Clarke Generalized Jacobian of the Projection
onto Symmetric Cones and Its Applications *

Lingchen Kong', Levent Tuncel?, and Naihua Xiu?

May 27, 2008 (revised: April 14, 2009)
C & O Research Report CORR 2008-04

Abstract

In this paper, we give an exact expression for Clarke generalized Jacobian of the projection
onto symmetric cones, which is linked to rank-1 matrices. As an application, we employ
the projection operator to design a semismooth Newton algorithm for solving nonlinear
symmetric cone programs. The algorithm is proved to be locally quadratically convergent
without assuming strict complementarity of the solution.
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1 Introduction

This paper focuses on Clarke generalized Jacobian of the projection onto symmetric cones. First,
we recall some basic concepts. Let f : Q@ C X — ) be a locally Lipschitz function on an open set
), where X and ) are two finite dimensional inner product spaces over the field R. Let VF (x)
denote the derivative of f at x if F is differentiable at z. The Clarke generalized Jacobian of
F at x is defined by OF (z) := conv{0gF (x)}, where OpF (z) := {limz—, zep, VF (Z)} is the
B-subdifferential of F at x, and Dg is the set of points of ) where F is differentiable. We
assume that the reader is familiar with the concepts of (strong) semismoothness, and refer to
[5, 6, 20, 21, 23] for details.

It is well-known that the scalar-valued function g : R — Ry with g(t) = t4 := max{0,t}
is strongly semismooth and its Clarke generalized Jacobian is specified by ¢/t if ¢ # 0 and
the interval [0,1] if ¢ = 0. Note that the projection onto an arbitrary closed convex set is
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Lipschitz continuous. In the case of second-order cone, we know that the projection operator is
strongly semismooth, see, e.g., [3, 4, 12]. In particular, Hayashi, Yamashita and Fukushima [12]
gave an explicit representation for Clarke generalized Jacobian of the projection onto second-
order cones. Malick and Sendov [18] studied the differentiability properties of the projection
onto cone of positive semi-definite matrices and worked out its Clarke generalized Jacobian.
Recently, Sun and Sun [26] showed that the projection onto symmetric cones, which include the
nonnegative orthant, the cone of positive semi-definite matrices and the second-order cone as
special cases, is strongly semismooth everywhere. Kong, Sun and Xiu [16] studied the Clarke
generalized Jacobian of the projection onto symmetric cones and gave its upper bound and lower
bound. Meng, Sun and Zhao [19] studied the Clarke generalized Jacobian of the projection onto
nonempty closed convex sets and showed that any element V in its Clarke generalized Jacobian
is self-adjoint and V' = V2 (Proposition 1 of [19] for details).

One of the areas where projection operator is widely applied is the area of complementarity
problems, see, e.g., [6]. Also, projection operator is a fundamental ingredient of many algorithms
for solving convex optimization problems (see for instance the survey by Bauschke and Borwein
[1] and the references therein). Our work is in the setting of symmetric cones which unifies
and generalizes the special cases of second-order cones, cones of Hermitian positive semi-definite
matrices over reals, complex numbers, quaternions as well as the direct sums of any subset of
these cones.

On another front, consider the nonlinear symmetric cone program (NSCP), which is defined
by

min  f(x)
st. Ax =g, (1.1)
r e K,

where f : J — R is a twice continuously differentiable function, A : J — R™ is a linear oper-
ator, ¢ € R™, J is a n-dimensional inner product space over real field R and V := (7, (-, ), 0)
is a Euclidean Jordan algebra (see Section 2), K is the symmetric cone in V. When f(x) is
linear, NSCP becomes a linear symmetric cone program (SCP). NSCP provides a simple, nat-
ural, and unified framework for various optimization programs, such as nonlinear second-order
cone programs (NSOCP) and nonlinear semidefinite programs (NSDP). The research activity
in NSCP has been increasing recently, see, e.g., [9, 10, 11, 17, 26, 27, 28]. These papers deal
with either certain theoretical properties of some functions on Euclidean Jordan algebras, or
interior-point methods and smoothing methods. However, to the best of our knowledge, nons-
mooth algorithms for NSCP have not enjoyed the same level of activity except for some special
cases. For instance, in the case of NSOCP, Kanzow, Ferenczi and Fukushima [13] reformulated
its optimality conditions as a nonsmooth system of equations by applying a projection operator,
and established nonsmooth Newton methods which are locally quadratically convergent under
some suitable conditions.

Motivated by all of the work cited above, we aim to give the exact expression of the Clarke
generalized Jacobian of the projection onto symmetric cones zy (or IIx(z), see Section 2),
and to establish nonsmooth Newton methods for NSCP. Our result generalizes corresponding
results of [12] and [18] (from second-order cones and positive semi-definite cones respectively)
to symmetric cones. Interesting enough, the expression of the Clarke generalized Jacobian of
x4 is linked to rank one matrices. This allows us to obtain the formulae of operators z_ and
|z| in a similar manner. As an application to NSCP, we design semismooth Newton methods by
employing the projection operator.

This paper is organized as follows. In the next section, we establish the preliminaries and



study the relationship among all the Jordan frames of an element. We also introduce the matrix
representation of the Jacobian operator of . Moreover, based on the partition of the index
set, we give a decomposition of Euclidean Jordan algebra (see Theorem 2.8). In Section 3,
we present the exact expression of the Clarke generalized Jacobian of the projection operator
x4 by studying its B-subdifferential. In Section 4, we investigate the relationships among B-
subdifferentials of z, x_ and |z|. In Section 5, we design semismooth Newton methods for
NSCP, and show that the proposed algorithm is locally quadratically convergent under some
conditions which do not require strict complementarity of the solution.

2 Preliminaries

2.1 Euclidean Jordan algebras

We give a brief introduction to Euclidean Jordan algebras. More comprehensive introduction
to the area can be found in Koecher’s lecture notes [15] and in the monograph by Faraut and
Koranyi [7].

A EBuclidean Jordan algebra is a triple (J,(-,-),0) (V for short), where (7, (:,-)) is a n-
dimensional inner product space over R and (z,y) — xoy:J x J — J is a bilinear mapping
which satisfies the following conditions:

(i) xoy=yox forall z,y € J,
(ii) zo(z?oy) =220 (xoy) forall z,y € J where x

(iii) (xoy,w) = (x,yow) forall z,y,we J.

2.=xoux,

We call zoy the Jordan product of x and y. In general, (zoy)ow # wo(yow) for all x,y,w € J. We
assume that there exists an element e (called the identity element) such that xoe = eox = x for
all z € J. Given a Euclidean Jordan algebra V, define the set of squares as K := {z? : . € J}.
By Theorem IIT 2.1 in [7], K is the symmetric cone, i.e., K is a closed, convex, homogeneous
and self-dual cone. For x € 7, the degree of x denoted by deg(x) is the smallest positive
integer k such that the set {e,z, 22, - ,zk } is linearly dependent. The rank of V is defined as
max{deg(x) : x € J}. In this paper, r will denote the rank of the underlying Euclidean Jordan
algebra. An element ¢ € J is an idempotent if ¢> = ¢ # 0, which is also primitive if it cannot be
written as a sum of two idempotents. A complete system of orthogonal idempotents is a finite
set {c1,c2, -+, ¢} of idempotents where ¢;oc; =0 forall i # j, and c; +co+ -+ ¢, =e. A
Jordan frame is a complete system of orthogonal primitive idempotents in V.

We now review two spectral decomposition theorems for the elements in a Euclidean Jordan
algebra.

Theorem 2.1 (Spectral Decomposition Type I (Theorem III.1.1, [7])) Let V be a FEuclidean
Jordan algebra. Then for x € J there exist unique real numbers pi(x), p2(x), -, pr(z), all
distinct, and a unique complete system of orthogonal idempotents {by,ba,- -, bz} such that

= p1(x)br + - + pr(w)bi.

Theorem 2.2 (Spectral Decomposition Type II (Theorem II1.1.2, [7])) Let V be a FEuclidean
Jordan algebra with rank r. Then for x € J there exist a Jordan frame {ci,ca,---, ¢, } and real
numbers \1(x), Aa(z), -+, \r-(z) such that

x=A(x)er + Ae(x)eg + -+ + A (@) ey (2.1)



The numbers \i(z) (i = 1,2,---,r) are the eigenvalues of x. We call (2.1) the spectral decom-
position (or the spectral expansion) of x.

Note that the above {by,bo, - ,bs} and {c1,c2,- -+, ¢} depend on x. We do not write this
dependence explicitly for the sake of simplicity in notation. Let C(z) be the set consisting of
all Jordan frames in the spectral decomposition of z. Let the spectrum o(x) be the set of all
eigenvalues of . Then o(z) = {u1(x), uo(x), -, ps(z)} and for each p;(x) € o(x), denoting
Ni(z) :={j : \j(x) = pi(x)} we have b; =3 iy (1) €

Let g : R — R be a real-valued function. Define the vector-valued function G : 7 — J as
Z g(A = g(M(@))er(z) + g(he(2))ea (@) + -+ + g(Ar(@))er (), (2.2)

which is a Lowner operator. In particular, letting ¢4 := max{0,¢}, t_ := min{0, ¢} and noting
[t| =ty —t_ (t € R), respectively, we define

T T

(o) i= 24 1= Y i@ peila), o= D (N(w))ci(x) and Jal —ZM e

=1 =1
Note that z € K (z € int(K)) if and only if A\;j(z) > 0 (Xi(2) > 0) (Vi € {1,2,---,r}), where
int(K) denotes the interior of K. It is easy to verify that
zy €K, z=o4+2_, and |z| =24 —2_.
In other words, x4 is the projection of x onto K.

For each z € J, we define the Lyapunov transformation L(x): J — J by L(x)y = x oy for
all y € J, which is a symmetric self-adjoint operator in the sense that (L(x)y,w) = (y, L(x)w)
for all y,w € J. The operator Q(z) := 2L%(z) — L(2?) is called the quadratic representation of
x. We say two elements z,y € J operator commute if L(x)L(y) = L(y)L(x). By Lemma X.2.2
in [7], two elements x,y operator commute if and only if they share a common Jordan frame.

Next, we recall the Peirce decomposition on the space J. Let ¢ € J be a nonzero idempotent.
Then J is the orthogonal direct sum of J(c,0), J(c, 3) and J(c, 1), where

J(ee):={z€ T :coz=¢z}, € {0,%,1}.

This is called the Peirce decomposition of J with respect to the nonzero idempotent c¢. Fix a
Jordan frame {ci,ca,- -, ¢, }. Defining the following subspaces for i,5 € {1,2,---,r},

1
Ji={xeJ :xoc=2a} and J;; := {xej:xoci:§x:xocj}, i # 7,

we have the Peirce decomposition theorem as follows. For more detail, see [7].

Theorem 2.3 (Theorem IV.2.1, [7]) Let {c1,ca,- -, ¢} be a given Jordan frame in a FEuclidean
Jordan algebra V of rank r. Then J is the orthogonal direct sum of spaces J;; (i < j). Further-
more,

(1) Jijodij C Ji+ Jjj;
(ZZ) JijOij g Jika Zf Z;’ék,
(i)  Jij o J = {0}, if {i,j}N{k,1} =0.

4



For any i # j € { -,ryand k # 1 € {1,2,---,r}, by Corollary IV.2.6 of [7], we have
dim(J;5) = dim(Jy;) =: Then

n=r+ gr(r— 1). (2.3)

For a given Jordan frame {ci,c2, -, ¢} and 4,5 € {1,2,---,r}, let C;j(x) be the orthogonal
projection operator onto subspace J;;. Then, by Theorem 2.3, we have

Cjj(x) = Q(¢;) and Cyj(x) = 4L(ci)L(c;) = 4L(c;)L(ci) = Cji(w), 4,5 € {1,2,---, v}, (2.4)
and the orthogonal projection operators {C;;(x) : 4,7 € {1,2,---,r}} satisfy

CZ](:E) = C;kj($)7 Cij($)2 = Cij($)7 Czy(:p)ckl(x) =0 if {27]} 7£ {k’l}’i7j> kal € {1’27 T 7T}

and
> Cijlx) =

1<i<j<r

where Cl*j(x) is the adjoint operator of C;;(x) and Z is the identity operator. Furthermore,
we have the following spectral decomposition theorem for £(x), £(z?) and Q(z). For a more
detailed exposition, see [15, 26].

Theorem 2.4 (Theorem 3.1, [26]) Let x € J and }7%_; A\j(z)cj(x) denote its spectral decom-
position with A\1(z) > Aa(z) > --- > M\.(z). Then, the symmetric operators L(z), L(x?) and
Q(z) have the spectral decompositions:

L) = S N@C@+ Y 50+ Ml@)Cae),
j=1

1<j<I<r

L) = S NE@C )+ Y S0 + N @)Cal),
j=1

1<5<i<r

Qz) = Y N@)Ci@)+ Y N@h(@)Culz).
j=1 1<j<i<r
Moreover, the spectra o(L(x)), o(L(x?)) and o(Q(x)), respectively, consist of all distinct num-
bers 5(Aj(x) + Ni(@)), 5(X(2) + A (@), and Aj(z)Ni(x) for all j,l € {1,2,--,1}.

In the end of this subsection, we characterize a cone Kg (see (2.5) below) with respect to
x, which plays a key role in establishing the connection between dplly (z) and 8BHK<\(0) (see

Theorem 3.3). Let x = 7%, \j(z)c; = S ()b with Aq(z) > Aa(z) > -+ > \(x) and
1 () > po(z) > -+ > pp(x). In what follows, let N(z) := {i : N\j(z) < 0}, S(x) := {z Ai(z) =
0} and p(z) := {i : \i(x) > 0}. For the sake of simplicity, let X := R(z), § = J(x) and

p:=p(x). Thus RUSUp = {1,2,---,7}. Set

bg = ZC]'.

JES

By Theorem 2.1, it follows that bg is uniquely defined by z. In other words, for any Jordan
frame {¢1,--, ¢} € C(x), 3_jcq € = bg. Therefore, we can define a subspace

Jy = J(bg, 1) :={w € J : wobg =w}.



By Lemma 20 in [9], it follows that
Jo =span{cjgln ez Colept D, ik
lpl+1<j<k<|p|+|S]
Then we can verify by direct calculation that Jg is also a Euclidean Jordan algebra with its
identity element bg. This leads us to define the cone of its squares as

Kg = {w? :w € Jg}. (2.5)

Therefore, it is well-defined that Il : Jg — Jg is the projection onto the symmetric cone K.

We can also define a cone by the finite set {¢; : j € §}. Thus, we arrive at another cone
associated with z, denoted by

K(z,0) := U Cone{c; : j € S} (2.6)
{017"'707‘}66’("5)
An interesting question occurs: what is the difference between the cones Kg and K(z,0)?

Clearly, when x = 0, Kg = K(0,0)(= K). The following proposition states that they always
equal to each other.

Proposition 2.5 Let v = 37| \j(2)c; with Ai(z) > Aao(x) > -+ = A(x) and by = > g ¢5-
Let Kg and K (z,0) be defined by (2.5) and (2.6), respectively. Then we have
Ky = K(z,0) = U Cone{c; : j € 3} (2.7)
{c1,,er }EC(T)

and bg is the identity element in the above symmetric cone.
Proof. It is clear that K (z,0) C Kg and bg is the identity element in K.

We now prove Kg C K(x,0). Let y € Kg. Then there exists a Jordan frame in Jg ),
say, {e1,e2," "+, €3}, such that y = yie1 + yaea + -+ + yigj€¢jg) With y; > 0. Clearly, elements
e1,e2, -, €y belong to K and the sum of them is by. We next show that, for any Jordan

frame {c; :i € {1,---,7r}} € C(x), we can replace {c|y41, ", Cp+|31} by {e1, -+, €5} to get an
element in C(x); Le.,

{en, ) et €] Cpl+s)+1 - & ) € C(). (2.8)
In fact, by the above definitions, we have
Ckobgzo, for all k € {177|p|7|p| +|C\}|+177r}

Then (cg,bs) = 0. By by = e1 + -+ + ejg, it follows that (cy,bs) = Zﬁ'l(ck,eﬁ = 0. Since
ek e € K, (ck,e;) > 0. It then follows (¢, e;) = 0. By Proposition 6 in [9], we have

croe; =0, forall ke {l,---,|p|, ||l +[S]+1,---,r}, i€ {1,---, |3}
This proves (2.8). Then Cone{e; : j € {1,---,[S|}} € K(z,0), and therefore y € K(z,0). O

Remark From the above analysis, for x = > Aj(z)c; = ST i(x)bi, we can also obtain
that for any Jordan frame {c,---, ¢} € C(x), the set {¢; : A\j(z) = pi(x)} is a Jordan frame in
J(b;, 1), and a Jordan frame in each J(b;,1) (i € {1,---,7}), say, Cj,, is a subset of some Jordan
frame in C(x) and the union of Cy,,- -, Cy,. is a Jordan frame in C(x).



2.2 Matrix Representation of VG(x)

Let G(x) be given by (2.2). Suppose that g is differentiable at 7,7 € {1,2,---,r}. Define the
first divided difference glV) of g at T := (11,72,--+,7-)7 € R" as the r x r symmetric matrix with
the ij-th entry (g!! (1))ij (4,5 € {1,2,---,r}) given by

79(7—;):‘?_(7—]) if T 75 Tj,
[7i, 75lg = Y
gd(r) i m=m1j.
Based on Theorem 3.2 of [26], we can directly derive the following Jacobian properties of the

Léwner operator G(+).

Theorem 2.6 Letx =3"_; \j(z)c; = S mi(@)bi(z). Then, G(-) is (continuously) differen-
tiable at = if and only if for each j € {1,2,---,r}, g is (continuously) differentiable at Xj(x). In
this case, the Jacobian VG (x) is given by

VG(z) =2 ) Pilx), X(@)]gL(e)L(es) = D g (Nil@))L(eo), (2.9)
i=1

ij=1
or equivalently

VG() =2 Y [pi(@), m(2)]gL(bi(2)L(bj () + Y g (i) Q(bi(x)). (2.10)
i#g,i,j=1 i=1
Furthermore, VG(x) is a symmetric linear operator from J into itself.

Suppose that Léwner operator G(-) is (continuously) differentiable at x = > 7_; Aj(x)c; with
A1(x) > Aa(x) > -+ > A\p(z). For a given Jordan frame {c1,co, -, ¢}, let

L(cy)
L= :
L(cy)
be an operator vector. Denote L* := (L*(¢1),---,L*(¢c,)), where L£*(¢;) is the adjoint operator

of L(¢;). Since L(¢;) is self-adjoint, we have
L5 = (Lcr), -, L5er) = (L(er), -+, L(er)) -

For the real r x r matrix A(z) := ([Ai(z), A (z)]g) we define

rXr?

T

L)L =y [ala), Aj(@)]gL£(ei) £(y)-

i,j=1

Similarly, for the r-vector d(z) = (¢ (M (2)), -+, ¢ (M (2)))T, define
d* ()L = g (Ni(x))L(ci).
i=1

Thus, by (2.9), we can give a matriz representation of the Jacobian VG(x) as follows:

VG(x) = 2L°A(2)L — d* (z)L. (2.11)

Using the matrix expression above and Theorem 2.4, we can obtain the eigenvalues of VG(x)
explicitly.



Lemma 2.7 Let x = Y i, \j(v)c; = S wi(x)bi(z).  Suppose that G(-) is differentiable
at x. Let A(z) be defined by (2.11) using VG(z). Then the spectrum of VG(x) consists
of all the elements of matriz A(z). Moreover, the operator VG(x) has r single eigenvalues
i(x), Ai(z)]g (2 € {1,2,---,7}) as well as the eigenvalue [A;(z),\j(z)]y (i < j € {1,2,---,7})
with multiplicity d (unless some elements of A(x) are equal, in which case the multiplicities
change in an obvious way).

Proof. By direct calculation, we obtain

T

VG(x) = 23 @), Aj(@)]gLlen)Le;) = Y g (Nilx)L(er)

',j—l i=1
= Zg ) H4 D @) A (@) L) L(ey)
1<i<j<r
= Zg’(/\i(az))cz’i(w)Jr Do Pil@) A (@)yCij()
i=1 I<i<j<r

where the second equality holds by the definition of Q(z) and the third by (2.4). By Theorem
2.4, the spectrum of VG(x) consists of all scalars [A;(x),\;j(z)]y (4,7 € {1,2,---,r}) or the
elements of matrix A(z). Then the property about the multiplicities follows from (2.3). O

In particular, consider the metric projection Ik (-) at z = >%_; Aj(z)c;. Note that t = 0
is the unique point where g = ¢, is not smooth but strongly semismooth. Thus if & = 0, i.e.,
x is nonsingular, g (-) is continuously differentiable at x. In this case, from (2.11), we write
Vg (x) as

Vg (z) =2L"A(x)L — d*(x)L

where A(x) is a symmetric matrix of the form
E r
Az) = ( \@IIXJ@I > (2.12)
T Opepay

with E| ||| being the all ones |p| x [p| matrix, the [p| x [R] matrix I' = <ﬁ)\mxm|’

T
and the vector d(z) = ( ik OIM) . Throughout this paper, E,, xn, denotes the n; x ng all ones
matrix.

2.3 A Decomposition Theorem of [J

Note that, for the operator VIIx (z), any element of A(x) as in (2.12) belongs to the interval [0, 1].
By (2.3) and Lemma 2.7, we can reset the elements of A(z) in nonincreasing order, accounting

for multiplicities as aj(z) > ag(x) > -+ > ay(x). Thus, we can define a partition of {1,2,---,n}
as {1,2,---,n} = aU B U~y where
a:={i:aqi(x) =1}, f:={i:0<ai(z) <1}, v:={i:a(x) =0} (2.13)

Observing that a;(z) is the eigenvalue of some corresponding orthogonal projection operator in
{Ci(x) -5 < 1,4, 1 € {1,2,---,r}}, by (2.3) and Lemma 2.7, we rewrite VIIx(x) as

VHK Z CLZ



where P;(z) is the corresponding orthogonal element in {ij, éle(:E) g <l le{l,2--- ,7‘}}-

In view of the definitions of the index sets «, 3,7, we define three subspaces J,, Jg and J, by

Jo 1= ZPZ-(:L")(j), Jg = ZPZ-(:L")(J), Jy = ZH(w)(J). (2.14)

1€a i€l 1€y
Observe that
Jo= > Jy, Ja= > Jy, Jy= > Jy
i<j<]pl i<|p|<j J>i>pl

Clearly, we have the following decomposition of the space [J.

Theorem 2.8 Let the index sets o, 3,7 be a partition of {1,2,---,n} given by (2.18), and let
Jo, Jg and Jy be given by (2.14). Then J is the orthogonal direct sum of Jo, Jg and J,. In
other words, every y € J is of the form

Y ="Ya T+ Yz + Yy, (215)
where Yo € Jo, yg € Jg and y, € J,.
Likewise, we define the corresponding operators from VIl (x) as follows:
[VIIk (2)], = Y _ai(@)Pi(x), [VIg(@)]s:=) ai(@)Pi(x), [VIk ()], =) ai(x)Pi(x) =0.
It i€ 1€y

(2.16)
Note that

VT (2)], Zﬁﬂm ys = Zﬁﬂm (VTL(2)] 5 45 = ys Yuis € Js.
icg ¢ iceg "

Using the above definitions (2.16), we directly obtain the following fact.

Lemma 2.9 Let the index sets «, 3,7y be a partition of {1,2,---,n} given by (2.13). Let the
orthogonal operators [VIlg(z)],, [VIk(z)|z and [VIlk(x)], be defined by (2.16). For any
yeJ withy =ya+yg+y, as in (2.15),

Vg (@)]q ¥ = Yo, [VIk(2)]gy =Ys, and [VIk(z)],y =0,

where g is a vector in Jg. Furthermore, [VHK(x)]ﬁ is a one-to-one mapping from Jz to Jg
and therefore it has an inverse [VHK(x)]gl on Jg as follows:

Vi)' = |3 = P)
i€p "

3 Clarke Generalized Jacobian of Il

This section deals with the Clarke generalized Jacobian of IIx. This is influenced by the recent
work [13, 12, 18] in the special settings of second-order cones and positive semi-definite cones,
where Kanzow, Ferenczi and Fukushima [13] gave an expression for the B-subdifferential of the
projection onto second-order cones, Hayashi, Yamashita and Fukushima [12] gave an explicit



representation for Clarke generalized Jacobian of the projection onto second-order cones; Malick
and Sendov [18] worked out the Clarke generalized Jacobian of the projection onto the cone of
symmetric positive semi-definite matrices. We generalize the above results to symmetric cones.
For this purpose, we mainly look at the B-subdifferential of Il . First, we establish our notation.

For a given Jordan frame {ci,ca, -, ¢}, we define

8;{301""’07"}1_[1{(3;) = {h—»O,leirIiILleDnK VIIg(z+ h) : h € span{cy,ca,-- -, ¢}, }lll_)mo Vg (x + h) exists} .

For a given integer ¢t € {0,1,---,|J|} we define a r-vector d;(x) by
Y
di(z) = ¢ = ( lol+t > ) 3.1
t( ) 0|%‘—t 0r—|p‘—t ( )
Oy

and a set of r x r matrices A¢(x) by

Eigixipl  Elpixisl Tiplx|n
Ay(z) = Eigixjol Mo Ogixp |t A0 = < AT o > oo € AL[S)) py (32)
Ty Omixist Opyxyy 00

where I'| )|y i a given matrix by the ij-entry I';; = % (1 € p,7 €N), and A(¢,|S]) is
i J

a set of t X (|3 — t) matrices (6;5);x(j5/—¢) (the rows are indexed by |p| + 1, |p| +2,---, [p| +1,
and the columns by |p| +t+1,|p| +t+2,---,|p| + |3]|) specified by

A(t,[S]) = {(eij)tx(\%|—t) e [0, 1> (SI=0) . 0;; satisfy (a) and (b) below}

(@) O;p)rtr1 = O jprtre = = 9i,\p|+.\§| (i € {lpl+ 1ol +2,---,|pl +t}),
Ool+1,5 = Opl+2.5 = - = O+ U E{lpl +t+ 1ol +t+2,--, o +[S});

(b) (ei — 1) is a matrix of rank at most one.
K tx(|S]=t)

Clearly, when x = 0, we have a r-vector
1
@myzdﬁ=<0t ), (3.3)
r—t

and a set of r x r matrices

E Aps(r
&my:Aﬁ:{<Nﬁ” tx(r=t) >;mﬂpweAmm}, (3.4)

tx (r—t) Otr—t)x (r—1)

where A(t,7) is a set of ¢ x (r —t) matrices (6j);x(r—¢) (the rows are indexed by 1,2,---,¢, and
the columns by t 4+ 1,¢ 4+ 2,---,r) specified by

A(t,r) := {(eij)tx(r—t) e 0,11 . 0, satisfy (a’) and (V') below}

(a/) 9’i7t+1 2 9’i7t+2 Z 2 Hi,r (Z S {1727 7t})7
O1j > 005> >0y (Ge{t+1,t+2,---,7});

) % — 1) is a matrix of rank at most one.
v tx(r—t)

We are now ready to give the formula for the Clarke generalized Jacobian of Il (x) by its
B-subdifferential. Our next result generalizes Lemma 2.6 of [13] (for B-subdifferential), Theorem
3.7 of [18] and Proposition 4.8 of [12] (for Clarke generalized Jacobian).
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Theorem 3.1 The B-subdifferential of Il (-) at = is given by

13
oplig(x)= |  J{2L'M(@)L - df(2)L}

{c1,,cr yeC(x) t=0

where di(x) and Ai(z) are specified by (3.1) and (3.2), respectively. Furthermore, the Clarke
generalized Jacobian of Ik (-) at x is

S|
Ol g () = conv {0pIlk(x)} = conv U U {2L"A¢(z)L — dj (x)L}
{c1,er}eC(x) t=0

Proof. First we prove dpllk(z) 2 Uy, .. coyec(z) Elo {2L0*Ay(x) L — df (z)L}. Without loss
of generality, fix a Jordan frame {ci,---,¢,} € C(z). For any arbitrary but given integer ¢ €
{0,1,--- [}, set V := 2L*Ay(x)L — dj (x)L where Ay(x) € Ai(z) and di(z) is given by (3.1).
We need only to show that V' € Opllg(z). For this purpose, it suffices to demonstrate that
there exists a vector h = >\, A;(h)¢; such that

V= li 1I h).
hﬁo,x-li-IfILIEDHK V K(x + )

Let Ai(x) = (0ij)rxr- We define g;; := %j —1forie{|pl+1,---,|p|+t} and j € {|p| +t+

1., el + |3}, then By (j51-1) = (Sij)ex(j3|—¢) can be written as

Tp|+1

Bix(s|-t) = : (Tlpl 10 Tl 411) »

|+t
where m; € [0,+00], M1 < Mpppa < o0 S Wgppy and Wppppgr < Mgpppr S 000 S Mgl
Taking

(0 if 1<i<]|gpl
p if m =0, [p] <i<|p|+t,

Lp? i m # 0,400, [p| <i <|p|+1,

p if m = +oo, [p| <i<|p|+t,

—p* it =0, o]+t <i<|p|+|3],
—mip? if m # 0,400, |p|+t<i<|p|+]3,
—p ifm=Hoo, ||+t <i<|p|+ S,

0 if |p| +19]<i<r,
we have x +h =Y | Ni(x+ h)e; = Y i [Ni(x) + Xi(h)]e; and for sufficiently small p € (0,1),
M@ +h) > = Ngp(@+h) > 0> Ngjppr(+h) = = A(x+ h).
It is easy to verify that « + h € Dy, and
ilzi—% Vg (z+h) = 2L Ay(x) L — df (z)L.

Hence V' € 0pllg(x).

11



We next prove that dpllx(z) C U, . erec) Utmo 28" A(@)L — di (z) L} Let W €
Oplli(x). Then there is a vector h := h(W) € J such that W = limhao,ﬁhean Vg (x + h).
For the above h € J, let x + h =: 37" A\j(x + h)cj(z + h) with Mi(z +h) > Xa(z +h) > - >
Ar(z 4+ h). In the sense of set convergence (see [24]), we have

limsup {(ci(z+h), -, cr(x+h))} CC(x).
h—>0,1‘+h€D1‘[k

Let us pick {c1, -+, ¢} € imsup{ci(z + h),---,c.(z + h)}. Clearly,

hﬁO,SgEFthEDHk Ale+h) = A@),

where A(z + h) := (\i(x + h),---, A\(z + k)T and none of \;(z + h) is zero. Suppose that

T
N(z + h), p(x+ h) are given and t := |p(x + h)| — |p|. Then di(x) = < 07 ) . Set

1T
lpl+t” “r—|p|—t

Eoixipl  Elglxjsl Tipixwi(h) %
L E A
Az +h) =1 Eigpxg A g | R < FVA N 12N >
F|m><|z~z\(h) 0|N\><|%| 0\N|><\N| 12 (IR[=2) x (|R¥] =)

Ai(x+h - - A _
where F\MXN(h) = (WM)IMXN (i € p,j €RN) and App = <Aij>t><(\%|—t)
Ai(z+h)

syt edlpl+ 1 el + ) e {lpl +t+1,--, o[+ [S]}). If limy, o Ay exists,
then direct calculation yields

E E o T
O(z) = }llii%At(x—l-h) = ( Eg|><‘p| A 0131 x|x| ) with A = < A?;t O(N_t)im'_t) >’
Diopemy Omixist Opyxyy

with Aij =

where A := limh_)()[\ and A12 = limh_,() /~\12 = (eij)tx(|g‘_t) with Oij = limh_>0 #ﬁlzﬁh) (Z S
{lol+1,- lpl + 1}, Jed{lpl +t+1,---, |l +[3[}). Observing that
A1) 2 Ajgpa(h) =2 -+ 2 Ajg4(h) > 0
and
0 < —Nglre41(h) < =Ajgjera(h) < - < =Agqg1(h),
we easily show 60;; € [0,1] and (a). In order to prove (b), let
o —)\j(l' + h)
= S R
forie{lp[+1,---,lpl+1t}, j€{lp|+t+1,---,[p[+[S[}. Then,

1
or equivalently ¢; = — — 1. 3.5
1+ i q Y Sij eij ( )

Note that Hij S [0, 1] implies Sij € [0, —I—OO] and Hij =0« Sij = 0Q, Gij =1 Sij = 0. Define
B := (ij)ix(|s|—t)- Then, it is easy to see that

97;]' =

1
Ap+1(R)

B = lim

h—0 (_)‘\p|+t+1(h), B —>\|m+|g‘(h)) .

1
Agl+t(h)
This establishes (b), and hence ©(z) € A¢(z). The existence of limp—oztnepy, VIk(z + h)
means that limp_,o A12(h) exists. This proves W = 2L*0;(x)L—d; (x)L € {2L%A¢(x)L—d} (z) L},
as desired. t
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From the above proof, we also obtain that for a given Jordan frame {ci,ca, -+, ¢} € C(x)
I3]
o5 Mg (x) = | {27 Ar(@)L — df (2) L)
t=0

Note that when = = 0 the above result becomes the following, which provides a formula for
B-subdifferential of the projection onto symmetric cone Ik (-) at the origin.
Corollary 3.2 The B-subdifferential of k() at 0 is
Il (0) = U Ut AL — d;cy
{e1,+er}€C(0) t=0

where dy and Ay are given by (3.3) and (3.4), respectively. Furthermore, the Clarke generalized
Jacobian of Ik (-) at 0 is

Ak (0) = conv (951 (0)) = conv U 2L AL — d; 2}
{c1,cr }EC(0) =0
In general, Opllk (0) # Ollk(0).

Proof. We only need show that dpllx(0) # Ollk(0) in general. For this purpose, we look at
an example in the case of the second-order cone A% := {(z1,23)T : 21 > ||z2||,21 € R,25 €
R" 1} (n > 2). Let {c1,co} be a Jordan frame given by

1 1 .
C; = 2 <(_1)2‘_1 w> , fori e {1,2},

with w being any vector in R"~! satisfying ||w|| = 1. By direct calculation, we can derive that
dpllan (0) ={0,Z,7} and Iz (0) = conv{0,Z, 7 } where 7 satisfies

T =4[0,1]L(c1)L(c2) + Q(c1) + 0 x Q(e2).
This means that Opllx(0) # Ok (0) in general. O

Applying Proposition 2.5, Theorem 3.1 and Corollary 3.2, we immediately obtain the fol-
lowing result, which states the interesting connection between dpllx (z) and 9pllk, (0). In the
case of S, it reduces to Proposition 2.2 in [25].

Theorem 3.3 Let x =Y \i(x)e; with \(x) > Xa(x) > -+ > A\p(x). Let

Lig|
N
where
L(cr) L(cip|+1) L(c|p|+/3]+1)
Lyg) = : » L = : > Ly = :
L(cip|) L(cjp|+|s]) L(c)
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Then V € Opllk () if and only if there exists a Vig| € Oplli4(0) such that
V= 2£*At(a;)£ - d;"(a;)ﬁ, V|g‘ = 2£T%‘A(t, ‘%’)ﬁ‘m - d:ﬁ‘m
where r x r matriz Ay(z) € Ay(x) and || x || matriz A(t,|3]) € A (¢, [S]) satisfy

Eigixipl  Elpix|sl  Tlplxy
Ay(x) = E;oﬂx\m At IS]) Ogpxy |
Ll Omyxisl Opyxyy

and di(x) and dy are, respectively, r-vector and |J|-vector such that
T
T 4T
dy(z) = (1‘p|7dt 70|N\)

Proof. Let {c1,---,c.} =: {cp, e, en} with ¢, = {cl,---,qm}, cg = {C‘p|+1,"',6‘p|+‘g|},
and cp = {C\@H—\%H—l’ e ,cr}. By Proposition 2.5, any Jordan frame in Jg is a subset of a
Jordan frame in C(x), and the part cg of a Jordan frame {c ---, ¢} in C(z) is a Jordan frame
in Jg. The conclusion follows immediately from Theorem 3.1 and Corollary 3.2. O

4 B-subdifferentials of x_ and |z|

Employing the same technique as in the proof of Theorem 3.1, we give below the formulae for
the B-subdifferentials of z_ and |z|.

Theorem 4.1 Let € be the all ones vector of appropriate size. The B-subdifferential of x_ is
given by

I3

opr-= | J@LE— M@)L — (€ di()) L}

{c1,,cr}eC(m) t=0

where di(z) and Ay(x) are specified by (3.1) and (3.2), respectively. Furthermore,
8B$_ =7— aBHK(J})
Proof. Note that for any pair of scalars 7;, 7},

(r)-—(m)- G 0 W= (@) = (@)

In a similar way as in Theorem 3.1, we obtain the formula for the B-subdifferential of x_. O

Before studying the B-subdifferential of |- | at =, we need the following notation. For a given

integer t € {0,1,---,|J|} we define a r-vector h(z) by
)
miay= | = (e ) (1)
—Lis)— ~lr—fpl—t
—Iiy
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and a set of  x r matrices A;(x) by

0 Elpppl - Elglxial - Tlolxiy By Yoo
At(.’,l') = EIT%‘XIM Yo _E|9‘X|N| Yo = < T%“O _E(|<\\ B)x(|S]—1) ) ; Too € T(t7 ‘%’) )
S| — S| —
Ty INEIE 2 NP
(4.2)

where Y| |, x| 18 a given matrix with the ij-entry T;; = % (1 € p,7 €N), and T(¢,]|J])
i J
i) |@| +1,

is a set of ¢ X (|S] —t) matrices (&ij)ix(j31-0) (the rows are indexed by |p|+ 1, |p|+ 2
o] +1S]) specified by

and the columns by |p| +t+1,|p| +t+2,--
¢ & satisfy (c) and (d) below},

el + 1),
el +19));

A AR {(5@'j)t><(\%|—) [—1,1])(81=
(©) &ijplrtr1 = Eijplrtr2 = 0 = Eijplis) (= ol + 1, 0] + 2,
> é\mm (G=lpl+t+1,]p +t+2,-

g\@IJrLJ 2 &lpl+2,5 = -
1— .
§ij is a matrix of rank at most one.

d
@) \ e (13| —t)
We are in a position to give a formula for the B-subdifferential of |x|

Theorem 4.2 The B-subdifferential of |z| is given by
IS

U U{zmit )L — i (z)L},

Oplz| =
{c1,,cr}EC(x)
where Ty (x) and Ay (x) are specified by (4.1) and (4.2), respectively

Proof. Note that for any pair of scalars 7 > 7;,
1 if 7> Tj >0,

il Zinl _ ) i s 05,
Ti — Tj TiT Ty
—1 if 7, >0> Tj
In the case of 7; > 0 > 75, set §;; := TZ+T] . Then
_r;
- X . —T; 1-— &j
Eii = i or equivalently J — )
1) 1+ 7-? T 1 +fij
This implies that
T
L €[0,+00] &= &;€[-1,1].

T
Based on the above fact and a similar argument as in the proof of Theorem 3.1, we deduce the
O

claimed identity.

Note that Opx # Opzy + dpx— and Oplx| # Opxr4 — Opx—, although x = x4 + z_ and
|x| = x4 — x_, respectively. For instance, in the case of J = R, it is easy to derive

Opry = 0pr_ ={0,1}, Opr=1 and Oplz| ={-1,1}
However, gz + Opz_ = {0,1,2} and Opxy — dpx_ = {—1,0,1}
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5 Semismooth Newton Methods

As an application, in this section we deal with the semismooth Newton methods for NSCP(1.1)
by using the projection operator. We establish sufficient conditions for our methods to be locally
quadratically convergent. In the setting of second-order cones, Kanzow, Ferenczi and Fukushima
[13] reformulated NSOCP as a nonsmooth system of equations and investigated conditions for
the local quadratic convergence of nonsmooth Newton methods. They also gave the related
conditions for the special case of a linear second-order cone program. In the setting of positive
semi-definite cones, we only know of some similar results for the linear semi-definite programs,
see the recent work [2, 8, 14] and the references therein.

As it is well-known, under certain favorable conditions like convexity of f and a Slater-type
constraint qualification (see, e.g., [6, 24]), we can reformulate NSCP as a nonsmooth system of
equations by the corresponding KKT conditions, which can be written as follows:

Ax—q = 0,
reK, ye K, (z,y) =
By Proposition 6 in [9], the complementarity condition xz € K, y € K, (x,y) = 0 is the same as

x—(z—y)4+ = 0. Therefore, the above system is equivalent to the system of equations H(z) = 0,
where the mapping H : V X R™ x V — V x R™ x V is specified by

Vi) - A0—y
H(z) := H(z,0,y) := Ax —q . (5.1)
T — (T —y)+

Then we can apply the nonsmooth Newton method (see [21, 22, 23])
=R Wt H (21), Wi € OpH (2), k €{0,1,2,---}, (5.2)

to the system of equations H(z) = 0, and therefore solve the NSCP under some suitable condi-
tions. In order to establish (5.2), we need to show the semismoothness of H and the nonsingu-
larity of VH.

Theorem 5.1 The mapping H defined by (5.1) is semismooth. Moreover, if the Hessian V?f
1s locally Lipschitz continuous, then the mapping H s strongly semismooth.

Proof. Note that IIx(z) is strongly semismooth by Proposition 3.3 in [26]. The conclusion
follows from the operation rules of semismooth functions. O

Lemma 5.2 Let z* = (x*, 0", y*) be a strictly complementary KKT point of NSCP (1.1). Then
I is continuously differentiable at (z* — y*).

Proof. By assumption, z* € K, y* € K and (z*,y*) = 0. Then, by Proposition 6 in [9], * and

y* operator commute and z* o y* = 0. It follows that there is a Jordan frame {cy,co, -, ¢}
such that
¥ = Z)\i(a;*)c,-, Yy = Z)\i(y*)c,-, and A\;(z*)\i(y*) =0, Vie {1,2,---,r}. (5.3)
i=1 i=1
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Since z*, y* € K, \j(z*) >0, \j(y*) >0 for all i € {1,2,---,r}. Again, since z* + y* € int(K)
by the strict complementarity assumption,

Ai(z®) + XNi(y*) >0, Vie{l,2,---,r}.

This together with (5.3) yields that A;(z*) — X\i(y*) #0, Vi € {1,2,---,r}. Thus

T

2 =yt =) alet) = Nily)]er, with Ai(@®) = Ni(y") #0, Vi€ {1,2,--- 1},
1=1

The desired result follows immediately from Theorem 2.6. g

We are ready to give our main result on the nonsingularity of VH at a strictly complementary
KKT point of NSCP (1.1). In the setting of NSOCP, it reduces to Theorem 3.5 in [13] by
considering the concrete forms of Cj which are related to the decomposition of a symmetric
matrix, for details, see [13] and the references therein.

Theorem 5.3 Let z* = (x*, 0*,y*) be a strictly complementary KKT point of NSCP (1.1). Let
the index sets «, 3,7 be defined by (2.18) with a;(z) = a;(x* — y*), and let the corresponding
subspaces Jo, Jg, J, be given by (2.14). Let V := VIIg(z* — y*), and V3 := [VIIg(z* — y*)]s.
Assume the following conditions hold:

(i) The operator V2 f(z*) + Vﬁ_l(l' — V) is positive definite on the subspace

S::{s:sa—I—SQ—I—Sﬁ,GV:_ASZO,SW:()};

(i1) The following implication holds: A*p € J, = o = 0.
Then the Jacobian V H exists and is nonsingular. In particular, for the linear SCP, the statement
holds with condition (i) replaced by the following one:

(i') {Sa  Asq =0} N Jo = {0}

Proof. The first part is clear by Lemma 5.2. It remains to show that VH is nonsingular. It is
easy to see that

V2f(x*) —A* -T
VH(z")=VH(z" 0", y") = A 0
-V 0 |4

[an}

Observe that VB_I(I — V') is positive definite on the subspace J3, i.e.,

(w,Vﬁ_l(I— V)pw) >0, Ywe Jg, w#0. (5.4)
In fact, since Vg = [VIIg(z*—y*)|s, by (2.16) and Lemma 2.9, we obtain that 0 < a;(z*—y*) < 1
forie B, (Z—-V)s= Zieﬁ[l —a;(z* — y*)]|Pi(z* — y*) and

1
Vol = [VID *_*—1_—§ S

Py(z* —y").

Thus, by (2.4)

_ 1 —ai(z* —y*)
Vil —V)s = E — 7 Pz —y").

This proves (5.4).
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Let z = (z,0,y) € V x R™ x V be any vector such that VH(z*)z = 0. Then

V2f(z*)z — Ao —y =0, (5.5)
Az —0, (5.6)
(Z-V)x +Vy=0. (5.7)

By Theorem 2.8, set x := x4 + 23 + 2, and y = yo + yg + yy Where 24, ya € Jo, 3,y3 € Jp
and z.,y, € Jy. In view of the definitions of o, 5 and ~, by (2.16) and (5.7), we have

(T = V)az + Vay] + (T = V)gz + Vay] + (T = V)12 + Vyy] = 0.
By Lemma 2.9, we obtain
Yo =0, 24 =0 and (T —V)gxs+ Vays =0. (5.8)
Therefore, we deduce

(z,y)

= —(@a+z8,Vy YT —V)p(za + 5)),

where the second equality holds by the orthogonality property of the spaces J,,Js and J,, the
third by (5.8) and the fourth by Lemma 2.9, the last one follows from (z,, Vﬁ_l(l' —V)pzs) =0

and Vﬁ_l(I — V)gxo = 0. In the meanwhile, by (5.5), (5.6) and (5.8), we have

0 = (&, Vf(z")z - A0 —y)
= (2, V?f(z")z) — (Az, 0) — (2, y)

(T + 25, V2 (2*)(2a + 7)) + (Ta + 25,V (T = V)p(wa + 25))
= (2o +a5,[V2f (") + V51T = V)gl(za + 25)).

These together with assumption (i) yield that z, + 23 = 0, and hence x = 0. By (5.8), this
implies yg = 0. Thus, from (5.5), we have A*p = —y, € J,. By assumption (ii), o = 0 and hence
Y~ = 0. So, we finally obtain that z = 0. The desired conclusion follows.

In particular, for linear SCP, since V2f(z*) = 0, from (5.4) and (z,y) = (wg,—Vﬁ_l(I -
V)pxg), we deduce that x3 = 0. Then, by (5.6) and assumption (i'), zo = 0. Following the
same steps as above, we complete the proof. O

Next, we extend the above theorem to the general case where strict complementarity may
not hold. Let z* = (x*, p*,y*) be a (not necessarily strictly complementary) KKT point of
NSCP (1.1). Clearly, in that case, I is strongly semismooth at (z* —y*). In order to establish
(5.2), we need to provide suitable conditions which guarantee the nonsingularity of all elements
of the B-subdifferential of H at z*. For this purpose, we give the following notations.

For any element V € Opllk (x) with V = 2L*Ay(z)L — df (x)L as in Theorem 3.1, from the
argument before (2.13) (see Subsection 2.3), we obtain the corresponding index sets a(V'), 3(V)
and (V) as

V):={i:a)(z) =1}, B(V):={i:0<a)(2) <1}, 4(V)={i:al(z) =0}, (5.9

18



where the scalars a)’

ay (x) > - > ay (x).

(z) are the elements of A4(z), accounting for multiplicities as a} (z) >

From the proof of Theorem 5.3, we can obtain the following result on the nonsingularity
of any element of the B-subdifferential of H where the strict complementarity assumption is
replaced by some conditions on this element, which is a generalization of Theorem 3.8 in [13]
from NSOCP to NSCP. For details, see [13] and the references therein.

Theorem 5.4 Let z* = (z*, 0*,y*) be a (not necessarily strictly complementary) KKT point of
NSCP (1.1). For any V € Opllg(z* — y*), let the index sets a(V'), B(V) and v(V') be defined
by (5.9) with a¥ (z) = a¥ (z* — y*), and the corresponding subspaces by Javys Javys Jyovy- Let
Vi) = zieﬁ(v) a;(z* — y*)P(x* — y*). Assume the following conditions hold:
(i) The operator V2 f(z*) + Vﬁ_(%/) (Z = V)p(vy is positive definite on the subspace
Si={s = saw) +85v) T 8y(v) €V 1 As = 0,55v) = 0};

(i4) The following implication holds: A*o € Jy )= 0= 0.
Then all the elements of OpH (2*) are nonsingular. In particular, for the linear SCP, the state-
ment holds with condition (i) replaced by the following one:

() {8a(v) : Asavy = 0} N ooy = {0}

When the Hessian V2 f(z*) is positive definite on some subspace (see below Theorem 5.5),
we will establish the following result which also generalizes Theorem 5.3 to the case where the

condition of strict complementarity may not hold. For this purpose, using the above notation
(5.9), we define

a(@):= (] aV), @)= () V) B@):={L-,n}\(ax) Uy(z). (5.10)

VEaBHK(.’E) VEaBHK(w)

It is easy to see that the sets a(z), B(z) and y(z) form a partition of {1,2,---,n}. In view of
Theorem 2.8, we obtain that J is the orthogonal direct sum of Ju (), Jﬁ( ) and J,(,) where

Ja@) = Y Bi@)T), Jzpy = D B@)T), Jyw = Y Bi@)(J). (5.11)

i€a(zx) i€f(x) i€y ()

Theorem 5.5 Let z* = (z*, o*,y*) be a (not necessarily strictly complementary) KKT point of
NSCP (1.1). Let the index sets a := a(z* —y*), 3 := B(z* — y*),~ := y(x* — y*) be specified by
(5.10), and let the corresponding subspaces Ju, JB’ J be given by_(5.11_). Assume the following
conditions hold:

(i) The Hessian V2 f(z*) is positive definite on the subspace
S = {3:SQ+35+SZEV:A3:0731=0};

(it) Under the decomposition A*o = (A*0)a + (A%0)5+ (A*0)y, (A"0)a =0= 0= 0.
Then all elements of OpH(z*) are nonsingular.

Proof. Choose any W € dpH(z*), we need to show that W is nonsingular. It is easy to see
that W has the form as
V2f(z*) —A* -T
W = A 0 0 ,
-V 0 V
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where V' € Opllg(x* — y*) is the given element related to W. Without loss of generality,
let V= 2L0%Ay(a* — y*)L — df (z* — y*)L as in Theorem 3.1 and let a(V), 5(V), (V) be the
corresponding index sets specified by (5.9) with a) (z* — y*) being the elements of A;(z* — y*).

Suppose that z = (x,0,y) € V x R™ x V is any vector such that Wz = 0. As in the
proof of Theorem 5.3, letting = := xov) + Tgr) + T(v) and ¥ := yov) + Yg(v) + Yy(v) Where
Ta(v) Ya(v) € Jav), Tov): Ys(v) € Jav) and L), Yy(v) € Jy(v), we obtain

Ya(v) =0, 2oy =0 and (Z = V)ganzswv) + Ve yse) =0,

and (z,y) = <$5(V),y5(v)>. Thus, we have

za(v) = Ve awy = Vaw)ysv), (5.12)

and

0= (zpv): (T = V)pw)zsw) + Vayysw)) = (2aw) (T = V)gwyzsw)) + (s Vaa)ysw)) -

Noting that (Z — V)g(y) is positive semidefinite on the subspace J3(y), we obtain

(Za), Vanys)) = — (s, (@ = V)sn@aw)) < 0. (5.13)
Similarly,
(Vao)ysv)» ysv)) = 0- (5.14)
By (5.12),
(Tv), ¥svy) = (Ve @ay Yswv)) — (Ve ¥am)» ¥av)) -
This together with (5.13) and (5.14) shows that

(z,y) = (zs0), Yav)) < 0. (5.15)

On the other hand, set
S(V) == {s=saw) +80) + 85y EV:As = 0,5, = 0}.

By (5.10), v(V) 2 4, hence, S(V) C S. Thus, assumption (i) implies that the Hessian V2 f(z*)
is positive definite on the subspace S(V'). Observing that

<x7y> = <x,V2f(x*)x—A*g>
(z,V?f(2*)z) — (Az, 0)
= {zaqr) + 200, V(@) (@av) + 2501))) »

from (5.15), we obtain that x ) + z3(y) = 0. Hence x = 0, and A" = —y,(y) € J ). This
implies (A*0)qvy = 0. Since a C (V) by (5.10), (A*0)e = 0. By assumption (i), it follows
that o = 0. These, along with V2f(z*)z — A*0 —y = 0 by Wz = 0, yield y = 0. So, we finally
obtain that z = 0. The conclusion follows. O

We end this paper by stating the following result about the convergence of the semismooth
method (5.2), which is based on Theorems 5.1, 5.4 and 5.5, and similar techniques as in [22, 23].
Note that the sufficient conditions in below Theorem 5.6 below do not require strict comple-
mentarity of the solution.
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Theorem 5.6 Let z* = (z*, o*,y*) be a (not necessarily strictly complementary) KKT point of
NSCP (1.1), and suppose that the assumptions of Theorems 5.4 or 5.5 hold at this KKT point.
Then the semismooth Newton method (5.2) applied to the system of equations H(z) = 0 is locally
superlinearly convergent. If, in addition, f has a locally Lipschitz continuous Hessian, then it is
locally quadratically convergent.

Proof. From the assumptions and Theorems 5.4 (or 5.5), we know that, at a KKT point
2" = (z*, 0%,y*) of NSCP (1.1), any element of OpH (z*) is nonsingular. Thus, as in the proof
of Lemma 2.6 in [22] (or Proposition 3.1 in [23]), we obtain that there are a neighborhood §(z*)
of z* and a constant 1 such that, for any z € §(z*) and W € dgpH(z), W is nonsingular and

W= <n.

Then, (5.2) is well-defined in a neighborhood of z* for the first step £ = 0. Next, in a similar
way as in the proof of Theorem 3.1 in [22] (or Theorem 3.2 in [23]), we obtain that

A
S
=
=
—
N
ol
N—
|
=
—
™
*
N—
|
=
—
N
~ -*
™
ol
|
™
*
=
_l_
S
!
5
—
N
ol
|
N
*
~—
|
=
—
N
~ -*
™
ol
|
N
*
=

= of]lz" — 2"

This establishes the locally superlinear convergence of {z*} to z*.

If, in addition, f has a locally Lipschitz continuous Hessian, then from (5.1) and the strong
semismoothness of Il (x) we obtain that H is strongly semismooth at z*. Hence, similarly, the
semismooth Newton method (5.2) is proved to be locally quadratically convergent. g

Based on an exact expression for Clarke generalized Jacobian of the projection onto sym-
metric cones, we designed a semismooth Newton algorithm for solving NSCP, which is regarded
as a generalization of the corresponding results of [13] from the setting of NSOCP. However, in
the case of NSDP, Sun [25] shown that the strong second order sufficient condition, together
with constraint nondegeneracy, is equivalent to many conditions, notably the strong regularity
of the KKT point and the nonsingularity of Clarke generalized Jacobian of a nonsmooth system
at a KKT point. Recently, for linear SDP, Chan and Sun [2] established several equivalent links
among the primal and dual constraint nondegeneracy conditions, the strong regularity, and the
nonsingularity of both the B-subdifferential and Clarke’s generalized Jacobian of a nonsmooth
system at a KKT point. What is the relationship between the conditions in our results and
those in the setting of SDP? (This is tied to an open question proposed by Chan and Sun [2],
where they asked whether the corresponding results can be extended to linear SCP.) We leave
it as a future research topic.
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