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Abstract

We consider revenue management models for pricing a product line with several customer
segments, working under the assumption that every customer’s product choice is determined
entirely by their reservation price. We model the customer choice behavior by several prob-
abilistic choice models and formulate the resulting problems as mixed-integer programming
problems. We study special properties of these formulations and compare the resulting opti-
mal prices of the different probabilistic choice models. We also explore some heuristics and
valid inequalities to improve the running time of the mixed-integer programming problems.
We illustrate the computational results of our models on real and generated customer data
taken from a company in the tourism sector.
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1 Introduction

One of the key revenue management challenges for a company is to determine the “right” price
for each of their product line. Generally speaking, a company wants to set the prices to maximize
their total profit. The challenge arises from the complex relationship between the product prices
and the total profit. For example, how do the prices affect the demand for each product? In
cases where multiple products are offered by the company, the price and demand for a product
cannot be considered in isolation from the other products. That is, the company must take into
account the fact that in addition to competitors’ products and prices, a customer’s decision to
purchase a product can be swayed by the relative prices of similar products offered by the same
company. Thus, prices need to be set not only to “beat” the competitors products but also to
avoid “cannibalizing” the company’s own product line. For example, if there are high margin
and low margin products, setting the price of the latter too low may decrease demand for the
high margin product, thus resulting in lower profit.

In this paper, we study several different models for product pricing from a mathematical
programming perspective. The models differ from one another according to different assumptions
on customer purchasing behavior. Before we discuss the details of our approach, let us first give
a brief overview of the relevant work in this area.

1.1 Background

There are many variations on product pricing models depending on the setting. For example,
there is the single-product, multi-customer setting, which is primarily concerned with what price
to offer to different customer segments. Airline revenue management is one of the most popular
examples in this context, where business travelers, leisure travelers and budget travelers are
offered different prices for the same flight, depending on the lead time of purchase and additional
options (e.g., partially refundable tickets). An alternative framework is the multi-product, multi-
customer setting where every customer is offered the same price for a given product, but different
customer segments have varying preferences. This is more of a combinatorial problem where
given the customer preference information, the prices need to be set to maximize total revenue.
We will focus on the second type of problem in this paper.

In general, suppose a company has m different products and market analysis tells them
that there are n distinct customer segments, where customers of the same segment behave the
“same”. A key revenue management problem is to determine optimal prices for each product
to maximize total revenue, given the customer choice behavior. There are multitudes of models
for customer choice behavior [23], but this paper focuses solely on those based on reservation
prices.

Let R;; denote the reservation price of segment i for product j, i =1,...,n, 5 =1,...,m,
which reflects how much customers of segment ¢ are willing and able to spend on product j. R;;
is not only the dollar amount that product j is worth to customers in segment ¢, but it also



reflects how much they are able to pay for it. For example, if a customer segment believes that a
7 day vacation to St. Lucia is worth $2,000, but they can only afford $1,000 for a vacation, then
their reservation price for St. Lucia is $1,000. We assume that reservation prices are the same
for every customer in a given segment and each segment pays the same price for each product.
Customer choice models based on reservation prices assume that customer purchasing behavior
can be fully determined by their reservation price and the price of products. Without loss of
generality, we make the following assumption:

Assumption 1.1. R;; is a nonnegative integer for all i =1,...,nand j =1,...,m.

If the price of product j is set to $m;, m; > 0, then the surplus of segment ¢ for product j
is the difference between the reservation price and the price, i.e., R;; — m;. It is often assumed
that a segment will only consider purchasing a product with nonnegative utility, i.e.,

Assumption 1.2. If segment ¢ buys product j, then R;; —7m; >0,¢=1,...,m, j=1,...,m.

Even in a reservation price framework, there are several different models for customer choice
behavior in the literature (see [I9] and the references therein). In [6] [7], the authors proposed
a pricing model that maximizes profits with the assumption that each customer segment only
buys the product with the maximum surplus if the surplus is nonnegative. This model is often
referred to as the mazimum utility or envy-free pricing model. In this model, each segment buys
at most one product. The authors modeled the problem as a non-convex, nonlinear mixed-integer
programming problem and solved the problem using a variety of heuristic approaches.

In [14], the authors examined a Share-of-Surplus Choice Model in which the probability
that a segment will choose a product is the ratio of its surplus versus the total surplus for the
segment across all products with nonnegative surplus. They proposed a heuristic which involves
decomposing the problem into hypercubes and used a simulated annealing algorithm to find the
best hypercube. Solutions found by the heuristic for problems with sizes up to 5 products and
10 segments were shown to be near-optimal.

Another approach of pricing multiple products is to consider the problem of bundle pricing
[I0]. Tt is the problem of determining whether it is more profitable to offer some of the products
together as a package or individually, and what prices should be assigned to the bundles or
individual products to maximize profit. The bundle pricing problem in [I0] was formulated as
a mixed integer linear programming problem using a disjunctive programming technique [3].

Some research has been done on partitioning customers into segments by the probability
that they would buy each product. In [IT], the authors proposed a segmentation approach that
groups the customers according to their reservation prices and price sensitivity. The probability
of a segment choosing a product j is modeled as a multinomial logit model with the segment’s
reservation price, price sensitivity, and the price of the product j as parameters. Unlike their
model, we do not consider variances in price sensitivity in this paper as a criterion when we
partition customers into segments and we assume that all segments react to price changes in the
same way.



In our approach, the company sets the prices but it does not manipulate the offers each
customer receives. Therefore, the prices will be the main decision variables in our mathematical
models. A parallel stream of research uses choice models to decide which subset of customers
should be offered which subset of products as well as the duration of the offer. Let us call the
first approach universal prices approach and the second one distinguishing prices approach.

Distinguishing prices approach has been successfully applied in many settings, in particular,
in airline revenue management, see [21, [[5]. In the framework of the distinguishing prices
approach, another related situation is that of flexible products. The customers are offered flexible
products each of which is a subset of similar products (e.g., the customers are offered the flexible
products {product 1, product 2}, {product 3, product 4, product 5} and {product 1, product
6}). Then, when a customer buys a flexible product (say {product 1, product 6}), the customer
knows that s/he will end up with one of the products in the subset for her/his choice (either
product 1 or product 6); however, the company is the one who decides which specific product
from the subset chosen by the customer will be assigned to that customer (either product 1 or
product 6). See, [9, 8.

An important avenue of research in revenue management is concerned with dynamic pricing
situations (see, [4,[1, 2]). In this paper, we focus on the static version of the problem. In practice,
static models may be used in dynamic situations, provided reoptimization of the prices can be
done quickly (this was shown to be so for the maximum utility models using reservation prices
in [20]).

There are many other aspects of customer choices that can influence the prices. For instance,
a number of firms competing based on their local inventory levels may create an environment
where the demand shifts dramatically from one company to the other almost purely based on
the local availability of the products and hence the local inventory levels (see [16]).

Many optimization models and techniques have been effectively utilized in the area of rev-
enue management. Classical approaches have used dynamic programming models and their
reformulations by very large scale linear programming problems. Also used are Markov decision
process formulations and their affine approximations (see [24]). Mixed-integer bilevel programs
are utilized in [5] to attack the joint network design and optimal pricing problems.

In this paper, we assume that the reservation prices for each customer segment and product
are given. Given different models of customer purchasing behavior, we aim to formulate and solve
the corresponding revenue maximization problem as a mixed-integer programming problem.
Note that we take the customer choice (behavior) models (e.g., Share-of-Surplus, Price Sensitive)
as axioms in the corresponding sections of this paper. The axioms (customer choice models) are
probabilistic in nature (hence, the phrase Probabilistic Choice Models in the title) as they define
the probability that a customer segment will buy a particular product (or what fraction of a
group of customers in a customer segment will buy a particular product). However, our main
focus is in solving the underlying mathematical problem (i.e., computing the optimal or near-
optimal prices maximizing the expected revenue). Our mathematical programming formulations
of the underlying problem are deterministic and exact (not an approximation to a stochastic



problem). For a discussion of various axioms related to the axioms of this paper, see [22]. In the
Appendix, we discuss how we performed the customer segmentation and estimated the mean
values for the reservation prices from customer purchase orders of a Canadian company in the
tourism sector.

1.2 Probabilistic Choice Models

In this section, we will introduce the general framework of probabilistic customer choice models
that determines the probability that customer segment 7 will purchase product j, i = 1,...,n,
j=1,....,m.

Let 3;; be binary decision variables where

3 {1, if the surplus of product j is nonnegative for segment i;
ij i=

0, otherwise.

That is, 8;; = 1 if and only if R;; —7; > 0 and §;; = 0 if and only if R;; — m; < 0, where, again,
m; is the decision variable for the price of product j. This relationship can be naively modeled
by:
(Rij — mj)Bij = 0,
(Rij —m;)(1 = Bij) <0,
(Rij —mj +1) < (Ryj — min; Ry +1)8i5,
fori = 1,...,n and j = 1,...,m (the third inequality is valid under Assumption [[1]). To

linearize the above inequalities, we can use a disjunctive programming trick. Let p;; be an
auxiliary variable where p;; = 7,035, i.e,

7w, if B =1,
Pij :{ ! v

0, otherwise.

This relationship can be modeled by the following set of linear inequalities (together with the
restriction that §;; € {0, 1}, for every ¢, j):
pij = 0,

Dij < Ty,
pij < RijfBij,
pij > T — (izrrllaXn Ry +1)(1 = Byj),

fori=1,...,nand j =1,...,m. The first and the third inequalities set p;; = 0 when 3;; = 0;
the second and the fourth inequalities set p;; = m; when 3;; = 1. R;; is a valid upper-bound
for p;; since if p;; > R;j, then §;; = 0 and thus p;; = 0. Also, max;—y  , R;; + 1 is a valid
upper-bound for 7; since no segment will buy product j if 7; > R;; for all i =1,...,n.



Here 7, 3, and p are vectors of 7, 3;; and p;;, respectively; let P be the following polyhedron:

P:{(ﬂ’lg’p): RZ]ﬂZ]_pZ]E(L izlu"'anhj:lu"'ama (1)
Rij(1— i) — mj < 0, i=1l..nj=1..,m,
pijgﬂ'j, izl,...,n,jzl,...,m,

Dij = T _(z’:HllE_l_}_(nRij—i_l)(l_ﬁij)’ t=1,....,n,5=1,...,m,

R,’j—ﬂj—l-lﬁ(Rij—miniRij—i-l)ﬂij, 1=1,...,n,5=1,...,m,
ngZO,WgZ(), izlv"'v”)jzlv"'vm}'

Thus, to model the condition in Assumption [L2, we need to set prices m; and (;; such that
B € {0,1}"*™ and (7, 3,p) € P.

There are ambiguities regarding the choices between multiple products with nonnegative
utility. Given all the products with nonnegative surplus, which products would the customer
buy? Are there some products they are more likely to buy than others? In a probabilistic choice
framework, we need to determine the probability Pr;; that segment ¢ buys product j. Let N;
be the number of customers in segment ¢. Then the expected revenue for the company is

n n m
Z N, E[revenue earned from segment | = Z N; Z i Prij;.
i=1 =1 Jj=1
In our revenue management problem, we can interpret Pr;; as the fraction of customers of
segment ¢ that buys product j, i.e., the expected revenue is
m m n
Z 7jE[number of customers in segment ¢ that buys product j] = Z j N; Pr;;.
j=1 j=1 =1
Furthermore, let Pr;; be positive if and only if the surplus of product j is nonnegative for
segment 1.

Thus, the expected revenue maximization problem is:

n

max Zin:Niﬂ'jPTij, (2)

i=1 j=1
st. Pri>0&06;;=1, i=1,...,n;5=1,...,m,
Prij:0<:>ﬁij:0, 1=1,...,n5=1,...,m,
(m,B8,p) € P,
Bi; € {0,1}, i1=1,...,n;5=1,...,m.

All the probabilistic choice models explored in this paper are based on the optimization problem
). What differentiates the models is how Pr;; is defined.

One of the most popular probabilistic choice models in the marketing literature may be the
multinomial logit (MNL) model,



where v;; represent the utility or desirability of the product j to segment ¢. Clearly, there are
wide variations in how this v;; is modeled as well. The main motive for the exponential is to
allow v;; to take on any real value. For example, an alternative model is to have

’UZ']
Pri; i = =———,
Y vk
but we would then require v;; > 0 and ), v > 0, which could be easily addressed in many
cases.

In this paper, we examine several probabilistic choice models from a mathematical program-
ming perspective. Depending on how Pr;; is modeled, we can formulate the optimization prob-
lem () as a convex mixed-integer programming problem (MIP). In Section B, we assume that
Pr;; is uniform across all products with nonnegative surplus. We call this model the Uniform
Model. In Section B, we modify the Uniform Model so that customers are more likely to purchase
products with higher reservation prices. We call this model the Weighted Uniform Model. In
Section B, we explore mathematical programming formulations of the Share-of-Surplus Model
proposed in [I4], including an MIP formulation for the case with restricted prices. Section
explores the Price Sensitive Model where Pr;; decreases as the price of product j increases. We
then discuss properties of the optimal solutions on particular data sets (Section [f) and compare
the optimal prices m; and variables §;; of the different models (Section [d). We also consider
enhancements to the models, including heuristics to determine good feasible solutions quickly
(Section B) and valid inequalities to speed up the solution time of the MIPs (Section [). In
Section [, we show how we can incorporate product capacity limits and product costs into
the models. We illustrate some computational results of our models in Section [[Il and conclude
and discuss future work in Section Our main focus is on the Share-of-Surplus Model and
the Price Sensitive Model. For the former model, we propose a modification and provide a new
formulation. To the best of our knowledge, the Price Sensitive Model although very intuitive
is new, the novel part being the mathematical formulation. Among other new ideas, we also
utilize second order cone constraints (and related solvers) in our convex relaxations and branch-
and-bound algorithms. We introduce these mathematical models slowly, building up towards
more sophisticated (and more realistic) models from more elementary (but much less applicable)
Uniform Model and the Weighted Uniform Model. We consider these simpler models for the-
oretical and computational reasons only. These models by no means correspond to estimating
the consumer behavior. We utilize them for approximating optimal prices (for the more realistic
Share-of-Surplus and the Price Sensitive Models) and for improving our understanding of the
underlying mathematical structures in the more realistic models.

Note that proofs for all theorems and lemmas are in Appendix [Al

1.3 Notation

Following are common parameters and notation used throughout the paper:



n number of segments,

m  number of products,

N;  size of segment 1,

R;; reservation price of segment ¢ for product j,
R; :=max;{R;;},

R, = min;{R;;},

R = max;{R;;},

mj  price of product j (decision variable),

Bi; equals 1iff R;; —m; > 0, equals 0 otherwise (decision variable),
P polyhedron ().

2 Uniform Model

A very simple model of customer choice behavior is to assume that each segment chooses products
with a uniform distribution across all products with nonnegative surplus. We call this model
the Uniform Model.

2.1 The Formulation

Let 3;; be as before. Then in the Uniform Model, the probability that the customer segment %

buys product j is
m
0, if > 3 =0,
j=1

Bi;
Ekmzl Bir”

PTij =

otherwise.

n
Under this assumption, the expected revenue is Z N;t; where

1=1

- Bij 27;1 Pij .. x—
T4 ™m = m ) if /82 7é 07
= ; / zk:1 @k Zk:1 sz Z !

0, otherwise,

ti . j=1

where p;; is the auxiliary variable in Section such that p;; := 7;3;;. Thus, t; corresponds to



the average price that segment 7 pays. We reformulate the problem to
n
max Z N;t;
i=1

m m
s.t. Zﬁijtigzpija Vi,
j=1 j=0

ti <R YT By Vi,
(paﬂ-aﬁ) S P7
ﬁij c {O, 1}, VZ,]

Let us introduce yet another auxiliary variable a;; such that a;; = t;8;, i.e., a;; = t;if 3;; = 1
and a;; = 0 otherwise. Then the above formulation can be converted to a linear mixed-integer
programming problem

max Z Niti, (3)
i=1

st DT a <30T pigs Vi
ti <R Y, Bij, Vi,

a;j < RifBij, Vi, V7,
a;; < t;, Vi, V7,
aij >t — Ri(1— By;), Vi, V4,
(p,m,B) € P,
ﬁij S {0, 1}, Vi, j.
Theorem 2.1. Let 7}, j = 1,...,m, be the optimal prices of the Uniform Model. Then, for
every product k that is bought, 7 equals R for some i =1,...,n. In particular, let the vectors

7 and B* be optimal for Problem (@). If Y ;" | B > 1, then

5= min {Ry}.
mh = g, )

If E?zl Bir. = 0, then 7;, = R + 1.

2.2 Alternative Formulation

Theorem [Tl motivates the following alternate approach to formulating the Uniform Model. Let
us introduce a dummy customer segment, segment 0, where Ry; := R; +1 and Np := 0, and a
binary decision variable x;; where:

1, if segment ¢ has the smallest reservation price out of all
Tij = segments with nonnegative surplus for product j,

0, otherwise.



With the constraint Y ;" ,x;; = 1 for all products j, we get
n
7 =Y Ryzy,  By= Y,
i=0 l:leSRij

Thus, the continuous variables p;; and 7; can be eliminated. Using the z;; variables, the objective
function of the Uniform Model is

> LR <R; o1 2oty <R BT
N, Rii <Ry N; 2= e
Z Z (Z ! U) (Zk 1 221 Ry < oy, Tk Z 2 k=1 LRy <Ry, Tk

1=0 j= 1

where the equality follows from Y " x;; = 1,V 7, = 45, and z;;2;; = 0 for i # . Model (@)
is thus equivalent to

max Z N;t;, (4)
i—1

s.t. Yoo xij =1, V7,
dojeraij <300 Zl:legRij Rijxyy, Vi,

aij < ti, Vi, j,

aij < R; 2Ry, <Ry Tl Vi, j,

ti — R; Zl:le>Rij Zij, Vi, J,
t; <R 2 ie1 2Ry, <Ry Tl Vi,

ti >0, Vi, 1,

Qg > O, Vi,j,

i € 0,1}, Vi, j.

2.3 Strength of the Two Formulations

Aside from computational experimentation, we wish to compare the relative “strength” of the
original and alternative mixed-integer programming formulations of the Uniform Model. Namely,
let us compare the strength of the LP relaxation of formulations (Bl) and @).

Let Fy be the feasible region of the LP relaxation of ([B) and let F, be that of [#l). We compare
both formulations on the same data n , m and R;j, 1 = 1,...,n, j = 1,...,m. However, note
that we add a dummy customer segment 0 in the alternate formulation ().

Let II;(F}) be the projection of the set Fj, k = 1,2, onto the variables t;, i = 1,...,n, i.e.,

I (F1) == {t : (B, m, p, a) such that (¢, 3, m, p,a) € F1}

and
II,(Fy) := {t : 3(to, x, @) such that (to,t, x,a) € >}

10



where ¢ is the vector of t;’s , ¢ = 1,...,n, a is the vector of a;;’s, i =1,...,n, j=1,...,m, B8
is the vector of §;;’s, @ = 1,...,n, j = 1,...,m, 7 is the vector of 7;’s, j = 1,...,m, p is the
vector of p;;’s, i =1,...,n,j=1,...,m, and x is the vector of x;;’s, i =1,...,n,j=1,...,m.
The following lemma shows that II;(F3) is strictly contained inside IT;(F7), implying that the
optimal objective value of the LP relaxation of (@) is less than or equal to that of [{) in every
instance.

Lemma 2.1. II,(Fy) C II,(F1) and the inclusion is strict.

To test the empirical running time of the Uniform Model, we will use the alternative MIP
formulation (@) instead of (). Section [[lillustrates the running time of the Uniform Model on
problem instances of various sizes.

2.4 A Pure 0-1 Formulation

It turns out that the Uniform Model can also be formulated as a pure 0-1 optimization problem.
For k=0,...,m, let

1, if segment ¢ has exactly k& products with nonnegative surplus,
Yik = .
! 0, otherwise.

11



Then, the probability that segment ¢ buys product j is > ;* % Bijyir and the Uniform Model
can be modeled by the following 0-1 programming problem:

max ZN Z Z lez kzl,],z,ky (5)

= j= llRlJ<RZJ
s.t. E ﬂj‘ijzl, jzl,...,m,
i=1
m
Zylk =1 1= 17 1,
k=0

m m 1
ZZ Z Ezhj,i,k =1—y0, i=1,...,n,
m m
Z Z lj:zkyik, Ty.oooym,
j=1 k=0

I:R; ;<Ri;
214,k < XL, Vi,Vik=1,....m;l: R ; < R;;,
2150k < Yiks Vi,Vik=1,...,m;l: R ; < Ry,

2k = T+ Yik — 1, Vi,Vik=1,...,m;l: R ; < Ry,
zi; € {0,1}, Vi, V7,
yik € {0,1}, Vi,k=0,...,m,
0<zir<1, Vi, Vi, k=1,....,m;l: R ; < R; ;.

In the above, 2 ;; is a continuous variable defined for the segment pairs 4,/ and the product
J (defined for R;; < R;;); the final index k is a counter (recall the definition of y;;). The
constraints imply

24,0k < in{xy;, yir} -

S0, 215,k is zero unless segment 4 has exactly & products with nonzero surplus and segment [
has the smallest reservation price out of all segments with a nonnegative surplus for product j.
In the latter case 2 ;;, will be one.

Preliminary Computational Results

To compare the empirical performance of the pure 0-1 formulation (H) and the previous mixed
0-1 formulation (@), we randomly generated multiple instances of reservations prices R;; for
various n and m. For each (n,m), five random instances were generated. Both models were run
with default parameter settings of CPLEX 9.1 and the results are shown in Table [

These results clearly show that the mixed-integer formulation (@) is far superior to the
pure 0-1 formulation (H) in terms of total running time. This is not surprising since the latter
formulation involves significantly more variables, thus the per node computation time is expected

12



Uniform Alternate Formulation () Uniform Pure 0-1 Model (&)
n m v |LPoptval SMitn nodes time | LP optval SM itn nodes time
4 4 1 2304.79 58 3 0.018 2564.71 206 0 1.320
2 3447.79 17 0 0.007 | 3404.00 78 0 0.070
3 333.60 60 0 0.008 333.00 62 0 0.050
41 3005.67 25 0 0.002 3060.92 64 0 0.060
5 3294.81 31 0 0.007 3360.95 103 0 0.090
4 10 1 382.54 157 42 0.065 406.42 4132 83 16.460
2 381.85 142 3 0.059 398.19 1109 26 365.750
3 358.60 107 13 0.056 397.36 1859 40 11.860
4 355.97 105 0 0.037 389.98 496 0 5.230
5) 394.23 90 0 0.029 402.74 267 0 0.630
10 4 1 744.71 196 12 0.106 802.93 4106 02 28.620
2 845.80 266 35 0.110 856.12 1195 17 803.000
3 799.50 259 31 0.117 850.95 5320 68 31.880
4 809.58 159 0 0.033 856.85 972 3 15.600
) 883.05 99 0 0.031 925.44 1111 21 15.070
10 10 1 985.58 359 36 0.424 997.40 6105 57  240.610
2 991.44 253 8 0.150 1008.53 5123 45 183.780
3 1016.35 269 0 0.137 1021.94 1016 0 84.340
4 825.48 18666 2630 2.762 872.92 139656 1138 1849.010
5) 1014.14 357 19 0.161 1021.50 1309 12 121.720

Table 1: Comparison of Uniform Model formulations @) and () in terms of the objective value
of their linear programming relaxation (“LP optval”), total number of dual simplex iterations
(“SM itn”), total number of branch-and-bound nodes (“nodes”), and total CPU seconds required
to find a provable optimal solution (“time”). n is the number of customer segments, m is the
number of products, and v is a label of the problem instance. Bolded LP optval correspond to
the integer optimal value.

to be longer. However, it may be surprising that in almost all cases, the pure 0-1 formulation has
a weaker LP relaxation than the mixed-integer formulation and requires more branch-and-bound
nodes.

These preliminary computational results may indicate that there is no merit in studying
the pure 0-1 formulation. However, since the constraints for (H) can be represented by 0-
1 knapsack constraints, there may be strong cover inequalities that can be generated from
them. Furthermore, these inequalities can be projected down to the space of x;; variables in the

13



alternate mixed-integer formulation [@l). We further explore this idea in Section [

3 Weighted Uniform Model

In this section, we modify the Uniform Model of Section B so that customers are more likely
to purchase a product with higher reservation price. This model, which we call the Weighted
Uniform Model, is inspired by the multinomial-logit (MNL) model discussed in Section Let
v;; = R;;, but only consider products with nonnegative surplus. Let

0, if > Rijfhy =0,
PTZ']' = R =
rrZLL( i) Bij , otherwise,
Zkzl u(RZk)ﬁzk

where u(-) is a monotonically increasing function of R;;. Thus, with this definition of Pr;;, out
of all products with nonnegative surplus, a customer is more likely to buy a product with higher
reservation price. In the marketing literature, u(z) = exp(x) is a common function for the MNL
model since u(z) > 0 for all z € R,z < co. However, since from Assumption [T R;; > 0, Vi, j,
we define u(z) = z, i.e.,

R;i B m
PT’Z"Z: m 5 5 A 5 if Rz 121
T Rk Bk Z i

=1

3.1 The Formulation

Analogous to Model (B]), the corresponding expected revenue maximizing problem is

n
max Z N;t;, (6)
=1

st > Rijag; < 30 Rigpij, Vi,

ti < R; > i RijBij, Vi,
aij < RifBij, Vi, V7,
a;; < t;, Vi, Vj,
aij > t; — Ri(1 — By), Vi, Vj,
(p,m.B) € P,
Bi; € {0,1}, Vi, J.

14



3.2 Alternative Formulation

Analogous to the alternate formulation of the Uniform Model in Section 22, the Weighted
Uniform Model has an alternate formulation using the variables x;;:

max Z Nit;, (7)
i=1

s.t. Yoo xij =1, V7,
m m .
>jm1 Rigaig < 32000 Y ik, <r,, BijRiTy, Vi,
Qg < ti7 Vi7j7
aij S RZ ZlileSRij ':Ulj7 Vi,j,
a;; > t; — R; Zl;RlpRij T4, Vi, J,
~ m ]
ti S RZ Zj:l Zl:leSRij xlj’ VZ’
t; >0, Vi, i,
Qi > 07 Vi7j7
Tij € {O, 1}, VZ,]

Like the Uniform Model, this alternate formulation results in a stronger integer programming
formulation. Section [l illustrates the running time of the Weighted Uniform Model () on
problem instances of various sizes.

4 Share-of-Surplus Model

It seems realistic to assume that the probability of a customer buying a product is related to
the surplus. A similar scenario is when a customer prefers buying the product that has the
most discount at the moment, rather than picking a product randomly or preferring the product
with the highest reservation price. We want a model where higher the surplus, higher the
fraction of the segment that buys that product. That is, the probability that a customer buys
a product depends on the customer’s reservation price as well as the price of the product. A
monotonically increasing function is needed to describe the relationship between the probability
and the surplus. The Share-of-Surplus Choice Model [14] is a form of a probabilistic choice model
where the probability that a segment will choose a product is the ratio of its surplus versus the
total surplus for the segment across all products with nonnegative surplus.
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4.1 The Formulation

In this model, the probability that segment ¢ buys product j is given by:

(Rij — ;)i
Yok (Rik — ™) Bt

For the moment, let us assume that ), (R — m;)Bi > 0 for all ¢ = 1,...,n for notational
simplicity. We will relax this assumption in Section

Pr;j .=

With the above definition, Pr;; = 0 if R;; = 7;, which may not be desirable. To ensure that
the probability Pr;; is strictly positive when R;; = 7;, we may define the probability as follows:

ppr . L =+ )0
T Yk (Rig — e +m) B
where 7 is a small positive constant. For the sake of simplicity of presentation, we will use the

first definition of the probability throughout the rest of this section. Note that this differs from
the standard MNL model since we do not consider negative surplus products.

(8)

The expected revenue given by this model is

>3 iy ()

p et zk—ﬂk)ﬂzk

We can model this Share-of-Surplus Choice Model as the following nonlinear mixed-integer
programming model:

ma ZZN%( o) )

Pt (Rir — k) Bi

5.t (m,8,p) € P,
Bi; € {0,1}, i=1,....,n;5=1,...,m,

where P is the polyhedron defined in Section [[2

The objective function can further be reformulated to a sum of ratios, where the numerator
is a concave quadratic and the denominator is linear:

;) B ijDij _pz2
maXZZNZ J< k—]ﬂk)]ﬁzk> < maXZZN <Zk Ri1.Bik —]pm>

i=1 j=1 i=1 j=1

Thus, Model (@) can be formulated as the following mixed-integer fractional programming
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problem with linear constraints:

"L Rzypz] p2
max N; Y 10
Z Z <Zk zkﬂzk — Dik ( )
s.t. (p,mw,B) € P,
ﬂij S {0, 1}, VZ,]

The Formulation () is a non-convex optimization problem. Unfortunately, there is no
apparent convex relaxation of this formulation that yields a tight relaxation. In the next section,
we find a mixed-integer programming formulation that approximates the Share-of-Surplus model
by restricting the prices.

4.2 Restricted Prices

Unlike the Uniform and Weighted Uniform Models, the computation of optimal prices, given
Bi;’s, is not immediate for the Share-of-Surplus model. Define B; = {j : 5;; = 1}. Then the
optimal prices is the solution to

(Rij — j)
s 3 32 i (z,@( m—m) -

i=1 jeB;
s.t. Rij —m; >0, Vi, j € B,
Rij—ﬂ'j<0, VZ7]¢BM
5 > 0, V]

If 3;; equals one for at least one segment, then we know that

7 € (max R;;, min R;j].
1:3;;=0 1:3;=1

Suppose product [ is bought by at least one segment and its price is increased by € > 0 such
that 3;;’s do not change. Define S; = {i : 3;; = 1}. Then the change in the objective value is:

>N 2jenngn (B —m) + (m+e)(Ra — (m+€)  3jep mi(Ry —m))
Z ke (Bik — 7)) + (R = (m +€)) > wen, Rk — k)

1€S5;

= eN; <(R“ — (Mt &) Yjen, (B — ™) + 2jep, (15 — m)(Rij — )> (12)

(X ken, (Bik — ™)) D _pep, (Rik — ™) — €)

Increasing the price of product I by € would result in an increased objective value if (2
is positive. The (3;;’s do not change after the price increase, which implies that R; > m + €.
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Therefore, all the terms in ([I2) are nonnegative except perhaps (m; — m;). Thus, we can expect
([2) to be positive if 7 is relatively low compared to other prices. Intuitively, this means that if
m; is low enough relative to other prices, then we want to raise m; so that the surplus of product j
decreases, hence decreasing the probability that the customers will buy this low-priced product.
On the other hand, if 7; is high enough relative to other prices, we want to decrease m; so that
the probability that the customers will buy this expensive product increases, thus generating
more revenue.

Suppose we restrict 7; to be equal to min;.g -1 R;; (this was a property of the Uniform
and Weighted Uniform Models, see Theorem EIl). Then the Share-of-Surplus Model can be
modeled as a mixed-integer linear programming model. Again, let x;; equal 1 if segment ¢ has
the smallest reservation price out of all segments with nonnegative surplus for product j; 0
otherwise. Again, we introduce a dummy segment 0 with Rp; := Ej,Vj , Np := 0 and add the
constraint » ;" ; x;; = 1. As before, 8;; = >, Ri;<Ri; Tij and let us restrict 7; to equal ), R;;x;.
Then the objective function of the Share-of- Surplus Model is:

— ;)i 225 2Ry <Ry B (Rij — Rij)a
Sy, J< )- S = |
Dok Zl:legRik( ik — Rz

— T
o e Rix, — 1) Bik

Let us now relax the assumption that the denominator » ;" >, Ry < Rik(Rik — Ri)xy >0
for all i. Define:

Z h R <R;; Ry (Rij—Rij)zy it _R 0
2ok Zz‘leng(Rzk Rig)zik 2k 2 le<le( k)T 7

ti =
0, otherwise.

Let us introduce an auxiliary continuous variable u;;; where w;;; := t;2;; for all segments [,
and products j where Rj; < R;;. Then we can formulate the problem as a linear mixed-integer
programming problem:

n
max Z Nit;, (13)
i=1
s.t. ZTL 0Tij =1, V7,
Z;n:1 Zl;legRij (Rij — Rij)uiij < Z i Ry <Ry Rij(Rij — Rij)ziy, Vi,
Ulij < ti, VZ7i7jale SRZ]u
Ugij < Eﬂzj, Vi,i, 7, Rij < Ryj,
Upij >t — R (1-— xl]) Vi, i, j, Ry < Ryj,
ti < Ri ijl Zz:legRM (Rij — Rij)xy, vi,
t: >0, Vi, i,
Ulsj > 07 \V/l,i,j, le < szv
Tij € {0,1}, Vi, j.
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If we use the probability Prj; (B) instead, then the objective function is:

N, 2 2Ry <k Bij(Rij — Rig +n)ay
- "\ Xt ry<ry (Rik — R+ )z )

Then the problem can be formulated as follows:

n
max Z Nit;, (14)
=1

st D0 DRy, <k, (Rig = B +mwig < 32500 3 gy <ry; Bii(Rij — Rig +m)ag, Vi,

2limoij =1, V3,
wij <t Vi i, j, R < Ryj,
Uyj < Eixlj, Vi, i, j, le < Rij?
g >t — Ri(1 — xy5), Vi,i,j, Rij < Rij,
ti < R33N Y, <r, (Bij — Ry +n)xy, Vi,
ti 2 07 V’L,
ulij Z 0, vz7i7j7 le é RU’
Tij € {07 1}7 VZ,j

If n < 1, then we need to replace the constraint

m
ti < R; Z Z (Rij — Ryj + n)xy;, Vi
j=11:Ry; <Ry

by

3

ti<—R;» Y (Ry— Ry +nay,Vi
T A kR, <Ry

so that the right-hand-side is at least R; whenever the summation is non-zero.

The constant ) used in the formulation is assumed to be small enough such that the differ-
ence between Pr7; and Prq; is almost negligible but that the probability is positive when the
surplus is nonnegative. The examination of the effect of the value of  on the problem and the
determination of the ideal value for the constant are left for future work.

From experiments, we found that the total computation time of the Share-of-Surplus Model
with restricted prices ([[3]) is significantly longer than that of the Uniform and the Weighted
Uniform Models. We would like to explore other ways to formulate it or perhaps find cuts
in order to decrease the solution time. We may also want to investigate other monotonically
increasing functions to describe the probability which would perhaps lead to formulations that
are easier to solve. The experimental results are discussed further in Section [Tl
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5 Price Sensitive Model

A common economic assumption is that as the price of a product decreases, the demand in-
creases. In this section, we discuss a probabilistic choice model where the probability of a
customer buying a particular product with nonnegative surplus is inversely proportional to the
price of the product.

5.1 The Formulation

Again, let p;; be the auxiliary variable where p;; := 7;3;;. Consider the probability of customer
segment ¢ buying product j as defined below:

0, if B;; =0 (Case 0),
Prij = L, if Bi; =1,> 4 Bir =1 (Case 1),

m (ﬁij - Zii;"k> , otherwise (Case 2).

In this model, Pr;; = 0 if product j has a negative surplus for segment i (Case 0), Pr;j; = 1
if product j is the only product with nonnegative surplus (Case 1), and if there are multiple
products with nonnegative surplus (Case 2), Pr;; is inversely proportional to the price of those
products. Thus, we call this model the Price Sensitive Model. With some reformulation, the
expected revenue maximization problem corresponding to this model can be formulated as a
second-order cone programming problem with integer variables.

In this model, the expected revenue from segment i, Rev;, is

€ev; ‘= Z Dij Z . pl2 .
(zj e o Bij—lizii(zkpm) +(jpi)z,  otherwise.

In the above z; € {0,1} an indicator variable that will be zero if and only if there are at least
two products for segment ¢ with nonnegative surplus.

Let s; be an auxiliary variable where s; := (3 y Pij)%i, which we know is a relationship that
can be modeled by linear constraints. Also let

hi= 2P 215 otherwise
Btz (00 Bii—142) (g i)’ )

Then the expected revenue maximization problem corresponding to the Price Sensitive Model
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is:
n n

max ZNiti + ZNZ'SZ', (15)
=1 =1
st 2 < (00 pi)? — (X0, B — 1+ 2) (X, i), Vi,

ti < 2 Pijs Vi,
i < D, Pijs Vi,
s; < Ej R;jz;, Vi,
>0 Bij < zi+m(1l - z), Vi,
zi 2 Bij = Dok Biks Vi, Vj,
(p,m,B) € P,
Bi; € {0,1}, Vi, j,
z € {0,1},s; >0, Vi, 7,

where P is the polyhedron () defined in Section [C2

We need to reformulate the first set of constraints to make the continuous relaxation of (IH)
a convex programming problem. Let us look at the first set of constraints:

szzj < (Z Pij)° — ti(z Bij — 1+ Zi)(z pij), Vi (16)

If ¢; > 0 then z; = 0 and if 2z; = 1 then ¢; = 0. Thus, we can eliminate the z; term from the
above inequality if we include the constraint

ti < Rz(l - ZZ').

Also, let b;; be auxiliary variables where b;; := ¢;5;;. Again, such relations can be modeled by
linear constraints. Then, ([G) becomes

Zp?j = (Zpij)(Zpij - Zbij +t;), Vi
J J J j
Let us further introduce auxiliary variables z; and y; such that:
ZEi—I-yi:Zpij —Zbij+ti, Vi,
J J

vi—yi=Y py, Vi
J
Thus, the constraint becomes

> pf < @i+ yi) (@i — i) = 27—y}
j
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Then ([I6]) can be represented by the second-order cone constraints and linear inequalities shown

2o P+ <, Vi,

Ti+Yi = Pij — > bij +ti, Vi,

below:

Ti — Yi = 2. Pijs Vi,

t; < Ri(1 - 2), Vi, Vj,
bij < Eiﬁzj, Vi,

bi; < ti, Vi, V7,

bij > t; — Ri(1 — Bj), Vi, Vj.

The Price Sensitive Model becomes:
n n
max Z N;t; + Z N;si,
i=1 i=1

s.t. \/m < x4,
T+ yi =D pig — > bij + i,
Ti = Yi = 2 Dijs
ti S El(l — Zi),
bi; < RiBij,
bi; < ti,
bij > t; — Ri(1— Bij),
ti < 325 pijs
8 < Zj]%’j:
si < > Rijai,

> Bij <z +m(l—z),
zi > Bij = ks Biks
(p,m,B8) € P,
ﬁij S {0, 1},

2 € {0,1},8; > 0,b;5 > 0,

Vi,
Vi,
Vi,
Vi, V5,
Vi,
Vi, Vi,
Vi, Vi,
Vi,
Vi,
Vi,
Vi,
Vi, Vi,

Vi, J,
Vi, .

(17)

(18)

We can easily eliminate the variables x;’s or y;’s from the above formulation, but we kept
them in the above formulation to illustrate the second order cone constraint in a canonical form.

Some preliminary computational results for the Price Sensitive Model are illustrated in Sec-

tion [[11
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6 Special Properties

In this section, we discuss properties of the optimal solutions of our models for data sets with
special characteristics.

Lemma 6.1. Suppose n < m and for every segment i, we can find a unique product p(i) such
that R,y = max; R;;. Further suppose that for each of such product p(i), segment i is the
unique segment such that R,y = mazg Ryp(;)-

Let J :={j: j = p(i) for some segment i # 0}. Then in an optimal solution,

B o {1, if = p(i).

0, otherwise.

In the alternative formulations, an optimal solution is

L, if j = p(i),
=11, ifi=0andj¢J,
0, otherwise,

where segment 0 is the dummy segment.

The following lemmas apply to the Uniform Model, the Weighted Uniform Model , and the
Share-of-Surplus Model with restricted prices.

Lemma 6.2. If the optimal values for the x (or [3) variables are known, then the optimal prices
can be determined. Furthermore, if the optimal prices are known, then the optimal values for
the x (or [3) variables can be determined.

Lemma 6.3. Suppose Ry is the mazximum reservation price over all segments and products and
only one pair of segment and product has that reservation price. Then in any optimal solution,
segment s buys product t.

7 Comparisons

In this section, we compare the optimal solution, in terms of the prices 7;’s and 3;;’s, of the
different models. We notice in most examples, the four models have the same optimal solu-
tions. Of the ones where they have different optimal solutions, usually the Uniform Model, the
Weighted Uniform model and the Price Sensitive model have the same optimal solution, while
the Share-of-Surplus Model has a different optimal solution.

Table Bl shows optimal solutions of the models for three small test cases to illustrate the
differences in the models. Each sub-table corresponds to a different set of reservations prices.
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The only difference between the inputs of Test 1 and Test 2 is Ro;. All the models have the same
optimal solution for Test 1, but the Share-of-Surplus Model has a different optimal solution from
the other models in Test 2.

Let us consider why the Share-of-Surplus Model has a different optimal solution in Test 2.
Clearly, £11 = 1 in an optimal solution in all the models (by Lemma B3)). If we have B2 = 1
and 21 = 1, then we get more revenue from segment 2. In the Uniform, Weighted Uniform, and
Price Sensitive models, this solution gives a higher objective value since my = R19 is quite high
and the probability of segment 1 buying product 2, Pris, is high enough so that the decrease in
revenue from segment 1 is small compared to the revenue from segment 2. Prys is approximately
0.5, 0.44, and 0.36 in the Uniform, Weighted Uniform, and Price Sensitive Models respectively.
It is different with the Share-of-Surplus Model, however, because the surplus of segment 1 for
product 1 (Ry; — Rop = 5) is relatively high. The probability of segment 1 buying the lower
priced product, Priq, is quite high at 0.86, so the decrease in revenue from segment 1 is greater
than the gain in revenue from segment 2. Therefore, the optimal solution in the Share-of-Surplus
Model is simply 511 = 1 and all other 3’s are zero.

Compared to Test 2, the surplus (R;; — Re1) is smaller in Test 1 and also m; = Ra; is higher.
Therefore, with 12 = 1 and (21 = 1, the decrease in revenue from segment 1 ($1.75) is smaller
than the gain in revenue from segment 2 ($7) in the Share-of-Surplus Model.

In Test 3, the Weighted Uniform Model has a different optimal solution than the other
models. In the other three models, segments 1 and 2 only buy product 1 and segment 3 does
not buy any products. This is because the reservation prices of segment 3 are relatively low. If
segment 3 buys any product, the revenue from segment 1 and 2 will decrease significantly because
of the lower prices and the decrease in revenue cannot be compensated by the extra revenue
from segment 3. However, this is not the case in the Weighted Uniform Model. Recall that
in the Weighted Uniform Model, the probability of segment 7 buying product j is proportional
to R;;. For both segments 1 and 2, the reservation prices for product 1 are much greater than
the reservation prices for product 2. Ry; and Ro; are almost double Ri5 and Rao, respectively.
Therefore, when the price of product 2 is $22, the probability of segments 1 and 2 buying
product 1 at a high price is much greater than the probability of those segments buying product
2. The extra revenue from segment 3 overcompensates the small loss in revenue from the other
segments.

We also compare the models’ optimal solutions on random data with 5 segments and 5
products in which the reservation prices are uniformly generated from a specified range. The
difference in the optimal prices are shown in Tables I8 and [Ain Appendix[d We let ‘U’, ‘W’, “S’,
and ‘P’ represent the Uniform, Weighted Uniform, Share-of-Surplus, and Price Sensitive Models
respectively. For example, the column “U - W” shows the difference in the optimal prices of
the Uniform Model and the Weighted Uniform Model. Suppose 7} are the optimal prices of one

j
model and 71]2- are those of another model. Then the entry in the table is > 7", ]WJI - 7TJ2\

The Uniform and the Weighted Uniform Models have the same optimal prices for all these
problem instances, probably because it is unlikely in the random data to have the reservation
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51

9 8 3 9 8 3 49 28 27
Test 1 R=|7 3 2 Test 2 R= 1|4 3 2 Test 3 R= |46 25 23
111 11 1 24 22 21
Price 7 | Obj Value Price 7w | B Obj Value Price # | B Obj Value
Uniform | 7 8 4 110 14.50 Uniform | 484 110710 Uniform | 462928 | 100 | 92
100 100 100
000 000 000
Share of | 784 110 14.25 Share of | 994 10019 Share-of- | 462928 | 100 | 92
Surplus 100 Surplus 000 Surplus 100
000 000 000
Weighted | 7 8 4 110 14.47 Weighted | 4 8 4 1101 9.8824 Weighted | 46 22 28 | 110 | 96.822
Uniform 100 Uniform 100 Uniform 110
000 000 010
Price 784 110 14.47 Price 484 1101 9.3333 Price 462928 | 100 | 92
Sensitive 100 Sensitive 100 Sensitive 100
000 000 000

Table 2: Optimal Prices m; and 3;; of all four models on three toy examples. The matrix R corresponds to the reservation
prices where the rows correspond to the customer segments and the columns correspond to the products. The column “Price

7

objective value.

7" corresponds to the optimal prices, the “3” corresponds to the optimal 3;; and “Obj Value” corresponds to the optimal




prices for one product to be much larger than those of another product as in Test 3 (Table ).
These two models have the same optimal prices as the Price Sensitive Model except in only two
of the problem instances. The same optimal prices (hence, the same optimal (’s) imply that the
Uniform Model may not be as naive as it seems since in most cases, it gives the same solutions
as the two other more realistic models. However, the Share-of-Surplus Model appears to behave
in a special way with results different from the other three models in more cases.

Tables [[¥ and M3 show the differences in the optimal values of each pair of the models. For
example, the column “U - W” is the optimal value of the Uniform Model minus the optimal
value of the Weighted Uniform Model. The differences in the optimal values of the Uniform, the
Weighted Uniform, and the Price Sensitive Models are quite small in many problem instances,
but the Share-of-Surplus Model gives smaller optimal values than the other three models in most
cases (the columns “U - S,” “W - S” and “P - S” have positive and relatively large entries).
It is most likely because the probability for a segment to buy a lower-priced product is usually
higher in the Share-of-Surplus Model than in the other three models.

8 Heuristics

As we will see in Section [[Il, CPLEX takes significant time just to find a feasible solution for larger
problems. Fortunately, we can easily find a feasible mixed-integer solution for the formulations
of all our models. Thus, we can provide the solver a “good” starting feasible solution in hopes
of decreasing the solution time.

8.1 Heuristic 0

One possible strategy, which we call Heuristic 0, is to set (3;;« = 1 for each segment ¢ where
R;j« = max; R;;. The other 3 variables are set accordingly to ensure feasibility. The pseudo-
code is presented in Appendix [Bl, Algorithm 1. For some very special data sets, this heuristic is
guaranteed to deliver the optimal solution.

Lemma 8.1. Suppose the conditions are the same as those stated in Lemma 6. That is, for
every segment i, we can find a unique product p(i) such that Rips) = maz;R;j, and for each
of such product p(i), segment i is the unique segment such that Ripiy = mazpRyyiy. Then
Heuristic 0 gives an optimal solution.

However, Heuristic 0 may not yield a strong solution in general. For the rest of this section,
we discuss a few simple techniques for improving on the feasible solution found by Heuristic 0.
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8.2 Heuristic 1

After running Heuristic 0, we select a product k that is bought by at least one customer segment,
and let [ be the segment with the lowest reservation price that buys product k. We consider the
change in the objective value if the segment does not buy product & anymore and perhaps buys
another product ¢ that it does not currently buy (i.e., 3}, currently equals to 0). This can be
thought of as swapping G, with 3j,. We select the option that increases the objective value the
most and modify the 3 variables accordingly. That is, segment [ either does not buy product &
anymore, or it buys another product instead of product k. If none of the options increases the
objective value, we make no changes. We repeat until no swaps can be made to increase the
objective value. This algorithm terminates because there are finitely many possible values for
the s and the objective value strictly increases after each swap. The pseudo-code is shown in
Appendix [Bl Algorithm 2 and the swap subroutine is shown in Algorithm 3.

The order in which we select the products to be examined affects the final solution that will
be given by the heuristic. The goal is to use an order that maximizes the total increase in the
objective value. In this heuristic, we sort the products by the price and examine the products in
the order of the lowest price to the highest price. If we make a change in any iteration, we sort
the products again since the prices may change, and start with the lowest-priced product again.
The heuristic stops when no changes can be made after examining all the products consecutively
from the lowest price to the highest price.

This simple heuristic can be used to find a feasible integral solution for any of the models.
The only part that needs to be changed is how the objective value is calculated. The version
shown here makes use of 3, but it can be easily modified to use the x variables as in the
alternative formulation.

8.3 Heuristic 2

Heuristic 1 can be modified to have a polynomial runtime if the price of the product that we
examine is non-decreasing in each iteration. From experiments of Heuristic 1, we noticed that if
a swap can be made when product k at price 7 is selected, it is very unlikely that a swap can
be made for a product at a price lower than 7 in subsequent iterations. Therefore, we would
expect the results to be similar if we do not examine products with lower prices again.

Heuristic 2 is the same as Heuristic 1 but the products are selected in a different order. After
a customer is swapped out of product k with price 7, before the swap, only products with prices
at least 7 are examined. The price of product k increases after a swap, so it will be examined
again if there are still customers buying product k. If a new product s is bought and if its
new price 72" is less than 7y, then product s will never be examined. If a product cannot be
swapped to increase the objective value, then it will not be examined again. The pseudo-code

is presented in Appendix [Bl (Algorithm 4).
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Let O(f(n,m)) be the runtime to calculate the increase in objective value if segment ! does
not buy product k anymore or if segment [ buys product s instead of product k, where n is the
number of customer segments and m is the number of products. Clearly, f(n,m) is polynomial
in n and m, since the runtime to calculate the objective value is polynomial.

Lemma 8.2. The runtime of Heuristic 2 is polynomial.

8.4 Heuristic 3

Heuristic 3 is a hybrid between Heuristic 1 and Heuristic 2. It examines the products in the same
way, but after a swap in which segment [ buys product s instead of product k and 77" < 7y
(equivalently, R;s < Ry), it would examine all the products with prices > w¢*. That is, the
price of the products that it examines decreases only if a product has a lower price after a swap.
The pseudo-code is presented in Appendix [Bl (Algorithm 5).

It is not yet clear if this heuristic has an exponential worst-case runtime. However, exper-
imental results shows that it has a similar runtime as Heuristic 2 and the resulting objective
value is usually better (Tables [[2 M3 and [I4]).

8.5 Comparison of the Heuristics

Tables [2, [3] [4, and [[3 in Appendix [ show the results of the three heuristics with problem
instances of different sizes as inputs. The column “n” is the number of segments and “m” is the
number of products in the problem instance.

Tables [[2 and [[3] show the initial objective value found before any swaps (i.e., Heuristic 0),
and the number of swaps performed, the number of CPU seconds required and the final objective
value found by each heuristic. The objective values are rounded to the nearest integer. Tables
[ and [[H show the difference in time required and the final objective value for each pair of the
heuristics. For example, the “Heur. 1 — Heur. 2” columns show the time and objective value of
Heuristic 2 subtracted from the time and objective value of Heuristic 1, respectively.

All of the heuristics terminate in a very short time. The time required for Heuristic 1 to
terminate increases significantly as the problem size increases. The objective values found are
better than or at least as good as the ones found by the other two heuristics, except in one
problem instance (when n = 60, m = 20) where Heuristic 2 has a better solution. Experimental
results show that Heuristic 3 has a similar runtime as Heuristic 2 and the resulting objective
value is usually better. We can see from Tables [[4 and [0 that Heuristic 3 found a lower objective
value than Heuristic 2 in one problem instance only (when n = 60, m = 20).

The effect of using a starting solution found by the heuristics for the Uniform Model is
explored in Section [l
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9 Valid Inequalities

To further improve the solution time for the mixed-integer programming models, we considered
several mixed-integer cuts for the various choice models.

9.1 Convex Quadratic Valid Inequalities

In the original Uniform Model (@), the variable a;; were introduced to convexify the bilinear

inequalities:
m m
Ztiﬁz’j < Zpi]w Vi. (19)
j=1 j=1

We wish to include a convex constraint in the mixed-integer programming formulation that is
implied by the above inequalities and some valid convex inequalities.

Let M; be a positive number (as small as possible) such that t? < M;, for every feasi-
ble solution (t1,...,tn, 511, -+, Bnm, P11, - - - » Pnm) Of the mixed integer programming problem.
Also, note that 62-2]- < Bij. Combining these relations together yields the following set of valid
inequalities:

m m m
ait? + b; Z( fj — Bij) + thﬂij - sz’j <aM;, 1=1,...,n, (20)
= =1 =1

where a; and b; are nonnegative constants. With appropriate values of a; and b;, the above set
of quadratic inequalities would represent a convex region.

Lemma 9.1. The function f(t,B1,...,Bm;P1s---,Pm) = at® + bZ;nzl(ﬁJZ - B;) + 27;1 t3; —
Z;ﬁ:l pj is a convex function iff a >0, b >0 and ab > 7.

Next, we generalize the above construction to allow different coefficients b; for the inequalities
62-2]- < fij. Let b denote the vector (b, bo, ... 7bm)T and let B denote the m x m diagonal matrix
with entries by, bs, ..., by, on the diagonal.

Lemma 9.2. The function F(t,B1,...,Bm,D1,--->Pm) = at® + Z;”ZI bj(ﬂjz — Bj) + Z;n:l tB; —
Z;nzl p; is a convex function iff b > 0 and a > Z;nzl %j.

Corollary 9.1. Let M; be as above, and by > 0,bs > 0,...,by, >0, and a > Z;”Zl ﬁj be given.
Then the inequality

m
aty + Y (b8 + (ti — by)Bij — pij] < aM;
=1

is a valid convex quadratic inequality for the feasible region of the mized integer programming
problem.
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In the alternate formulation of the Uniform Model @) with x;; variables instead of 3;;’s, the
bilinear constraint corresponding to ([Id) is

Zti Z :Eij S Z Z lea:ij, V1.

j=1 L:Ry;<Ry j=11:R;;<Rij

As before, we add a times t? < M; and b;; times xl2j < x5 for all j and [ such that R;; < R;; to
get a valid convex quadratic inequality for ().

Corollary 9.2. Let M; be as above, and byy > 0,bj2 > 0,..., by, > 0 for | such that Rj; < Ryj,
and a > 377", Zl-le<R-j ﬁl, be given. Then the inequality
‘Ry;<Ri; by

m
at} + Z Z [bijaf; + (t; — by — Rij)ay] < aM;
J=11:Ry,<Ri;

18 a valid conver quadratic inequality for the feasible region of the mized integer programming
problem. If b = by = bjg = -+ = by, then we need ab > Z;”ZI Zl:le<Rij %.

Clearly, the tighter the upperbound M; for t?, the stronger the valid convex quadratic in-
equality. One approach to generate such M; would be to optimize ; over the current convex
relaxation and square the result. However, such upperbounds for t? may not be effective. In-
stead of going after a constant M; let us consider another upperbound for t?, allowing M; to be
a linear function of the existing variables. For the alternative ZfOI"HlulatiOIl of the Uniform Model

m ‘R, .<R.. BiiTi;
@), we know that if 377", Zl:leSRij x5 > 1 then t; = iflllzfl;i?;m mzlj J

ar

2

o= S S, ot 8~

1 m - 70
(Zj:l Zl:RUSRij z15)? ’

j=11:R;;<R;;

where we used the fact that ¢; will be the square of the average of certain R;; values (depending
on x;;); clearly, such a value is at most the square of the maximum, which is at most the sum
of squares of all such R;; involved in the average. Thus,

Corollary 9.3. Let bj; > O0,...,by, > 0 forl such that Rj; < R;j, and a > Z;nzl leleSRij ﬁlj
be given. Then the inequality

m
at? + Z Z [blj$l2j + (ti - blj - le — aRle)xlj] < 0 (21)
j=11:R;;<R;;
1s a valid convexr quadratic inequality for the feasible region of the mized integer programming

problem. If b= by = bjg = - - = by, then we need ab > Z;”Zl Zl:leSRij %.

We tested the efficacy of the convex quadratic inequality (2I]) on the Uniform Model @),
where the reservations prices were randomly generated from a uniform distribution. Table
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illustrates the optimal value of the mixed-integer programming problem (MIP), the optimal value
of the corresponding LP relaxation (LP), and the optimal value of the quadratically constrained
problem (QCP) resulting from adding the inequalities [ZII) to the LP relaxation. We see that
these inequalities are indeed cuts since the optimal solution of the LP violates them in most
instances.

There are four anomalies in Table B, namely, the instances (n,m,v) with (10, 40, 5), (10,
60, 1), (10, 60, 4) and (10, 60, 5). For each of these instances, the objective value of the QCP
relaxation is strictly less than the optimal objective value of the MIP. The convex quadratic
inequalities were indeed valid for the MIP optimal solution. However, we determined that
CPLEX’s barrier method returned a suboptimal solution for these QCPs. When observing the
details of the CPLEX run, we saw that in each of these four instances the initial solution of
the QCP relaxation had primal infeasibility in the order of 10' and dual infeasibility in order
of 103. CPLEX stopped after 30 to 40 barrier iterations, declaring the current primal solution,
with complementarity gap around 10~%, dual infeasibility about 107 and primal infeasibility
around 102, as “primal optimal” with “no dual solution available”.

While these preliminary experiments show the potential usefulness of our convex cuts, it
is also clear that to use them in a robust and effective manner, one needs to work with QCP
or second-order cone (SOCP) algorithms that generate dual feasible solutions and use the dual
objective function value in the related SOCP-IP computations. We leave the design of such
specialized interior-point algorithms to future work.

9.2 Knapsack Covers

The pure 0-1 formulation (B) shown in Section Z may not be as strong as the mixed-integer
formulation (). However, we may be able to exploit the vast amount of work done in developing
strong valid inequalities for pure 0-1 programming problems for formulation ().

One obvious family of valid inequalities are the knapsack covers [I8]. From (H), we have the

constraints
m m
§ 52]: E kyzka i:17”’7n7
j=1 k=0

(where we substituted §;; := >, Ry <Ri; Tl purely for notational ease) and

m
Zyikzl, i=1,...,n.
k=0

From these, for a given i and k, we get:

m k m k m m
DB <D kyut+ > mya =Y kya+ Y, mya+m—my yi
=1 1=0 1=0 k=0
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n m v MIP LP With Cut
10 10 1 | 8980.67 9020.83 9007.12
2 | 7576.50 8136.93 8076.50
3 | 8656.75 8814.38 8799.53
4 | 8767.67 8956.24 8950.98
5| 7369.68 T7977.77 7860.84
10 20 1| 9658.00 9691.25 9690.69
2 | 9373.00 9433.28 9430.34
3] 9276.83 9424.39 9423.05
4 | 8603.58 8970.78 8939.18
5| 9473.00 9534.28 9532.12
10 40 1| 9777.50 9782.75 9782.05
2 | 9798.67 9839.42 9837.89
3 | 9788.50 9806.82 9805.72
4 1 9592.50 9654.70 9653.06
5| 9771.00 9771.00 9770.49
10 60 1 | 9836.00 9836.00 9833.83
2 | 9836.00 9868.33 9866.21
3 | 9860.50 9868.95 9868.08
4 1 9865.00 9865.00 9863.50
5 | 9854.00 9854.00 9852.26

Table 3: Uniform Model with the convex quadratic valid inequalities [ZII). n is the number
of customer segments, m is the number of products, and v is a label of the problem instance.
The column “MIP” is the optimal objective value (), the column “LP” is the optimal objective
value of the LP relaxation of @), and the column “With Cut” is the optimal objective value of
the continuous relaxation of (Hl) with the convex quadratic inequality (ZII).

m k
=Y Bij+(m—k)Y ya<m,
=1 1=0

where the last inequality is a knapsack constraint (note that Zf:o ya € {0,1} in the integer
solution so we can treat the term as a 0-1 variable). For a given i and k, let Pj; be a subset of
k + 1 products , i.e, Py, € {1,...,m}, |Pix| = k + 1. Thus, the corresponding knapsack cover

inequality is
k

DB+ Y yu <k+1. (22)

JEP;L =0

Given a fractional solution to (H), separating [22) can be done in polynomial time. Given
xi;’s , and thus B;;’s, we rank ;; for each 4, ¢ = 1,...,n. For each k, let P; = {j :
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B;j is one of the k" largest Bij’s,j =1,...,m}. Thus, for each i and k, the corresponding cover
inequality is violated by the current solution if and only if 3~ P Bij + Zfzo ya >k + 1.

We can also incorporate all of the inequalities ([22)) into (Bl) with only polynomial numbers
of additional constraints and variables.

Lemma 9.3. Given i and k, there exists 3;;, j = 1,...,m and y;, | = 0,...,k satisfying (23)
for all Py, C{1,...,m}, |Pix| = k+1 if and only if there exists ¢ and p;, j = 1,...,m such that

m k
(k+1)g+> pi+> ya <k+1,

j=1 =0
q+pj Zﬁlm ]:177m>
bj 20, jzl,...,m.

Thus, we can either iteratively separate the knapsack cover inequalities, or from Lemma [@.3]
add the following constraints to (H):

m k
(k+Dagix+ > pige+ P ya<k+1, i=1...mk=0,...m, (23)
j=1 1=0
QZk—i_pZ]kZﬁlj) ]:17>maZ:177n7k:077m7
Dijk = 0, j=1....omyi=1,...,nk=0,...,m.

Table @l illustrates that these knapsack covers (Z2) are indeed cuts. It compares formulation
() with and without the cover inequalities ([Z3]) in terms of the objective value of their linear
programming relaxation on the same randomly generated instances shown in Section E24l How-
ever, even with all the knapsack cover inequalities, the Pure 0-1 formulation is still weaker than
the mixed-integer formulation (H) in most cases.

These knapsack cover inequalities ([22)) can also be used to generate valid inequalities for the
mixed-integer programming formulation (H).

Lemma 9.4. Suppose T;; is a fractional solution of [{@l) and let B;; = Zl:le<Rij Zy;. For a given
i,1=1,...,n, if there are no y;;’s that satisfies
2 k=0 ¥ik = 1, (24)
> ko kyik = D211 Bij
i _
leoyil < k+1 _ZJEP;‘kﬁU’ k= 0,...,m

where P = {j : B;; is one of the k largest B3;j,j = 1,...,m}, then

m

> wBii+ Y wefy <Y (k+ Dwg (25)
k=0

j=1 JEP},
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MIP Pure 0-1

m v @) | @) without @3) &) with E3)

4 4 1| 2304.79 2564.71 2399.63
2| 3447.79 3404.00 3404.00

3 333.60 333.00 333.00

41 3005.67 3060.92 3005.67

5| 3294.81 3360.95 3271.48

4 10 1 382.54 406.42 390.50
2 381.85 398.19 391.36

3 358.60 397.36 373.89

4 355.97 389.98 365.59

) 394.23 402.74 384.18

10 4 1 744.71 802.93 799.31
2 845.80 856.12 853.60

3 799.50 850.95 848.58

4 809.58 856.85 842.16

5) 883.05 925.44 911.67

10 10 1 985.58 997.40 990.70
2 991.44 1008.53 1003.15

3| 1016.35 1021.94 1016.75

4 825.48 872.92 864.30

5| 1014.14 1021.50 1013.01

Table 4: Objective values of the LP relaxation for the mixed-integer programming formulation
@) and Pure 0-1 formulation with and without the Knapsack Cover inequalities ([22), where n is
the number of customer segments, m is the number of products, and v is a label of the problem
instance. LP objective values in bold corresponds to the IP optimal value.

is a valid inequality for {4) that cuts off Z;j, where

u+k‘v—|—2f:0wk20, k=0,...,m,
u—i—Z;n:lBijU—l- <k+1—2je%@j> wy, < 0,
wk;ZO, ]C:O,...,m,

for some u.
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10 Product Capacity and Cost

In all of our discussions thus far, we have assumed that there are no capacity limits nor costs for
our products. Clearly, this is not a realistic assumption in many applications. In this section,
we discuss how we can incorporate capacity limits and product costs into some of our customer
choice models.

10.1 Product Capacity

Product capacity limits are crucial constraints for products such as airline seats and hotel rooms.
Certain consumer choice models handle capacity constraints easily, whereas it poses a challenge
to others. We present this extension for the Uniform Model, the Weighted Uniform Model, and
the Share-of-Surplus Model with restricted prices. We were not able to incorporate the capac-
ity constraint in the Price Sensitive Model while maintaining the convexity of the continuous
relaxation. In all of the following subsections, we assume that the company can sell up to Cap;
units of product j, Cap; >0, j=1,...,m.

Uniform and Weighted Uniform Model

Capacity constraints can be incorporated to the mixed-integer formulations of the Uniform
Model and the Weighted Uniform Model with some additional variables. We discuss the formu-
lation for the Uniform Model only, since it extends easily to the Weighted Uniform Model.

In the Uniform Model, the expected number of customers that buy product j is >, N; Zi ”ﬁk

if Y, Bir > 1 and is 0if >, Bix = 0. Let B;; be an auxiliary variable such that B;; := Zﬁk”ﬁk if
Y pBik > 1andis 0if >, Bi = 0, i.e., the fraction of customers from segment ¢ buying product
J, Prij. Thus, B;; = Bij Y. Bik- Let bijr := ByjBir. The capacity constraint can be represented

by the following set of linear constraints:

> NiB;j < Cap;, V7, (26)
Bij = Y1 bijks Vi, V7,
bijr < Bik, Vi, V3, VEk,
bijk > Bij — (1 — Bi), Vi,V VEk,
bijr < Bij, Vi, V7, Vk,
bijr > 0, Vi, V7, Vk.

The above constraints can also be represented by x;; variables of Section instead of the
B;; variables.
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Share-of-Surplus Model

For the Share-of-Surplus Model with restricted prices ([3), the expected number of customers
- 2Ry <Ry (Big—Rij)ag .
that buy product j is >, N; Sy <n =R i > kDR <r,, (Rik — Ru)zik] # 0.

Let B;; be an auxiliary variable such that

2Ry <Ry ; (Rij—Rij)i; .
BZJ — (Zk(ZliélkS;ik(Rik_le)wlk)> 9 lf Zk[ZlleSle (Rzk; - le)$lk] ?é 0

0, otherwise.

Again, B;j is the fraction of customers from segment ¢ buying product j, or Pr;;. Thus,

Z (Rij — Ryj)z1; = Bij Z[ Z (Rik — Rur) g

1:Ry;<Rij k LR <Rix

Let b;ji := B;j,. Just as before, the capacity constraint can be represented by the following
set of linear constraints:

> i NiBij < Capj, V7, (27)
Zl:leSRij (Rij — le)ﬂflj - Zk[zl:leSRik (Rir, — le)bijlk] Vi, V3,
bijlk < Ll V%V]aWaka
bijlk 2 BZ] - (1 - xlk)a VZ,VJ,VZ,Vk,
bijlk < BZ_]) \V/Z,\V/], Vl,Vk:,
biss > 0, Vi, V4, VI, V.

Risk Products

In some cases, companies may want to penalize against under-shooting a capacity. For example,
if there is a large fixed cost or initial investment for product j, the company may sacrifice
revenue and decrease its price to ensure that all of the product is sold. We call such products
risk products. For these products, we may add a penalty for under-shooting in the objective,
i.e., given a user-defined penalty coefficient w; > 0 for under-selling product j, we modify the

objective to
n m m n
Z Ni Z 7TjPT‘Z'j — Z wj(C'apj - Z NZBZj)
i=1 =1 j=1 =1
or

Z Z Ni(T('jPTz'j + ijij)

i=1 j=1

where B;; is as before.
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From a profit optimization point of view, it is sub-optimal to forcibly sell unprofitable prod-
ucts. Such a policy implies that the company is overstocked with these risk products, i.e., Cap;
is too large. In some cases, we may want to treat C'ap; as a variable. For example, in the travel
industry, the product procurement division will seek out contracts with hotels to secure certain
numbers of rooms for a given time period. However, if that travel destination is not profitable
for the company, they may be better off securing very few rooms or not securing any rooms at
all. In all of our models, making C'ap; a variable will not affect the linearity of the constraints.
Also, there will most likely be an upperbound for Cap; for all j =1,...,m. If procuring a unit
of product j costs v;, then the objective function can be modified to:

n m m
ZNi Zﬂ'jprij — Zij’apj.
i=1 j=1 Jj=1

By determining the optimal value for Cap;j, it should no longer be necessary for the company
to penalize under-selling of productdl.

10.2 Product Cost

Suppose each product j has a variable cost of ¢; per unit. In the objective function, we want
to subtract ¢; multiplied by the expected number of customers that buy product j. For all the
probabilistic choice models discussed in this paper, the objective function becomes

> N (m—cj)Pri
i j

where Pr;; is the probability that the customer segment i buys product j. This is equivalent to
lowering all the reservation prices of product j by c; in all of the models except the Price Sensitive
Model. We can also easily incorporate fixed costs for products and capacities (resources) with
additional constraints and 0-1 variables.

11 Computational Results

This section illustrates the empirical performances of the Uniform, Weighted Uniform, Share-
of-Surplus and Price Sensitive Models on randomly generated and real data sets. The randomly
generated reservation prices are generated from a uniform distribution. For each n (number
of segments) and m (number of products) pair, five instances were generated. The real data
are subsets of reservation prices estimated from actual booking orders of a travel company (our
procedure in estimating reservation prices are discussed in Appendix [D]). There is one instance
for each n and m pair. The same data set were used for the Uniform, Weighted Uniform and

Tt is possible that a company may procure large quantities of a currently non-profitable product to increase
their long-term market share. We will not consider such long-term marketing strategy in this paper.
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the Share-of-Surplus Model, however the Price Sensitive Model was tested on smaller data sets
due to its significantly longer computation time.

The models were run with default parameter settings of CPLEX 9.1 and a time limit of
two hours (7200 CPU seconds) unless indicated otherwise. They were run on a machine with
four processors and 8 gigabyte of RAM, with at most one process running at a time on each
processor.

The Uniform, Weighted Uniform and the Share-of-Surplus Model all began with the solu-
tion of Heuristic 1 of Section B For every problem instance, the heuristic took at most one
CPU second to solve. Although Heuristic 1 found strong feasible integer solutions, it did not
significantly improve the total solution time and the total branch-and-bound nodes explored by
CPLEX. Thus, even when starting out with a good integer solution, proving optimality was a
difficult task for many of these problems.

The tables show the number of segments n, the number of products m, total number of dual
simplex iterations (“# of SimplxItns”), total number of branch-and-bound nodes visited (“#
of Nodes”), the relative optimality gap when CPLEX was terminated (“FinalGap”), total CPU
seconds (“Time”), and the relative gap between the objective value of the best integer solution
found by CPLEX versus that of Heuristic 1 (“Heuristic Gap”). For the randomly generated
data, the geometric mean over the five instances is illustrated. The column “Provably Optimal”
indicates the percentage of the five instances solved to provable optimality within the two hour
time limit. For the real data, where there is just one instance for each (n,m) pair, the column
“CPLEX Status” indicates whether the problem was solved to provable optimality (“Optimal”)
or not (“Feasible”) within the two hour time limit.

11.1 Uniform Model

We use the alternative formulation () of the Uniform Model for all experiments. In this for-
mulation, there are 2nm + n variables (mn of them are binary), 2n + m + 3nm rows and
m(n + 1)(2n 4+ 1) + 6nm + n non-zeros.

Table Bl shows the results of the Uniform Models on the randomly generated data sets.
CPLEX solves problems with n < 10 within seconds to provable optimality, but requires signif-
icantly longer time for larger problems. However, even for those problems that CPLEX could
not solve to provable optimality within two hours, the optimality gap at termination is very low
(largest at 5.58%). Thus, proving optimality seems to be the main difficulty though it succeeds
in finding good integer solutions. The heuristic also yields good initial solutions, especially for
smaller problems (i.e., n < 20). For n = 60 and n = 100, it appears as though the heuristic
gives better solution for problems with larger m, but this may be because CPLEX is unable to
find better integer solutions for these larger problems.

It is interesting to note that the value of n drives the solution time of the problem. For
example, problems with (n,m) = (10,100) was solved to optimality in 3.98 CPU seconds on
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average, whereas none of the problems with (n,m) = (100, 10) was solved to provable optimality
within two hours. Clearly, the number of variables, number of rows and especially the number
of non-zeros differ between the two problem types. For (n,m) = (10,100), there 2010 variables,
3120 rows, and 29110 non-zeros, whereas (n,m) = (100, 10) has 2100 variables, 3210 rows, and
209110 non-zeros. Perhaps it is the number of non-zeros in the MIP that really drives the
solution time.

The heuristic also appears to perform better, in terms of the heuristic gap, in problems where
n < m. For example, the heuristic gaps for (n,m) = (60,2) and (n,m) = (100,2) are 20.34%
and 50.27%, respectively. However, the heuristic finds the optimal solution for all instances with
n = 2. This is probably due to properties described in Lemmas and With randomly
generated data and n < m, the special properties described in the lemmas are more likely to
occur.

Table [l illustrates the results of the Uniform Model on the real data set. It appears that
these problems are harder to solve than those with random data. For example, three of the
problems with n = 10 for the real data did not solve to provable optimality, whereas all the
problems with n = 10 solved within 4 CPU seconds for the random data. The final optimality
gaps are also significantly worse than that of the random data of similar sizes. This is also true
for the Heuristic Gap. Thus, it is clear that the relative values of R;;’s are critical in the solution
time of these formulations, not just n and m.

11.2 Weighted Uniform Model

We use the alternative formulation () of the Weighted Uniform Model for all experiments. The
number of variables, number of rows and number of non-zeros are the same as that for the
Uniform Model with alternate formulation, namely, there are 2nm + n variables (mn of them
are binary), 2n + m + 3nm rows and m(n + 1)(2n + 1) + 6nm + n non-zeros.

Given that the formulation of the Weighted Uniform Model is very similar to that of the
Uniform Model, it is no surprise that the computational results are also very similar. Table [d
shows the results of the Weighted Uniform Model on the randomly generated data set. Again,
for most instances, the performance metrics are very similar to that of the Uniform Model.
Table Bl illustrates the results on the real data. Just as in the Uniform Model, the optimality
gap, running time and the heuristic gap are not as good as with the randomly generated data.

11.3 Share-of-Surplus Model

We use the restricted price formulation of the Share-of-Surplus Model () where 7 := 1. In this

formulation, there are $mn(n+ 1) +nm+n variables (nm of them being binary), 3mn(n+1)+

2n +m rows, and m(n + 1)(5n 4 1) + n non-zeros.

Table @ illustrates the results of the Share-of-Surplus model on the randomly generated data.
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The running time for this model is significantly longer than that of the Uniform and Weighted
Uniform models, especially for large n. This is not completely surprising since the Share-of-
Surplus formulation has more variables than the other models (e.g., for (n,m) = (20, 10) the
Uniform model has 420 variables, 650 rows and 9830 non-zeros, whereas the Share-of-Surplus
model has 2310 variables, 6350 rows and 21230 non-zeros).

However, it was still surprising to find that for several problems, the LP relaxation could
not be solved within the two hour time limit. For (n,m) = (20,100) and (n,m) = (100,5), the
LP relaxation of two out of the five instances could not be solved. For (n,m) = (60, 10), the
LP relaxation of three out of the five instances could not be solved. The “Final Gap” value
presented for these (n,m) pairs is the geometric mean of the optimality gap over the instances
whose LP relaxation was solved. For (n,m) = (60,20), (60,60), (60,100), (100,10), (100,20),
(100, 60), (100, 100), the LP relaxation of none of the five instances could be solved. These are
not terribly large problems — (n,m) = (20,100) has 23100 variables, 63140 rows, and 212120
non-zeros. Thus, there must be some structural properties that make these LPs difficult to solve.

By observing the CPLEX output when solving the LP relaxation, we noticed frequent oc-
currences of unscaled infeasibility. CPLEX’s preprocessor scales the rows of the mixed-integer
programming formulation before solving it, and unscaled infeasibility occurs if the optimal so-
lution found for the scaled problem is not feasible for the original problem. This seems to imply
that our problem is ill-conditioned. Consider the constraints in the formulation ([I4]). The reser-
vation prices in the problem instances are generally in the range of 500 to 1500. That is, the
coefficients of some of the variables are more than 1500 times the coefficients of other variables,
making the problem quite ill-conditioned. We can attempt to solve this problem by scaling
the reservation prices before using them in the model since the optimal solution is the same
regardless of the unit of the reservation prices. In a future work, we explore the impact of this
type of specialized scaling on the total computation time.

Table [[ shows the results with the real data. Similar to the Uniform and Weighted Uniform
Model, the real data is more difficult to solve, in general, than the randomly generated data.
This is most evident for n = 10 and 20, where the optimality gap and the heuristic gap is
significantly lower with the real data than with the randomized data.

11.4 Price Sensitive Model

Table [l shows some preliminary computational results of running small problem instances with
the Price Sensitive Model formulation ([H).

The first ten cases (t*) each has 3 products and 3 segments. The next six cases (rand*) each
has 5 products and 5 segments and the reservation prices are random numbers that range from
500 to 1200. The rest of the cases are subsets of real data and the file name (n x m) indicates
the number of segments and the number of products, respectively, in the inputs. The model was
run with default parameter settings of CPLEX 9.1 and a time limit of two hours (7200 CPU
seconds).
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Since the formulation has a second-order cone constraint, only small problems can be solved
quickly. The smaller cases can be solved to optimality fairly quickly, but the solutions for the
last two cases (“10x10” and “10x20”) found by CPLEX after 2 hours have large optimality

gaps.
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Provably # of # of Final Time | Heuristic

n  m | Optimal(%) | SimplxItns Nodes Gap(%) (CPUsec) | Gap(%)

2 2 100 9 0 0.00 0.01 0.00

2 5 100 19 0 0.00 0.01 0.00

2 10 100 31 0 0.00 0.01 0.00

2 20 100 58 0 0.00 0.01 0.00

2 60 100 125 0 0.00 0.03 0.00

2 100 100 154 0 0.00 0.04 0.00

) 2 100 38 0 0.00 0.01 0.00

5 5 100 106 0 0.00 0.03 0.00

5 10 100 142 0 0.00 0.04 0.00

) 20 100 217 0 0.00 0.06 0.00

) 60 100 261 0 0.00 0.08 0.00

5 100 100 573 0 0.00 0.26 0.00
10 2 100 109 0 0.00 0.02 0.00
10 ) 100 307 11 0.00 0.16 0.00
10 10 100 2252 0 0.00 0.90 0.00
10 20 100 5134 488 0.00 3.83 0.00
10 60 100 1885 0 0.00 1.26 0.00
10 100 100 3259 0 0.00 3.98 0.00
20 2 100 214 0 0.00 0.04 0.00
20 5 100 4401 454 0.00 1.12 0.00
20 10 100 356098 24550 0.01 64.34 0.56
20 20 60 6150940 232358 0.05 1659.42 0.43
20 60 60 1193300 38903 0.04 1102.32 0.06
20 100 80 73764 0 0.00 141.27 0.00
60 2 100 702 7 0.00 0.41 20.34
60 5 100 265222 11806 0.01 81.94 15.02
60 10 0 12324100 444651 3.01 7200.00 2.32
60 20 0 5982610 184930 2.81 7200.00 0.51
60 60 0 977550 27395 0.98 7200.00 0.00
60 100 0 333850 9169 0.35 7200.00 0.00
100 2 100 1025 9 0.00 0.95 50.37
100 ) 80 8067590 273307 0.03 4100.81 19.49
100 10 0 7034250 189925 5.58 7200.00 4.80
100 20 0 1562800 50215 4.75 7200.00 0.00
100 60 0 241156 6956 1.20 7200.00 0.00
100 100 0 86500 836 0.65 7200.00 0.00

Table 5: Uniform Model on Randomly Generated Data.
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CPLEX # of # of Final Time | Heuristic

n m Status | SimplxItns Nodes Gap(%) (CPUsec) | Gap(%)

2 2 | Optimal ) 0 0.00 0.06 0.00

2 5 | Optimal 37 0 0.00 0.06 0.00

2 10 | Optimal 28 0 0.00 0.06 0.00

2 20 | Optimal 28 0 0.00 0.06 0.00

2 60 | Optimal 96 0 0.00 0.08 0.00

2 100 | Optimal 125 0 0.00 0.10 0.00

5 2 | Optimal 40 1 0.00 0.07 0.00

) 5 | Optimal 501 99 0.00 0.15 0.18

) 10 | Optimal 14520 3066 0.01 1.61 0.00

5 20 | Optimal 124 0 0.00 0.10 0.00

5 60 | Optimal 146 0 0.00 0.17 0.00

5 100 | Optimal 537 27 0.01 1.17 0.12
10 2 | Optimal 123 7 0.00 0.08 2.94
10 5 | Optimal 14702 4473 0.01 1.80 0.46
10 10 | Optimal 3099905 976193 0.01 478.43 1.47
10 20 | Feasible 36883946 4521011 7.01 7200.00 1.19
10 60 | Feasible 16801245 3206741 2.27 7200.00 1.24
10 100 | Feasible 14817894 2201874 0.69 7200.00 0.00
20 2 | Optimal 152 0 0.00 0.13 0.34
20 5 | Optimal 148607 33304 0.01 22.45 6.08
20 10 | Feasible 33346360 5977052 1.18 7200.00 9.66
20 20 | Feasible 20586030 1288903 19.08 7200.00 5.53
20 60 | Feasible 9038508 435610 11.20 7200.00 2.93
20 100 | Feasible 6982060 250213 5.95 7200.00 13.42
60 2 | Optimal 5757 420 0.00 2.10 9.57
60 5 | Feasible 21893848 3472747 1.77 7200.00 20.11
60 10 | Feasible 15824025 1460216 18.64 7200.00 8.83
60 20 | Feasible 8570162 290388 21.44 7200.00 13.74
60 60 | Feasible 2180690 43495 25.11 7200.00 14.93
60 100 | Feasible 996247 6782 21.66 7200.00 8.28
100 2 | Optimal 20970 1360 0.00 6.78 9.71
100 5 | Feasible 14311720 2001758 7.43 7200.00 15.85
100 10 | Feasible 9416746 644540 18.70 7200.00 16.89
100 20 | Feasible 3513959 142581 30.80 7200.00 19.42
100 60 | Feasible 785803 5144 26.30 7200.00 15.80
100 100 | Feasible 375860 659 30.80 7200.00 0.00

Table 6: Uniform Model on Real Data with Heuristic
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Provably # of # of Final Time | Heuristic

n  m | Optimal(%) SimplxItns Nodes Gap(%) (CPUsec) | Gap(%)

2 2 100 9 0 0.00 0.01 0.00

2 5 100 8 0 0.00 0.01 0.00

2 10 100 11 0 0.00 0.01 0.00

2 20 100 13 0 0.00 0.01 0.00

2 60 100 24 0 0.00 0.02 0.00

2 100 100 126 0 0.00 0.04 0.00

) 2 100 43 0 0.00 0.01 0.00

5 5 100 99 0 0.00 0.02 0.00

5 10 100 123 0 0.00 0.03 0.00

) 20 100 121 0 0.00 0.05 0.00

) 60 100 199 0 0.00 0.07 0.00

5 100 100 466 0 0.00 0.22 0.00
10 2 100 91 0 0.00 0.03 0.00
10 ) 100 272 17 0.00 0.11 0.00
10 10 100 1937 0 0.00 0.60 0.00
10 20 100 3054 306 0.00 2.30 0.00
10 60 100 1647 0 0.00 1.15 0.00
10 100 100 2565 0 0.00 3.46 0.00
20 2 100 241 0 0.00 0.06 0.00
20 5 100 3114 390 0.00 0.84 0.00
20 10 100 218660 18240 0.01 39.31 0.55
20 20 80 2910690 138381 0.02 726.41 0.42
20 60 60 994118 29001 0.03 861.67 0.06
20 100 80 45913 0 0.00 98.81 0.00
60 2 100 1938 106 0.00 0.89 19.75
60 5 100 804911 37932 0.01 202.56 14.83
60 10 0 14506800 420194 2.68 7200.00 2.22
60 20 0 6361410 236692 2.42 7200.00 0.49
60 60 0 1229010 31682 0.92 7200.00 0.00
60 100 0 428255 13577 0.30 7200.00 0.00
100 2 100 2720 122 0.00 2.29 56.39
100 ) 20 16598900 594915 1.10 7177.44 19.09
100 10 0 7778290 202018 6.45 7200.00 3.88
100 20 0 1845340 56619 4.39 7200.00 0.00
100 60 0 309144 8180 1.16 7200.00 0.00
100 100 0 93974 1500 0.64 7200.00 0.00

Table 7: Weighted Uniform Model on Randomly Generated Data.
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CPLEX # of # of Final Time | Heuristic

n  m | Status Simplxltns  Nodes Gap(%) (CPUsec) | Gap(%)

2 2 | Optimal 3 0 0.00 0.01 0.00

2 5 | Optimal 45 0 0.00 0.01 0.00

2 10 | Optimal 20 0 0.00 0.01 0.00

2 20 | Optimal 18 0 0.00 0.01 0.00

2 60 | Optimal 4 0 0.00 0.02 0.00

2 100 | Optimal 3 0 0.00 0.03 0.00

) 2 | Optimal 42 0 0.00 0.01 0.00

5 5 | Optimal 391 96 0.00 0.06 0.18

5 10 | Optimal 23329 4752 0.01 2.03 1.09

) 20 | Optimal 50 0 0.00 0.02 0.00

) 60 | Optimal 90 0 0.00 0.03 0.00

5 100 | Optimal 421 70 0.01 0.42 0.10
10 2 | Optimal 101 9 0.00 0.03 3.08
10 5 | Optimal 12343 3907 0.01 1.41 0.42
10 10 | Optimal 3348430 1045730 0.01 507.41 1.04
10 20 | Feasible 39369300 6194330 6.74 7200.00 0.99
10 60 | Feasible 18731400 3423080 1.45 7200.00 1.30
10 100 | Feasible 15682000 2204020 0.58 7200.00 0.00
20 2 | Optimal 147 2 0.00 0.06 0.36
20 5 | Optimal 123083 28175 0.01 18.33 6.00
20 10 | Feasible 36021100 5402250 3.93 7200.00 9.05
20 20 | Feasible 24832400 1800900 18.30 7200.00 6.04
20 60 | Feasible 10603800 862087 8.79 7200.00 3.17
20 100 | Feasible 8833870 694551 4.20 7200.00 11.46
60 2 | Optimal 4894 684 0.00 1.46 9.66
60 5 | Feasible 22890000 3716240 1.99 7200.00 20.18
60 10 | Feasible 15735000 1173870 15.68 7200.00 10.66
60 20 | Feasible 8696510 373766 20.35 7200.00 14.73
60 60 | Feasible 2530950 116001 18.26 7200.00 16.78
60 100 | Feasible 1312000 42641 14.40 7200.00 9.19
100 2 | Optimal 17588 2030 0.00 5.44 9.68
100 5 | Feasible 14179400 2392980 7.23 7200.00 16.28
100 10 | Feasible 9981990 790005 18.38 7200.00 16.71
100 20 | Feasible 5245070 175370 26.13 7200.00 20.11
100 60 | Feasible 1121010 33001 17.46 7200.00 16.05
100 100 | Feasible 625020 21315 16.72 7200.00 7.80

Table 8: Weighted Uniform Model on Real Data.
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Provably # of # of Final Time | Heuristic

n  m | Optimal(%) SimplxItns Nodes Gap(%) (CPUsec) | Gap(%)

2 2 100 14 0 0.00 0.01 0.00

2 5 100 15 0 0.00 0.01 0.00

2 10 100 33 0 0.00 0.01 0.00

2 20 100 48 0 0.00 0.01 0.00

2 60 100 134 0 0.00 0.03 0.00

2 100 100 203 0 0.00 0.06 0.00

5 2 100 171 0 0.00 0.04 0.00

b) ) 100 261 0 0.00 0.10 0.00

5 10 100 320 0 0.00 0.18 0.00

5 20 100 1056 0 0.00 0.48 0.00

b) 60 100 600 0 0.00 0.28 0.00

5 100 100 1134 0 0.00 0.75 0.00
10 2 100 1392 41 0.00 0.33 0.00
10 ) 100 6969 247 0.00 2.55 1.73
10 10 100 91468 3385 0.00 40.18 0.00
10 20 80 307804 8433 0.03 275.30 0.00
10 60 80 8988 0 0.00 10.54 0.00
10 100 100 6067 0 0.00 19.02 0.00
20 2 100 10312 117 0.00 4.59 0.00
20 5 100 406673 7447 0.00 279.50 1.42
20 10 0 5066530 62721 6.82 7200.00 1.42
20 20 0 1937260 13536 3.41 7200.00 0.00
20 60 0 191894 15 0.40 7200.00 0.00
20 100 20 71510 0 0.00* 1528.05 0.00
60 2 100 519426 2345 0.00 1095.90 21.39
60 5 0 466665 161 29.10 7200.00 0.00
60 10 0 206470 0 14.86** 7200.00 0.00
60 20 0 159213 0 noLLP 7200.00 0.00
60 60 0 128080 0 noLLP 7200.00 0.00
60 100 0 159868 0 noLLP 7200.00 0.00
100 2 0 636346 403 35.18 7200.00 51.89
100 ) 0 153009 0 43.76* 7200.00 0.00
100 10 0 139430 0 noLLP 7200.00 0.00
100 20 0 135284 0 noLLP 7200.00 0.00
100 60 0 173941 0 noLLP 7200.00 0.00
100 100 0 171525 0 noLLP 7200.00 0.00

Table 9: Share-of-Surplus Model with Restricted Prices on Randomly Generated Data. In
column “OptGap”, ¢ *’, * **’ , and ‘noLP’ indicate that the LP relaxation of two out of the five,
three out of the five, and all five of the instances, respectively, could not be solved within the
two hour time limit.
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CPLEX # of # of Final Time | Heuristic

n  m | Status Simplxltns  Nodes Gap(%) (CPUsec) | Gap(%)

2 2 | Optimal 9 0 0.00 0.01 0.00

2 5 | Optimal 45 0 0.00 0.01 0.00

2 10 | Optimal 29 0 0.00 0.01 0.00

2 20 | Optimal 52 0 0.00 0.01 0.00

2 60 | Optimal 177 0 0.00 0.03 0.00

2 100 | Optimal 216 0 0.00 0.04 0.00

) 2 | Optimal 174 14 0.00 0.03 7.40

5 5 | Optimal 1366 172 0.00 0.23 1.90

5 10 | Optimal 88171 13920 0.01 11.90 3.39

) 20 | Optimal 184 0 0.00 0.05 0.00

) 60 | Optimal 369 0 0.00 0.21 0.00

5 100 | Optimal 30968 17285 0.01 112.99 0.02
10 2 | Optimal 1097 44 0.00 0.24 0.98
10 5 | Optimal 41285 3391 0.01 7.67 10.39
10 10 | Optimal 20140700 1218800 0.01 5328.99 18.76
10 20 | Feasible 11489200 678326 13.59 7200.00 1.70
10 60 | Feasible 2528930 27068 13.72 7200.00 4.97
10 100 | Feasible 1398250 7331 12.28 7200.00 0.00
20 2 | Optimal 7378 113 0.00 2.75 0.52
20 5 | Optimal 3348750 137019 0.01 1680.05 10.60
20 10 | Feasible 5765580 67567 24.20 7200.00 20.22
20 20 | Feasible 1944430 16779 34.80 7200.00 11.01
20 60 | Feasible 159487 250 40.17 7200.00 0.00
20 100 | Feasible 122578 0 42.21 7200.00 0.00
60 2 | Optimal 619097 2249 0.00 1089.83 13.97
60 5 | Feasible 514955 95 37.08 7200.00 13.39
60 10 | Feasible 184065 0 43.32 7200.00 0.00
60 20 | Feasible 120800 0 noLLP 7200.00 0.00
60 60 | Feasible 60800 0 noLLP 7200.00 0.00
60 100 | Feasible 39400 0 noLLP 7200.00 0.00
100 2 | Feasible 684915 681 15.93 7200.00 14.29
100 5 | Feasible 139800 0 34.75 7200.00 17.14
100 10 | Feasible 134000 0 noLLP 7200.00 0.00
100 20 | Feasible 103800 0 noLLP 7200.00 0.00
100 60 | Feasible 46900 0 noLLP 7200.00 0.00
100 100 | Feasible 32700 0 noLLP 7200.00 0.00
Table 10: Share-of-Surplus Model with Restricted Prices on Real Data.
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Problem | CPLEX # of # of Final Time
Name | Status | SimplxItns Nodes Gap(%) (CPUsec)
t1 | Optimal 861 106 0.00 0.61

t2 | Optimal 616 54 0.00 0.74

t3 | Optimal 453 48 0.00 0.53

t4 | Optimal 980 86 0.00 1.00

t5 | Optimal 716 84 0.00 0.69

t6 | Optimal 1023 98 0.00 0.76

t7 | Optimal 579 46 0.00 0.67

t8 | Optimal 980 86 0.00 1.01

t9 | Optimal 940 86 0.00 0.78
t10 | Optimal 507 52 0.00 0.61
randl | Optimal 20625 1682 0.00 21.30
rand2 | Optimal 12025 735 0.00 14.47
rand3 | Optimal 7254 498 0.00 9.67
rand4 | Optimal 4899 316 0.00 6.34
rand5 | Optimal 7443 474 0.00 10.08
rand6 | Optimal 11705 873 0.00 12.85
2x2 | Optimal 8 0 0.00 0.01
2x5 | Optimal 768 56 0.00 0.59
5x2 | Optimal 785 81 0.00 0.54
5x5 | Optimal 25662 2151 0.00 23.62
5x10 | Optimal 2685098 182506 0.01 4232.98
10x5 | Optimal 970831 79289 0.01 1331.47
10x10 | Feasible 1655571 105230 71.96 7200.00
10x20 | Feasible 168276 7984 85.77 7200.00

Table 11: Price Sensitive Model on Small-Scale Randomly Generated Data.
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12 Conclusion

We presented various ways to formulate and solve product pricing models using mathematical
programming approaches. We have discussed four different probabilistic choice models, all of
which are based on reservation prices and are formulated as convex mixed-integer programming
problems. The Uniform Distribution Model assumes that Pr;;, the probability that segment 7
buys product 7, is uniform among all products with nonnegative surplus. The Weighted Uniform
Model assumes that Pr;; is proportional to the reservation price R;;. In the Share-of-Surplus
Model, the probability Pr;; depends on the surplus of the products. Using the assumption
that demand increases as price decreases, the Price Sensitive Model uses Pr;; that is inversely
proportional to the price of the products with nonnegative surplus. A few special properties of
the models have been shown and comparisons of the models’ optimal solutions provide some
indication of how the models behave. We have proposed and tested a few simple heuristics for
finding feasible solutions, which results in strong, often optimal, integer solutions from empirical
experiments. Computational results of the various models are also presented and they show that
the proposed models are difficult to solve for larger problems.

Further research is required to explore ways to improve the solution time of all the models.
For example, more investigations on different cuts is needed, especially on the valid inequalities
discussed in Section @ We also need to examine the structural properties of the problem
instances that are especially difficult to solve.

For the Share-of-Surplus Model, we may want to investigate other monotonically increasing
functions to describe the probability which would perhaps lead to formulations that are easier
to solve. We may examine the effect of the value of the constant 1 on the problem ([[4]) and
determine the ideal value for the constant. In addition, we currently do not fully understand
the effect of scaling the reservation prices and this area will be explored further.

All the models discussed in this paper assume that the company has no competitors. We
should explore ways to consider competitor products in our models in order to correctly model
the loss of revenue when the customers buy from other companies. We can easily incorporate
competitor products in our formulations by considering the surplus of every segment for every
competitor product. However, this may unrealistically increase the denominator of Pr;; and
collecting such detailed competitor information is very difficult. The challenge is to determine
how to include competitor information without explicitly considering each competitor product
individually.

The motive of this paper is to show how some marketing models of customer choice behavior
can be modelled exactly using mixed-integer programming. This work illustrates the modeling
power of integer and convex nonlinear programming techniques and we hope to extend our work
to other product pricing and customer choice models in the future.
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A Supplemental Proofs

Proof of Theorem [Z1l. Suppose we are given the optimal 3;;’s for Problem (). Then, the prob-
lem simplifies to:

n
max E Nit;,
i=1

™,
s.t. tig%, Vi:y B>,
j

t; =0, Vi) B =0,
j
T < R, Vi) By 2 LV By =1,
j
7 > R +1, Vj¢Zﬁij=0,
j

Fjgﬁj—l-l, VjZﬂUZO
J

The first constraint is from 7" a;; < 3710, pij, where 300, a;; = Zj:ﬁij:l aij =t;>_; Bij and
D1 Pij = > =17~ The last three sets of constraints are from the inequalities defining P

Zj:ﬁijzl 5

(@. Thus, in the optimal solution, t; = G, if Zj Bi; > 1 and t; = 0 otherwise. Then,
JE— '] *
mj = mingg, =1 Rij if Y7, Bi; > 1 and 7; = R; + 1 otherwise.

[l
Proof of Lemma 21l To show the inclusion, suppose (fo,#, &, a) € F,. Let Bij = El:szSRij 25,

;=i Rij&ij, Dij = zl:leSRij Ryj&ij, a5 = a5, 1 =1,...,n, j =1,...,m. It is easy to see
that (f’lg’ T, D, C_L) € Fy. Thus, Ht(F2) - Ht(Fl)'

1 2
To show that the inclusion is strict, let n =2, m =2, Ny = N, =1, and R = be

the matrix of reservation prices where rows are the segments and products are the columns. Fj

contains the following point:
0 2 0 2
) a =
0 05 0 0

tz[oi]’ 5:[8 0%5]’ =l 2 ps

where again, the rows correspond to segments and the columns correspond to products. The
dummy segment in (@) has reservation prices Rp; = 2 and Ry = 3. We will show that ¢t =

2
[0'5] ¢ 1 (F2).
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Given t; = 2 and to = 0.5, the fifth set of constraints in () are a;; > 2 — 2x¢; and aja >
2 —2x02. The second set of constraints yield a1 +a12 < 211+ 2212 + x22. Combining it with the
above two inequalities and the first set of constraints gives us xg1 + T12 + Tg2 — x21 > 2, implying
o1 + 12 + g2 > 2. With the first set of constraints, this yields xg; > 1 and x12 + zg2 > 1,
implying x11 = 91 = 0 and z92 = 0. The sixth set of constraints to < x91 + x99 = 0 contradicts

2
tg = 0.5. Thus, t= Qé Ht(Fg).
0.5
U

Proof of Lemma Gl The maximum revenue we can get from segment i is N;(max; R;j) =
NiR;p;). This happens when segment ¢ only buys product p(7). Hence, the objective value
of any feasible solution is at most ) , NiRipiy.-

Consider the solution with the x variables assigned as in the lemma and

T = maXp=1,...,n Rkja if ] S J,
. Ry;, otherwise.

Because of the assumptions in the lemma, the solution is feasible with exactly one segment
with nonnegative surplus for each product j € J and no segment buying any products j ¢ J.
That implies every segment only buys the product with the maximum reservation price. The
corresponding objective value is > i ; NiR;p(), and thus the solution is optimal. O

Proof of Lemma [EZ 1f the x variables are known, then 7; = R;; where ¢ is the segment such
that z;; = 1. If the 3 variables are known, then m; = min;.g, =1 R;j.

If the optimal prices are known, we know that each 7; equals the reservation price of some
segment. Then in the optimal solution,

1, if R =m;, 1, if Ry > mj,
L5 = * . J and Bij = " __ J
0, otherwise. 0, otherwise.

These are the only values that would make the solution feasible.

0

Proof of Lemma 63 Suppose in an optimal solution, B = 0. We know that §; = 0 for all
segments 7 in all three models. Let v be the optimal value. Consider the objective value v’ if
Ost is set to 1. We will have m; = Rg;.

o1



In the Uniform Model, if > y Bsj = 0, then clearly the objective value increases by NyRy;. If
Zj Bsj > 1, then
o — = N, Ry + ijsj B ijsj
L+ Zj Bs; Zj Bsi

_N Rt Zj BSj - ijsj
’ (Z] BSj)(l + Zj 55]')

N Ry Zj ﬁsj - Zj 7Tjﬁsj
’ (ZJ ﬁSj)(l + Zj 53]‘)

o Zj(RSt — 75)Ps;
= (@- ERIESY ﬁsp) | 2

R, is the maximum reservation price and each of the m;’s equals to a reservation price, so
Ry > m; Vj. The condition zj Bsj > 1 implies that By, = 1 for some product k # t, and we
know that Rg > mk. So the expression (28) is strictly positive. This contradicts the fact that it
is an optimal solution. Therefore, G5 > 1 in every optimal solution.

Similarly, in the Weighted Uniform Model, if zj Bsj = 0, then clearly the objective value
increases by NsRg. If Zj Bsj = 1, then

Ry + Zj stﬂ'jﬁsj B Zj stﬂ'jﬁsj
Rst + Zj stﬁsj Zj stﬁsj
U3 z]‘ stﬂsj - Zj stﬂjﬂsj

v—v = s

= N.R,
"\ (X, RejBsj) Rt + 3 ; RejfBsj)
Z '(7Tt - 7"-J')stﬁsj
= NR, J
"\ (3, RejBej)(Ret + 3 RajfBs)
> 0,

where my = Ry > 7, Vj.

In the Share-of-Surplus Model with restricted prices, if ) ; Bsj = 0, then the objective value
increases by NgRg. Otherwise,

, n (T Bs — ) 400w (R —mj +m)Bsy 30 mi(Rey — 75+ m)By
’ (Rst —me + 1) + Zj(RSj — 7 +n)Bs; Zj(st — 5 +1)0sj
> j(m =) (Rsj — mj +1)Bs; )

(32;(Rsj — mj +m)Bsj) (Rst — w1 +m) + 3225 (Rsj — 75 +1)Bs;)

= Ns(Rst _7Tt+77) <
> 0

where we let n > 0 to avoid singularity.
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In all three models, we showed that the solution is not optimal if 85 = 0. So in any optimal
solution, segment s buys product t. O

Proof of Lemma 81l The proof directly follows from Lemma O

Proof of Lemma 84 The time it takes to examine a product k is O(m f(n, m)) since we consider
up to m products that product k& can swap with. A product is examined multiple times only if
its price increases after a swap. Since a product’s price always equals to a segment’s reservation
price, it can only increase at most n times. So there are at most O(nm) iterations to examine
a product, and each iteration has a runtime of O(mf(n,m)).

Therefore, the runtime of Heuristic 2 is O(nm?f(n, m)). O

Proof of Lemma[@dl The Hessian of f is

A 0
Vi=1|",
0t 0
2a e’ . . . . .
where A := 55|’ B is an m x m diagonal matrix with b,b,...,b on the diagonal, and e
e

is a vector of ones. Since f is twice continuously differentiable, f is convex iff A is a positive
semi-definite matrix.

If b <0, then A is not positive semi-definite and f is not convex. So we can assume b > 0.

The Schur-complement of B in A is 2a — %(eTe), thus

A0 & a—EZO & ab>

m
4b 4

0

Proof of Lemma[ZA As in the proof of the previous lemma, F is twice continuously differen-
tiable. The Hessian of F' is

A 0

o7 o’

Therefore, F' is convex iff A is positive semidefinite. If for some j,

V2F =

2a¢ el

where A = [
e

b; <0, then A is not positive semidefinite. Therefore, b > 0. Let b= (\/Lb_l’ J%’ ey \/%)T

Also, if a < 0 then A is not positive semidefinite; thus, a > 0. The Schur complement of a in A
is 2B — %eeT. Thus,

1
A0 < 2B— —eel =0
2a
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o 41—%66Tz0

& 4BTB—E(BTB)2>O
7T m
b'b 1
> — =3 —.
& o> Z b
J=1

0

Proof of Lemmal[Z3. For given f3;;’s, finding the most violated subset P}, for [2) is equivalent
to solving

max Z:;n:l ﬁiij,
st Yz =k 41,
0<z <1, j=1,...,m.

Since the feasible region of the above LP is an integral polyhedron, and since the LP is clearly
feasible and bounded, it has an optimal 0-1 solution corresponding to the characteristic vector
of Pj.. The Dual of this LP is:

min  (k+1)g+ X7, pj,
s.t. q+p]2/87,]7 jzlu"'ama
Dj, j=1...,m.

If there exist ;s and y; which satisfy ([22) for all covers Pj;, then it must satisfy ([22) for
P;.. Thus, from strong duality, there exist ¢ and p; satisfying the constraints for the Dual LP

and 3¢ p. Bij = (k+1)g + 3250, pj-

Conversely, if there exist ¢ and p; which satisfy the constraints of the Dual LP and there
is a y; such that (k+ 1)q + E;n:lpj + Ef:o vy < k+ 1, then from weak duality, EjEPik Bij <
(k+1)g+ 35, pj for all Py’s and thus, 3", p Bij + Z?:o ya < k+ 1 for all Py’s. O

Proof of Lemma[9) The system (4] are valid inequalities for the pure 0-1 formulation ().
Thus, Z;; is a feasible integer solution to ) if and only if Z;; and g;; = 1 where k =), Ry <Ri; Tl
is a feasible integer solution to (H).

From Farkas’ Lemma, (24)) is infeasible if and only if there exist u, v, and wy, k =0,...,m,
where
u+kv+2f:0wk20, k=0,...,m,
u+ Z;nzl Bijv + <k‘ +1- Zjep;;c BZ]) wy, <0,
wkaoa ]C:O,...,m.

o4



Therefore, 3 7" vBi; + > e P wBij < Y opeolk + 1wy is a valid inequality for @) and it is
violated by BZ]

0

B Pseudo-code of Heuristic Algorithms

Algorithm 1 Heuristic 0
heuristicO(numSegments, numProducts, N, R, beta, pi)

1: for each segment ¢ and product j, set 3;; =0
2: for segment ¢ = 1 to numSegments do

3 set B;j+ = 1 where j* = argmaz; R;;

4:  for all I such that R;;- > R;;+ do

5 set ﬁlj* =1

6: return (3

Algorithm 2 Heuristic 1
heuristicl(numSegments, numProducts, N, R, g3, )

1: B := heuristicO(numSegments, numProducts, N, R, 3, 7)
 ki=-1;
repeat
increase := 0;
make a heap H where the elements are products and the comparator compares the product prices
while increase < 0 and H is not empty do
j := H.pop()
increase := swap(j, k, 3, 7)
until increase <0

Algorithm 3 Make one swap if possible
swap(j, k, 3, )
1: for seg i = argmin;{R;; : Bi; = 1}, find the greatest increase in objective value if segment ¢ buys
another product & (or does not buy any product) instead of j.
if increase in obj val < 0 then
return 0
Bij =0
if product k is found then
Bir =1
make the solution feasible and set the prices 7 to the appropriate values
return the increase in objective value after ONE swap
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Algorithm 4 Heuristic 2

heuristic2(numSegments, numProducts, N, R, 3, 7)
1: B := heuristicO(numSegments, numProducts, N, R, 3, 7)
2: increase := 0;
3: make a heap H where the elements are products and the comparator compares the product prices
4: while H is not empty do

5  k:=-1;
6: Ttemp ‘= Tj
7 j:= H.pop()
8:  increase := swap(j, k, 3, 7)
9: if increase > 0 then
10: if product j is still bought by some segment then
11: H.push(j)
12: if £ >0 and 7, > Teemp then
13: H.push(k)

Algorithm 5 Heuristic 3

heuristic3(numSegments, numProducts, N, R, 3, )
1: B := heuristicO(numSegments, numProducts, N, R, 3, 7)
2: increase := (;
3: make a heap H where the elements are products and the comparator compares the product prices
4: while H is not empty do

5. k:=-1;
6: Ttemp ‘= Tj
7 j:= H.pop()
8:  increase := swap(j, k, 3, 7)
9: if increase > 0 then
10: if product j is still bought by some segment then
11: H.push(j)
12: if £ > 0 then
13: if 7 > Temp then
14: H.push(k)
15: else
16: for products 1 where 7, < m < Tyemp do
17: H.push(l)

C Supplementary Tables
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Heuristic 1 Heuristic 2 Heuristic 3

Initial # Time Final # Time Final # Time Final

n  m | Obj Val | Swaps Obj Val | Swaps Obj Val | Swaps Obj Val

2 2 | 2656.00 0 0.003 2656 0 0.003 2656 0 0.003 2656

2 5| 121520 0 0.003 121520 0 0.002 121520 0 0.003 121520

2 10| 165960 0 0.006 165960 0 0.006 165960 0 0.006 165960

2 20| 207680 0 0.010 207680 0 0.010 207680 0 0.010 207680

2 60 66801 0 0.025 66801 0 0.024 66801 0 0.024 66801

2 100 66801 0 0.039 66801 0 0.040 66801 0 0.039 66801

5 2| 176584 1 0.004 212238 1 0.004 212238 1 0.004 212238

5 5| 131346 5 0.020 164038.67 5 0.014 164038.67 5 0.015 164039

5 10| 177403 10 0.079 217832 4 0.020 212348 10 0.048 217832

5 20| 124311 0 0.022 124311 0 0.022 124311 0 0.022 124311

5 60| 377480 0 0.049 377480 0 0.049 377480 0 0.049 377480

5 100 | 316906 8 0473 318770 8 0.276 318770 8 0.277 318770

10 2 | 543760 0 0.003 543760 0 0.003 543760 0 0.004 543760
10 5| 307678 3 0.018 323976 3 0.012 323976 3 0.016 323976
10 10 | 320574 11 0.099 379851 9 0.033 375924 11 0.044 379851
10 20 | 448921 21 0.365 555829 21 0.114 555829 21 0.134 555829
10 60 | 489794 11 0.324 624070 10 0.235 624070 10 0.236 624070
10 100 | 528288 7 0.807 605906 7 0.305 605906 7 0.371 605906

Table

12: Comparison of Heuristics (1)




8¢

Heuristic 1

Heuristic 2

Heuristic 3

Initial # Time Final # Time Final # Time Final

n m Obj Val | Swaps Obj Val | Swaps Obj Val | Swaps Obj Val
20 2 503054 8 0.019 544933 8 0.013 544933 8 0.016 544933
20 5 552958 9 0.042 597752 9 0.022 597752 9 0.023 597752
20 10 624238 16 0.128 746544 15 0.048 743491 15 0.055 743491
20 20 | 698462.78 35 0.951 823206 31 0.148 822773 35 0.209 823206
20 60 934624 48 5.134 1174843 37 0.647 1094627 48 0.958 1174844
20 100 806249 25 4.256 868827 10 0.445 851503 17 0.699 863241
60 2 1136086 6 0.019 1228719 6 0.013 1228719 6 0.014 1228719
60 5 1407568 4 0.028 1526584 0.020 1526584 0.025 1526584
60 10 1480566 39 0.378 1770829 39 0.115 1770829 39 0.123 1770829
60 20 1697868 49 1.241 1957967 56 0.279 1978848 49 0.286 1957967
60 60 1976530 92  21.621 2476842 88 1.376 2437774 91 1.558 2476277
60 100 2824349 83  52.689 3218884 55 2.385 3171053 76 5.013 3215687
100 2 2201501 9 0.028 2368924 9 0.020 2368924 9 0.020 2368924
100 5 2177005 19 0.103 2493507 19 0.049 2493507 19 0.053 2493507
100 10 2307042 43 0.415 2703764 43 0.146 2703764 43 0.153 2703764
100 20 2384416 45 1.854 2736795 45 0.280 2736795 45 0.285 2736795
100 60 3548047 89  21.130 4128381 88 1.725 4127951 88 1.789 4127951
100 100 3568616 132 108.240 4380587 120 3.938 4338345 126  6.679 4366574

Table 13: Comparison of Heuristics (2)




Heur. 1 — Heur. 2

Heur. 1 — Heur. 3

Heur. 2 — Heur. 3

n m| Time Obj Val | Time Obj Val | Time Obj Val
2 2 0 0 0 0 0 0
2 51 0.001 0 0 0 | -0.001 0
2 10 0 0 0 0 0 0
2 20 0 0 0 0 0 0
2 60| 0.001 0| 0.001 0 0 0
2 100 | -0.001 0 0 0| 0.001 0
5 2 0 0 0 0 0 0
5 51 0.007 0| 0.006 0 | -0.001 0
5 10| 0.060 5484 | 0.031 0 | -0.028 -5484
5 20 0 0 0 0 0 0
5 60 0 0 0 0 0 0
5 100 | 0.197 0| 0.196 0 | -0.001 0
10 2 0 0 | -0.001 0 | -0.001 0
10 51 0.006 0| 0.002 0 | -0.004 0
10 10| 0.065 3927 | 0.055 0| -0.011 -3927
10 20| 0.251 0| 0.231 0 | -0.020 0
10 60 | 0.089 0| 0.088 0 | -0.001 0
10 100 | 0.503 0| 0.436 0 | -0.066 0
20 2 | 0.006 0| 0.003 0 | -0.003 0
20 51 0.020 0| 0.019 0 | -0.001 0
20 10| 0.080 3053 | 0.073 3053 | -0.007 0
20 20| 0.802 433 | 0.742 0 | -0.061 -433
20 60 | 4.487 80216 | 4.175 0| -0.311 -80216
20 100 | 3.811 17324 | 3.558 5586 | -0.254 -11738

Table 14: Comparison of Heuristics (3)
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Heur. 1 — Heur. 2

Heur. 1 — Heur. 3

Heur. 2 — Heur. 3

n m Time Obj Val Time Obj Val | Time Obj Val
60 2 0.006 0 0.005 0 | -0.001 0
60 5 0.008 0 0.003 0 | -0.005 0
60 10 0.263 0 0.255 0 | -0.008 0
60 20 0.962  -20881 0.956 0 | -0.007 20881
60 60 | 20.245 39068 | 20.064 565 | -0.182 -38503
60 100 | 50.304 47831 | 47.677 3197 | -2.627 -44634

100 2 0.009 0 0.008 0 | -0.001 0
100 5 0.055 0 0.051 0 | -0.004 0
100 10 0.268 0 0.262 0 | -0.007 0
100 20 1.574 0 1.569 0 | -0.005 0
100 60 | 19.406 430 | 19.341 430 | -0.064 0
100 100 | 104.302 42242 | 101.562 14013 | -2.741 -28229

Table 15: Comparison of Heuristics (4)
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Difference in Prices

Range | Test # | U-W | U-S|U-P|S-P
1 0 0 0 0
2 0 0 0 0
3 0 0 0 0
4 0 0 0 0
1000-1100 > 0 ! 0 1
6 0 0 0 0
7 0 4 1 3
8 0 0 0 0
9 0 0 0 0
10 0 0 0 0
1 0 0 0 0
2 0 126 0 126
3 0 0 0 0
4 0 35 0 35
1000-1500 o 0 73 0 73
6 0 356 0 356
7 0 0 0 0
8 0 45 0 45

9 0 0

10 0 0

1 0 0
2 0 146 0 146
3 0 11 0 11
4 0 0 0 0
1000-1700 5 0 389 389 0
6 0 0 0 0
7 0 0 0 0
8 0 0 0 0
9 0 0 0 0
10 0 105 0 105

Table 16: Comparison of the Prices in the Models” Solutions for Random Tests (1)
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Difference in Prices
Range | Test # | U-W | U-S|U-P|S-P
1 0 199 0 199
2 0 257 0 257
3 0 0 0 0
4 0 0 0 0
1000-2000 > 0 0 0 0
6 0 0 0 0
7 0 0 0 0
8 0 768 0 768
9 0 156 0 156
10 0 0 0 0
1 0 10 0 10
2 0 0 0 0
3 0 1 1 0
4 0 716 0 716
1000-3000 > 0 0 0 0
6 0 0 0 0
7 0 137 0 137
8 0 0 0 0
9 0 0 0 0
10 0 0 0 0

Table 17: Comparison of the Prices in the Models’ Solutions for Random Tests (2)
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Difference in Objective Value

Range | Test # | U-W | U-S|U-P| W-S|W-P| P-S
1 -0.01 1.00 0.01 1.01 0.02 0.99

2 0 0 0 0 0 0

3 0.07 | 45.09 | 0.49 | 45.02 0.42 | 44.60

4| -0.04 4.66 | 0.02 4.70 0.06 4.64

1000-1100 ) -0.05 12.18 0.24 12.23 0.29 11.93
6 -0.38 21.90 0.28 22.28 0.66 21.62

71 -0.10| 32.63 | 0.66 | 32.73 0.76 | 31.97

8 0 0 0 0 0 0

9 0.07 9.39 | 0.14 9.32 0.07 9.25

10 -0.10 24.17 0.18 24.27 0.28 23.99

1] -1.36 | -20.63 | 0.62 | -19.27 1.98 | -21.26

2 -5.17 | 132.60 | 10.96 | 137.77 | 16.13 | 121.65

3 -0.31 44.17 1.65 44.48 1.96 42.53

4| -0.22 9.00 | 1.42 9.22 1.64 7.58

1000-1500 5 0.22 | 14.00 | 0.23 | 13.78 0.01 | 13.77
6 -1.30 | 117.19 5.10 | 118.49 6.40 | 112.09

7 0 0 0 0 0 0

8| -7.00 | 11290 | 8.77 | 119.90 | 15.77 | 104.13

9 0 0 0 0 0 0

10 | -0.01 8.44 | 0.08 8.45 0.09 8.36

1| -2.05| 7347 | 3.61 | 75.52 5.66 | 69.86

2 0.27 | 55.86 | 1.40 | 55.59 1.13 | 54.46

3 0.22 15.50 0.44 15.28 0.22 15.06

41 -012 | -5.75| 0.03| -5.63 0.15 | -5.78

1000-1700 5| -893| 8378 | 276 | 92.71 | 11.69 | 81.03
6 0 0 0 0 0 0

7 0 0 0 0 0 0

8| -3.33 | 136.89 | 3.78 | 140.22 7.11 | 133.11

9 0.50 | 30.60 | 0.65 | 30.10 0.15 | 29.94

10 -4.74 | 113.11 7.19 | 117.85 11.93 | 105.92

Table 18: Comparison of the Objective Values for Random Tests (1)
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Difference in Objective Value

Range | Test # | U-W | U-S|U-P| W-S|W-P| P-S
1| -9.94 | 201.44 | 19.48 | 211.38 | 29.42 | 181.96

2| -19.04 | 487.80 | 83.00 | 506.84 | 102.04 | 404.80

3 0 0] 0.01 0 0.01 | -0.01

4 0 0 0 0 0 0

1000-2000 5 052 | 1824 | 0.20 | 17.72| -0.32| 18.05
6 0 0 0 0 0 0

7| -4.44)11349 | 6.21 | 11793 | 10.65 | 107.28

8 -2.11 | 185.00 | 23.07 | 187.11 25.18 | 161.93

9| -193| 1843 | 1.12| 20.36 3.05 | 17.31

10 0 0] 0.01 0 0.01 | -0.01

1| -0.90| 81.00 | 3.43 | 81.90 4.33 | T77.57

2| -0.20 | 33.77 | 0.37 | 33.97 0.57 3.39

3] -0.20 | 208.21 | 8.75 | 208.41 8.95 | 199.47

4| -35.80 | 203.74 | 21.62 | 239.54 57.42 | 182.13

1000-3000 5} -2.50 | 177.71 | 11.55 | 180.21 14.05 | 166.16
6 0 0] 0.01 0 0.01 | -0.01

7| 12.20 | 326.37 | 30.57 | 314.17 | 18.37 | 295.79

8 3.80 | 54.62 | 11.83 | 50.82 8.03 | 42.80

9 0 0] 0.01 0 0.01 | -0.01

10 | -17.60 | 180.03 | 10.80 | 197.63 | 28.40 | 169.23

Table 19: Comparison of the Objective Values for Random Tests (2)
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D Estimating the Reservation Price

The reservation price data used in the computational experiments of Section [l are estimated
from actual purchase orders of a Canadian travel company. The customers are partitioned into
segments according to their demographic information, purchase lead time and other character-
istics. Suppose after the segmentation, there are n customers, with N; customers in segment ¢,
i =1,...,n. The company offers m products.

From the historical data, we know what fraction of customers of each segment purchased
each product and how much they paid for it. Let

frij = the fraction of segment ¢ customers who purchased product j,
B, = {j:friyj >0}, 1ie., set of products purchased by segment 4,
pij = the price that customers of segment 4 paid for product j.

The price paid for a particular product may be slightly different from customer to customer
depending on the time of sales and other anomalies. Thus, the above p;; value is the average
price paid by segment ¢ for product j.

To estimate the reservation price R;; of segment 7 for product j, we assumed that customers
behaved according to the share-of-surplus model of Section Bl Thus, fr;; should be approxi-
mately equal to

Rij — pij
> ren, (Rik — pir)’

where R;;’s are now variables and p;;’s are data.

We fit R;;’s and the share-of-surplus model to the data using least squares regression, i.e.,
for each segment 7, we solved for R;;’s, j = 1,...,m, that minimizes

= (5 gt

> ken; Bk — Dik

JEB;
or ,
S £ Riv — pix) — Rij — i
JEB; kEB;
subject to
Rij—pij > 0, je B,
> ken Bik —pi > 6
where 6 > 0.

There are some further details that need to be addressed. One of the key issues is estimating
R;; for j ¢ B;. Currently, we have these R;;’s set to 0, which is clearly an underestimate.
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Although we do not have any direct information about segment i’s preference level of product 7,
we may be able to infer this from other segments that do purchase product j. As a future work,
we can consider using data mining techniques such as clustering and collaborative filtering to
determine these R;;’s (see for instance [12] [T3]).

Also note that in the above we only described a way to roughly estimate the expected values
of the reservation prices R;;. Indeed, most companies have much more detailed information on
their customers (especially those customers with frequent flier accounts) and the related market
pricing and volume data. Using these, one usually observes the empirical distribution of the
sales, and also one accounts for the potential customers’ activities on the firm’s website (those
who search but perhaps do not buy) and fits a distribution function. Finally, the actual R;;s
are generated from these distributions using certain sampling techniques. Much of the details
of these procedures are sector dependent and more importantly company dependent and are
usually kept confidential.
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