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Abstract

We generalise results for differential rings to rings R with additive maps
01,...,0, : R — R satisfying a certain generalisation of the Leibniz rule,
namely (id,dy,...,0,) is a truncated Hasse derivation. We show that the
theory of integral domains of characteristic 0 with such maps admits a model
companion, and that this model companion admits quantifier elimination and
is stable but not w-stable for n > 2.
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1 Introduction

The model theory of integral differential rings of chraracteristic 0 and its
model companion, DC'Fy, are frequently studied. We wish to extend several
results to a more general setting.

We work in the language L, := (+, X, —,0,1,04,...,0,) extending the

language of rings with n unary function symbols 04, ..., d,, and we consider
the theory T, of integral domains of characteristic 0 together with the axioms

VaVb(0(a + b) Oma + Opb)
Vavb(Oy, (ab) = a(0mb) + ) + (Oma)b)

j:

>—‘

—_

forallm=1,...,n.

This generalises the theory of integral differential rings in characteristic
0, which is the special case where n = 1. In fact, we see that 0, is always a
derivation, regardless of n.

On the other hand, this theory is a special case of the D-rings in charac-
teristic 0 discussed by Moosa and Scanlon [1]. That paper is highly technical,
and works in much greater generality. Our goal is to present this special case
in a more concrete and explicit way. In addition, we will address quanti-
fier elimination and stability of the model companion, something that is not
considered in [1] as it does not hold in that generality.

The same construction except in positive characteristic and positing an
additional iterativity condition, stating that 0,0, = (“:b) Oq1p, has been stud-
ied by Ziegler [3]. In characteristic 0, iterativity would imply that 9,, = W%!@’l”
for all m = 1,...,n, and hence the higher derivations would be completely
determined by the derivation 0;.

Indeed, for any differential ring (R, d) where R is an integral domain of
characteristic 0, we have that (R,d,...,50") | T,. However, we do not
assume iterativity, and thus there are other examples.

For example, consider the ring Q[t] with 01,0, : Q[t] — Q[t] given by
onf = % and Oy f = ZZ + ;fltéc It is easily checked that (Q[t],0:,0s) | To.
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Indeed, we will see that we can define 0y,...,0, by having them take ¢ to
any arbitrarily chosen values in Q[t] to give a model of T,,. This essentially
follows from Proposition 4.5 below. In this case, we chose 0t = 0st = 1. If
we took 01t = 1 (so that 01 f = Z—Jz for all f € Q[t]) and Oat = p(t) for an

arbitrary p € Q[t], then we’d get 0y f = pfl—{ %%.

In this paper, we show that 7;, admits a model companion, D, C'Fy, and
that D, C'Fy admits quantifier elimination, generalising the corresponding
results for differential rings. Moreover, we show D, CFy is ¢-stable, where ¢
is the cardinality of the continuum, but for n > 2, unlike DC'Fy, D,CFj is
not w-stable.

Throughout this paper, all rings are assumed to be commutative and
unital, and 0 is assumed to be a natural number. Moreover, irreducible
varieties are assumed to be nonempty.

2  V-rings

While we are primarily interested in models of T}, it is useful to work in a
more flexible 2-sorted setting:

Definition 2.1. Let S, denote the collection of triples (R, S, V) where R
and S are rings and V = (0,...,0,) is an (n + 1)-tuple of additive maps
O : R — S such that:

® 801R = 15;

o forallm=0,...,n, J,(ab) =377 (9;a)(0m;b) for all a,b € R.

Note that this forces 9y : R — S to be a ring homomorphism, giving S
the structure of an R-algebra. If (R,S,V) € S,,, we say that V is an order
n S-valued derivation on R.

If (R,S,V) € S,, R=S and 9y = idg, then we write (R, V) instead
of (R,S,V) and we say that (R,V) is a V-ring and that V is an order n
derivation on R. If moreover R is a field, we call (R, V) a V-field.

So the models of T,, are precisely the V-rings (R, V) such that R is an
integral domain of characteristic 0. (In this case, we ignore dy = idg).
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Proposition 2.3. Let (R,S,V) € S,. Then we have 0,,0 = 0 for all
m=0,...,nand 9,1 =0forallm=1,... n.

Proof. 1t’s clear that 9,,0 = 0,,(0 + 0) = 9,,0 + 9,0, so 9,0 = 0 for all
m=0,...,n. Fixm=1,...,n and suppose that 9;1 =0 for all 1 < j <m.
Then

m

Ol = Opn(1-1) = (9;1)(Om—31) = (61)(Om1) + (m1)(Do1) = 2(I1)

=0
so 0,1 = 0. O

For a fixed ring S and n € N, well denote by ns, : S™™ — S[e]/(e"™)
the natural S-module isomorphism given by ns,(ao, ..., a,) = Z;:O ame™.
We will write ng when n is clear from context. Given (R, S,V) € S, we let
e:=ns,oV:R— S[El/(e").

Proposition 2.4. Let R, S be rings. Then

1. If (R,S,V) €8, then e = ng o V is a ring homomorphism.

2. If e : R — S[e]/(e"™) is a ring homomorphism, then (R,S,V) € S,
for V.=ng'oe.

Proof. Additivity is clear since in one direction, V and ng are additive, and
in the other, ng' and e are additive. By Proposition 2.3, if (R, S,V) € S,
then e(1) = 9ol + (011)e + -+ - + (0,1)e™ = 1. And if e(1) = 1, then 9p1 = 1.
Moreover, for all a,b € R,



and e(ab) = Y." _ Opm(ab)e™. Therefore, e(ab) = e(a)e(b) if and only if
Om(ab) = 37" 1(9;a)(Om—jb) for all m =0,...,n. O

Definition 2.5. Let (R, V) and (S, V') be V-rings, where V = (0, ..., 0)
and V' = (9], ...,0),). A V-ring homomorphism is a ring homomorphism
¢ : R — S such that o0, =0, opforallm =0,...,n. A bijective V-ring
homomorphism is called a V-ring isomorphism.

3 Prolongations

The goal of this section is to define the prolongation of polynomials and vari-
eties over a V-field, by analogy with the case of differential rings. This will be
needed in the next section where we show that 7}, admits a model companion,
by showing the existentially closed models of T, can be axiomatised. Pro-
longations will feature in one of these axioms, the Geometric Axiom, which
will be introduced at the end of this section.

Let R,S be rings, g : R — S a function with ¢(0) =0, x = (z1,...,2)
be variables and f € R[x]. We let f9 € S[z] denote the polynomial ob-
tained by applying g to the coefficients of f. Note that if e : R — S is
a ring homomorphism, then the map f — f¢: R[z] — S[z| is also a ring
homomorphism.

Definition 3.1. Let (R, S, V) E S,. Fix Varlables zom = (:c‘fm, . adm) for
allm =0,...,n, and let z := 2%. Let S’ := S[z%, ... 2%]. We define the
prolongatlon map in / Varlables to be the map 7 : R[:r] — (8" given
by 7f = ng! (e300 _, x%e™)), and we let T = (10, ...,Tn).

That is, we apply e to the coefficients of f and we replace each variable x;
by Y0 alme™. We then write this in S’[e]/(e™*!) as an S’-linear combina-
tionof 1,¢,...,e™ and take 7 f to be the tuple of coefficients in S’. Explicitly,
in the case when [ — 1, write f = Y% a;z%. Then we expand

> ((oai) + (Drai)e + -+ + (Onar)e™) (@ + afie + -« 4 afre™)’



as a polynomial in e. The coefficients of €°, ..., €™ in the resulting polynomial
are then 7p,..., 7.

As an example, we’ll compute 7 for a V-ring when n = 2 and [ = 2.

We'll let 2% = x = (xl,xg) 7% = (y1,2) and 2% = (z1,2;). Then
writing f = ZZ oZ] 0 @i Tixh, we have

Tof + (1uf)e + (12 f )2

d d
= Z Z(am + (01a;5)€ + (D9a; 1)) (z1 + y1e + 218%) (X2 + Yoe + 2087
i=0 j=0

Matching terms which are order 0 in €, we have
d d
_ i,
Tof = E E ;T Ty = f
i=0 j=0

It’s also clear that this will always hold for V-rings (and 7of = f% in
general). Matching terms which are order 1 in €, we have

d d
nf = ZZ d1a;,) 551952

=0 j

d d

-1

DHWAHELER 9 o

=0 5=0 =0 7=0

) of

o1 - ~J
[+ o T oY



#3530 (] zz()
SOAT{GESS WIS
PE LA LR () (z)xa-lw

3f‘91 ofo 0f
o))
= f?+ 8x1y1+ o 23/2+a .

LOf NP, 1P,
a Lo 2o+ = a le §ax%y2 + 6xlax2y1y2'

As visible from this example, the explicit expression for 7 can be com-
puted, but can quickly become unwieldy.

Let (R,S,V) € S, and a € R!. Then we let O,a := (Oay,...,0na)
and Va := (Ova,...,0a). Moreover, if z = (x1,...,x;) are variables and
f = (fi,.-,fr) € (R[|z])", then we let 7,,,f = (Tmf1,...,Tmfr) and
Tf = (r0f, -, Tnf).

Similarly, if R, S are rings, e : R — S is a ring homomorphism and a € R',
we let e(a) := (e(ar),...,e(a)).

Lemma 3.2.

1. Let (R,S,V) € S, and = (21,...,x;) be variables. Then we have
o= (x% ... 2%) and Ta = Va for all a € R.

2. Let S be a ring, z = (z1,...,1;) be variables and f € S[x,e|/(e"").
Then for all a € S!, we have ng'(f(a)) = (ng[}p](f))(a). In particular,
for all b = (b%, ... b)) = (%, ... b% ... b0 b0y € SUHDE e
have that (7f)(b) = ng' (f*(3 = b7"e™))-

3. Let R,S be rings, z = (x1,...,x;) be variables, e : R — S be a ring
homomorphism, f € R[z] and a € R'. Then e(f(a)) = f¢(e(a)).

Proof of 1. Fix j =1,...,1. Let f; € R[z| with f;(z) = x;. Then we have
ff=e(l)x; = x;, s0 fe(zm o omem)y =50 Oxf’”s Then 7,,,x; = xf for
allm=0,...,nand j=1,...,1,50 7w = (2%,... 2%).

6



Let a € R and let g € R[z] with g(x) = a. Then g¢(3." _, x%e™) = e(a),
so Ta = Va.

Proof of 2. Write f = Y " _ fme™ for fo,...,fn € Slz]. Then for all
a=(ay,...,a) € S', we have

77 _775' me

= (fo(a )7"'7fn( )
(fo,-~-7f )(a)

= (Mg Z fme™
= (15a (f))( )

50 (71)(b) = (g0, _pon) (fE (om0 20™)))(0) = ng " (£ (Xzg b7m™)).

77777

Proof of 3. Write f = Zz’l:o e ZZ:O biy..qrt -2 and a = (ay, ..., ).
Then

d
e(f(a)) = G(Z EE th ,,,,, pal - -alt)
- Z 'Ze(bn ..... zl)e(al) 1 6(&1)”
= [(e(a)

Corollary 3.3. Let (R,S,V) € S,, © = (x1,...,x;) be variables. Then
Vf(a)=7f(Va) for all a € R' and f € R[z].

Proof. We have

Vi(a) = n5'(e(f(@) = ns' (f(e(a) = 15" (f*(D_ (Oma)e™)) = 7f(Va).



O

Proposition 3.4. Let (R,5.V) € S,, © = (21,...,2;) be variables and
b= (0%,...,0%) = %, ... 6% b0 60 € SPHDE be arbitrary.
Then (R[x],S, V) € S,, where V, is given by V,f = 7f(b). Moreover,
it is the unique S-valued order n derivation V' on R[z| extending V with
V'z =b.

Proof. By Proposition 2.4, we only need to show the equivalent statement
holds for ng o V, : Rlz] — S[e]/(e"™}), ie. the map f — fo(d 0 _,b%me™).
That is, we need to show that this map is the unique ring homomorphism
extending e : R — S[e]/(e"™!) such that e(z) = > _ bome™.

But this a composition of the map f +— f¢: R[x] — S[z], which we noted
is a ring homomorphism, and the inclusion map S[z| — (S[e]/(e"™))[z] and
the evaluation map g — g(>_"_,b%"e™) : (S[e]/(e"™))[z] — S[e]/(e"t),
which are clearly ring homomorphisms. Therefore, their composition is also a
ring homomorphism. Uniqueness is clear since the value of e is fixed on R and
x, which generate R[z]. By Lemma 3.2(1), we have that Vya = (7a)(b) = Va
for all @ € R, so V}, extends V, and that V,x = (72)(b) = b. O

Definition 3.5. If (k, V) is a V-field and X is a subvariety of Al we define
the prolongation of X to be the subvariety 7X of A,(C"H)l defined by 7, f
for fe I(X)and m=0,...,n.

We define the map 7 : A,(C"H)l — Al to be the projection on the first

[ coordinates. Note that 7 restricts to a map = : 7X — X since for all
fel(X), f=mf¢€ I(rX). Note also that if a € X(K) for some field
extension K D k, then Va € 7X(K) since by Corollary 3.3, we have that
Tmf(Va) = 0 f(a) = 0,0 = 0.

Definition 3.6. Let (k,V) be a V-field. We say (k, V) satisfies the Geo-
metric Axiom (GA) if for every irreducible subvariety X C Al and every
irreducible subvariety Y C 7X such that 7(Y") is Zariski dense in X, there
exists a € X (k) such that Va € Y(k).

The goal of the next section is to show that the existentially closed models
of T,, are precisely the algebraically closed V-fields of characteristic 0 satis-
fying GA, and to deduce from this the existence of a model companion for
T,.



4 Model Companion

First, we wish to show that existentially closed models of T;, are algebraically
closed fields. We do this by showing that if (R, V) = T,,, then V extends to

algebraic extensions of the fraction field of R.

Lemma 4.1. Let R be a ring. Suppose aq,...,a, € R with ay invertible.
Then ag + aje + - - - + a,e" is invertible in R[e]/(e"1).

Proof. Note that aje+---+ape™ = (a;+- - -—i—anan_l)e is nilpotent, and hence
lies in the Jacobson radical of R[e]/(e"*!). Thus, 1 + ag' (a1 + -+ + a,e")
is a unit in R[e]/(e"), and hence so is ag + aje + - - + a,e™. O

Recall that if R is an integral domain, S is a ring and e : R — S is
a ring homomorphism such that e(b) is invertible in S for all 0 # b € R,
then e extends uniquely to ring homomorphism e : Frac(R) — S given by

ay _ €a)
e(3) = ()

Corollary 4.2. Let R,S be integral domains and (R,S,V) € §,, and
suppose ker(dy) = {0}. Then V extends uniquely to a Frac(S)-valued order
n derivation on Frac(R). Moreover, if dy : R — S is the inclusion map
(in which case the assumption that ker(dy) = {0} comes for free), then
Oy : Frac(R) — Frac(S) is also the inclusion map.

For the first part of the statement, it suffices to show e : R — Sl[e]/(e"*!)
extends uniquely to a ring homomorphism e : Frac(R) — Frac(S)[e]/(e"*).
Consider e as a homomorphism R — Frac(S)[e]/(e"™!). It suffices to show
e(b) is invertible for all b # 0.

But ker(dy) = {0}, so dpb # 0 is invertible in Frac(S), and so by Lemma
4.1, e(b) = b + (O1b)e + - - - + (Opb)e™ is invertible in Frac(S)[e]/(e"*1).

If 9 : R — S is the inclusion map, then 0y(%) = % = ¢, and therefore
0o : Frac(R) — Frac(S) is the inclusion map. O

Lemma 4.3. Let k£ C K be fields of characteristic 0 and let (k, K, V) € S,
with 0y the inclusion map. Let a € K be algebraic over k and let f € klt]
be its minimal polynomial. Then there exist unique by, ..., b, € K such that

féla+bie+--+be™) =0in Kle]/ (™).
Proof. We proceed by induction on n.



Base case: n = 0. Note that e : k — K is 0y, which is the inclusion map.
Thus, we have f¢(a) = f(a) = 0. Uniqueness is immediate.

Induction step: Let n > 1 and suppose by,...,b,_1 € K are the unique
elements satisfying f¢(a + bie + -+ + b,_1" ') =0 in K|e|/(e").

Note that since k is a field of characteristic 0 and f is the minimal poly-
nomial of a over k, we have f'(a) # 0. Write f(t) = ajt! + -+ + ag for
ao, . ..,a; € k. Then in Kle|/("), we have

fla+bie+ -+ be")

l
= Y (a5 + @raj)e + -+ (Buag)e™) @+ bre + -+ bye™)

= (CL]‘ + (81aj)5 —+ 4 (8naj)6”)(oz + b1€ —+ -+ bn_1€n_1>J
=0
! j ‘
+ ; a; <1> a?7th,em

=1 f(a, b1, ..., b, 1,0) + f'(@)bye"

which is 0 if and only if b,, = —ﬁmf(a, bi,...,by_1,0). O

Corollary 4.4. Let k C K be fields of characteristic 0 and (k, K, V) € S,
with Jy the inclusion map. Let a € K be algebraic over k. Then V extends
uniquely to a K-valued order n derivation on k(«) such that 9 is the inclusion
mabp.

Proof. Let f € k[t] be the minimal polynomial of « over k. By Lemma 4.3,
there exist unique by,...,b, € K such that f¢(a + bie+---+b,e") =0 in
Kle]/(e"*1). By Proposition 3.4, V extends to a K-valued order n derivation
on k[t] such that Vt = (a,by,...,b,). Then for e : k[t] — Kle]/(e"1), we
have

e(f(t)) = fo(e(t)) = fo(a + bye + - - + bpe™) = 0.

Thus, e extends to a ring homomorphism e : k[t]/(f(t)) — K[e]/(e").
But k[t]/(f(t)) = k(a), and so in fact e extends to a ring homomorphism
e: k(a) = Kle]/(e"™).
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Moreover, e(a) = e(t) = a + bie + -+ - + bpe™, so dyav = . Since 9 is
a ring homomorphism and is the inclusion map on k£ and «, which generate
k(a), 0p is the inclusion map on k(«).

For uniqueness, suppose (k(«a), K,V’) € S, such that V' extends V and
04 : k(o) — K is the inclusion map. Then

0=e(0) =e(f(a)) = f(e(a)) = fY(a+ (Fa)e + - + (T a)")

so by the uniqueness of Lemma 4.3, the values of 0ja, ... 0/ a are fixed.
Hence, the value of e(a) = a + (9ja)e + -+ + (O, «)e™ is fixed. Thus, the
value of e is fixed on k and «, and hence on k(«). O

Proposition 4.5. Let FF C L C K be fields of characteristic 0 and let
(F,K,V) € S, with 0y the inclusion map. Let A be a transcendence basis
for L over F, and fix b, = (b%,... b)) € K" for each a € A arbitrarily
such that b2 = a. Then V extends to a unique K-valued order n derivation
on L such that Va = b, for all a € A and 0 is the inclusion map.

Proof. Note that L = F(A)® N L. Thus, for all « € L, a € F(a)" for
some a = (ai,...,a,) € A". Let % := (b9,... b9) for all m = 0,...,n
and b = (b%,...,0%). Let + = (w1,...,7,) be variables. By Proposi-
tion 3.4, V extends uniquely to a K-valued order n derivation on F[z]| with
Vz = b. Since ay,...,a, are transcendental over F', Flz] = Fla], so V

extends uniquely to a K-valued order n derivation V, on F'[a] with V,a = b.

Moreover, dpa = b® = a by assumption. Since 9y : Fla] — K is a
ring homomorphism and is the inclusion map on F' and a, it is the inclusion
map on Fla]. By Corollary 4.2, V, extends uniquely to a K-valued order n
derivation on F'(a) with dy the inclusion map. By Corollary 4.4, it further
extends uniquely to a K-valued order n derivation on F(a,a) with 0y the
inclusion map.

This demonstrates uniqueness. If a € F(a)® N F(b)"9 for a € A” and
b € A®, then by uniqueness, Vo p)|r(a,0) = Va and Vigp)|ppa) = Ve. Thus,
Voo = Vigpa = Vya. Thus, we get a well-defined map V : L — Kntl
where Va = V,a for some a € A" such that o € F(a)™.

If a,8 € L, then o € F(a)® and 8 € F(b)% for some a € A" and
be A% soa,B,a+ B,aB € F(a,b)¥. Therefore, Op,(a + 8) = Oppar + O
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and O () = D77 (0;0) (O B) for all j = 0,...,n, and dar = a, s0 0 is
the inclusion map. O

Corollary 4.6. Let (R, V) be an existentially closed model of 7,,. Then R
is an algebraically closed field.

Proof. Let 0 # a € R. Since R is an integral domain, by Corollary 4.2, V
extends to an order n derivation on Frac(R). Note that (Frac(R),V) = T,
and extends (R,V). Moreover, since a # 0, (Frac(R),V) = Jb(ab = 1),
hence by existential closure, so does (R, V).

Thus, R =k is a field. Let f € k[t] be a nonconstant polynomial and let
a € k% be a root. Then V extends by inclusion to a k(a)-valued order n
derivation on k, where 0y is the inclusion map, and since k is of characteristic
0, by Corollary 4.4, V extends further to an order n derivation on k(«).
Note that (k(«),V) | T, and extends (k, V). Moreover, since f(a) = 0,
(k(«), V) E Ja(f(a) = 0), hence by existential closure, so does (k, V). Thus,
R = k is an algebraically closed field. ([l

Next, we show existentially closed models of T,, have GA. In fact, we can
prove a slightly stronger statement.

Proposition 4.7. Let (K,V) be an existentially closed model of T,,. Let
X C AL, and Y C 7X be irreducible subvarieties such that (Y is Zariski
dense in X, and let Z C Y be a proper subvariety. Then there is a € X (K)
such that Va € Y(K) \ Z(K).

Proof. Let K[X] := K[z]/I(X) and K[Y] := Kla%, ... 2%]/I(Y). We
know K[X] and K[Y] are integral domains since X and Y are irreducible
subvarieties. Thus, let K(X) and K(Y) be their respective fraction fields.

Since Y is irreducible, it is nonempty, so I(Y) N K = {0}. Therefore,
K C K[Y] and V extends by inclusion to a K[Y]-valued order n derivation
on K.

By Proposition 3.4, V extends further to a K[Y]-valued order n derivation
on K[r] with Vf =7f((2%,...,29%)+ I(Y)) = 7f + I(Y) for all f € K|[z].

Since for all f € I(X), 7,f € I(rX) C I(Y) for all m = 0,...,n, we
have e(f) =1of+(mfle+- -+ (mf)e"+I1(Y) =0+1(Y), so I(X) C ker(e).
Therefore, e extends to K[X]| — (K[Y])[e]/(e"*).

Claim: I(X) = I(Y) N K[z].

12



It’s clear I(X) C I(Y) N K[z] since for every f € I(X), f € K[z] and
f=nfellrX)CI(Y).

Let f € I(Y) N K[z]. Suppose f ¢ I(X). Let Xo C X be the subvariety
defined by adding f to the polynomials defining X. Then 7(Y) C X, C X,
which is a contradiction since 7(Y') is Zariski dense in X. Thus, f € I(X),
so I(Y)NK|x] C I(X), and thus I(X) = I(Y)N K|z]. This proves the claim.

In particular, ¢ : K[X]| — KI[Y] given by o(f + I(X)) = f+ I[(Y) is
a well-defined injective ring homomorphism, so we may identify K[X] as a
subring of K[Y]. And 0y(f+1(X)) =710f+ 1Y) = f+1(Y) = o(f+1(X)),
S0 0y is the inclusion map under this identification.

Note that by Corollary 4.2, V extends to a K(Y')-valued order n deriva-
tion on K (X), with dy the inclusion map, and by Proposition 4.5, V extends
further to an order n derivation on K (Y). Let a:=a2+ I(Y) € K(Y).

Note that Va = 72 + [(Y) = (2%, ..., 2%) + I(Y) by Lemma 3.2(1). In
particular, for all f € K[z%, ... 2%] we have f(Va) = f+ I(Y).

Thus, for all f € I(Y), f(Va) = 0+ I(Y), so Va € Y(K(Y)). And
since I(X) C I(Y), we have Va € X(K(Y)). Furthermore, since Z C Y, fix
fel(Z)\I(Y). Then f(Va)=f+1(Y)# 0+ 1(Y),s0o Va ¢ Z(K(Y)).

Moreover, K C K(Y') with V(b+ I(Y)) =70+ I(Y) = Vb+ I(Y) for all
b=b+I1(Y) € K by Lemma 3.2(1), so this V extends the original V.

By existential closure, there is b € X (K) such that Vb € Y(K) \ Z(K).

O

Now, we work on the converse. That is, we wish to show that all al-
gebraically closed V-fields of characteristic 0 satisfying GA are existentially
closed models of T,,.

Let (R, V) be a V-ring and © = (21, ...,2;). Let {01,...,0,}* denote the
set of all words in the alphabet 0y, ..., 0,, and let A\ denote the empty word.
For each w € {04, ...,0,}*, we introduce a variable z* = (z¥,...,z}") with
2 = x. Then we let R{x} := R[z" : w € {01,...,0,}*], and call R{z} the

ring of n-differential polynomials or V-polynomials.

Although we won’t need it below, we make R{z} into a V-ring by taking
O = 2% for all m = 0,..,n and w € {0y, ...,0,}*. That this defines a
unique order n derivation is left as an exercise.
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We can evaluate elements of R{x} at [-tuples from R, or from V-ring
extensions of R. Indeed, for w € {0,...,0,}* and a € R!, we write wa for
the result of applying the operators 0, ..., 0, to a in the order specified by
w. For f € R{z} and a € R!, we write f(a) for f(wa : w € {0y,...,0,}").
For instance, if f(z) = 222%29 — 4z, and a = (a4, as, as), then we have

f((l) = (6283(12)(81&3) — 4&1.

Proposition 4.8. Let (K,V) C (L,V) be an algebraically closed V-fields
of characteristic 0 where (K, V) has GA. Let x = (z1,..., ;) and suppose
fi,--, fr € K{z} are such that there exists b € L' with f;(b) = 0 for all
j=1,...,r. Then there exists ¢ € K’ such that fj(c) =0forallj =1,...,r,

Proof. Let W be the set of all suffixes of words in {0y, ...,0,}* appearing
in fi,.., f-. For instance, if r = 2, f; = 299 + 32% and f, = 20999 4 1,
then W = {0104, 02, 03,010,405, 0405, 05, \}. Note that W is finite since the
expressions fi, ..., f, are finite, and there are finitely many of them, so they
contain only finitely many variables between them, and each word has only
finitely many suffixes. Let N := |IV|.

Let g1,...,9, be fi1,..., f, considered as elements of K[z" : w € W].
That is, g1, ..., g, are the same polynomials as fi,..., f., but in our notation
for evaluation, we treat them as polynomials in N[ variables, rather than V-
polynomials in [ variables.

Let by = (wb : w € W) € L. Then g;(bw) = f;j(b) = 0 for all
j=1,...,r. Let X :=loc(by/K) C A¥ and Y := loc(Vby /K) C AZTON
where for ¢ € L*, loc(¢/K) denotes the Zariski locus of ¢ over K.

Note that X and Y are irreducible since they are each the Zariski locus of
a point. Note that since by = 7(Vby ) € 7(Y')(L) C X (L) and by is generic
in X, 7(Y) is Zariski dense in X. By GA, there exists a € X(K) such that
Va e Y(K). Write a = (a¥ : w € W).

Let the variables of A%H)M be zfmw = (9" . 29" for each
m =0,...,n and w € W. Write Vby = (9% :m =0,...,n,w € W),
where we have b%7% = 9,,wb for m = 0,...,n and w € W.

Claim: Suppose O,,w € W for some m =0,...,n and w € W. Then we have
Omw w
a’% = 0,,a".

Note that b2 = 9 wb = b= Thus, Vby satisfies 2%0:mw = g0mw
and since Vby, is generic in Y, so does everything in Y. Since Va € Y, we
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have a?% = 9ya?" = 9,,a".

By induction, a® = wa* for all w € W. And for all j =1,...,r, we have
fi(a@*) = g;(a) = 0, since g;(bw) = 0, a € X and by is generic in X. Thus,
a* € K' works. ([l

Note that every atomic formula in L, in the variables =z = (z1,...,2;)

and parameters from a ring R is of the form f = g for f,g € R{x}, where
x¥ represents the string wz; for j = 1,...,l and w € {01,...,0,}". In T,
this is equivalent to the atomic formula f — g = 0, so every atomic formula
is equivalent to one of the form f =0 for f € R{x}.

Theorem 4.9. The existentially closed models of T, are precisely the alge-
braically closed V-fields of characteristic 0 satisfying GA.

Proof. Let (K,V) be an existentially closed model of 7,,. We know K
is an algebraically closed field of characteristic 0. Moreover, by applying
Proposition 4.7 with Z = () C Y since Y is irreducible, we get GA.

Conversely, let (K, V) be an algebraically closed V-field of characteristic
0 satisfying GA.

Suppose (K,V) C (R,V) | T,. Let x = (z1,...,1;) be variables and
() be a finite conjunction of atomic and negated atomic formulas for which
there exists a € R! such that (R, V) | p(a).

Then V extends to an order n derivation on L := (Frac(R))*9. And
a € L' with (L, V) = ¢(a). Let fi,..., fr,91,.-.,9s € K{x} such that

(p('x):fl:O/\"'/\fr:O/\gl#OA"'AQS#O'

Let b; := gj%a) forallj=1,...,sand b = (by,...,bs). Lety = (y1,...,¥s).
Let hj(z,y) :== g;(z)y; — 1 for all j = 1,...,s. Then (a,b) satisfies f; = 0
forall j=1,...,7rand h; =0 for all j =1,...,s. By Proposition 4.8, there
exists (c,d) € K" such that f;(c,d) =0forall j=1,...,r and h;(c,d) =0
forall j =1,...,s. In particular, f;(c) =0forall j=1,...,7 and g;(c) # 0
forall j=1,...,s,s0 (K,V) = ¢(c). Thus, (K, V) is an existentially closed
model of T,,. O

Corollary 4.10. T, admits a model companion.
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Proof. Since T, is a universal theory, it suffices that existentially closed mod-
els of T, are axiomatisable.

Being an algebraically closed V-field of characteristic 0 is clearly elemen-
tary. It remains therefore to verify that GA is first-order axiomatisable.
This is somewhat subtle, though no subtler than the axiomatisability of the
geometric axiom for DC'Fy, and we sketch a proof in the appendix. 0J

Definition 4.11. An n-differentially closed field is an algebraically closed
V-field of characteristic 0 satisfying GA. The theory of n-differentially closed
fields, as axiomatised in the appendix, is denoted D, CFy.

5 Quantifier Elimination

In this section, we will show that D, C'Fy admits Quantifier Elimination.
Note that this is not a consequence of the results in [1].

Lemma 5.1. Let U be an algebraically closed field of characteristic 0 and let
K, L C U be subfields which are algebraically disjoint over a common further
subfield F C KN L. Suppose (K, V) and (L, V) are V-fields and Vg and
V1 agree on F. Then Vg and V[ jointly extend to an order n derivation on
(KL)%,

Proof. Fix a transcendence basis A for K over F'. Since K, L are algebraically
disjoint over F', A is also a transcendence basis for (K L) over L, and so by
Proposition 4.5, V1, extends uniquely to an order n derivation V on (K L)%
with Va = Vika for all a € A. Moreover, Vi|r = Vi|p = V|r extends
uniquely to an order n derivation V' on K with V'a = Vga for all a € A, so
V|k = Vk. O

Proposition 5.2. Suppose (K,V),(L,V) = D,CF, with a common sub-
structure (R,V) = T,. Then there are embeddings f : (K,V) — (M,V)
and g : (L,V) — (M,V) where (M,V) = D,CF, with f|g = g|r.

Proof. Note that by Corollary 4.2 and Proposition 4.5, V extends uniquely
to an order n derivation on F' = (Frac(R))™9, so (F,V) is also a common
substructure, and obviously f|r = g|r implies f|gr = g|g. Thus, without loss
of generality, we may assume R = F = F9.
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Let A be a transcendence basis for K over F' and B := {2%:a € A} be a
set of distinct variables. Let U := L(B)% and K’ := F(B)%. There is a ring
isomorphism p : K — K’ preserving F, since K, K’ are algebraically closed
fields extending F' of the same transcendence degree. B is a transcendence
basis for K’ over F' which is algebraically independent over L in U. Thus,
K’ and L are algebraically disjoint over F.

Define V' := (podyop™t,...,pod,0pt). It is easily checked that this
makes (K’,V’) into a V-field isomorphic to (K,V) via p. By Lemma 5.1,
(K', V') and (L, V) extend to a V-field (U, V) where U = L(B)™9 = (K'L)9,
Since D, CFy is a model companion of T,,, every model of T, embeds into
a model of D,,CFy. Thus, extend (U, V) further to (M,V) = D,CF,. Let
f = t1g opand g := vy, where tgr : K/ — M and ¢, : L — M are
the inclusion maps. Then f : K — M,g : L — M are injective V-ring
homomorphisms satisfying f|r = g|r since p, v and ¢, all fix F. O

Corollary 5.3. D,CFy admits Quantifier Elimination.

Proof. To show D, CFy admits quantifier elimination, it suffices to check
that if (K,V),(L,V) E D,CF, with a common substructure (R, V), ¢(x)
is a conjunction of atomic and negated atomic L,-formulas with parameters
from R, where x is a single variable, and there exists a € K realising ¢(z),
then there also exists b € L realising ¢(z).

Let (K,V),(L,V) = D,CF, with a common substructure (R, V), and
let p(z) be a conjunction of atomic and negated atomic L,-formulas with pa-
rameters from R with a € K realising ¢(z). By Proposition 5.2, amalgamate
(K,V),(L,V) E D,CFyinto (M, V) = D,CF,. Then (M,V) = T, extends
(L,V) = D,CF, and a € M realises ¢(z), hence by existential closure,
there exists b € L realising ¢(x). It follows that D,CFy admits quantifier
elimination. 0

6 Stability

We may ask whether or not D, C'Fj is stable or w-stable. Note that D CFj
corresponds to DC'Fy, which is known to be w-stable, and in particular stable.
However, we will show that for n > 2, D, C'Fy is stable but not w-stable.
Specifically, it is c-stable, where ¢ is the cardinality of the continuum.
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Recall that if (K, V) = D,CFy, AC K and ¢ € K', then tp(c/A) denotes
the type of ¢ over A, i.e. the set of L,-formulas ¢(x) with parameters from
A, where x = (21, ..., 7), such that (K, V) = ¢(c).

Proposition 6.1. D, C'Fj is not w-stable for all n > 2.

Proof. Consider the field F := @(xg) : S C N,j € N), where xgj) are
variables for all S C N and j € N. Let 0y : Q — F be the inclusion map
and 0, : Q — F be the zero map for m = 1,...,n. Then (Q, F,V) € S,.
By Proposition 4.5, we can extend V to an order n derivation on F'in such
a way that for all S C N,

° 81:1% = xf;rl for all j

, 1 ifjes
Oangs:{ J

0 else

e Jpal =0 for all m > 2 and all j

Since D, C'Fy is a model companion of T,, (F,V) [ T, embeds into
(M,V) = D,CFy.

Let S,S" C Nwith S # 5. Without loss of generality, suppose m € S\ S’
Then 828?15629) =1#0= 823{%(5?,), SO tp(xg])/@) # tp(xg),)/(@).

But then D, CF, is not w-stable because there are uncountably many
complete types over Q. O

Note that for all (K,V) | D,CF, and parameters A C K, it can
be shown that dcl(A) = Q(wa : w € {04,...,0,}*,a € A) and that
acl(A) = (dcl(A))*%, using quantifier elimination. We leave this to the reader
to verify as it isn’t strictly necessary for the proof below. However, it may
aid in intuition.

Proposition 6.2. D, C'Fj is c¢-stable for all n € N.

Proof. List the countably many words {0y,...,0,}* as wg,ws,... and let
(K,V) = D,CF, and A C K with |A| = c.

Let k = dcl(A) = Q(wa : w € {01,...,0,}",a € A). Note that
|k| = ¢ since elements of k are of the form f(wjay,...,w)a;) for some rational
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function f € Q(z1,...,2;), wi,...,w, € {O,...,0,}" and ay,...,a; € A,
where | [,cy Q(z1, ..., 20) x ({O1,...,0,}) x Al =c.

For each | € N and b € K, let kY := k(wob, ..., w_1b). Either w;b is
algebraic over kP, in which case let f? be its minimal polynomial over k!, or
it is transcendental over kY, in which case let f? be the zero polynomial. Fix
gt € k(z¥, ... x¥-1)[x;] such that gP(wgb, ..., w,_1b) = f}.

Claim: Suppose b,c¢ € K such that g” = g¢ for all | € N. Then we have
tp(b/A) = tp(c/A).

By quantifier elimination, it suffices to show b, ¢ agree on all atomic formu-
las with parameters from A, that is that for all f € k{x}, f(b) = 0 if and only
if f(c) =0. Soif f € k[z*°,... 2] for some | € N, then f(wgb, ..., wb) =0
if and only if f(woc,...,wic) = 0.

Suppose tp(b/A) # tp(c/A), and without loss of generality, suppose there
is f € k[z", ... z*] for some minimal [ € N with f(wob, ..., wb) = 0 but
f(woe, ..., wie) #0.

Let f° := f(wob, ..., w;_1b) € kP[z*]. Then f°(w;b) = 0. Suppose f° = 0.
Then f doesn’t depend on z*!, contradicting the minimality of [. Thus,
J2 #0, so wyb is algebraic over k.

Since f? is the minimal polynomial of w;b over k¥, we have that f? divides
1% So there exists g € k(z™0, ..., z¥-1)[z*!] such that

gf (wob, . .., wi_1b)g(wob, . .., wi_1b) = f(wgb, ..., wi_1b).

Suppose that gP(woc, ..., w_1c)g(wec, ..., wi_1¢) # f(woe, ..., w_ic).
Then by clearing denominators and moving everything to one side, we get
that h(woc,...,wi—1c) # 0 but that h(web,...,w;_1b) = 0 for some
ho= > _ohi(x®) € klz*o, ..., a”=][z*]. Then for some j = 0,...,r,
h;j(woc, ..., wi—1c) # 0 but hj(web, ..., w,_1b) = 0, contradicting the mini-
mality of [.

So gb(woc, ..., wi_1c)h(wee, ..., wi_ic) = f(woc,...,w_1c), where we
have that g?(woc, ..., wi_ic) = g(woc, . .., w_ic) = f£, by definition.

Then 0 # f(woc,...,wic) = ff(we)h(woe, ..., wi_1c,wiec) = 0, where
the last equality is because f; is the minimal polynomial of w;c. This is a
contradiction, proving that tp(b/A) = tp(c/A).
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So tp(b/A) is fully specified by an element of [], . k(z"™, ... ""~1)[z].
Since |k(z*°, ..., "=1)[x]| = ¢ for all [ € N, we have that

T kG, )] = =

leN

so D, CFy is c-stable. O

Appendix

In this appendix, we're going to sketch the proof that GA can be expressed
in 1st order, and thus D,,C'F, can be axiomatised.

The difficulty in showing that GA is axiomatisable arises mainly from
expressing Zariski density and irreducibility. Ultimately, these are statements
about polynomials. It is possible to quantify over polynomials of bounded
degree, but not polynomials of arbitrary degree, so we will need several results
giving us bounds on the degrees of polynomials.

Lemma A1l. Given fixed r,d € N, there exists N € N such that for every
field k, variables © = (z1,..., ;) and a single variable ¢, if fi, .., f. € k[z, 1]
are of (total) degree at most d and I C (fi,..., f,) Nk[z] is a prime ideal of
k[x] containing every element of (f1,..., f;) Nk[z] of degree at most N, then
we have I = (f1,..., fr) Nk[x].

Sketch of proof. Note that k[z]/I is an integral domain since [ is a prime
ideal. Let K := Frac(k[z]/I). Using the Euclidean algorithm in K[t] and
clearing denominators, we get that there exist g1,...,9,p1,-..,pr € k[x,{]
and ay,...,a, € k[z]\ I such that for g := g1 f1 + -+ + g, f», we have that
a;fj —pjg € I for all j = 1,...,r. By careful analysis of the Euclidean
algorithm, we can obtain a bound N on the degree of g depending only on
r,d.

Let h = hafi + -+ hofr € (fr,..., fr) N Ek[z]. If h ¢ I, then we have
aj---a.h € k[z] \ I since I is a prime ideal. But

a-ah+1=ay---ahifi+---+a--ah fr +1
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= (a2 - a;hapr -+ a1 arahypr)g + 1

sopg =ay---ah+be€ R\ I for some p € klz,t] and b € I. Thus, g ¢ I.
Furthermore, p # 0 and since pg is independent of ¢, so is g. Therefore,
g € (f1,..., fr)Nk[z] is of degree at most N, so g € I. This is a contradiction.
Thus, h € I, so I = (fi,..., fr) Nk[z]. O

We can use this lemma to deal with Zariski denseness in GA. We'll also
need to make use of the following two facts from Schmidt and van den Dries

2]:

1. Given fixed [,d € N, there exists N € N such that for every field k,
variables x = (z1,...,2;) and all fi,..., f., f € k[z] of degree at most

dwith f € (fi,..., fr), f=agfi+...+ g-fr for some gq,..., g, € k[x]
of degree at most N.

2. Given fixed [,d € N, there exists N € N such that for every field k,
variables © = (z1,...,x;) and all fi,..., f, € k[z] of degree at most d,
if for all f, g € k[x] of degree at most N with fg € (fi,..., f,), we have
fe(fi,--osfr)orge (fi,..., fr), then (fi,..., f.) is a prime ideal of
klz] or 1 € (f1,..., fr).

Fact 1 tells us that it is possible to express in 1st order that a particular
polynomial lies in an ideal, given bounds on its degree and the degree of the
generators of the ideal. Facts 1 and 2 together tell us that it is possible to
express in 1st order that an ideal is prime, given bounds on the degree of the
generators of that ideal.

With that, we may now define D, C'F, as a set of axioms. These will
consist of the axioms of algebraically closed V-fields of characteristic 0, plus

one additional axiom for every fixed [, d, rq, ..., 1, € N, stating the following,
where N is some bound dependent on d,ry,..., 7, given by Lemma Al:
Let v = (y1,....uym) = (2%,... ,x?l, cad ,xla"). For every

J=0,...,In, fix fj1,..., fir, € klz,91,...,y;] of (total) degree at most
d, and let I; := (fj1,..., fir,) € k[z,y1,...,y;]. Suppose that fi; € I
forall 7 = 0,...,in —1 and j = 1,...,r; and that 7,,fo,; € I, for all
m =20,...,nand j =0,...,79. Suppose moreover that I, is a prime ideal
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of k[x,y1,...,y;] for all j = 0,...,In, and for all j = 0,...,In — 1, every
element of 1,11 Nk[z,yi,...,y;| of degree at most N lies in I;. Then there
exists a € k! such that fi, ;(Va)=0forall j=1,... 1.

We’ve justified that this can be phrased in first order. It remains to show
that D,,C'Fj indeed axiomatises the algebraically closed fields of characteristic
0 satisfying GA.

Proposition A2. (k,V) = D,CF, if and only if (k, V) is an algebraically
closed field of characteristic 0 satisfying GA.

Proof. Suppose (k,V) is an algebraically closed V-field of characteristic 0
satisfying GA, and fix I, d,ro,...,r, € Nand fj1,..., fir, € K[z, 91,..., 9]
for all 7 =0,...,In as above.

Let X C Al be the subvariety defined by fo1,. .., for, and ¥ C ALY
be the subvariety defined by fi,1,..., finsr,,-

Since Iy = (fo1,-- - foro) and Iy = (finas - - -5 fing,,) ave prime ideals, X
and Y are irreducible subvarieties with I(X) = Iy and I(Y') = I,.

Note that for all f € I(X), we have f = hyfo1 + -+ + hyy for, for some
hi,..., hyy € k[z]. Tt follows from Proposition 3.4, evaluating at (x,y), that
(k[z], k[x,y],T) € S, so for all m =0,...,n, we have

Tmf Z Tjhl Tm— ijl +Z T] ro 7—m ijro) elln
7=0

since 7, fo; € I forallm =0,...,nand j =1,... 7. Thus, I[(7X) C I(Y),
soY C17X.

By Lemma Al, we have I; = I .1 Nk[z,y1,...,y;] forall j =0,...,In—1,
and thus I(Y) Nk[x] = I;, N klz] = Iy = I(X). Thus, n(Y) is Zariski dense
in X, so by the geometric axiom, there exists a € X (k) C K' such that
Va € Y (k). Then fy,;(Va) = 0 for all j = 1,...,r,,. Since (k,V) is an
algebraically closed V-field of characteristic 0, (k, V) | D, CF.

Conversely, let (k,V) &= D,CF,. We know (k,V) is an algebraically
closed V-field of characteristic 0. We wish to show it has GA.

22



Let X C Al and Y C 7X be irreducible subvarieties such that w(Y) is
Zariski dense in X.

Note that I; :== I(Y) N k[z,y,...,y;] is a prime ideal of k[z, y1, ..., y;]
forall j =0,...,in, and I(X) = I(Y) Nk[z] = I,. Forall j =0,...,In, fix
fj71, . 7fj,r]- - l{?[ZE,yl, . 7yj] such that ](Y)ﬂk’[yl, . ,yj] = (fj,la .. .7fj77,].).

We have f;; € [; C ;4 foralli =0,...,In—1and j =1,...,r;, and
Tmfo; € I(1X) CI(Y) forall m=0,...,nand j =0,...,79. And we have
Ij+1 N k[.ﬁE,yl, c. >yj] = [j'

Fix d € N such that deg(f;;) < dforalli=0,....,lnand j =1,... 7.
By the axiom with I,d, 7o, ..., r,, we have that there exists a € k' such that

finj(Va) = 0 for all j = 1,...,7,. But then Va € Y (k), and therefore
a=m(Va)en(Y)(k) Cn(rX)(k) = X(k), so GA holds. O

23



References

[1] R. Moosa and T. Scanlon. Model theory of fields with free operators in
characteristic zero. Journal of Mathematical Logic, 14(2):1450009, 2014.

2] K. Schmidt and L. van den Dries. Bounds in the theory of polynomial

rings over fields. A nonstandard approach. Inventiones mathematicae,
76:77-92, 1984.

[3] M. Ziegler. Separably closed fields with Hasse derivations. The Journal
of Symbolic Logic, 68(1):311-318, 2003.

24



	Abstract
	1  Introduction
	2  -rings
	3  Prolongations
	4  Model Companion
	5  Quantifier Elimination
	6  Stability
	Appendix
	References

