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1 Introduction

In [4], Hrushovski refutes a conjecture of Zilber by constructing a strongly minimal structure with certain
geometric properties. The first part of this construction consists of extracting a limit structure from a class of
finite structures via an adaptation of Fraissé’s amalgamation construction; we are interested in generalizations
of the construction of this limit structure.

In [5], Wagner presents an axiomatization of the construction of Hrushovski’s limit structure. In [1],
Droste and Gobel present a very abstract category theoretic construction that generalizes that of [5]. In this
paper, we construct a limit structure in an intermediate level of abstraction: we generalize the construction
of [5] using concepts from category theory, but we keep our focus on structures and embeddings, rather than
going into the full generality of categories.

For a formal statement of our main result, see Theorem 4.8. Informally, suppose C is a category whose
objects are some class of structures and whose morphisms are some class of embeddings; further suppose
that all the objects of C are well-approximated by the finitely generated objects of C (see Definition 3.8 for a
precise definition). We can relativize familiar model-theoretic concepts such as universality, homogeneity,
JEP, and AP to the category C; see Definition 3.2 and Definition 4.1. For example, an object X of C is
universal with respect to the finitely generated objects of C if for every finitely generated object A of C, there
is a morphism A — X. Our main result is that C has an object that is universal and homogeneous with
respect to the finitely generated objects of C if and only if the finitely generated objects of C have JEP and
AP; furthermore, if such an object exists, it is unique up to an isomorphism in C.

In Section 2, we give a brief overview of Wagner’s axiomatization of Hrushovski’s limit construction, as
presented by Ferreira in [2, Section 4.1]. In Section 3, we present our w-generated categories of L-structures
and show that they cover the setting of Hrushovski amalgamations. In Section 4, we prove our generalization.

In this paper, we draw on both category theory and model theory. Some confusion may arise when dealing
with a category of L-structures and L-embeddings such that the categorical and model-theoretic notions of
isomorphism and automorphism do not coincide. To avoid confusion, whenever we are discussing the model
theoretic notion, we will prefix it with the language in question; whenever we are discussing the categorical
notion, we will prefix it the category in question. So “L-automorphism” and “L-isomorphism” refer to the
model theory notions, while “C-automorphism” and “C-isomorphism” refer to the categorical notions.

I would like to thank NSERC for funding the research that lead to this paper. This article is not intended for publication.



Given a language L, we denote by Ky the category whose objects are all the L-structures and whose
morphisms are all the L-embeddings. We can then justify our notation “L-isomorphism” by viewing L as
standing in for Ky,

“Countable” means having cardinality at most Ny.

2 Amalgamation via Predimension

We present a summarized version of the results in [2, Section 4.1], which is itself a presentation of the results
of [5]. While not all of the statements in this section appear in [2], the ones that don’t follow without much
effort. One should note that the construction in [2], and thus the one presented here, is less general than the
original presentation in [5].

For this section, it is convenient to allow structures with empty domain.
Definition 2.1. Let L be a countable relational language. Let S be a class of finite L-structures closed

under substructures and L-isomorphisms, and containing countably many structures (up to L-isomorphism).
A predimension on S is a real-valued function §: S — [0, 00) such that the following hold:

L. 6(0) =o.

2. Suppose A, B € §. Suppose AB € S is an L-structure of domain AU B. Then §(AB) + §(AN B) <
0(A) 4+ 4(B).

3. If A, B € § are L-isomorphic, then §(A) = 6(B).
4. There is no chain Ay C A; C ... with 4; € S and 0(A4;) > §(A;11) for each i < w.
Given a predimension on S, we define a binary relation < strengthening C.

Definition 2.2. Suppose ¢ is a predimension on S. Suppose A, B € S. We say A < B (A is closed in B) if
ACBand §(A) <§(B') for all AC B’ C B.

Note that if § is a predimension on S, then () < A for all A € S; this is simply because §(()) = 0 is the
minimum value of §: § — [0, c0).

Definition 2.3. Suppose § is a predimension on S§. Suppose we have A, B € S and an L-embedding
f: A— B. We say f is a strong embedding if f(4) < B.

It easily follows that L-isomorphisms are strong.
Ezample 2.4 ([2, Definition 5.1.1]). Let L = { R} consist of a single ternary relation symbol. Given an
L-structure A, let
R[A] = {(a,b,c) € dom(A)* : A |= R(a,b,c)}
Given a finite L-structure A, let 6(A) = |A| — |R[A]|. Let S be the class of finite L-structures A such that for
all substructures A’ C A, we have 6(A’) > 0. Then ¢ is a predimension on S.

Definition 2.5. Suppose § be a predimension on S. We say (S, <) has the <-amalgamation property
if whenever A, B,C € §, A < B, and A < C, we have some D € S and strong embeddings f: B — D,
g: C — D such that f|a = g|a.

Ezample 2.6. Let S and § be as in Example 2.4. Then (S, <) has the <-amalgamation property.

Definition 2.7. Suppose D is an L-structure. We define age(D), the age of D, to be the class of finitely
generated L-structures A such that there is an L-embedding from A to D. (Note that in the case of a
relational language, we can replace “finitely generated” with “finite”.)

Given a predimension § on S, it is convenient to talk about strong embeddings on certain infinite L-
structures; to this end, we define an extension of S and <. Let S be the class of L-structures D such that
age(D) C S. We extend < to S x S by letting A < B if A C B and whenever A C C Cg, B, we have
§(A) < 6(C). We then extend this to S x S by letting A < B if for all C Cg, A such that C' < A, we
have C' < B. (See [2] for a brief justification that these are, in fact, extensions.) We also use the analogous
definition of a strong embedding between structures in S.

The following results can be derived from [2, Section 4.1].



Proposition 2.8. Suppose § is a predimension on S. Then < satisfies the following properties as a relation
on S:

1. < is reflexive and transitive.

2. < is invariant under L-isomorphism. i.e. If f: B — B’ is an L-embedding, then for any A C B, we
have A < B if and only if f(A) < f(B).

3. For all A€ S, we have § < A.
4. Suppose A,B,C €S and AC BC C. Then if A< C, we have A < B.

5. Suppose C € S, A Cqn C. Then there is a B € S such that A C B < C and for any B' € S such that
AC B <C, we have B C B’. We denote this B by clg(A).

Theorem 2.9 ([2, Theorems 4.1.12 and 4.1.13]). Suppose § is a predimension on S and (S,<) has the
<-amalgamation property. Then there is a countable L-structure D such that the following holds:

1. age(D)C S

2. D is <-homogeneous; that is, any L-isomorphism between finite closed substructures of D extends to
an L-automorphism of D.

3. D is <-universal; that is, given A € S, there is a strong embedding f: A — D.

Furthermore, this structure is unique up to L-isomorphism. We call this structure the generic model of

(8, 9).

The generic model is constructed by inductively building a suitable chain of finite L-structures and taking
their union. That this structure is <-universal follows from the construction of the chain; uniqueness and
<-homogeneity follow from a back-and-forth argument.

Using Theorem 2.9 as a model, we wish to abstract away the use of the predimension; we will instead focus
on the strong embeddings, and examine the existence and uniqueness of a universal homogeneous object.

3 w-Generated Categories of L-structures

In the discussion of the previous section, the amalgamation was constructed with reference to the strong
embeddings and their properties; little reference was made to the predimension itself, beyond defining the
strong embeddings and proving some of their properties. A natural question is whether we can abstract away
the predimension, and look only at the embeddings. This would be a statement about structures and the
embeddings between them; category theory provides a natural framework for this question. In this section,
we develop the setting in which we will work.

We begin by trying to phrase our question in a more categorical language. To that end, we define our
primary object of study:

Definition 3.1. Let L be a language (not necessarily countable or relational). A category of L-structures
is any subcategory of ICr; that is, some class of L-structures and some class of L-embeddings between them
that form a category. If C is a category of L-structures, we use the term C-embedding to refer to a morphism
of C. For an L-structure A, we write A € C to denote that A € ob(C). We use C;q. to denote the full
subcategory of finitely generated (in the model theory sense) objects of C; that is,

ob(Csg.) = { X € 0b(C) : X finitely generated as an L-structure }

and given A, B € ob(C; g.), we have home, , (A, B) = hom¢(A, B).

We would like to ask when a universal homogeneous (with respect to Ci4.) object exists; we thus need
precise definitions of “universal” and “homogeneous”. For this, we use the following definitions from [1].



Definition 3.2. Suppose C is any category, C* a full subcategory of C, and X € ob(C). We say X is
C*-universal if for every A € ob(C*), there is a morphism f: A — X. We say X is C*-homogeneous if
given A € ob(C*) and morphisms f,g: A — X, there is an automorphism ¢: X — X such that the following
diagram commutes:

A—f>X

b A

X

(Recall that in category theory, an isomorphism is a morphism with a two-sided inverse, and an automorphism
is an isomorphism from an object to itself.)

If C is a category of L-structures, then D € C is C*-universal if and only if every element of C* has a
C-embedding into D; also, D is C*-homogeneous if and only if every C-isomorphism between objects of C*
that C-embed into D extends to a C-automorphism of D.

We can then state our question as follows:

Question 3.3. Given a category C of L-structures, when can we find a C¢ ; -universal, Ct z -homogeneous object
of C? Furthermore, will such an object be unique up to C-isomorphism, as it is in the predimension case?

FEzample 3.4. Suppose L is a countable relational language. Suppose S is a class of finite L-structures closed
under substructures and L-isomorphisms, and containing countably many structures up to L-isomorphism;
suppose J is a predimension on S. Let C be the category whose objects are the countable structures in S and
whose morphisms the strong embeddings.

We check that C is indeed a category. Recall from Proposition 2.8 that < is reflexive, transitive, and
isomorphism-invariant on S, and hence on the objects of C. That the identity map on a given structure is
strong follows from reflexivity of <; that composition is associative is trivial. It remains to verify that the
composition of strong embeddings is a strong embedding. Suppose we have strong embeddings f: A — B and
g: B — C. Then f(A) < B. By invariance of < under L-isomorphism, we then have that g(f(4)) < g(B).
But we also have that g(B) < C. So, by transitivity of <, we have g(f(A)) < C, and g o f is strong. So C is
a category. By checking the definition, we see that C is a category of L-structures.

It follows immediately from the definitions that an object of C is C;, -universal if and only if it is
<-universal. Furthermore, an object of C is C ;. -homogeneous if and only if it is <-homogeneous; this follows
from the fact that all L-isomorphisms are strong embeddings. So Question 3.3 in this case is partially
answered by Theorem 2.9.

Before tackling Question 3.3 in the general case, we need to translate another notion from model theory
to category theory. Given a chain of substructures, we can take their union to be the structure whose
universe is the union of the universes of the structures of the chain, whose constants are the constants of the
structures of the chain (which are necessarily all equal), and whose functions and relations are the unions
of the functions and relations of the structures of the chain (which necessarily extend each other); we call
this the model-theoretic union. We would like a more general notion of union that doesn’t rely on an
identified subset embedding; to this end, we use the following notions from category theory.

Definition 3.5. Suppose C is any category. Suppose we have objects (X; : ¢ < w) and morphisms
fij: Xy = X for i < j < w such that for all ¢ < k < j < w, the following diagram commutes:

X, fir X,

fis Jfkj (1)
X

Then the pair (X, f;;) is an w-indexed directed system. (All directed systems in this paper will be
w-indexed, so we will hereafter simply use the term “directed system”.) It is convenient to allow f;; to denote
idx,; observe that this respects (1).

Suppose (X;, fi;) is a directed system. A direct limit of (X, f;;) is a pair (X, fio) of an object X € ob(C)
and a family of morphisms f;.,: X; — X such that the following holds:



1. For every i < j < w, the following diagram commutes:

X,‘%Xj

w [

X

2. Given any such pair (Y;, f/..) satisfying Item 1, we have a unique morphism u: X — Y such that for

all i < w, the following diagram commutes:

X; fioco

/|

’
i

X
Y

FEzample 3.6. Let L be a language. Suppose Xo C X; C ... is a chain of L-structures. Then, letting
fij: Xi = X, be the inclusion maps for ¢ < j, it is easily seen that fi; = fi; o fir for ¢ < k < j; thus (X, fi;)
is a directed system in K. Let X be the model-theoretic union of the chain, and f;s: X; — X the inclusion
maps. Then (X, fi) is a direct limit of (X, fi;) in K.

Note that when a category C of L-structures doesn’t contain all L-embeddings as C-embeddings, the
correspondence between direct limit and model-theoretic unions no longer applies. For example, the following
situations might occur:

e A direct limit exists but the model-theoretic union is not an object of the category.
e The model-theoretic union is an object of the category but no direct limit exists.

e A chain of substructures (A4; : i < w) such that the model-theoretic union A is in C and all the inclusion
maps fi;j: A; = Aj and fieo: A; — A are C-embeddings, but (A4, fiw) is not a direct limit of (4,, fi;);
furthermore, (4;, f;;) has a direct limit in C that is not C-isomorphic to A.

The following three facts follow from diagram chasing.
Fact 3.7.

1. Suppose C is a category of L-structures. Suppose Ag C Ay C ... (that is, they are substructures in
the model theory sense) with each A; € C; let A be the model-theoretic union of the A;. Suppose the
inclusion maps A; — A; are in fact C-embeddings; further suppose that A € C and the inclusion maps
A; — A are C-embeddings. Finally, suppose that (X, fioo) is a direct limit of (A, fi;) inC. Then X
and A are L-isomorphic.

2. Suppose C is any category, (A;, fij) a direct system in C. Suppose (X, fico) and (Y, fl.) are direct
limits of (A;, fij) in C. Then X andY are C-isomorphic by a unique C-isomorphism.

3. Suppose C is any category. Suppose (X;, fi;) is a directed system in C with direct limit (X, fico). Suppose
(Xn, 11 <w) is a subsequence. Then (X, fn,00) is a direct limit of (Xp,, frin;)-

We restrict our attention to categories of L-structures that are controlled by the finitely generated objects
via direct limits. This is formalized in the following definition.

Definition 3.8. Suppose C is a category of L-structures. Then C is w-generated if the following hold:
G1 For every A € Cr s, |A] < No.
G2 (i, has no more than 8y objects up to C-isomorphism.

G3 Every directed system in C¢ 4. has a direct limit in C.



G4 Given X € C, there is a directed system (X, f;;) in Ct . and C-embeddings fio such that (X, fioo) is a
direct limit of (X, f;;) in C.

G5 Suppose (X;, fi;) is a direct system in C¢ o with (X, fioo) as a direct limit in C. Suppose A € C¢. and
g: A — X is a C-embedding. Then there is some iy < w and C-embedding ¢': A — X;, such that the
following diagram commutes:

AL)XZO

-

X

In the setting of w-generated categories of L-structures, we will be able to give an exact characterization
of when a universal homogeneous object exists; we will see this in Section 4. We devote the remainder of
this section to showing that the predimension situation of Section 2 gives rise to an w-generated category of
L-structures, and that the C¢ 4 -universal, Ct o -homogeneous objects there are precisely the generic models.

Proposition 3.9. Suppose L is a countable relational language. Suppose S is a class of finite L-structures
closed under substructures and L-isomorphisms, and containing countably many structures up to L-isomorphism;
suppose & is a predimension on S. Let C be the category whose objects are the countable structures in S and
whose morphisms are the strong embeddings. Then C is an w-generated category of L-structures.

Proof. We showed in Example 3.4 that C is a category of L-structures; it remains to show that C is w-generated.
One can easily check that the objects in Cr . are exactly the elements of S.
The following lemma will be useful in proving that G1-G5 hold:

Lemma 3.10. Suppose By < By < ... are in S. Let B be their model-theoretic union. Then B € S, B is
countable, and B; < B for each i < w. Furthermore, let g;j: B; — B; and gis: B; — B be the inclusion
maps (which are then strong embeddings); then (B;, gij) is a directed system in C of which (B, i) is a direct
limit.

Proof of Lemma 3.10. B is the countable union of finite L-structures, and therefore countable. To show that
B € S, we check that age(B) C S. Suppose C is a finite L-structure, y: C — B an L-embedding. Then
X(C) Cqn B, and therefore x(C) is a substructure of one of the B; € S; since S is closed under substructures
and L-isomorphism, we then have that C € S. So B € S.

We now check that B; < B for each ¢ < w. Suppose ¢ < w. Let C = clg(B;) (see Item 5 of Proposition 2.8).
Then C Cgy B, so there is some j < w such that C' C By; clearly j > 4. But then B; C C' C B; and B; < By;
so B; < C by Proposition 2.8. But by definition of clg, C < B. So B; < B.

That (B;, gi;) is a directed system in C is clear.

Since the g;; and g, are inclusion maps, it is also clear that the following diagram commutes for every
1<) <w:

gij
B; 2 Bj

!]& l 7o

B

It then remains to check that if we have a countable Y € S and strong embeddings 7;: B; — Y such that
for all i < j < w, the following diagram commutes:

gij
Bi *]>BJ

N,

Y



then there is a unique strong embedding u: X — Y such that for all ¢ < w, the following diagram commutes:
Bi Jioco

— B
Y
Suppose we have such Y and n;: B; — Y. Then, since the g;; are inclusion maps, the n; is a chain of
L-embeddings. Let u be the union of the n; (an L-embedding). Then clearly the following diagram commutes
for each i < w:

Gioco

Y

Y

Note that we have yet to show that u is a strong embedding.
We claim that u is a strong embedding; we need to show that u(B) <Y. Suppose that C' Cg,, u(B) and
C < wu(B). But C is finite, and

i<w
so there is some ¢ < w such that C' C u(B;) C u(B). But then by Proposition 2.8, we have C' < u(B;). But
u(B;) = n;(B;) <Y, since 7; is a strong embedding. So, by transitivity of <, we have C <Y. So w is indeed
a strong embedding.
It remains to check that u is unique. Suppose v is a strong embedding such that the following diagram
commutes for all i < w:

B, 2=, B
Y lfu
Y

Suppose b € B. Pick some ¢ < w such that b € B;. Then v(b) = 1;(b). So v is determined by the #;, and is
thus unique. 0 Lemma 3.10

We now continue with the proof of Proposition 3.9.
G1 By definition of C, all of its objects are countable; thus all objects of C¢ 4. are countable.

G2 Recall that in the definition of a predimension, we required that &, and thus C¢ ., have countably many
L-isomorphism types; G2 then follows by recalling that L-isomorphisms are strong embeddings.

G3 Suppose (A;, fij) is a directed system in (S, <). S is closed under L-isomorphism, so by inductively
relabeling the domains of the A; appropriately we can find a chain By C B; C ... of structures in &
and L-isomorphisms ¢;: A; — B; such that for every ¢ < j < w, the following diagram commutes:

l (2)

where g;;: B; — B, is the inclusion map. In principle, we have yet to show that g;; is a strong
embedding. Given the B; and the g;;, however, we note that

gij © @i = @j 0 fi;
= gij = ;o fijop;

EN |



and thus that g;; is indeed a strong embedding.
We now let B be the model-theoretic union of the B;, and let g;o,: B; — B be the inclusion maps.

Then, by Lemma 3.10, B € C, each B; < B, and the g, are strong embeddings; furthermore, (B, g;oo0)
is a direct limit of (B, g;;). It is then a simple matter of diagram chasing to show that (B, gisc © ;) is
a direct limit of (A4, f;;) in C.

G4 Suppose X € C. If X is finite, then (X,idx) is a direct limit of (X,idx), so G4 trivially holds. If
| X| = R, enumerate X as (z; : 4 < w).
Let Xo = 0. Given X, let X; 11 = clx(X;U{z;}) €S. Then clearly X is the model-theoretic union of
the X;. Let f;;: X; = X, and fio: X; = X be the inclusion maps. By definition of clx, each fi is
a strong embedding. For i < j < w, note that X; C X; € X and X; < X thus, by Proposition 2.8,
X, < Xj, and each f;; is a strong embedding. Then by Lemma 3.10, (X;, fi;) is a directed system in
(S, <) of which (X, fico) is a direct limit.

G5 Suppose (X;, fi;) is a directed system in (S, <) of which (X, fis) is a direct limit.
X = U fioo(Xi)
i<w

(the model-theoretic union).

Proof. Let YV; = fioo(X;). Then Y; € age(X), so Y; € S. That Y; C Y,y follows from the fact that
fico = f(i+1)00 © fi(i+1)- Let Y be the model-theoretic union

Uv

<w
Each V; C X, so Y C X. Furthermore, X € C, so |X| < Ny and age(X) C S, so |Y] < Ry and
age(Y) € §,s0Y € C. We claim that Y < X. To see this, suppose C Cgp, Y and C < Y. Then
C CY; CY for some i < w; then by Proposition 2.8, C' <Y;. But Y; < X since f; is a C-embedding;
so C < X. SoY < X. Furthermore, noting that Y; CY C X and Y; < X, Proposition 2.8 yields that
Y; <Y for each i < w.
Now, let 9;: X; = Y be defined by ¢;(z) = fiso(z). These are clearly L-embeddings; that they are
strong embeddings follows from the fact that ¥;(X;) = fieo(X;) = Y; <Y. Furthermore, by properties
of the f;oc we have that the following diagram commutes for each ¢ < j < co:

fij

Then, since (X, fis) is a direct limit of (X, f;;) there is a unique strong embedding u: X — Y such
that the following diagram commutes for each i < w:

x, Ly x
Y

Now, let u’: Y — X be the inclusion map; then u’ is a strong embedding since Y < X. By definition of
1, the following diagram commutes for each i < w:



Then:

u' ouo fiee =u 09

But there is supposed to be a unique strong embedding v: X — X such that v o f;oc = fico for all
1 < w, and clearly the identity map is such a C-embedding; so v’ o u = idx. So v/, the inclusion map
from Y to X, is surjective; so X =Y. O Claim 3.11

We now show G5. Suppose we have A € S and a strong embedding g: A — X. Then g(A) is finite,
so there is some i < w such that g(A) C fio(X;) C X. But g(4) < X, so by Proposition 2.8,
g(A) < fino(X;). Let ¢': A — X; be ¢'(2) = f2}(g(2)); then ¢’ is an L-embedding. The invariance of

< under L-isomorphism tells us that since g(A) < fino(X;), we have ¢'(A) = f;-1(g(A)) < X;, and ¢’ is
a strong embedding. Furthermore, the following diagram commutes:

X lfioo
X
So G5 holds.
So C is an w-generated category of L-structures. [0 Proposition 3.9

Proposition 3.12. Suppose C is as in Proposition 3.9. Then an L-structure X is a generic model of (S, <)
if and only if X € C and X is C; z -universal and Cy 4. -homogeneous in C.

Proof.

(=) Suppose X is a generic model of (S, <). By definition of the generic model, we have |X| < ¥, and
age(X) C S, so X € C. We also have that X is <-universal and <-homogeneous; by Example 3.4, we
then have that X is Cr g -universal and Cr ¢ -homogeneous.

(<= Suppose X € C is Cs 4 -universal and Cr , -homogeneous. Since X € C, it follows that | X| < Ny and
age(X) C S. Furthermore, by Example 3.4, we find that X is <-universal and <-homogeneous; so X is
a generic model of (S, <).

1 Proposition 3.12

4 Amalgamation over w-Generated Categories of L-structures

The results of this section, being of an intermediate level of abstraction, have similarities to both the full
categorical generalization and the more concrete construction of Fraissé. In particular, the proof of Lemma 4.6
is adapted from that of [1, Lemma 2.1]; the proof of the right-to-left direction of Theorem 4.8 draws inspiration
from [3, Theorem 7.1.2].

We fix a language L (not necessarily countable or relational) and a category C of L-structures.

Definition 4.1. We say C has the joint embedding property (JEP) if whenever A, B € C, there is some
C € C and C-embeddings f: A — C, g: B — C. We say C has the amalgamation property (AP) if given
A,B,C € C and C-embeddings f: A — B, g: A — C, there is some D € C and C-embeddings f': B — D,
g': C — D such that the following diagram commutes:

A%B
9 f
C g



Example 4.2. Suppose C is as in Proposition 3.9. If (S, <) has the <-amalgamation property, then C¢ .. has
JEP and AP.

Proof.

JEP Suppose A, B € Ct .. Then ) < A, B, so by <-amalgamation, we have some C' € Cs . and C-embeddings
f:A— C and g: B — C such that the following diagram commutes:

0 —" 5 A
lﬁl

B—215C

<

(where n; are the inclusion maps). So C¢ . has JEP.

AP Suppose we have A, B,C € Cr, and C-embeddings f: A = B and g: A — C. With appropriate
relabeling, we may find L-structures B’,C’ and L-isomorphisms ¢: B — B’, ¢: C — C’ such that
ACB,ACC, pof=nmng,and ¢pog = n; (where n; are the inclusion maps). Since S is closed
under L-isomorphism, we then have that B’,C” € C;,.. Then ¢ o f and ¢ o g are C-embeddings, as
the composition of C-embeddings, so A < B’ and A < C’. Then, by the <-amalgamation property,
there is some D € C; . and C-embeddings f': B’ — D and ¢’: C/ — D such that the following diagram
commutes:

A" p

T

c'—2 5D

Substituting 7o = ¢ o f and 1; = ¥ o g, we find the following diagram commutes:

A—1 B
f”
g B’

|
w ’

c—2s50c 25D

So Cr. has the <-amalgamation property.
O

Our eventual result (Theorem 4.8) will be that if C is an w-generated category of L-structures, then there
is a C-universal and C¢ z -homogeneous object if and only if C¢ ;. has JEP and AP; furthermore, such objects
are unique up to C-isomorphism. (One should note that we are now discussing C-universality, as opposed to
Ct ¢ -universality. The reason for this is that in this context, the two are equivalent; see Lemma 4.5.)

Working up to Theorem 4.8, the following definition (also from [1], although they use the term “C*-
saturated”) will be useful.

Definition 4.3. Suppose C* is a full subcategory of C; suppose X € C. Then X satisfies the extension
property with respect to C* (X has C*-extension) if whenever we have objects A,B € C* and C-
embeddings f: A — X, g: A — B, there is a C-embedding h: B — X such that the following diagram
commutes:

Bl x

4

Q

A



Lemma 4.4. Suppose C* is a full subcategory of C. Suppose X € C is C*-universal and C*-homogeneous.
Then X has C*-extension.

Proof. Suppose X € C is C*-universal and C*-homogeneous. Suppose A, B € C*; suppose f: A — X and
g: A — B are C-embeddings. By C*-universality, we have a C-embedding h: B — X. Then f and ho g are
both C-embeddings from A to X; so by C*-homogeneity, there is a C-automorphism ¢: X — X such that the
following diagram commutes:
A1 ox
g ©

Bl ,x

Then ¢ o h is our desired map. So X has C*-extension. O Lemma 4.4

Lemma 4.5. Suppose C is w-generated. Suppose X € C is Cs o -universal and has Cs 4 -extension. Then X is
C-universal.

Proof. Suppose Y € C. By G4, there is a directed system (Y5, f;;) in Cs . and C-embeddings fio: Y; = Y
such that (Y, fico) is a direct limit of (Y;, fi;). By C¢.q.-universality, pick some C-embedding hg: Yo — X. By
Ct.g.-extension, we may inductively choose h;11: Yj11 — X such that the following diagram commutes:

ficivn)
— Y

h;
¢ lhi#»l

X

Y;

It then easily follows that for each ¢ < j < w, the following diagram commutes:

N

X

Then, by definition of direct limits, there is a unique C-embedding u: Y — X such that for each i < w, the
following diagram commutes:

Y;fiooY

u
X
In particular, u: Y — X is a C-embedding. So X is C-universal. 0 Lemma 4.5

Lemma 4.6. Suppose C is an w-generated category of L-structures. Suppose X,Y € C both have Cyg -
extension. Suppose A € Ct o and we have C-embeddings ¢*: A — X and ¢*: A — Y. Then there is a
C-isomorphism u: X — 'Y such that the following diagram commutes:

11



Proof. By G4, choose directed systems (X, fi;), (Yi, gij) in Csg. and C-embeddings fioo: X; = X, gico: Yi —
Y such that (X fie) is a direct limit of (Xj, f;;) and (Y, gico) is a direct limit of (Y;,g;;). By G5, we
have some mg, m; < w and C-embeddings ¢: A — X,,, and ¢: A — Y}, such that the following diagrams
commute:

X Y
V = V [
A L> Xmo A L le

Then, taking ng = max(mg, m1), and composing with fi,on, and gm,n, as appropriate, we may assume
without loss of generality that ng = mg = m;.

;11 <w) and C-embeddings (h; : i < w) such
and hoiy1: Yoo, = Xnaiyn, and with the further property that the

/ .

Inom,

Claim 4.7. We can find subsequences (X, : i <w) and (Y,
that for each i <w, ha;: Xpn,, — Yo,y
following diagram commutes:

7L1
and for each i < w, the following diagrams commute:

f"21"21+2

n2i+2 "2z+2

77«21

Ingip1m2i43
n27+1 n27+1 n27+3

Proof. By construction of ¢ and v, ng is given. To choose n; and hg, use C; 4 -extension of ¥ to find a
C-embedding h{: X,, — Y such that the following diagram commutes:

/\
\/

By G5, we have some n; < w such that the following diagram commutes:

ho
Xng — Yo,

B
0 Jgnloo

Y

(By composing hy with appropriate g;;, we may assume without loss of generality that n; > ng.) Then the

12



following diagram commutes:
ho

Xy — Y,
% Jgnloo
A Y
N
Yoo 2% Y,

S0 Gnyoo © Gngny © Y = Ggnyoo © o 0 . But g, is a C-embedding, thus an L-embedding, thus injective, and
thus left-cancellative; so the following diagram commutes:

and we have (3).

We now give the construction of ng;42 and ho;41 given ng;+1 and hg;; the construction of ng; 13 and hg;to
given naiq2 and hg;y1 is identical. By Ct 4 -extension of X, we may find some C-embedding h3;,,: Yn,,., = X
such that the following diagram commutes:

Xn2i

Y,

Mn2i+4+1

— X

n2i+2

By G5, we have some ng;12 < w and C-embedding ho;11: Yy, such that the following diagram

commutes:

2041

Xe—X

o
Froi s a0 2942
«
h2i+1[ /’
2041

Y,

N2i41

(Again, we may assume without loss of generality that no; 1o > n9;41.) Then the following diagram commutes:

+2
X, X

n2i+2

Frzi sz

X+—X
n24200

Mo
hoi 242

f
hait1
Y,

Mn2i+4+1

13



SO frsiyaco © frsinsive = frsizeco © h2ip1 0 hoj. But fr,..,oo is left-cancellative; so the following diagram
commutes:

Frunina:
+2
X, X

Mn2i+2

hai hait1

Mn2i+1

and we have (4). O Claim 4.7

Having constructed our (X,,, : i <w), (X, : i <w), and (h; : i < w), we look to the construction of the
desired h. By Fact 3.7, (X, fn,,00) is a direct limit of (X,,,,, fny;n,,). Consider then the C-embeddings
Gnaisro00 © hoit Xo; — Y. From (4), it follows that for each i < w, the following diagram commutes:

f"21 n2i42
n21 7l2@+2
\ y;z
Ingit1m2it3 Y.
n21+1 22i+3

It then follows that the following diagram commutes for all i < j < w:

fnzlnzj

7L27,

NN

TL21+1 n2;+1

Qngbk AJrloo

So, by definition of direct limits, there is a unique C-embedding h: X — Y such that for all ¢ < w, the

following diagram commutes:

fn ; OO
Xy —— X

has h (5)

Ingipio0

Y, —Y

Mn24i+4+1
By a similar argument, there is a unique C-embedding h': Y — X such that for all i < w, the following

diagram commutes:

Frgi oo
Xy n 2225 X

o] ] (6)

Ingjp100
Yn2i+1 > Y



Then:

h'oho fn2i00 =ho Inziqi00 © ha; (by (5))
= frzipac0 © h2iv1 0 hai (by (6))
= fn2i+200 o fn2inzi+2 (by (4))

= anioo

But by the definition of a direct limit, the identity is the only C-embedding u: X — X such that wo fp,,,00 =
frssoo for each @ < w. So h' o h =idx. Similarly, h o A’ = idy. So h is a C-isomorphism. Furthermore:

how* =ho free0p
=g ohoop  (by (5))
= Gnyo0 © Gnony © ¥ (by (3))
= Jnooo © Y

*

In diagram:

So h is our desired isomorphism. 0 Lemma 4.6

Theorem 4.8. Suppose C is an w-generated category of L-structures. Then C contains a C-universal Cr g -
homogeneous object if and only if C¢ . has JEP and AP. Furthermore, if such an object exists, it is unique up
to C-isomorphism.

Proof.

(=) Suppose X € C is C-universal and C; , -homogeneous. By G4, pick some directed system (X;, fi;)
and C-embeddings fie: X; — X such that (X, fieo) is a direct limit of (X, fi;).

JEP Suppose A, B € Cr.. By C-universality of X, there are C-embeddings ¢: A — X and ¢: B — X.
By Gb, there is some g, jo < w and C-embeddings ¢': A — X, , ¢': B — X, such that the
following diagrams commute:

A Xi, B Xjo
N N Je
X X

Letting k£ = max(i, jo), we have C-embeddings fi,x 0 ¢': A — X}, and fj,x 0¢': B — X). But
X € Ctg.. So Crg. has JEP.

15



(<=

AP Suppose we have A, B,C € C; . and C-embeddings ¢: A — B, ¢: A — C. By C-universality of
X, there is some C-embedding x: A — X. By Lemma 4.4, X has C; 4 -extension; so there are
C-embeddings xo: B — X and x1: C' — X such that the following diagram commutes:

A—* B
1{1\ X0
25X

By G5, there are i, jo < w and C-embeddings x: B — X;, and x}: C — Xj, such that the
following diagrams commute:

’ ’
X X
B2, X, 25X,

lXo l)a
figeo figoo
X

X

Again, taking k = max(io, jo) and composing by f; » and fj,, as appropriate, we may assume
without loss of generality that ig = jo = k. So the following diagram commutes:

AL>BL>X;C

P

C X
s 1
Xy

But fioo is left-cancellative. So the following diagram commutes:

LB

h

¥ X0

—

X
*1>Xk

Q

But X € Cf_g_. So Cf_g_ has AP.

) Suppose Ct . has JEP and AP.

Claim 4.9. There is a directed system (X;, fi;) in Ce . with the following property:

Property 4.10. Suppose we have A, B € C; 4. and C-embeddings g: A — B and h: A — X; for some
i < w. Then there is some 7 < j < w, some C-embedding ¢: B — X such that the following diagram
commutes:

B—5X;
T fuT
A—h X;

Proof of Claim 4.9. By G2, C; 4. has countably many isomorphism types. Let R be a set containing
exactly one representative of each isomorphism type; then |R| < . We then claim that between each
element of R, there are countably many C-embeddings. To see this, suppose A, B € R. A is finitely
generated, so a C-embedding A — B is determined by its action on the finitely many generators. By
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G1, B is countable, so there are countably many choices for each of the finitely many generators of A;
so there are countably many C-embeddings A — B.

For X € Ciq., let
Sx ={(A,B,g,h): A,B € R,g € hom(A, B),h € hom(A, X) }

Then |Sx| < Vg for each X € Ct g .

We now construct (X;, fi;). Let m: w? — w be a bijection such that 7 (i,j) > i for all i,j < w (for
example, the Cantor pairing function). Let X, be any structure in C¢z. Let ¢ < w, and suppose
we have already constructed X}, for each k < i and fie for each k < ¢ < i; we now construct X; 1
and fy41) for each k& < i. Enumerate Sx, as (Aqj, Bij, 9ij, hij : j < ri); we may assume r; < w,
since |Sx,| < Ng. Consider (m,n) = 7~1(i); by the property of m, we have that m < i. Thus X,, is
already defined, meaning that at some previous stage of the construction, we gave an enumeration of
Sx,. as (Am.j, Bm.j,9m,j» hm,j : § < rm) for some r,, < w. If r,, <n, we let X;11 = X, and we let
Jr(i+1) = fri for k < i+ 1. Otherwise, n < rp,, and the tuple (Am n, Bimns 9m,ns m,n) was defined in
the enumeration of Sx,,. We then use AP to find X;;; € C; . and C-embeddings ¢: By, ,, — X;41 and
1 X; — X411 such that the following diagram commutes:

We then let f;;41) =1 o fj; for j <i+ 1. This completes our construction of (X, fi;).

A simple induction shows that (X;, f;;) is indeed a directed system; it remains to show that it satisfies
Property 4.10. Suppose we have A, B € C;,. and C-embeddings g: A — B and h: A — X; for some
m < w. R contains representatives of each isomorphism type, so there are elements of R isomorphic to
A and B; with some diagram chasing, we may assume that A and B are themselves elements of R. Thus
(A,B,g,h) € Sx,,. During the construction of X,,11, we enumerated Sx,, as (Am.j, Bm.j,Im,j: m,j
J < rm); SO we have some n < rm such that (4, B, g,h) = (Amn, Bmon, 9mons Pmon). Let i = w(m,n).
Then during the construction of X1, we found C-embeddings ¢: B — X;11 and ¢: X; — X; 41 such
that the following diagram commutes:

B ‘ Xit1
d |
A h Xm f7n11 XZ

However, we defined f,,(i4+1) = % © fimi; so the following diagram commutes:

B *> XH—l

T Tfm(t-*—l)

A—" s X
So ¢ is our desired C-embedding. [0 Claim 4.9

Let (X;, fi;) be such a directed system in C¢, . By G3, there is a direct limit of (X, f;;) in C, say
(X, fico). We claim that X is C; ¢ -universal and has C¢ 4 -extension.

Ct.g.-universal Suppose A € C;,.. By JEP, there is some B € C¢ . and C-embeddings y: A — B and
v: Xo — B. Applying Property 4.10 to (Xo, B,v,idx,), we find that there is some ¢ < w and
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C-embedding ¢: B — X; such that the following diagram commutes:

Then fjooc 0opop: A — X. So X is C¢ 4 -universal.

Ct.g.-extension Suppose we have A, B € C; 4. and C-embeddings g: A — X, h: A — B. By G5, there
is some i < w and C-embedding ¢g': A — X; such that the following diagram commutes:

X
/ Tfm (7)

A2 s x

=

Then, applying Property 4.10 to (A, B, h, g’), we find that there is some i < j < w and C-embedding
¢: B — X such that the following diagram commutes:

B ——

<

—
—~
[0¢]
~—

@
h fij
’

/LN

>

Observe that by (7) and by definition of direct limits, the following diagram commutes:

ks

.

lm

N
<

<.

A

Then, applying (8), we get that the following diagram commutes:

B ®
S
h X
g
A

|

X;

N

S0 f(i+1)e0 © ¢ is our desired C-embedding. So X has Cr g -extension.

That X is C-universal then follows from Lemma 4.5. To get that X is C; , -homogeneous, suppose we
have A € Cr . and C-embeddings ¢, : A — X. Then, since X has C; , -extension, Lemma 4.6 applies,



and there is a C-automorphism u: X — X such that the following diagram commutes:

So X is Ct ¢.-homogeneous.

To show uniqueness, suppose X,Y &€ C are both C-universal and C¢ s -homogeneous. Clearly X and Y are
Ct.g.-universal. Then by Lemma 4.4, X and Y have C; , -extension. Pick any A € C; .. By Cr o -universality,
we have C-embeddings ¢: A — X and ¢¥: A — Y. Then, by Lemma 4.6, there is a C-isomorphism u: X — Y
such that the following diagram commutes:

In particular, X and Y are C-isomorphic. So such objects are unique up to C-isomorphism.
0 Theorem 4.8
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