A degeneration approach to
Skoda’s Division Theorem

Roberto Albesiano

ABsTRACT. We prove a Skoda-type division theorem via a degeneration argument. The proof
is inspired by B. Berndtsson and L. Lempert’s approach to the L? extension theorem and is
based on positivity of direct image bundles. The same tools are then used to slightly simplify
and extend the proof of the L? extension theorem given by Berndtsson and Lempert.

1. INTRODUCTION

This paper employs degeneration methods to prove an L? division theorem. The proof is
inspired by a similar technique by B. Berndtsson and L. Lempert to give a new proof of a
sharp L? extension theorem [BL16]. In the process, we discover a tool that slightly simplifies
and extends the proof of L? extension by Berndtsson and Lempert.

In the following H°(X, V) always denotes the space of holomorphic sections of the holo-
morphic vector bundle V. — X.

Theorem 1 (L? division). Let X be a Stein manifold and let E,G — X be holomorphic line

bundles with (singular) Hermitian metrics e ? and eV, respectively. Fix h = (hy,...,h,) €
HO(X, (E*® G)®7) and 1 < « < ™1 Assume that
Vaaies 202D Toasy
Talr—1)+1 '

Then for any holomorphic section g € H°(X, G ® Kx) such that

2. |g|>e?
Hg“G '=L (|h|2 e—x//+<o)a(r—1)+l < teo

there is a holomorphic section f = (fy,...,f,) € H*(X, E®" ® Ky) such that

g=h®f=h&fi+ - +h ®F
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and

IfI>e?
||f”E$f' /(|h|2 W+¢)a(r 1)

|g| ¢ v _ a 2
= ra -1 Jx (|h|? e~ 1//+<p)a(r D+ ra _ 1”g“G'

If the number of generators r is at most dim X + 1, Theorem 1 almost recovers the line bun-
dle version of Skoda’s Theorem (see Theorem 2.3). We say “almost” because in Theorem 1 we

< %Hg“é rather than“fﬂz@, < ﬁ”g”zG Still, even though stronger results are
known, our intent is to emphasize the technique used to prove Theorem 1. Both the original
proof of Skoda [Sko72] and more recent generalizations [Var08] are based on functional analy-
sis and the Bochner formula, plus some very careful linear algebra estimates. Here instead we
present a degeneration argument based on Berndtsson’s Theorem on the positivity of direct
image bundles [Ber09]. Even though this degeneration approach is aesthetically pleasing, it
is not clear if it can recover the theorem in full generality. Part of the goal of this project
is to see if one can use degeneration techniques to achieve the same results obtained by the
ostensibly more powerful L? methods.

The general philosophy is inspired by Berndtsson and Lempert’s proof of the L? extension
theorem [BL16; Lem17] and by T. Ohsawa’s proof of a Skoda-type division theorem as a
corollary of the Ohsawa-Takegoshi L? extension theorem. Ohsawa indeed remarks that the
division problem can be reformulated as an extension problem on the projectivizations of
the dual bundles (see [Ohs02], [Ohs04] and [Ohs15, Section 3.2]). It is thus natural to wonder
whether a Skoda-type theorem could be proved directly using techniques akin to [BL16].

The main idea is to look at all possible linear combinations v; ® fi(x) + - - - + vy ® f;(x).
Then one constructs a positively curved family of metrics that at one extreme “localizes” the
problem at the point of interest v = h(x) and at the other extreme retrieves the usual L?-
norm for f. Near h(x) the optimal solution to the division problem is somehow “trivial”; for
instance, if h(x) = (h;(x),0,...,0), one takes f(x) = (g(x)h;(x)7',0,...,0). The positivity
of the direct image bundle [Ber09] will then imply that one can control”f || por Dy the norm
of the trivial solution near h(x). This last step is an instance of a more general extrapolation
technique for estimating operator norms under suitable curvature conditions [Lem17].

We start in Section 2 by recalling the definition of singular Hermitian metric (Definition 2.1)
and the fundamental theorem of Berndtsson on direct images (Theorem 2.2). We also recall
the full statements of L? division (Theorem 2.3) and L? extension (Theorem 2.4) as obtained
with the standard L? technique. Next, in Section 3 we prove a calculus lemma that will be
used in the proof of both Theorem 1 and Theorem 2 below. The majority of this paper is then
devoted to the proof of Theorem 1. In Section 4 we reduce to the case in which hy, ..., h, have
no common zeros and X is a relatively compact domain in some Stein manifold. Section 5
reformulates the division problem as an estimate on the dual norm of some special functionals
on H°(X, E®" ® Kyx). The main argument for Theorem 1 is in Section 6: after setting up the
degeneration in 6.1, we compute the extrema of the family of metrics in 6.2 and we apply
Berndtsson’s Theorem in 6.3 to conclude the proof.

It turns out that the same schema can be used to prove the following version of L? extension.

Theorem 2 (L? extension). Let X be a Stein manifold and Z C X an analytic hypersurface.
Let L; — X be the holomorphic line bundle associated to Z, with T € H°(X, Lz) such that
Z = (T = 0) and dT|z generically non-zero. Assume moreover that Ly carries a (singular)
Hermitian metric e=* such that e |, # +oo and supy |T|? et <L
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Let L — X be a line bundle with (singular) Hermitian metric e~ such that
V=10d¢ > —V-1004 and V-10d¢ >0 V-1331

or some 0 > 0. Then for any holomorphic section f € H*(Z, L|z ® K7) such that
y P

I, = /Z If2e? < +oo

there is a holomorphic section F € H*(X,L ® L ® Kx) such that F|; = f A dT and

||F||§( ::‘/X|F|2ex<"S7r(1+%)/zlf|2e<"=7r(1+%)||f||;

We want to emphasize that the sole difference between this last statement and the actual
L? extension theorem (Theorem 2.4) is that here we require

{\/:05(/)2—\/—_165/1

1.1 _ -
4.0 V=10d¢ > 6 V=100

instead of the weaker

V-100¢ >0
V=10d¢ = 6 V=100

In particular, the two conditions are clearly the same in the special case V=149 1 > 0 and
Theorem 2 recovers the hyperplane case of Berndtsson and Lempert’s Theorem [BL16, The-
orem 3.8].

A key role in the proof of Theorem 2, which is summarized in Section 7, will be played
by the seemingly innocuous Lemma 3.1. This slightly improved version of [BL16, Lemma
3.4] is indeed what allows us to prove the theorem under the assumption (1.1) rather than
V=103 > 0, and at the same time simplify the proof.

The assumption that codimy Z = 1 in Theorem 2 makes the statement and the proof
cleaner but is not really needed. As remarked in Section 8 (in particular Theorem 3), in fact
minimal modifications of the same arguments prove analogous statements for Z of higher
codimension.

Acknowledgements. I am grateful to Dror Varolin for bringing this topic to my attention,
for many helpful discussions and a lot of encouragement. I also thank Bo Berndtsson, Laszlé
Lempert, Christian Schnell, and Xu Wang for providing useful comments and suggestions.
Finally, I thank the anonymous referees for their helpful observations.

2. BACKGROUND AND NOTATION
Let L be a holomorphic line bundle over a complex manifold X.

Definition 2.1 ([Dem92]). A singular Hermitian metric for L is a measurable section e ? of
L* ® (L*)" — X such that for any holomorphic frame & of L over U C X the measurable
function |£|? e~¢ is non-negative and log(|¢|> e %) € L! (U).

loc

Note that, according to this definition, smooth Hermitian metrics are in fact singular Her-
mitian metrics.

Assume now that L is a holomorphic line bundle over an ambient Stein manifold Y and
let X be relatively compact in Y. Consider the trivial fibration X X D — D, where D is the
complex unit disk. Let p : X X D — X be the projection on the first factor and e ?bea
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Hermitian metric for p*L — X X D that is smooth up to the vertical boundary of X x D.
For each 7 € D, define the Hilbert space
2 -
I = [ i < oo},
X

where e~ % is the restriction of e~¢ to P*Lixsxqry-

H,(e7?) = {f € H*(X,L ® Kx)

Since the metric e~? is smooth up to the boundary of X, all these Hilbert spaces are in fact
trivially the same as vector spaces but have norms that vary with 7. Thus, they form a trivial
vector bundle with a non-trivial metric. The following theorem is due to B. Berndtsson.

Theorem 2.2 ((Ber09]). Assume that e~¢ is a smooth Hermitian metric for p*L — X x D with
non-negative curvature and let ¢ % 0 be a holomorphic section of the vector bundle J, (e~%)* — D.
Then the function

D > 7+ log|l& |z,

is subharmonic.

Thus in particular 7 Iog||£||i* is subharmonic for any fixed non-zero ¢ € H°(X, L&Kx)*
with finite L?>-norm.

Next, we recall the complete statements of L? division and L? extension obtained from the
original proofs based on L? methods.

Theorem 2.3 (L2 division). Let X be a Stein manifold of complex dimension n and let E,G — X
be holomorphic line bundles with (singular) Hermitian metrics e~? and eV, respectively. Fix
h=(hy,....,h) € H(X,(E* ® G)®") and a > 1. Let q := min(r — 1,n) and assume that

V-1adp > —4_\Tady.

aq+1
Then, for any holomorphic section g € H°(X, G ® Kx) such that
2 o
lelle = <

X (|h|2 e—w+¢)aq+1

there is a holomorphic section f = (fy,...,f,) € H*(X, E®" ® Ky) such that
g=h®f=h &fi+ - +h ®Ff

2 If|?e?
I zer ~—/XW

< * |g|2e—W @ “ “2
S a1 Jx (hPevreym — 5 —118lc

(see [Dem82, Théoréeme 6.2] and [Var08, Theorem 2.1)).

and

Once more, in Theorem 1 the constant q is everywhere replaced by r — 1, the constant _*;
is replaced by -, and @ cannot be greater than #L " Consequently, Theorem 1 is strictly

r—1°
weaker than Theorem 2.3.

Theorem 2.4 (L? extension). Let X be a Stein manifold and Z C X an analytic hypersurface.
Let Ly — X be the holomorphic line bundle associated to Z, with T € H°(X, Ly) such that
Z = (T = 0) and dT'|z generically non-zero. Assume moreover that Ly carries a (singular)
Hermitian metric e~ such that e™* |7 # +co and supy |T|? et <1

Let L — X be a line bundle with (singular) Hermitian metric e~ such that

V-1009 >0 and V-10d¢ > dV-10021
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for some 0 > 0. Then for any holomorphic section f € H°(Z, L|z ® Kz) such that

2 _
I = [ 17 <-ve0
Z
there is a holomorphic section F € H%(X,L ® Ly ® Kx) such that F|; = f AdT and

1| = /X PR e=¢ < 7 (1 + %) /Z e =x (1 + %)Hf”é

(see [Bto13, Theorem 1] and [GZ 15, Theorem 2.1)).

Again, the difference between Theorem 2 and Theorem 2.4 is that in the latter we have a
slightly weaker requirement on the curvature of e™?.

Here we have only considered the case of extension from a hypersurface since in this
case all objects are always naturally defined. See [BL16; Ohs01; Man93; Dem00] for the
corresponding results in higher codimension.

3. A CALCULUS LEMMA

We now establish the following lemma, which plays a key role in the proofs of both Theorem
1 and Theorem 2. The result is a slight modification of Lemma 3.4 in [BL16].

Lemma 3.1. Let v : (—o0,0] — Ry be an increasing function such that
Jim e By(t) = A < +o0

for some B > 0. Then, for all p > B,

0
AB

lim e_B’/ e P70 dy(5) = ——.
t——00 ¢ p— B

Remark 3.2. In contrast to Lemma 3.4 in [BL16), we do not require v to be bounded above by
AeB! for all t < 0. This weakened hypothesis allows us to obtain the more precise estimates
needed for Theorem 1 and Theorem 2. o

Proof. Integrating by parts one gets

0 0
e_B’/ e P70 dy(s) = e(”_B)'/ e P dv(s)
t t

=P B) lv(O) —e Py(t) +p/0€_p: v(s) dsl :

By the assumptions we have

tlim B (y(0) —e Py (1)) = —A.

Moreover, for any ¢ > 0 there is t, < 0 such that (A —¢) eB' < y(t) < (A+¢)eP forallt <t,.

Then
0 0 .
/ e Py(s)ds < / e P v(s)ds+ (A+e) / e~ (P=B)s 4
t t, t

<C.+ A+e (e—(p—B)t_e—(p—B)tE) —Cl+ A+e

e~ (p=B)t
B p—B p—B

and similarly

0 f—
/ e Py(s)ds > C/' + A-e e~ (P=B),
t P_B
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so that

A-— 0 A+
‘£ < lim e(P_B)’/ e P y(s)ds < i
p—B t——o00 ' B

Since this holds for all ¢ > 0 we conclude that

t——o00 — B

0
A
lim e(p_B)’p/ e Py(s)ds = i 4
t p

and then

0 A AB
lim e_Bt/ e P dy(s) = —A+ P _ —
t—=co ‘ p=-B p-B

as wanted. O

We can now move to the proof of Theorem 1.

4, PRELIMINARY REDUCTIONS FOR THEOREM 1

No base locus. We can assume that the sections hy, ..., h, have no common zeros. Indeed,
let D be the zero-set of h,. Then X \ D is again Stein and h|x\p has no zeros. Assuming that
Theorem 1 holds for {h; = --+ = h, = 0} = @, we obtain f € H*(X \ D, (E®*" ® Kx)|x\p)
such that

glx\p = hlx\p ®f

and

|f|2 e™? a 2
/x\D (|h|? e~¥+e)ea(r=1) < " - 1||g||<; < oo

As h is bounded on any bounded chart U cc X,

N fI2e~?
L= [ ey = Cry il <o
U\D u\p (|h|? e~v+e)a(r=1) a—1

where C > 0 depends on U, h and «(r — 1). Hence, by Riemann’s Removable Singularities
Theorem, f extends to f € H°(X, E®" ® Kx). As D has measure 0,

IfI>e? IfI?e? a 2
/ 2 o-vrp)ar—1) > opieaton) ST HgHG <+,
x (|h]?e7v*e) x\p (|h|? e~¥*?) a—1

and, because h ®f and g coincide on the open set X \ D, we have h ®f = g everywhere on
X, solving the division problem.

Remark 4.1. The same argument proves Theorem 1 when X is essentially Stein, given that it
has been proved for Stein manifolds. Recall that a manifold X is essentially Stein if there is a
divisor D such that X \ D is Stein. For instance, projective manifolds are essentially Stein. <

X bounded pseudoconvex. We can reduce X to a relatively compact domain in some larger
Stein manifold, and say that sections extend up to the boundary of X (or are defined on X) if
they extend to a neighborhood of X in the ambient Stein manifold. We can also assume that
w and E, G extend to the ambient manifold (E, G holomorphically) and that the metrics e™?
and e are smooth. If the result is proved under these assumptions, then the universality of
the bounds yields the general case by standard weak-* compactness theorems, Lebesgue-type
limit theorems and approximation results for singular Hermitian metrics on Stein manifolds
(see the first paragraph in Section 3 of [BL16)).
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5. DUAL FORMULATION OF THE DIVISION PROBLEM

Fix a section g € H°(X, G ® Ky) to be divided. We may assume, after possibly shrinking X,
that g is holomorphic up to the boundary of X. Let y : E®" ® Kx — G ® Ky be defined by

y(e,...,er) =h1®e;+---+h Qe
Proposition 5.1. There exists f = (f1,...,f) € H(X, E®" ® Kx) such that

g=h1®f1+"'+hr®fr=h®f
and
llzer <+

Proof. Since X is a relatively compact domain in a Stein manifold, any solution f in the
ambient manifold will restrict to a solution on X with bounded L%-norm. Hence, it suffices
to show that for a Stein manifold X there is a not-necessarily-L? solution of the division
problem.

As the hy,..., h, have no common zeros, the map y is a surjective morphism of vector
bundles and thus we have the short exact sequence of vector bundles

0— kery — E¥ @ Ky — G ® Ky — 0.
The induced sequence in cohomology then yields
0 — H°(X,kery) — H°(X,E® @ Kx) — H°(X,G ® Kx) — H'(X,kery) =0,

where the last term on the right vanishes by Cartan’s Theorem B. Hence, the map induced by
y in cohomology is surjective, meaning that for any g € H°(X, G ® Kx) we can find

f=(....f,) € H(X,E® ® Kx)
such that
g=yof=h®fi+ --+h&f,

proving the statement. O

Since there is a solution f with finite L>-norm, there is a (unique) solution f with minimal
L?-norm. To prove Theorem 1, we thus need to estimate”f “ por

Lemma 5.2. Let f € HY(X,E®" ® Kx) be any solution to the division problem with finite
L2-norm. Then the solution f with minimal L*-norm has norm

Hlk

feam HO(Xkery) |IE]

71z =

where ||-||, is the norm for the dual Hilbert space H°(X, E®" ® Kx)* and Ann H°(X, ker y) is
the annihilator of H°(X, ker y), i.e. all linear functionals on H°(X, E®" ® Kx) that vanish on
HO(X, ker ).

Moreover, one can restrict the supremum to functionals £, € H°(X, E®" ® Kx)* of the form

(h&f)ne
x (|h|26—1y+(p)a(r—l)+1’

E(f)=(of,nc =

forn € CZ(X, G ® Kx) (smooth compactly supported sections of G ® Kx).
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Proof. Note first that the supremum is independent of the choice of the arbitrary L? solution f.
Indeed, if £ € Ann H°(X,kery) andyof = yof’ = g, then by linearity f — f’ € H°(X, ker y),
so that £(f) = £(f").
Next, we claim that f 1 H?(X, kery). Indeed, if k € H°(X,kery), theny o (f +¢k) = g
foralle € C. As f is the minimal norm solution, we have that
C 3¢ r—||f +ek|rer =[Ifller + 2Re[(F, R)gere] + O(Iel?)

has minimum at ¢ = O (here (-, -)ger denotes the L? inner product on E®" ® Ky). Hence

(f, k)EEBr =0.
Finally, notice that if k € H°(X, ker y) then

£ (k) = (yo k=0,
ie. £, € Ann H°(X, kery). Conversely, if
0=£,(f)=(rofmc
forallgp € CX(X,G ® Kx), theny o f = 0. Hence
{£,17€CX(X,G®Kx)} € AnnH®(X, kery)

is dense and we may restrict to elements &, when computing the supremum. O
By Lemma 5.2
a2 |(ofin)l?
IFler = o
rece(xGeky)  |&]|;
o (g P Il
= s S <ol ;

recrxcen [ rece xGeio) [

where
P:L*(X,G®Kx) — H°(X,G ® Kx) N L*(X,G ® Kx)

denotes the Bergman projection. Therefore, to prove Theorem 1 it suffices to prove that

a
Pl < r—— [l

a—1
forallp € CX(X,G ® Kx).

6. PrRoOF OoF THEOREM 1

6.1. Setup. Instead of working directly on the vector bundle E®" ® Kx — X, we lift ev-
erything to the line bundle

L:=pry(E®Kx) ®prp_, Op,_, (1) — X X Py,

where Op,_, (1) is the hyperplane bundle of P,_; and pry, prp | are the projections of X XP,_;
on X, P,_; respectively. Explicitly, fix once for all coordinates vy, ..., v, for C" (descending
to the homogeneous coordinates [vy : --- : v,] for P,_;) and declare the lift of a section
s € H°(X,E®" ® Kx) to be the section § € H*(X x P,_;, L) defined by

(6.1) §(x, [v]) =" - s(x) = vis(x) + -+ 05, (x) € H(X xP,_y, L),

where v],...,v; are the dual coordinates of vy, ..., v, of C.

Notice that the lift is a bijective map, since all sections of L are of the form (6.1). We can then
lift the functionals £, € HO(X, E®" ® Kx)* of Lemma 5.2 to functionals £, € H(X xP,_;, L)*
defined as £,7 (8) = &,(s) forall § € H'(X X P,_y, L).
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Remark 6.1. One can interpret the lifted section § by thinking of the projective space P,_;
as parametrizing all possible choices of linear combinations (up to scaling). Hence, the value of
the section § at (x, [v]) can be thought of (tautologically) as the linear combination parametrized
by v of the entries of the vector s(x). What follows is essentially a procedure to “single out”
the linear combination given by [h(x)] (the equivalence class of h(x) in P,_). o

Next, we define a family of metrics for L — X X P,_;, parametrized by
rel:={ze€C|Rez <0}
Toward this end, let
x-(x,v) = max (log(|v|2|h(x)|2 —|v-h(x)]?) e ¥*? —Re, log |v|*|h(x)|? e_‘/’w) .
Then, for ¢ € Ly [u]), set

) o lo|Z e _o\a(r=1)
br(alg)(x’[v]) = Fe (r URCTW (|v|2e )(r) )

Notice that whether the maximum defining y; is attained by the first or the second entry is
independent of the choice of the representative v of [v] € P,_;, and that the weight |v|? e~ %
is a well-defined function on X X P,_;. Notice also that y, depends only on t := Re 7 (as does
b.), so in the following we will write y; (and fy) instead.

Remark 6.2. As we shall soon see, the choice of y; is motivated as follows. For t = 0, the
maximum is realized by the second entry, so that

1
(Ih(x)[2 emv+o)x(r=1)

providing the weighting by the norm of h in||-|| ger.

On the other hand, ast — —oo, the function |v|2 e gets very small atall v € P,_; that are
not “sufficiently aligned” with h(x). The precise sense of this statement will be more evident
lv-h(x) 2
[vl*[h(x)]?
the angle between v and h(x). o

(Jof? em#)=1) =

in Subsection 6.2, but for the moment note that 1 — constitutes a measurement of

The family of metrics b, induces the family of L>-norms

2 - -

|2 = — (=D Fer / lol7e™? (|v|z e—xf)“” VA dvis,
a1 xxp,, |V

where dVEs is the (fixed) Fubini-Study volume form of P,_;.

We interpret the family ), as a metric ) for the pull-back of L on X XP,_; XL, and we claim
that sum of the curvature of f) and the Ricci curvature is non-negative. To start, e ?alr-1)z
is non-negatively curved: e"#~*("=)(=¥*#) contributes semipositively by the hypothesis on
curvature of Theorem 1, and by Lagrange’s identity we have

log (Juf* k()| = v~ h(x)*) =log 3 Ihi(x)v; = hj(x)uil%,

1<i<j<r

which is (locally) plurisubharmonic, being the logarithm of a sum of norms squared of (locally)
holomorphic functions (likewise for the right-hand side of the maximum). This leaves us to
check that the negativity coming from the factor (|v|?)*"~1 =1 is compensated by the Ricci
curvature coming from the Fubini-Study volume form: in local coordinates we can write

ﬁ|v|2"‘(“l) dVEs as le‘i‘;% (where dV (z) is the standard Euclidean volume form),

which is positively curved for a < 2L

r—1°
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6.2. Extrema of the family of norms. We now investigate the behavior of the family of
norms ||-||, near t = 0 and as t — —oo.

At the t = 0 extreme we have yo(x,v) = log (|U|2|h(x)|2 e“”“”), so that

, 1! lv-s|>e® A dVEgs
N e (|h|2 e ¥+e)a(r=1)

3 Is|?e™? a2
= | Girevreye el

which recovers the norm-squared of s before the lifting. Consequently, for t = 0, lifting
functionals also preserves norms:

| -l

We now turn to the other extreme of the family, i.e. t — —co. Fix x € X and let A;, be the
set of v € P, such that the maximum in y, is achieved by the second entry, i.e.

oGP
SCRC }

(6.2)

G 1£,(5)]
sup =

0 seroxxp_L) Bllo semocx Eereky) lIsllger

2

At,x = {U eP_

By choosing homogeneous coordinates so that v is parallel to h(x) (which is not 0 since we
are assuming that the h;’s have no common zeros), and by choosing local coordinates so that
v; = 1, one sees that A, , is a ball of real dimension 2r — 2, centered at [h(x)] (the origin, in
t/2

(S

. . f
local coordinates) and of radius liet

t——00

§||? into two summands:

P = /X I(x) + /X 1L (x),

We can then split

131
where 1) )
r! e” =Dt [v-s(x)]>e?
W)= o G e A
and (r=1) 2 (r=1)
| —(r=1)t . —¢ a(r=1)t
I (x) = oo s@)fe?e A dVs .
, ar—1 (|h|2e—x//+¢)a(1’—1) 5 [v-h|2 a(r=1)
B\ Y] (1_W)
For the first term we get
. 3 lhes2e?
(6.3) tllf_nm Im(x) - r(|h|2 e—ux+¢)a(r—l)+1’
since asymptotically
2 o -1 > |2 o
/ lv-s(x)]*e? AdVis ~ i o1t |h®s|*e™?
A v]? t==co (r—1)! |h|?

For the second

0
I (x) = V" f e N0 gy (),
t

with

ol 1 lv-s|2e® (=1t
Vas(t) = - (hE v+ 0)at1 ‘/AH BE AdVes =e I s(x).
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Clearly v, is increasing and positive. Moreover, by (6.3),

© 2y
) (=)t _ [h®s| e
tﬂ@we Vas (1) r(|h|2e—w+¢)a(r—1)+1’
Hence, by Lemma 3.1,
) hes|?e™ r—1
6.4 lim II = .
6.4) i ts(x) r(|h|2 e V+o)ar=D+ g (r — 1) — (r — 1)
All in all
hs|eV "
6.5) lim [}§)2 = r—= / hes|" e = Hh®s ,
t——00 a—1 X (|h|2 e“lf+¢)a(r—1)+1 a—1 G

retrieving (a multiple of) the norm-squared of the image h ®s of s.

6.3. Monotonicity of the family of dual norms and end of the proof. Now that we
have a metric f for (the pull-back of) L on X X P,_; X L with positive enough curvature,
Berndtsson’s Theorem 2.2 gives the core step of the argument. Fix 7 € C°(X, G ® Kx).

Lemma 6.3. The function
(=00,0] —> R

L 12
t — log“éf,7
t,x

is non-decreasing. In particular,

[

e

2 L2
> Hf,7|| forallt <0.
0, %

fn

s |12 2
Proof. Step 1. We first prove that sup. ., £,7H < +4o0. Once more, only depends
T, % T, %

on Re7 =: t, so it suffices to prove that

L 112
)E,]H is uniformly bounded for all t sufficiently
t,*

negative (the other t’s are in a compact interval, so the corresponding norms are automatically

uniformly bounded).
Let
2.V
Cr] = |_n| ¢ — < 400,
X (|h|ze 1//+(p)lx(r 1)+1
then
. 2 .
”f ’ = sup / (hodne <C Sup/ |h®S|Ze_W
i Is12=1 [/ X (|h|2 e~vte)e(r=D+1) — "”SA”%:I x (|h|? emvro)a(r=1+1"

By (6.3), if t is sufficiently negative,

|h ® s|e7V 2
(lhlz e—1y+<p)a(r—1)+1 r
(in the sense of top forms), so that

[

2

S T

as wanted.
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Step 2. Consider now the trivial fibration (X X P,_1) XL P L. We have already checked
at the end of Subsection 6.1 that the curvature of }), seen as a metric for pry, » L— (Xx
P,_1) XL, plus the Ricci curvature coming from the Fubini-Study volume form is non-negative
on the total space X X P,_; X L. Then, up to a smooth approximation of y, Berndtsson’s
L 112
&

T,%

is subharmonic in L. Since

Theorem 2.2 implies that 7 — log an only depends on
7%

L2
t = Re, it follows that ¢ logHEUH is convex on (—co, 0). If this map decreases anywhere
tx

L 112
on (—c0,0), then by convexity we would have lim;_, _« logHE,] = 400, contradicting the
tx

JTY
uniform boundedness of HEW obtained in Step 1. Hence the statement follows. O
t,*

Let now s € H°(X, (E ® Kx)®") be any solution of h ®s = P (such s exists with bounded
L?-norm by the same argument of Proposition 5.1). Then by (6.5) and Lemma 6.3 we have

e <[

> lim Hfﬂ

2
0,* t——o00

2
t*
1 (hé)s)ﬂe‘”’

X (|h|2 e—w+<p)a(r—l)+1

_t—>—oo|§ t2

Pl; -1
R L
t

t——00 |§| ar

forallp € CZ(X,G ® Kx). Hence, by (5.1), we conclude that the minimal-norm solution f

to the division problem h® f = g has norm

2
W <l sp Do @ e
7€C2(X,G®Kx) ||£,7||* a-—1

proving Theorem 1.

7. BERNDTSSON AND LEMPERT’S PROOF OF THE L? EXTENSION THEOREM, REVISITED

The proof of Theorem 2 is in many respects quite similar to the proof of Theorem 1 and
indeed, as already mentioned in the introduction, the Berndtsson and Lempert approach to
the L? extension theorem served as an inspiration for the proof of Theorem 1. Hence, we will
not delve too much into the analogous technical details (that are in any case already described
in [BL16]) and instead focus on the differences and the general philosophy.

7.1. Preliminary reductions. As in the proof of Theorem 1, we can assume that X is a
relatively compact domain in some larger Stein manifold and that the metrics involved are
smooth (see Section 4 and [BL16]). Moreover, perhaps after shrinking X further, we can
assume that Z meets the boundary of X transversely and that the section f € H°(Z, L ® Kz)
to be extended is holomorphic up to the boundary of Z.

Since the singularities of Z are of codimension at least one in Z, they are contained in a
hypersurface H of X not containing Z. Similarly to what we did to remove the base locus
in Section 4, we can then reduce to the case of smooth Z (and dT'|z; # 0) by solving the
problem for Z \ H ¢ X \ H and then extending the solution to X by Riemann’s Removable
Singularities Theorem and the identity principle.



A DEGENERATION APPROACH TO SKODA’S DIVISION THEOREM 13

7.2. Dual formulation of the extension problem. Asin Proposition 5.1, we can assume
that there is some solution F € H°(X,L ® Lz ® Kx) to F|z = f A dT with finite L>*-norm.
Then, as in Lemma 5.2, the norm of the solution F with minimal L2-norm is

&5 (DI?

Hy=  su :
¥l geCs (Zilzoks) ||Eg|)

where Eg is the functional that associates

£e(s) IZ/Zoge_q’

tos € H(X,L ® Ly ® Kx), with s|z =: ¢ A dT. Therefore,

[sll;

sup
8€C(Z,LIz®Kz) ”fg“i ]

7l <l

where
P:L*Z Ll;®Ky) — H°(Z LIz ® K;) N L*(Z,L|z ® Kz)

denotes the Bergman projection. Thus it suffices to prove that

2
*

1
(7.1) |[Pgll}, < = (1 + §)||£g
forallg € CX(Z,L|z ® Kz) (see also (3.4) in [BL16)).

7.3. The family of metrics. We now define a family of metrics for L ® L; — X by intro-
ducing a weight y; that “collapses” X onto Z:
y- = max(log |T|* = 1 — Re,0).

Of course this function only depends on Re 7 =: t and thus in the following we will use the
notation y; instead. We then obtain a corresponding family of metrics f); for L® Ly — X
by setting

I)-r = e—ReT e—qa—/l e—(l+§)){,y

and a family of norms for sections s € H°(X,L ® Lz ® Ky) given by

I = [ 1sfremet e
X

We will interpret b, as a metric b for pry (L®Lz) — X XL (recall that L denotes the left com-
plex half-plane). Notice that f) has non-negative curvature by the hypotheses of Theorem 2.

Remark 7.1. Compared to the metrics used in [BL16], the multiplicative constant in front
of y; is the fixed value 1 + ¢ and thus we will not be able to send it to infinity. Rather than
being a problem, this and Lemma 3.1 are what keep the curvature of ) under control without
assuming that V=100 > 0 (see also [Ngu23; NW23] for similar observations). %

We will denote by||||, . the induced dual norms on linear functionals of

L*(X,L®L; ® Kx) N H*(X,L ® L; ® Kx).
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7.4. Extrema of the family of norms. Clearly one has ||s||(2) = ||s||§{. To study the other
extremum t — —oo, fix t < 0 and consider the set A; of points in X for which the maximum
in y; is attained by O:

A = {x e X| TP e < ef}.

ef 140
||s||2:e—f/ |s|2e-<°-*+e-f/ Is|? e~ (—
t A X\A, |T|? e*

and proceed to estimate the two summands as t — —oo.
Notice first that the set A; collapses to Z ast — —oco. More precisely, it asymptotically
u

We then write

resembles a tube about Z of radius-squared around each z € Z asymptotic to
Write s|z =: ¢ A dT, then

¢
[dT (z)[2 e

(7.2) lim e’ |s|?e™?* = n/ lo|?>e™?.
Ay VA

t——o00

As in Subsection 6.2, the second integral can be rewritten as
0 M
e’ / e~ )0 qy (F),  with v,(1) = / Is|?e”?*.
t A

Since vy is clearly positive increasing and satisfies lim,_,_co € vs(t) = 7 /Z |7|? e~?, Lemma
3.1 gives

0
lim e_t‘/ e~ (=1 qy (F) = E/|o|2 e ?.
t——00 ¢ 5 VA

All in all one gets

1
(7.3) lim ||s||? = n(l +—)/|a|2e‘¢.
t——o00 b\ VA

7.5. Monotonicity of the family of dual norms. Asin Lemma 6.3 (or [BL16, Lemma 3.2]),
to prove that

forallt <0

(2),* 2||£g tz,*

Hfg i =||fg|

. 2 , . .
it suffices to show that suptSOHEgH .. < too. Berndtsson’s Theorem 2.2 will then give the
required estimate. Let

Cqi= / |gl*e™ < +o0
z

(recall that g has compact support in Z), then

[l tz* = sup ‘/ sge ?| <C, sup /|0|2 e ?.
T lsll=1 1Yz Isll;=1/2

Asin Lemma 6.3, it suffices to check uniform boundedness for t less than some very negative
fixed to. If this is the case, by (7.2) one gets

2 2
/|(7|2 e ?< et [ sPett < —e’t/ |s|? e=¢~F e~ (02
VA T A s X

SO that”fg” (s 18 bounded by some uniform constant, as wanted.

2
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7.6. End of the proof. To conclude the proof it is enough to show that
t——o00

. 0
(7.4) tim [l = m”ﬂ’g”é

forall g € C°(Z,L|z ® Kz). Indeed, if (7.4) holds one has

1 1
ol < = 1+ 3) tm ol = 1+ 5 el

t——o00

which is what is needed to prove Theorem 2 by (7.1).
Lets € H*(X,L ® Ly ® Kx) be any finite-norm extension of Pg (so that s|z = Pg A dT).

Then by (7.3)
[rwgee
Z

This concludes the proof of Theorem 2.

2 Po|l*
el s

t——00 ”5”12 - ﬁ(1+5)||

lim ||£, Pl

t——o00

2
>
tx T

1
== ls]l;

8. REMARKS ON EXTENSION IN HIGHER CODIMENSION

When the subvariety Z has codimension k higher than 1, the adjoint formulation does not fit
the extension problem as well as in the hypersurface case of Theorem 2.

A special context in which formulating extension in terms of canonical sections makes
sense is the setting of the Ohsawa-Takegoshi-Manivel Theorem [Man93; Dem00]. Assume
that Z is cut out by a holomorphic section T of some holomorphic vector bundle E — X
of rank k and that T is generically transverse to the zero section of E. This means that we
know a priori that the normal bundle of Z in X extends to the vector bundle E — X and that
we have the adjunction formula (Kx ® detE)|; = Kz. Assume also that supy h(T,T) < 1
for some metric h for E — X.

Then everything goes through in the same way as Theorem 2, up to replacing Lz with det E
and adapting the curvature assumptions. Explicitly, assume that

V-10d ¢ > V-10dlog deth
and
V=103 ¢ > V=1ddlogdeth — (k + &) V=103 log h(T, T).
Then for every holomorphic section f € H°(Z, L|z ® Kz) such that

/ |f|2 e ? < +o00
A

there is a holomorphic section F € H°(X, L ® det E ® Kx) such that F|; = f A det(dT) and

/|F|2 efq:+logdeth <o (1+E)/|f|2e¢’
X o) Jz

where g}, := ¥ /k! is the volume of the unit ball in real dimension 2k. Here the weight is the
function y. := max (logh(T,T) — Re7,0) and the family of metrics is

efkRe'r e—qa+10gdeth e—(k+d‘)){, )

Notice that this recovers Theorem 2 with E = L and h = ™.

Unfortunately in general we cannot assume that Z is cut out by a section of some vector
bundle. In such case no clear analogue of adjunction is available and thus the non-adjoint
formulation is preferable.
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Theorem 3 (non-adjoint L? extension). Let X be a Stein manifold with Kihler form » and
let p: X — [—00,0] be such that

log dist;, -8 < p < logdist, +a

for some smooth function § on X and some constant a (so that Z = {p = —oo}). Fix 6 > 0, let
L — X be a holomorphic line bundle with metric e, and assume that

\/:aégo+Ricw >0, \/:65¢+Ricw+(k+§)\/—_103p > 0.
Then for every holomorphic section f € H°(Z, L|z) such that

Il = / 112 =48 4V, < +oo
Z

there is a holomorphic section F € H°(X, L) such that F|; = f and

_ k
IFI = /Z |F|?e7* dvy sak(1+5)llfllé~

By taking X to be a pseudoconvex domain D ¢ C",p = G-y, ¢ = ¢—ky and f = B+y one
obtains Theorem 3.8 in [BL16] (without the assumption that G and y are plurisubharmonic).
The argument is the same as the one for Theorem 2, except that the functionals & ¢ are now

Eo(s) = /sge_“kﬁ dvy
z

and the weights are y, := max(p — Re7,0). Then the family of norms becomes
|Is]|? := e7* / Is]? e=¢ e~ (B2 gy,
X
Clear1y||s||(2) = ||S||§( For the other end of the family, let A; := {¢ < t}, then

lIs]|? = e7® / Is|?e™? dVy + e / Is|? e=® e~ *+) (=0 gy .
A X\A;

Since the set A, is asymptotic to a tube around Z of radius-squared bounded above by e'*#,
it follows that

lim e™* [ |s?e®dVyx <o / Is|? e #**E qv,
z

t——00 A

and, by Lemma 3.1,

lim e—kt/ Is]2 e=® e~ () (=0 gy, < kﬁ?/|3|2 e PHE Qv
X\A, z

t——o00

All in all
k
lim e_kt/ Is|? e e~ D2 qvy < g, (1 + 5) / Is|? e~ #**E qv,,
X VA

t——o00

which is what is needed to prove Theorem 3.
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