformation L(x): J — J by L(z)y =z oy for
all y € J, which is a symmetric self-adjoint operator in the sense that (L(z)y, w) = (y, L(x)w)
for all y,w € J. The operator Q(x) := 2L%(z) — L(z?) is called the quadratic representation of



x. We say two elements z,y € J operator commute if L(x)L(y) = L(y)L(x). By Lemma X.2.2
in [6], two elements x,y operator commute if and only if they share a common Jordan frame.

Next, we recall the Peirce decomposition on the space J. Let ¢ € J be a nonzero idempotent.
Then J is the orthogonal direct sum of J(c,0), J(c, 3) and J(c, 1), where

J(ee):={z€ T :coz=¢z}, c€ {0,%,1}.

This is called the Peirce decomposition of J with respect to the nonzero idempotent c¢. Fix a
Jordan frame {cy,co,- -+, ¢ }. Defining the following subspaces for i,j € {1,2,---,r},

1
Ji={xeJ:xoc =x}and J;j := {xejzxocizéx:a:ocj}, 1# 7,

we have J;; = J (¢;,1) and J;; = J (¢;,1/2)NJ (¢5,1/2) = Jj;. We state the Peirce decomposition
theorem as follows. For more detail, see [6].

Theorem 2.3 (Theorem IV.2.1, [6]) Let {c1,ca,- -, ¢} be a given Jordan frame in a Euclidean
Jordan algebra V of rank r. Then J is the orthogonal direct sum of spaces J;; (i < j). Further-
more,

(i) Jijodij C Ju+ Jjj;

(ZZ) JijOij g Jika Zf Z;’ék,

(iii)  Jijo Ju = {0}, if {i,j} n{k,1} = 0.

In a n-dimensional Euclidean Jordan algebra V of rank r, by Corollary IV.2.6 of [6], we have
dim(J;5) = dim(Jy) =: 7 for 4,5, k,l € {1,2,---,r} such that ¢ # j,k # . Then

n=r+ gr(r— 1). (2.3)

For a given Jordan frame {ci,c2, -, ¢} and 4,5 € {1,2,---,r}, let C;j(x) be the orthogonal
projection operator onto subspace J;;. Then, by Theorem 2.3, we have

Cjj(x) = Qle;) and Cij(x) = 4L(ci)L(c;) = 4L(¢;)L(ci) = Cji(x), 1,5 € {1,2,--- 1}, (24)
and the orthogonal projection operators {C;;(x) : 4,5 € {1,2,---,r}} satisfy
Cij(z) = Cjj(z), Cij(x)* = Cij(x), Cij(x)Cri(x) = 0if {i,5} # {k,1},i,5, k1 € {1,2,-,r}

and

Z Cij(x) =1,

1<igj<r

where C;(x) is the adjoint operator of C;;(x) and 7 is the identity operator. Furthermore,
we have the following spectral decomposition theorem for £(z), £(2?) and Q(x). For a more
detailed exposition, see [10, 19].

Theorem 2.4 (Theorem 3.1, [19]) Let x € J and }7i_, A\j(z)c;j(x) denote its spectral decom-
position with A\i(z) > Aa(z) > --- > A\.(z). Then, the symmetric operators L(z), L(x?) and



Q(x) have the spectral decompositions:

L) = YA+ Y 20+ M@)Cle)
j=1

1<j<i<r
L) = YR+ Y 503+ X))
j=1 1<j<I<r

Qz) = Y N@Cjy@)+ D> N@)(x)Cp(x).
j=1

1<j<i<r

Moreover, the spectra o(L(x)), o(L(x?)) and o(Q(x)), respectively, consist of all distinct num-
bers +(A\j(z) + Ai(z)), %(A?(w) + A (x)), and Aj(z)\(z) for all j,1 € {1,2,---,r}.

In the end of this subsection, we characterize a cone Kg (see (2.5) below) with respect to
x, which plays a key role in establishing the connection between dpllx (z) and dpllx, (0) (see

Theorem 3.3). Let x = }7%_, \j(z)c; = S pi(z)bi with Ap(x) > Xa(z) > -+ > A (x) and
pi(x) > po(z) > -+ > pur(x). In what follows, let R(z) := {i : \j(z) < 0}, S(z) :={i: \i(x) =
0} and p(z) := {i : Ai(x) > 0}. For the sake of simplicity, let N := R(z), ¥ := J(z) and

p:=p(x). Thus RUSUp = {1,2,---,7}. Set
b% = ZCJ
JES

By Theorem 2.1 and the argument after Theorem 2.2, bg = b; where the subscript ¢ is specified
by pi(z) = 0. It follows that bg is uniquely defined by z. In other words, for any Jordan frame
{e1,--,e} € C(w), X eq € = bg. Therefore, we can define a subspace

Jy = J(bg, 1) :={w € J : wobg =w}.
By Lemma 20 in [7], it follows that
o =span{cjpin, Cpaa o Cpnal} £ D e
lpl+1<j <k<[p|+[S]

Then we can verify by direct calculation that Jg is also a Euclidean Jordan algebra with its
identity element bg. Observe that bg := Eje% c; and {¢; : j € 3} is a complete system of
orthogonal idempotents. Thus, {¢; : j € S} forms a Jordan frame in Jg and the rank of Jg is
|S]. This leads us to define the cone of its squares as

Kg = {w? :w € Jg}. (2.5)

Therefore, it is well-defined that Il : Jg — Jg is the projection onto the symmetric cone K.

We can also define a cone by the finite set {¢; : j € §}. Thus, we arrive at another cone
associated with z, denoted by

K(z,0) := U Cone{c; : j € S} (2.6)
{c1,,er}EC(2)

An interesting question occurs: what is the difference between the cones Kg and K(x,0)?
Clearly, when = = 0, Kg = K(0,0)(= K). The following proposition states that they are always
equal to each other.



Proposition 2.5 Let x = > ) \j(z)c; with Mi(z) > Aa(z) > -+ > A\p(x) and bg = 35 ¢
Let Kg and K (x,0) be defined by (2.5) and (2.6), respectively. Then we have
Kg = K(z,0) = U Cone{c; : j € 3} (2.7)

{c1,,cr FEC(2)

and bg s the identity element in the above symmetric cone.

Proof. It is clear that K(x,0) C Kg and bg is the identity element in K.

We now prove Kg C K(z,0). Let y € Kg. Then, by the argument before (2.5), there exists
a Jordan frame in Jg, say, {e1, ez, -, €3}, such that y = yie1 +y2ea+- - - +yg)€3) With y; > 0.
Clearly, elements ej, ez, -, ey belong to K and their sum is bg. We next show that, for any
Jordan frame {c; : i € {1,---,7}} € C(z), we can replace {cjg|4+1, " Clpl+|3|} DY {1, -, e}
to get an element in C(x); Le.,

{617 s Cps €1yt E) Clp| S|+ 7C7‘} € C($) (28)
In fact, by the above definitions, we have

Ckobgzo, fOI‘&Hk’G{l,,|p|,|p|+|%|+1,,?"}
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Then (cx,bg) = 0. By by = e1 + -+ + e|g, it follows that (cx,bg) = > ;= {(ck,e;) = 0. Since
ek e € K, (cx,e;) > 0. It then follows (¢, e;) = 0. By Proposition 6 in [7], we have

CkOEiZO, for all k€ {1,---,|p|,|p|+|S|+1,'“,T}, S {177|C\}|}
This proves (2.8). Then Cone{e; : j € {1,---,[S|}} € K(z,0), and therefore y € K(z,0). O

The above proof yields the following interesting fact which is a decomposition result on
Jordan frames determined by .

Proposition 2.6 Letz =)' \j(z)c; = S i(@)b;. Then for any Jordan frame {c1,-- -, ¢, }
in C(x), the set {cj : \j(z) = pi(x)} is a Jordan frame in J(b;, 1), and a Jordan frame in each
J(bi,1) (1 € {1,---,7}), say, Cy,, is a subset of some Jordan frame in C(x). Moreover, the union
of Cpy, -+, Cp,. forms a Jordan frame in C(x).

2.2 Matrix Representation of VG(z)

Let G(x) be given by (2.2). Suppose that g is differentiable at 7,7 € {1,2,---,r}. Define the
first divided difference glV) of g at T := (11,72,--+,7-)7 € R" as the r x r symmetric matrix with
the ij-th entry (g1 (7))i; (3,5 € {1,2,---,7}) given by
9(ri)=9(7;) ¢ i T

[7is 75lg = o '
g (1) if 7, =r1j.
Based on Theorem 3.2 of [19], Kong, Sun and Xiu [11] introduced the following Jacobian prop-
erties of the Lowner operator G(-).

Theorem 2.7 (Theorem 2.8 of [11]) Let x = 377 _; A\j(w)c; = S pi(@)bi(z). Then, G(-) is
(continuously) differentiable at x if and only if for each j € {1,2,---,1}, g is (continuously)
differentiable at A\j(x). In this case, the Jacobian VG(x) is given by

VG(z) =2 ) ilx), (@) L(e)L(es) = D g (i) L(es), (2.9)
1=1

1,7=1



or equivalently

VG(x) =2 Y [ui(@), mi(@)]lgL(0i(2))L(bj (@) + D ¢ (i) Q(bi(x)). (2.10)
i=1

i#j,ij=1
Furthermore, VG(x) is a symmetric linear operator from J into itself.

Suppose that Lowner operator G(-) is (continuously) differentiable at x = 3% _; A;(z)c; with

Ai(z) > Aa(z) > -+ > A\p(2). For a given Jordan frame {c1,c,---, ¢}, let
L(er)
L= :
L(cr)
be an operator vector with respect to {ci1,c2,- -, ¢, }. Denote L£* := (L*(¢1),---,L*(¢,)), where

L*(¢;) is the adjoint operator of L(¢;). Since L(c¢;) is self-adjoint, we have
L8 = (Lcr), -+, L7(er)) = (L(er), -+, L(er)) -

For the real r x r matrix A(z) := ([Ai(z), Aj(x)]g) we define

rXr?

T

LoA@)L = 3 i), Ay (@) L(er) £(ey).

ij=1

Similarly, for the r-vector d(z) = (¢’ (M (z)), -+, ¢’ (Me(2)))T, define

T

d*(2)L = g (Ni(x))L(ci).

i=1
Thus, by (2.9), we can give a matriz representation of the Jacobian VG(x) as follows:
VG(x) =2L"A(z)L — d*(x)L. (2.11)

In particular, consider the metric projection Ik (-) at x = > %_; Aj(x)c;. Note that t = 0 is
the unique point where g = ¢4 is not smooth but strongly semismooth. Thus if & = @, i.e.,
x is nonsingular, IIx(-) is continuously differentiable at x. In this case, from (2.11), we write
VIl (z) as

Vg (x) =2L%A(x)L — d*(z)L

where A(x) is a symmetric matrix of the form
E r
Az) = ( \@IIXJ@I > (2.12)
T Opepay

with Ej, x| being the all ones |p| X |p| matrix, the [p| x [N] matrix T' = <$§J(m))‘ I
T p X

T
and the vector d(z) = <1‘7;|, 0&) . Throughout this paper, E,,, xp, denotes the n; x ny all ones

matrix.



3 Clarke Generalized Jacobian of IIx

This section deals with the Clarke generalized Jacobian of IIx. This is influenced by the recent
work [8, 9, 12] in the special settings of second-order cones and positive semi-definite cones,
where Kanzow, Ferenczi and Fukushima [9] gave an expression for the B-subdifferential of the
projection onto second-order cones, Hayashi, Yamashita and Fukushima [8] gave an explicit
representation for Clarke generalized Jacobian of the projection onto second-order cones; Malick
and Sendov [12] worked out the Clarke generalized Jacobian of the projection onto the cone of
symmetric positive semi-definite matrices. We generalize the above results to symmetric cones.
For this purpose, we mainly look at the B-subdifferential of Ilx. First, we establish our notation.

For a given Jordan frame {ci,ca, -, ¢}, we define

{Clv"'vc’f} o s . - 3 4
Jp g (x) = {hHO,IIiI}LlGDHK Vg (xz+ h) : h € span{cy,ca,-- -, ¢}, fllli% Vg (x + h) ex1sts} .

For a given integer ¢t € {0,1,---,|J|} we define a r-vector d;(x) by
AT
dy(z) = ¢ = lol+t ), 3.1
= oy ( U .
Oy

and a set of r x r matrices A¢(x) by

Eigixiel  Elpixisl Tipixiyy E A
Ay(z) = Egixjpl Do Ogxpy | 1 A0 = < AL 0 >=A00 €A IS p, (32)

o Omixisl Opmixpn

where I'| )|y s a given matrix by the ij-entry T';; = %ﬁlm (i € p,j €N), and A(t,|S]) is

a set of ¢ x (|S| —t) matrices (0;5);x (31— (the rows are indexed by |p| + 1, |p| +2,---,[p| + 1,
and the columns by |p| +t+1,|p| +t+2,---,|p| + |3]|) specified by

A(t,|S]) == {(ez’j)tx(\<5|—t) € [0,1]>USI=0 . g, satisty (a) and (b) below}

(@) O;plt+1 = i jp|4t42 =+ = 9i,\p|+.\§| (i e{lpl+1L[pl +2,--,lpl +t}),
Op+1,5 = g2, = - = Ojgp4e (G E{Ipl +t+ 1 [l +t+2,- -, [p] + [S]});
(b) (ei — 1) is a matrix of rank at most one.
v tx (|| —t)
Clearly, when x = 0, we have a r-vector

dd@::dt::<0h >, (3.3)

r—t

and a set of r X r matrices

E Apsc(r
At(O) = At = {< AT bxt tx(r=1) > :Atx(r—t) € A(t,?")} s (34)

tx(r—t) Or—t)x(r—t)

where A(t,7) is a set of £ x (r —t) matrices (6j);x(r—¢) (the rows are indexed by 1,2,---,t, and
the columns by t + 1,¢ 4+ 2,---,r) specified by

A(t,r) := {(Hij)tX(T_t) e [0,1]*=1) . 0;; satisfy (a’) and (b') below}

8



(a/) 0i7t+l 2 0i7t+2 Z 2 Hi,r (Z S {1727 7t})7
012005220, (Ge{t+1,t+2,--,r});

(") ((% — 1) is a matrix of rank at most one.
v tx(r—t)

We are now ready to give the formula for the Clarke generalized Jacobian of Il (x) by its
B-subdifferential. Our next result generalizes Lemma 2.6 of [9] (for B-subdifferential), Theorem
3.7 of [12] and Proposition 4.8 of [8] (for Clarke generalized Jacobian).

Theorem 3.1 The B-subdifferential of k() at = is given by

13
oplig(x)= |  J{2L'M(@)L - df(2)L}

{c1,,cr yeC(x) t=0

where di(x) and Ai(z) are specified by (3.1) and (3.2), respectively. Furthermore, the Clarke
generalized Jacobian of Ik (-) at x is

S|
Al (x) = conv {Op1lk (z)} = conv U | {2c"Av(@)L — df ()£}
{c1,+,cr }EC(z) t=0

Proof. First we prove dpllk(z) 2 Uy, .. c.yec() UEO {2L%Ay(x)L — df (z)L}. Without loss
of generality, fix a Jordan frame {ci,---,¢,} € C(z). For any arbitrary but given integer ¢ €
{0,1,--- |}, set V' := 2L*Ay(x)L — df (x)L where Ai(x) € Ay(x) and dy(x) is given by (3.1).
We need only to show that V' € Opllx(z). For this purpose, it suffices to demonstrate that
there exists a vector h = >_._; Ai(h)c; such that

= li 11 .
v hﬁo,x—li-%EDHK v K(x + h)

Let Ay(x) = (0ij)rxr- We define g;; := %j —1forie{|p|l+1,---,|p|+t}and j € {|p| +t+

Lol + (S}, then By (jg1—1) = (Sij)ex(js|—t) can be written as
Tpl+1
Bix(si-0 = : (Mgt > Tlgl+131)
Tlpl+t
where 7; € [0, +00], Mgji1 < Mpjp < o S Mgpyy A0 Tigppipy S Tglin <0 S Mgl
Taking
0 if 1< < [pl,
p if m =0, |p| <i<|pl+t,

00w #0400, ol <i <ol +t,

0 if m = +o0, |p| <i<|p|+t,

—p® i m=0, p[+t<i<|p[+]3,
—mp? if m £ 0,400, |p| +t <i < |p|+ ]S,
—p  if m=+oo, |p|+1t <i<|[p[+[S],

0 if |[p| + (S <<,



we have x + h =i Ni(z + h)c; = D> 7 [Ni(z) + Ai(h)]e; and for sufficiently small p € (0, 1),
M@ +h) > = Ng(@+h) > 0> N ( +h) = = A(x + h).
It is easy to verify that « + h € D, and
flliﬂ% VIl (z+ h) = 2L Ay(z) L — df (z)L.

Hence V' € 0pllg(x).

We next prove that dpllx(z) C U, .. crec) Uimo28"A(@)L — di(z)L}. Let W €
Opllk (x). Then there is a vector h := h(W) € J such that W = limp—o s+repy,. VI (z +h).
For the above h € J, let x + h =: 37" A\j(x + h)cj(z + h) with Mi(z +h) > Xa(z + h) > - >
Ar(z 4+ h). In the sense of set convergence (see [17]), we have

limsup {(ci(z+h), -, cr(x+h))} CC(x).
h—>0,1‘+h€D1‘[k

Let us pick {c1,- -, ¢} € limsup{ci(z + h), -, ¢ (x + h)}. Clearly,

li A h) =X\
hHO,m}an}GDHk (@ +h) (@),

where M(z + h) := (A (z + h), -+, \(x + h))T and none of \;(z + h) is zero. Suppose that

T
N(z + h), p(x+ h) are given and ¢ := |p(x + h)| — |p|. Then di(x) = (1%;'“,0?_'@‘_15) . Set
E Eoist Do (B) )
oixlol  Blppxisi Tiplxy g i
Ai(z + h) = ( gmxm A O3 x| ) with A := < I{;t O 12 ) >,
Dl () Oppxist Oppxyy 12 PN (=0

Ai(z+h . - A _
where F\@|><\N|(h) = (WM)IMXIM (Z SEJWES N) and A12 - <Aij>t><(\%|—t)
Ai(z+h)

syt Eedlpl+ 1 el + ) e {lpl +t+1,--, o[+ [S]}). If limy, o Ay exists,
then direct calculation yields

E E o T
wixlol  Blelxisl Llpix| . N
Oy(x) = }llin%)At(x+h) = ( E$|X‘p| A VRN ) with A — < At;t o 12 . >’
Tl Omixist  Opyxiay 12 O(n1-6)x(x-1)

with Aij =

where A = limh_@]X and A12 = limh_@ Alg = (eij)txqg‘_t) with 92']‘ = limh_>0 #ﬁ:zxw (Z S

{|p| + 17 T |p| + t}v ] € {|p| +i+ 17 ) |p| + |S|}) Observing that
Apl+1(R) = Ajgjg2(h) = - = Agj4e(h) > 0

and
0 < =Ngptr1(h) < =Ajgpeqa(h) <o < =Apgpie(h),
we easily show 60;; € [0,1] and (a). In order to prove (b), let

—)\j(l‘ + h)

0 N+ h)
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forie{lpl+1,---,lpl+t}, j€{lp|+t+1,---,[p[+[S[}. Then,

1
1+

1
or equivalently ¢; = — — 1. (3.5)

;i = 0:;

Note that 6;; € [0,1] implies ¢;; € [0,+00] and 0;; = 0 < ¢;; = 00, 0;; = 1 & ¢;; = 0. Define
B := (Gij)ix(js|=t)- Then, it is easy to see that

1
Algl+1(h)

B = lim

Jim (FAppsera () =Ny (R)

1
Alpl+¢(h)

This establishes (b), and hence ©(z) € Ay(z). The existence of limp—oztnepy, VIk(z + h)
means that lim,_o Ao (h) exists. This proves W = 2£*0(x)L—d} (z)L € {2L*Ay(z)L—df ()L},
as desired. t

From the above proof, we also obtain that for a given Jordan frame {cy,co, -, ¢} € C(x)
|3
o5 Mg (x) = | {27 Ar(@)L — df (2) L}
t=0

Note that when x = 0 the above result becomes the following, which provides a formula for
B-subdifferential of the projection onto symmetric cone Il (-) at the origin.
Corollary 3.2 The B-subdifferential of Ilx(-) at 0 is
Ol (0) = U Utecrac —d;cy,
{c1,+,cr}EC(0) =0

where dy and Ay are given by (3.8) and (8.4), respectively. Furthermore, the Clarke generalized
Jacobian of Tk (+) at 0 is

Al (0) = conv (IpIlk (0)) = conv U {2 aL — d; c}
{c1,,cr }€C(0) =0
In general, Opllk (0) # Ollk(0).

Proof. We only need show that dpllx(0) # Ollk(0) in general. For this purpose, we look at
an example in the case of the second-order cone A% := {(z1,23)T : 21 > [|z2|,21 € R,25 €
R" 1} (n > 2). Let {c1,co} be a Jordan frame given by

1 1 .
=3 <(_1)i_1 w) , for i € {1,2},

with w being any vector in R"~! satisfying ||w|| = 1. By direct calculation, we can derive that
dplan (0) ={0,Z,7} and 9l (0) = conv{0,Z, 7 } where 7 satisfies

7T = 4[0, 1],6(61),6(62) + Q(Cl) + 0 x Q(Cg).

This means that Opllx(0) # 0l (0) in general. O
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Applying Proposition 2.5, Theorem 3.1 and Corollary 3.2, we immediately obtain the fol-
lowing result, which states the interesting connection between 0pllk (z)(respectively, Ollx (z))
and Opllk, (0)(respectively, Ollk, (0)). In the case of S”, it reduces to Proposition 2.2 in [18].

Theorem 3.3 Let x = Y ;_; \i(z)e; with Aj(z) > Xa(x) > -+ > A\ (x). Then V € Opllg(x)
(respectively, V € Ollk(x)) if and only if there exists a Vig| € Opllky(0) (respectively, Vig| €
O0llk,(0)) such that

V=W+ V‘g|,

where W is independent on the Jordan frame {c1,---,c,} and specified by

W =09 Zci +4L Zci <ZC’>+4 Z ;\Ex ()E(ci)ﬁ(cj).
Aj

1€QP 1€Q 1€ 1€, jEN

Proof. Let z = Y1, Ni(z)e; = So_; pi(z)b; with A\ (x) > Xa(z) > -+ > A\ (x) and p(x) >

po(x) > -+ > pp(z), and set {c1,---, ¢} = {cp,cq,en} with ¢ = {er, - ¢}, o =
{C'p‘+1, S Clol 4|3 |} and ¢y = {C|p‘+|g‘+1, S ,cr}. By Proposition 2.5, any Jordan frame in Jg
is a subset of a Jordan frame in C(z), and the part cg of a Jordan frame {c ---,¢,} in C(x) is a
Jordan frame in Jg. Let
Lig)
L= £|g‘ ,
Ly
where
L(er) L(cpl+1) L{elpl+/s1+1)
L) = : , Lig) = : , Ly o= :
L{eig)) L{ejpl+/1) L(cr)

It therefore follows immediately from Theorem 3.1 and Corollary 3.2 that V' € dpllk (z) if and
only if there exists a Vig| € dpllk,(0) such that

V= 2£*At(a;)£ - d;f(x)ﬁ, V‘g| = 25‘*%'14(15, ‘%Dﬁm‘ - drﬁm‘,
where r X r matrix Ay(z) € Ay(z) and || x || matrix A(¢, |S]) € A (¢, |S]) satisfy
Elpixipl  Elpix|ar Lleix
Ai) = | Egixlpl AGISD Ogxy |
Diixiny  Omixist Oy

and r-vector di(z) and |S|-vector d; satisfy

T
du(w) = (1, df , 0py)
By the symmetry of £(z) and A;(x), direct calculation yields

Vo= 2LA,()L — d(2)L
= 2£|W\E\p|x\p|£\pl + 4£|KJ\E‘@|X‘%|E‘%| + 4E‘Q|F|p‘X|M£|M + ZE‘ |A(t |\S|) df(:z:)ﬁ

= (%mE\W\mﬁ\m 1\p|£\@|)+4£|p\E\@|X\ a1 L1a) + AL T o] £y
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<2£|J‘A(t, S)) - d?£|%\>

) (225(@)5(@25(@) 1Y L)L)

1,JEP 1€EQ 1€pR,JES

Ai(z)
+4iep,jeN @) = 5( i)L(cj) + Vg
= Zci +4L Zcz ZQ) +4 Z >\ (l’ ﬁ(Cz)ﬁ(Cj) + V‘c\ﬂ
i€p 1€p i€ szJEN )_ ]( )

This implies that V' € dpllk(z) if and only if there is a V|g| € 9pllk,(0) such that
V=W+Vyg,

where W is given as

W:=qQ Zci +4L (ch (ch> +4 Z ;\Ex e )ﬁ(cl-)ﬁ(cj').

1€EP 1€EQ SN zEp,]EN

Observe the following equations

Zci: Z bi, Zci: Z bi,

and

2 rece) =Y Y rmce)

Ai(@) = Aj(@) ietiu>0) gefip<oy 1) T (@)
From the fact above and the uniqueness of b; by Theorem 2.1, we obtain that W is unique and
independent on the Jordan frame {cy,- -, ¢, }. By the definition of Clarke generalized Jacobian,

it holds that V' € Ol () if and only if there is a V|g € Ollk, (0) such that V =W + V|g|. We
complete the proof. O

1€p,JEN

4 B-subdifferentials of x_ and |z|

FEmploying the same technique as in the proof of Theorem 3.1, we give below the formulae for
the B-subdifferentials of z_ and |z|.

Theorem 4.1 Let e be the all ones vector of appropriate size. The B-subdifferential of x_ is
given by

S|
opr_= | UL Eo — M@)L — (€ di(2))" L},

{e1,,cr}eC(2) =0
where dy(x) and A¢(x) are specified by (3.1) and (3.2), respectively. Furthermore,

dpr_ =T — 9pllk(z).
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Proof. Note that for any pair of scalars 7;, 7;,

(ri)- = ()= ()= () | 0 G)==(m)- | (s = (h)s
Ty —Tj Ty —Tj Ty —Tj Ty —Tj

In a similar way as in Theorem 3.1, we obtain the formula for the B-subdifferential of x_. [

Before studying the B-subdifferential of |- | at z, we need the following notation. For a given

integer ¢t € {0,1,---,|S|} we define a r-vector hy(z) by
L) '
L oI+
hi(z) == = < p , 4.1
) ~lis)— ~lr—jpl-t oy
~Ipy
and a set of r x  matrices A;(x) by
Q Elgixipl  Elglxisl  Tielxy| B Toy
Ay(z) == E?|x\p| To —Eigixpy | : To= ( YT g, > ;Yoo € T(¢,[S]) ¢
00
T —Emixisl —Ewixpy

(4.2)
where By = FEixt, B2 = E(g—t)x(3|-t)s L]p|x[x| 1S a given matrix with the ij-entry T;; =
Xi(@)+X; . .
%&8 (i € p,j €N), and Y(t,[3]) is a set of t x (|3 —t) matrices (§;)x(j5/—¢) (the rows
are indexed by |p|+1, |p|+2,---,|p|+t, and the columns by |p|+t+1,|p|+t+2, -, |p|+]J])
specified by

T(t,[S)) = {(5ij)t><(\%|—t) € [-1,1]SI7D ¢, satisfy (c) and (d) belOW}>

(€) &ipl+t41 = Cijpl4iqe = 00 = §i,\p|ﬂ%| (i=lpl+1Llpl +2,-,lpl+1),
g‘pH—l,j = £|p\+2,j > 2 g\m—l—t,j (.7 = |p| +t+1, |p| +t+2,---, |K)| + |%|)a

d (1_&J is a matrix of rank at most one.
@)\ (1S —t)

We are in a position to give a formula for the B-subdifferential of |z|.
Theorem 4.2 The B-subdifferential of |x| is given by

I3

oplel = | U{M*/L )L — B (x) L},

{clv 707}60( )
where Ty () and Ay () are specified by (4.1) and (4.2), respectively.

Proof. Note that for any pair of scalars 7; > 7,

’ ‘ ‘ ‘ 1 ifTi>Tj20,
Ti| — |7Tj it
= —2 if > 0> 7,

T —Tj J

Ti—

-1 ifTi20>Tj.

In the case of 7; > 0 > 75, set §;; := TﬁTJ . Then

—T;

§ij = T or equivalently

1oy
1_|___Tj’ T; 1+£ij

Ti
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This implies that

7 S [0,+OO] =5 fij € [—1,1].

Ti
Based on the above fact and a similar argument as in the proof of Theorem 3.1, we deduce the
claimed identity. O

Note that Opx # Opzy + dpx— and Oplx| # Opx4 — Opx—, although x = x4 + z_ and
|x| = x4 — x_, respectively. For instance, in the case of J = R, it is easy to derive

Opxy = Opx_ ={0,1}, Idpx =1 and Oplz| ={-1,1}.
However, Opzy + dpxr— = {0,1,2} and dpxy — dpz_ = {—1,0,1}.
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