JET AND PROLONGATION SPACES

RAHIM MOOSA AND THOMAS SCANLON

ABSTRACT. The notion of a prolongation of an algebraic variety is developed
in an abstract setting that generalises the difference and (Hasse) differential
contexts. An interpolating map that compares these prolongation spaces with
algebraic jet spaces is introduced and studied.

1. INTRODUCTION

To a differentiable manifold M one may associate the tangent bundle T M which
is itself a differentiable manifold whose points encode the information of a point in
M together with a tangent direction. Through the Zariski tangent space construc-
tion, there is a natural extension of the notion of a tangent bundle to algebraic
varieties and more generally to schemes. This algebraic version of the tangent
bundle admits several different interpretations in terms of derivations, dual num-
ber valued points, maps on the cotangent sheaf, infinitesimal neighborhoods, et
cetera. In generalising the tangent bundle construction to produce spaces adapted
to higher differential structure, the various aspects of the tangent bundle diverge
and one may study jet spaces (in the sense of differential geometry), higher order
infinitesimal neighborhoods (in the sense of Grothendieck), sheaves of differential
operators, and arc spaces amongst other possibilities.

Jet and arc spaces and their ilk appear in difference and differential algebra
as prolongation spaces used to algebraise difference and differential varieties. For
example, if (K, 0) is a differential field and X is an algebraic variety defined over the
0-constants of K, then for any K-point a € X (K), relative to the usual presentation
of the Zariski tangent bundle, we have (a,0(a)) € TX(K). Generalising these
considerations to higher order differential operators, one may understand algebraic
differential equations in terms of algebraic subvarieties of the arc spaces of algebraic
varieties. The constructions employed in difference and differential algebra bear
many formal analogies and may be understood as instances of a general theory of
geometry over rings with distinguished operators.

In this paper we lay the groundwork for a careful study of several of these
constructions of these spaces encoding higher order differential structure. For us,
the main goal is to develop a robust theory of linearisation for generalised difference
and differential equations, but to achieve this end we must study the properties of
jet, arc and prolongation spaces in general.
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This paper is organised as follows. We begin by discussing the Weil restriction
of scalars construction. This construction is, of course, well-known but we were un-
able to find a sufficiently detailed account in the literature. We then introduce our
formalism of £-rings simultaneously generalising difference and differential rings.
With these algebraic preliminaries in place, we define prolongation spaces of al-
gebraic varieties over £-rings and study the geometric properties of prolongation
spaces. We then switch gears to study the construction of algebraic jet spaces,
which, for us, are not the same as the jet spaces considered in differential geometry.
The jet spaces of differential geometry are essentially our arc spaces, while our jet
spaces are the linear spaces associated to the sheaves of higher order differential
operators. Finally, we introduce a functorial map comparing the jet space of a
prolongation space with the prolongation space of a jet space and then study this
interpolation map. We conclude this article by showing that over smooth points,
this interpolation map is surjective.

In the sequel, we shall apply the geometric theory developed here to build a
general theory of £-algebraic geometry generalising Kolchin’s theory of differen-
tial algebra and Cohn’s theory of difference algebra, and in analogy with Buium’s
theories of arithmetic differential algebraic geometry. In particular, the final surjec-
tivity theorem of the present article will be used to show that for so-called separable
E-varieties, £-jet spaces determine the £-varieties, thus generalising the principal
results of Pillay and Ziegler [9] on finite-rank difference and differential varieties.

We would like to thank Sergei Starchenko for reading and commenting upon an
early draft of this paper.

Some conventions: All our rings are commutative and unitary and all our
ring homomorphisms preserve the identity. All our schemes are separated. If X
is a scheme over a ring A and we wish to emphasise the parameters we may write
X4 for X. Similarly, for R an A-algebra, we may write Xr := X x4 R. By X(R)
we mean the set of R-points of X over A. Note that if k is an A-algebra and R a
k-algebra, then there is a canonical identification of X (R) with X (R).

2. WEIL RESTRICTION OF SCALARS

The prototypical example of a prolongation space construction in algebraic ge-
ometry is that of the Zariski tangent bundle which has as its higher order ana-
logue the arc spaces. Here for a scheme X over a field k£ and a natural number
n, one finds a scheme Arc, (X) also over k so that Arc,(X)(k) naturally identi-
fies with the k[e]/(e"*1)-rational points on X.! In the case of n = 1, Arc,(X)
is just the Zariski tangent bundle. If X is presented as a closed subscheme of
some affine space, X C AP, then TX = Arcy(X) is the closed subscheme of

A = Spec(k[gcgo)7 ... ,:1:52); scgl), .. 7ﬂcs,lL)]) defined by the ideal generated by
(£, Q) rernx)} u {0 o) @M, 2Dy fe (X))

where I(X) is the ideal of X. The defining equations for the higher order arc
spaces may be found by performing a higher order Taylor polynomial expansion
on the defining equations for X. That is, for each f € I(X) one expands f(z(®) +

IThe differential geometers often call these “jets of order n on X”, but we reserve the term
“jet” for a somewhat different but related construction discussed in section 5.
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ex + ez ... 4 enz™) as Y fie and the components f; will be the defining
equations for Arc,, X C A,in+1)m.

The above construction is a special case of the Weil restriction of scalars con-
struction which forms the theoretical basis for our general prolongation spaces. We
review some of the basic facts. The material covered here, as well as further details,
can be found in section 7.6 of [1] and in the appendix to [8].

Let S be a scheme and T — S a scheme over S. Given a scheme Y over T, let
RrsY : Scheme /S — Sets be the functor which assigns to any scheme U over S
the set Homp (U xg T,Y).

Proposition 2.1 (cf. Theorem 4 of [1]). Suppose k is a ring, R is a k-algebra that
is finite and free as a k-module, S = Spec(k), and T = Spec(R). If the induced
morphism T — S is one-to-one then there exists a covariant functor

Ry/s : Schemes /T — Schemes /S

such that for any scheme Y over T, Ry,sY represents the functor Ry,sY . The
equivalence of the functors Homs (-, Ry sY) and Ry,sY is given by the existence
of a T-morphism ry : Rp;sY xsT — Y such that for any scheme U over S,
pry o (pxgidr) defines a bijection between Homs(U,Ry/sY) and Ry sY (U).

We can drop the assumption that T — S is one-to-one if we restrict Ry/g
to the category of schemes over R that have the property that every finite set of
(topological) points is contained in an open affine subscheme.

Proof. The proposition is implicit in the proof of Theorem 4 of [1]. For the sake of
completeness we provide some details here.

Choosing a basis, let R = @2:1 k-e;. We first define the functor Ry/s on
affine schemes over T. Suppose Y = Spec (R[y]/I), where y is a (possibly infinite)
tuple of indeterminates. Let y = (y;)1<j<¢ be t copies of y. Then let Rp/gY :=

Spec (k[y]/I') where I’ is obtained as follows: Let p : R[y] — k[y] ®) R be the
¢

R-algebra map given by p(y) = Zyj ®e; for all y € y, and p(r) = 1 @ r for all
j=1

t
r € R. Given P € R[y], p(P) = ZP]- ® e; where Py, ..., P, € k[y] are such that
j=1

t
(1) P(ZYjej) = Piei+ Py + -+ Py
i=1

in @;:1 kly]-e;. If for each 1 < j <t we let m; : k[y] ®, R — k[y] be the map
which first identifies k[y] ®; R with @;:1 k[y] - e; and then projects onto the e;
t

factor, then I’ is the ideal generated by Z mjp(I). That is, I’ is the ideal generated
j=1
by the P;’s in (1) as P ranges over all polynomials in 1.

Note that p induces an R-algebra map r} : R[y|/I — k[y]/I' ®; R which in
turn induces an R-morphism Spec (k[y]/I') x, R — Spec (R[y]/I). This is the
T-morphism 7y : Ry/sY xsT — Y whose existence is asserted in the Proposition.

We need to define Ry g on morphisms. Suppose p: Y — Z is an R-morphism,
where Z = Spec (R[z]/J). Then Ry s(p) : Spec (k[y]/I') — Spec (k[z]/J’) is the
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map induced by the k-algebra map z; — m;r3 (p*z), where p* : R[z]/J — Rly|/I
is the R-map on co-ordinate rings associated to p and rj. and m; are as in the
preceeding paragraphs. It is routine to check that Ry, thus defined is indeed a
functor from affine schemes over T to affine schemes over S.

Next we show that Ry/gY does indeed represent the functor Rp/sY (still re-
stricting to affine schemes). Suppose U = Spec(A4) is an affine scheme over k. We
first show that p — ry o (p X} idg) defines a bijection between Homy (U, Ry sY)
and Ry,sY (U) = Homgr(U xy R,Y). Working with the co-ordinate rings instead,
we need to show that f +— (f x idgr) o 7} gives a bijection from Homy (k[y]/I’, A)
to Hompg(R[y]/I, A ® R). For injectivity we just observe that if (f x idg) oy =

t

t

(9 X idg) o} then Zf(yj +I'Y®@e; = Zg(yj +I')®e; for all y € y. But
j=1 j=1

since A ® R = @3‘:1 A - e, this implies that f(y; +I') = g(y; +I') for all y € y

and all 1 < j < t. So f and g agree on the generators of k[y]/I’ and hence are

equal. For surjectivity, suppose a € Hompg(R[y|/I, A ®; R). For each y € y write

t
a(y+I) = Zaj@)ej, where a; € A. Now define f : k[y]/I' — Aby f(y;+1') = a,.
j=1
Then f € Homy(k[y]/I’, A) and we compute that
t t
[(f xidr)ory](y+T) = (f xidr) (D (g + TN ®e;) = > a;@e;=aly+1)
Jj=1 Jj=1

for each y € y, as desired.

It is routine to check that the above bijection is functorial in U and therefore does
establish the desired equivalence of functors, at least restricted to affine schemes.

It remains therefore only to go from affine schemes to schemes in general. In
Theorem 4 of [1] there is an argument going from the representability of Ry/sY for
affine schemes Y to the representability of Ry/5Z where Z has the property that
every finite set of (topological) points is contained in some open affine subscheme.
As a matter of fact of the proof given there, one only has to worry about finite sets
in Z of cardinality bounded by the cardinality of the fibres of T'— S (they work
with the weaker assumption that T — S is finite and locally free). Hence, in the
case that T'— S is one-to-one, the extra assumption on Z is unnecessary.

So Ryyg extends to a functor on all schemes over T'. Finally, from the fact that
the morphism ry defined above for affine schemes is functorial in Y, it is not hard
to check that it extends to all schemes over T with the desired property. O

Definition 2.2. Suppose k is a ring, A is a k-algebra that is finite and free over k,
and Y is a scheme over A such that either Spec(A) — Spec(k) is a homeomorphism
or Y has the property that every finite set of points is contained in an affine open
subset. Then the scheme Rgpec(4)/spec(k) ¥ given by the above proposition is called
the Weil restriction of Y from A to k and will be denoted by R4, Y.

The following fact, which is stated in a seemingly weaker but in fact equivalent
form in section 7.6 of [1], is a routine diagram chase.

Fact 2.3. Weil restriction is compatible with base change. That is, if T — S and
S’ — S are schemes over S, and T' :=T xg S’, then for any scheme Y over T,

RT/SY Xs S = RT//S/(Y X T/)
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whenever Rp/sY and Ry s/ (Y xp T') exist.

Fact 2.4. If T — S is a scheme over S and f : X — 'Y is a smooth (respectively
étale) morphism of schemes over T, then Rp/s(f) : Rpys X — RypysY is also
smooth (respectively étale) — whenever Rp/s X and Ry gY exist.

Proof. This proof is essentially the same as the argument for part (h) of Proposi-
tion 5 in section 7.6 of [1]. We spell out some of the details.

We use the characterisation of smooth and étale maps given by Proposition 6
of section 2.2 of [1]; namely that it suffices to show that for any affine scheme
Z — Rypys(Y) and all closed subschemes Zy of Z whose ideal sheaf is square
zero, the canonical map Homg, ¢y (Z7 Rr/s X) — Homg, ¢v (ZO,RT/S X) is
surjective (respectively bijective). So given a : Zy — Ry g X over Ry/sY we want
to lift it (uniquely) to Z. Base changing up to T we obtain

Zo XsT%RT/SX XSTLX

\ lRT/S(f)xid J{f

RT/SY XSTL)Y

Since f is smooth rx o (a x id) lifts to a map p : Z xgT — X over Y. Now,
under the identification of X (Z xg T') with Ry/s X(Z), p corresponds to a map
p:Z — Rpg X such that p = rx o (p x id). So we get

ZXST%RT/SXXSTLX

\ \LRT/S(f)Xid if

RT/SY XsTLY

Since p = rxo(pxid) extends rxo(axid), p is our desired extension of a. Moreover,
if p’ were another lifting of a to Z then r, o (p' x id) would be another lifting of
rx o (a x id). Hence, if f is étale then p is the unique extension of a to Z. g

Example 2.5 (Arc spaces). Let X be a scheme over a ring k. Letting k(™) :=
k[e]/(e"*1), the n'h arc spaces discussed at the beginning of the section are the
Weil restrictions of X x; k(™ from k(™ to k. (Note that Spec(k(™) — Spec(k) is a
homeomorphism so that the Weil restriction does exist.) In particular, Arc, (X)(k)
is canonically identified with the k(")-points of X xj k(™ which in turn can be
identified with X (k(™). Note that Arc(X) is the tangent bundle TX.

The quotient k™ — k induces a structure map Arc, (X) — X as follows: For
any k-algebra R, Arc, (X)(R) is identified with X (R @, k™). Now R ®j k(™ =
Rle]/(e*+1)) = R(™  and we have the natural quotient map pZ : R(™) — R inducing
pE : Spec(R) — Spec(R(™). Composition with pZ defines a map from the X (R()
to X(R). That is, from Arc,(X)(R) to X(R).

3. E-RINGS

In the arc space construction the finite free k-algebra k(™ = k[e] /(") plays a dual
role: we first take a base extension from k to k(™) and then the Weil restriction from
k(™ to k. Our general prolongation space construction will come from treating these
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two roles separately and generalising both of them. The purpose of this section is
to introduce these generalisations of k(™. But first a preliminary definition.

Definition 3.1. By the standard ring scheme S over A we mean Spec(A[z]) with
the usual ring scheme structure. So S(R) = (R, +, X,0,1), for all A-algebras R. An
S-algebra scheme £ over A is a ring scheme together with a ring scheme morphism
s¢ S — & over A. We view S as an S-algebra via the identity id : S — S. A
morphism of S-algebra schemes is then a morphism of ring schemes respecting the
S-algebra structure. Similarly one can define S-module schemes and morphisms. By
a finite free S-algebra scheme we will mean, somewhat unnaturally, an S-algebra
scheme & together with an isomorphism of S-module schemes )¢ : £ — S, for some
feN.

The intention behind fixing the ismorphism ¢ : € — S is to give us a canonical
way of presenting £(R) uniformly in all A-algebras R. Indeed, we get £(R) =
R[(e;)i<¢]/IRr, where the e; are indeterminates and Ig is the ideal generated by
expressions that describe how the monomials in the e;’s can be written as A-linear
combinations of the e;’s.

Remark 3.2. It follows from the above discussion that for any A-algebra, a: A —
R, we can canonically identify £(R) and £(A)®4 R, both as R-algebras and as £(A)-
algebras (where the £(A)-algebra structure on £(R) is by £(a) : E(A) — E(R)).
The converse is also true: given any finite and free A-algebra B, by choosing a basis
we can find a finite and free S-algebra scheme £ over A such that E(R) = B®a R
for any A-algebra R.

Here is the central notion of this section.

Definition 3.3. Suppose £ is a finite free S-algebra scheme over a ring A. An
E-ring is an A-algebra k together with an A-algebra homomorphism e : k — £(k).

Note that £(k) has two k-algebra structures, the standard s : k — £(k) and the
exponential e : k — E(k). (These will correspond to the two roles played by k(™) in
the arc space construction.) Both induce the same A-algebra structure. In order
to distinguish these notationally, we will denote the latter by £¢(k).

One may equally well describe an £-ring by giving a collection of operators
{0; : k — k}i<¢ via the correspondence ¢g o e = (01,...,0;). That the collection
{0;} so defines an E-ring structure on k is equivalent to the satisfaction of a certain
system of functional equations.

We now discuss some examples.

Example 3.4 (Pure rings). For any A-algebra k, (k,id) is an S-ring.

Example 3.5 (Rings with endomorphisms). Fix n > 0 and consider the finite
free S-algebra scheme &, = S™ with the product ring scheme structure and s :
S — S™ being the diagonal. If k is a ring and og,...,0,_1 are endomorphisms
of k, then (k,e,) is an &,-ring where e, := (09,01,...,0,-1). In particular, if
o is an automorphism of k, then setting oy = id, and setting os,,—1 = ¢ and
o9m = o~ ™ for all m > 0, we see that the difference ring structure is captured by
{(k,e,) : n € N}.

Example 3.6 (Hasse-differential rings). For each n > 0, consider the finite free
S-algebra scheme &,, where for any ring R
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o £ (R)=Rnt,....n)/(n1,-..,n)" L, where nq,...,n, are indeterminates;

e s R — &,(R) is the natural inclusion; and,

e yF:&,(R) — R’ is the identification via the standard monomial basis of
R[nh s 7777‘]/(7717 s 777’1")n+1 over Ra

We leave it to the reader to write down the equations which verify that such a finite
free S-algebra scheme exists.
Recall that a Hasse derivation on a ring k is a sequence of additive maps from

k to k, D= (Dgy,D;...), such that

e Dy =id and

e D (xy) = Z D, (z)Dy(y) for all m > 0.

a+b=m

Suppose Dq,...,D, is a sequence of r Hasse derivation on k and set E(z) =
Z Dy o, Ds oy Dyo (x)n®. Then E : k — K[[m,...,n-]] is a ring homo-

a€eNT

morphism. Let e, be the composition of E with the quotient k[[n1,...,n:]] —
Elm, . ome) /1y« yme)" Tt Then (k,e,) is an &,-ring. The Hasse-differential
ring structure is captured by the sequence {(k, €n):n € N}.

This example specialises to the case of partial differential fields in characteristic
zero. Suppose k a frileld of characteristic zero and 01,...,0, are derivations on
k. Then D;, = —il, for 1 < i < r and n > 0, defines a sequence of Hasse
derivations on k. T?}Ife En-ring structure on k is given in multi-index notation by
en(z) = —0%(x)n® where 0 := (01,...,0r).

aEN%Sn ol

On the other hand we can specialise in a different direction to deal with fields of
finite imperfection degree. The following example is informed by [11]: suppose k is
a field of characteristic p > 0 with imperfection degree r. Let ¢1,...,t, be a p-basis
for k. Then ¢4, ...,t, are algebraically independent over F,,. Consider Fp[t1, ..., %]
and for 1 <i <r and n € N, define

Di,n(t(lll cee ) = ( O;; ) t?l .. .tiai—” SRR A

and extend by linearity to Fp[ti,...,t,]. The sequence (Dy,...,D,) forms a se-
quence of r Hasse derivations on this domain. Moreover, they extend uniquely to
Hasse derivations on k (see Lemma 2.3 of [11]). This gives rise to a &,-ring structure
on k for all n.

The above examples can also be combined to treat difference-differential rings.
Next we consider an example interpolating between differential and difference
rings. The notion of D-ring was introduced by the second author in [10].

Example 3.7 (D-rings). Let A be a commutative ring having a distinguished
element ¢ € A. For any A-algebra R we define £.(R) to be the A-module R x R with
multiplication defined by (z1,z2) - (y1,¥2) := (x1y1, T1Y2 + 211 + cx2y2). To give
R the structure of a &£.-ring we need only produce an A-linear map D : R — R for
which R — &.(R) given by x — (x, D(z)) is a homomorphism of A-algebras. Note
that if ¢ = 0, then £.(R) is the ring of dual numbers over R and D is a derivation. At
the other extreme, if ¢ € A*, then from any A-algebra endomorphism 7 : R — R, we
give R a E.-ring structure via D(z) := ¢ ![r(z) — z]. Considered at the level of the
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ring schemes, we see that (£c) 4(1) = S 4p17 X S 411) while (£c) a/(¢) = (S[el/(€*)) a/(c)-
In particular, when A is a field, an £.-ring is essentially either a difference ring or
a differential ring.

Finally let us discuss an example of a ring functor which does not fit into our
formalism, but for which some of our constructions still make sense.

Example 3.8 (A\-rings). Fix A a commutative ring of characteristic p with a finite
p-independent set B. For each natural number n and A-algebra R, define &,(R) :=
R[{sy: b€ B}]/({sin —b:b € B} and take for its basis over A the monomials in
{sp : b € B} in which each variable appears to degree less than p™. As it stands, an
E,-ring (A, 1) is simply a Hasse differential ring for which certain linear differential
operators must vanish identically. However, we might consider a variation on the
definition of an £-ring: Letting P, : £,(R) — R be given by 2 — 2P", we might
ask for a map A : R — &, (R) for which the composite P, o A is the identity on R.
(Note that A is then not A-linear, and hence does not give an &,-ring structure in
our sense.) With this construction we recover the formalism of A-functions used in
the study of the theory of separably closed fields.

As the above examples suggest, one is usually interested in a whole sequence
of &,-ring structures on k that satisfy certain compatibility conditions. A more
systematic study of such systems, generalised Hasse systems, with their attendant
geometry, will be carried out in the sequel to this paper.

Notation 3.9. Suppose (k,e) is an E-ring. The ring homomorphism e : k — £ (k)
also induces a second k-algebra structure on £(R), for any k-algebra R. Namely,
given a : kK — R we obtain

&(a)

k - E(k) E(R)

We denote this k-algebra by £¢(R). Alternatively, if we identify £(R) with R®E (k)
as in Remark 3.2, then £¢(R) is described by

k . E(k) R ey E(k)
Note that in general £¢(R) # R ®y £°(k) as k-algebras.

4. ABSTRACT PROLONGATIONS

We fix a finite free S-algebra scheme &£ over a ring A and an &-ring (k,e). The
following definition is partly informed by, and generalises, a construction of Buium’s
in the case of an ordinary differential ring (cf. 9.1 of [2]).2

Definition 4.1 (Prolongation). Suppose X is a scheme over k. The prolongation
space of X with respect to € and e, denoted by 7(X,&,e), is the Weil restriction
of X xj &°(k) from E(k) to k, when it exists. Note that we are taking the base
extension with respect to the exponential e : k — £(k), while we are taking the
Weil restriction with respect to the standard sk : k — £(k). When the context is
clear we may write 7(X) for 7(X, &, e).

2Buium calls his construction a differential “jet space”, which conflicts badly with our termi-
nology in several ways.
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So for any k-algebra R, using the fact (Remark 3.2) that £(R) = £(k) @ R, we
have that 7(X)(R) = (X xx E°(k)) (E(R)).

Note that if X is quasi-projective then the prolongation space necessarily ex-
ists regardless of the £-ring — this is because every finite set of points in a quasi-
projective scheme is contained in an affine open subset, and that is the condi-
tion for the existence of the Weil restriction. On the other hand, for particu-
lar £-rings, the prolongation spaces may exist for other schemes — for example if
s* : Spec (€(k)) — Spec(k) is one-to-one then 7(X, &, e) exists for all schemes X
over k (cf. Proposition 2.1). In the rest of this paper we implicitly assume that our
schemes and E-rings are such that the the relevant prolongation spaces exist. If the
reader is uncomfortable with this sleight of hand, he/she is welcome to assume that
all our schemes are quasi-projective.

Example 4.2. (a) If € =S and e = sk = id, then 7(X) = X.

(b) Arc spaces are prolongations. If £ is the S-algebra scheme given by £(R) =
Rle]/(e"*1) and e = sk is the standard k-algebra structure on k[e]/(e"*1),
then 7(X) = Arc, (X) of Example 2.5.

(¢) Difference rings. If £, (k) = k™ is as in Example 3.5, and e,, = (09, ...,05-1)
is a sequence of endomorphisms of k, then 7(X, &, €,) = X0 x -+ - x Xon-1
where X% = X % k. Indeed, for any scheme U over k, a k™-morphism
from U x5 k™ to X X., k™ determines and is determined by a sequence of
k-morphisms from U to X% ,i=0,...,n—1.

(d) Differential rings. Suppose & is the S-algebra scheme given by E(R) =
R[n]/(n?) with the standard k-algebra structure. Suppose k is a field of
characteristic zero and § is a derivation on k and e(a) = a + d(a)n. If X is
the affine scheme Spec (k[z1,...2m]/(P1,..., P:)), then the Weil restriction
computations shows that 7(X, &, e) is the affine subscheme of A?™ whose
ideal is generated by P;(x),..., P;(z) together with

0
PO e ORI AC)

i=1 "

for j = 1,...,t, where P? is obtained from P by applying ¢ to the coeffi-

cients. So if X is over the constants of § then this prolongation space is the
tangent bundle.

Definition 4.3. By the canonical morphism associated to 7(X, &, e), denoted

e, T(X) x, E(k) — X,

e "

we mean the composition of the £(k)-morphism 7(X) x,E(k) — X xE°(k) given by
the representability of the Weil restriction (cf. Proposition 2.1) and the projection
X xp E(k) — X.

Remark 4.4. The canonical morphism r2, : 7(X) xx (k) — X is not a k-
morphism if we view 7(X) x; (k) as over k in the usual way. However we do



10 RAHIM MOOSA AND THOMAS SCANLON

have:

Spec(k)
where e is the morphism of schemes induced by e : k — E(k).

As mentioned earlier, the prolongation space is characterised by the property
that, for any k-algebra R, 7(X)(R) = (X x4 £%(k)) (E(R)). However, the following
lemma gives another useful description of the R-points of the prolongation.

Lemma 4.5. For any k-algebra R, 7(X)(R) = X (E%(R)). More precisely, the
R-points of 7(X) over k can be functorially identified with the £¢(R)-points of X
over k. This identification is given by p — rg‘ie o (pxiE(k)).

Proof. First of all, the defining property of the Weil restriction implies that
T(X)(R) = X xi E°(k) (R @y E(k))
where the identification is obtained by associating to
Spec(R) —— 7(X)
the &(k)-morphism

pxkE(k)

Spec (R @y, £(k)) 7(X) xp E(k) ——— X x, E(k)

where 7(X) x E(k) — X xi E%(k) is given by the representability of the Weil
restriction (cf. Proposition 2.1). On the other hand,
X x; (k) (R®y E(K)) = X (E9(R))

Indeed, given

Spec (R @y, £(k)) ! (k)
consider the following diagram
Spec R®k€ ) Xxk &e(k)
Spec(R Spec ( (k)) /
Spec(k Spec (k)

where e and sfé are the morphisms on schemes induiced by e and s"é, respectively.
We see that composing ¢ with the projection X x; £¢(k) — X gives us the natural
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identification of the (R®yE(k))-points of X x,£¢(k) over £(k) with the (R®,E(k))-
points of X over k where R @y E(k) is viewed as a k-algebra by

k —=E(k) R @y E(k)

But £°(R) is canonically isomorphic to R®xE (k) with the above k-algebra structure
(cf. 3.9). Hence 7(X)(R) = X (£¢(R)), as desired. O

The prolongation space construction is a covariant functor: If f : X — Y is
a morphism of schemes over k then 7(f) = Re(x)/k (f Xk Ee(k)) is the morphism
given by the Weil restriction functor applied to f x; £°(k) : X x; E¢(k) — Y x4
&¢(k). Alternatively, 7(f) can be described on R-points for any k-algebra R, after
identifying 7(X)(R) with X (£¢(R)) and 7(Y)(R) with Y (£°(R)), as composition
with f.

Proposition 4.6. If f : X — Y is an étale morphism (respectively closed embed-
ding, smooth morphism), then 7(f) : 7(X) — 7(Y) is étale (respectively a closed
embedding, smooth). In particular, if X is a smooth then so is 7(X).

Proof. Weil restrictions preserve smooth morphisms, étale morphisms (Fact 2.4)
and closed embeddings (the latter is clear from the construction, see the proof
of Proposition 2.1). This is also true of base change. It therefore follows that
the prolongation functor preserves all these properties. Since X being smooth is
equivalent X — Spec(k) being smooth, it follows that 7(X) is smooth if X is. O

There is a natural map V = Vge : X(k) — 7(X)(k) induced by e as follows:
writing e as a k-algebra homomorphism e : k — £°(k) we see that it induces a
map from the X (k) to X (£°(k)). This, together with the identification 7(X)(k) =
X (&°(k)) from Lemma 4.5, gives us V : X (k) — 7(X) (k).

Proposition 4.7. Suppose f: X — Y is a morphism of schemes over k.

(a) The following diagram commutes:

7(f)

T(Xf(k) ——1(Y)(k)
X (k) ! Y (k)

(b) Suppose a € Y (k). Then 7(X)v(q) = 7(Xa), where 7(X)v(q) is the fibre of
7(f) : 7(X) = 7(Y) over V(a).

Proof. Identifying 7(X)(k) with X (k ®. £(k)) and 7(Y)(k) with Y (k ®. £(k)),
7(f) and f on k-points are both given by composing with f. On the other hand,
by definition, under the same identifications, VX and V¥ are both given by pre-
composition with e : Spec (k ®. £(k)) — Spec(k). Part (a) follows immediately.
We check part (b) at R-points for any given k-algebra R. Under the canonical
identifications, V(a) € 7(Y)(k) is given by e(a) € Y (£°(k)) as in the diagram

Spec (£4(k))

e

Spec(k) —4+——=Y
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Thus 7(X) v (q) (R) is identified with X, (4 (£¢(R)) where X,(4) := X xy Spec(£¢(k)).
On the other hand, under the same canonical identification, we have 7(X,)(R) =
Xo(E°(R)), where X, := X xy Spec(k). But note that X, ) = X, xx (k). and
50 Xe(a) (E€(R)) = Xa(E9(R)). O

4.1. Comparing prolongations. Fix two finite free S-algebra schemes £ and F
over a ring A, together with a ring-scheme morphism « : £ — F over A. Suppose
k is an A-algebra and e and f are such that (k,e) is an E-ring, (k, f) is an F-ring,
and aoe = f (so that o : £5(k) — F7(k) is a k-algebra homomorphisms). For
any k-algebra R, since ot lifts o, it follows that oft : £¢(R) — Ff(R) is also a
k-algebra homomorphism.

Given a scheme X over k, « induces a morphism of schemes & : 7(X,€,e) —
7(X,F, f). Indeed, for any k-algebra R, pre-composition with the induced mor-
phism of schemes Spec (F/(R)) — Spec (£¢(R)) over k, in turn induces a map
from X (£4(R)) to X (F/(R)). We now point out some of the properties of this
morphism.

Proposition 4.8. (a) The followmg diagram commutes:

(X, & e)(k (X, F, [)(k)

\/

(b) Suppose f: X —Y is a morphism of schemes over k. Then the following
diagram commutes:

E(f
(X, 80) — sy, )
dXJ/ ld‘/
7 (f)

(¢) If a: & — F is a closed embedding, then so is & : 17(X,E,e) —» 7(X, F, f).

Proof. Part (a) is immediate from the definitions using the fact that « preserves
the k-algebra structures coming from e and f.

We show the diagram in part (b) commutes by evaluating on R-points for an
arbitrary k-algebra R. Making the usual identifications, we need to show that the
following diagram commutes:

X(E9(R) — Y (€°(R))

i |

X(F/(R)) —=Y (F/(R))

where the horizontal arrows are given by pre-composition with f itself, while the
vertical arrows are given by pre-composition with Spec (F7/(R)) — Spec (£¢(R)).
It is now obvious that this square commutes.

For part (c), to say that « is a closed embedding means that there is a sub-S-
algebra scheme B < F for which « induces an isomorphism between £ and B. As F
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is affine over A, B is defined as the kernel of some map of group schemes 3 : F — G
for some N. Now, for any k-algebra R, because « is an isomorphism between £¢(R)
and B/ (R), o induces an identification of X (£¢(R)) with X (B7(R)). That is, @ is
an isomorphism between 7(X, £, ¢) and 7(X, B, f). Note that X (Bf(R)) consists of
those Ff (R)-valued points of X which happen to belong to B7(R) and this set is cut
out by . These give us the equations expressing 7(X, B, f) as a closed subscheme
of (X, F, f). O

Lemma 4.9. The following diagram commutes.

(X, € e) xp F(k) —22 o 2(X, F, f) % F(k)

iid Ra T;_-('f
X

(X, E,¢) xx E(k) : X

where r’ . are the canonical morphisms of Definition 4.3, associated to the respective
prolongations.

Proof. Identifying & = S* and F = S we take eg,...,es,—1 to be the stan-
dard basis for £ and fo,..., fe,—1 to be the standard basis for F. We write
a = (ag,...,ap, ), where the aq,...,ap, are linear polynomials in {g-variables.

Covering X by affine open subsets, and using functoriality of the maps involved,
it is not hard to see that it suffices to consider affine space X = Spec (k[x]), where
x is a (possibly infinite) tuple of indeterminates. We have identifications

7(X,E,e) = Spec (k[ﬂ)
where ¥ = (y;)o<j<es—1 is Lg copies of x, and
7(X,F, f) = Spec (k[i])

where Z = (27 )o<j’<¢,—1 is £F copies of x. Taking global sections, we need to show
that the following diagram commutes:

k[x] k(z] ®r F(k)
lTE,e la*®id
kly) @k E(k) — 22> k[y] @k F(k)

It is clear that these maps commute on constants, so it sufffices to fix z € x and
chase it.

Lr—1
o* ®id (r}f(x)) = o ®id( Z zjr ® fir)
J'=0

= D i Wor Y1) ® fyr

§'=0
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On the other hand,

le—1

id@a(r (v) = idea( ) y o)
j=0

le—1

= > yi®ale)
=0
Le—1 lr—1
=0 J'=0
br—1 fleg—1

= > (D apley) e fy
j’'=0 j=0
0r—1

= Z aj/(y()?"';ylg—l)@fj’
7'=0

as desired. -

4.2. Composing prolongations. Fix two finite free S-algebra schemes £ and F
over a ring A. For any A-algebra R, the R-algebra structure on F(R) makes it into
an A-algebra as well, and hence it makes sense to consider &£ (.7-' (R)) This inherits
an R-algebra structure via

F(R)
Se

R L Fm E(F(R))

Moreover, £(F(R)) is thereby finite and free over R witnessed by the R-linear
isomorphism

P le (wf__')fs (Réf-)fg

Let EF denote the corresponding finite free S-algebra scheme. So for any A-algebra
R, EF(R) = £(F(R)), and s# and ¢, are the above displayed compositions.

Remark 4.10. Note that £F is canonically isomorphic to £ ®s F, and hence to
FE, as an S-algebra scheme. Indeed, this is just Remark 3.2: given an A-algebra R,
E(F(R)) is canonically identified with £(R) ® g F(R). The induced isomorphism
between F(E(R)) and (F(R)) can be described in co-ordinates by

F(E(R)) E(F(R))
VFoe et
(he)s (o)

where (R’ )% — (R®F)’ is the natural co-ordinate change.
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Now fix an A-algebra k euipped with an £-ring structure (k,e) and an F-ring
structure (k, f). Consider the EF-ring structure on k given by the composition of
e with £(f),

6]

k = E(k)
We denote this homomorphism by ef : k — EF (k).

Lemma 4.11. The k-algebras EF®/ (k) and £¢(F/(k)) are naturally isomorphic.
More precisely, there is a canonical ring isomorphism v : EF (k) — E(k) @x F/ (k)
such that the following commutes:

E(F(k)) .

EF (k) E(k) @ FI (k)

d |

k = E(k)

Proof. By Remark 3.2, with R = F/(k), we have a canonical identification of
E(FI(k)) with (k) ® F7 (k). On the other hand F (k) and F/ (k) are identical as
A-algebras and hence £(F(k)) and £(F7(k)) are canonically isomorphic as rings.
Hence we obtain a canonical ring isomorphism v : £(F(k)) — (k) ®, F/ (k). Now,
since ef = E(f) o e, the desired commuting square reduces to showing that

& k) @5 FI (k)

(F(k)) - &(k)
;(N /
E(k)

commutes. But this is just the fact that £(F/(k)) identifies with £(k) @, F/ (k)
even as an £(k)-algebra (cf. Remark 3.2). O

We wish to describe, in terms of Weil restriction, the composition of the £- and
F-prolongations.

Proposition 4.12. Suppose X is a scheme over k. Then
T(T(X,E,e),}', f) =7(X,EF,ef)

That s, the F-prolongation of the E-prolongation of X is the Weil restriction of
X Xep EF(K) from EF (k) to k. Moreover, under this identification,

VryoVee: X(k) = 7(1(X, €, e),F, f)(k)
becomes
Verer: X(k) = 7(X,EF,ef)(k)
Proof. For ease of notation, let S := (k) @ F7/ (k). Given any scheme U over k
(T8 (X)) (U) = Rrpym (Repyn(X xp E9(K)) x ¢ F(k))(U)

= Ry (Reyzoey (X xk (k) xeqry S)) (U)

= Homg) (U %k F(k),Rsyrry (X xx E(k) xgr) 5))

= Homg (U x5, S, X x5, £°(k) xgu) S)

where the second equality is by the compatibility of Weil restrictions with base
change (cf. Fact 2.3). Now, applying the ring isomorphism - : S(}"(k)) — S given
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by Lemma 4.11, and keeping in mind the commuting square given by that lemma,
we see that this last representation of 77 (7¢(X))(U) identifies with

Home z() (U x EF(k), X xcp EF(K))

which is Rez(k))/k (X Xep EF(K))(U) as desired.
For the moreover clause, first note that under the identification
T(T(X,S,e),]:, f)(k) = T(X,S,e)(]:f(k:))

V 7,7 is by definition precomposition with f* : Spec(k) — Spec (ff(k)) Then, un-
der the further identification of 7(X, €, €)(k) with X (£°(k)) and of 7(X, &, e) (F/ (k))
with X (€¢(F7(k))), it is not hard to see that Vr ; becomes precomposoition with
(f ®, E(K))". Hence V£ ;o Ve ., viewed as a map from X (k) to X (£¢(F/(k))) is
just precomposition with ((f @y E(k)) o e)*. Now, applying ~ from Lemma 4.11,
(forE(k))oe: k— E(k) @y F/ (k) transforms to ef : k — EF(k), and precomposi-
tion with (ef)* is by definition Ve 5. So V£ 5o Vg . identifies with Ver p. O

Corollary 4.13. Prolongation spaces commute. That is, T(T(X,E,e),}", f) 18
canonically isomorphic to T(T(X, F, 1),E, e)
Proof. This is immediate from Proposition 4.12 and Remark 4.10. (]

Lemma 4.14. The following diagram commutes.

T(X,EF, ef) x EF (k)

X

rR e ) (k) X

X

T(Xagae) Xk 5(k)

where 1’ . are the canonical morphisms of Definition 4.3 associated to the respective
prolongations.

Proof. We make the usual abbreviation of 7€ (X) for 7(X, &, e).
Remark 4.15. Since r}f}x) : 77 (78(X)) xp F(k) — 78(X) is not a morphism
over k in the usual sense (cf. Remark 4.4), we need to make clear what we mean by

r}f}x) xp E(k). First of all, we use Proposition 4.12 to identify 767 (X) x EF (k)

with 77 (7% (X)) xi £(F(k)). Now consider the F(k)-morphism 77 (7€(X)) xy
F(k) — 76(X) xp F/(k) given by the Weil restriction. We can base change it up
to £(F(k)) to get an F(k)-morphims

a: 77 (15(X)) xi F(k) % pe) E(F (k) — 78(X) x5 FI (k) x £y E(F(K))
Next, considering the following commuting diagram of k-algebras
F(k) — 5(?(16))
f S(f)T
E———E&(k)
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we have that Tg(X) X ff(k) X F (k) E(F(k)) = Tg(X) X E(k) XE(f) S(F(k’)), and
so we can compose a with the natural projection

b:7E(X) Xk E() xg(g) E(F(R)) — 78(X) x5 E(K)
So r}f}x) xi E(k) : 77 (78(X)) x5 E(F(k)) — 78(X) xi E(k) is boa.

Now we proceed with the proof of Lemma 4.14. Identifying & = S% and F = S
we take eg, ..., e, _1 to be the standard basis for £, fo, ..., fr,—1 to be the standard
basis for F, and {e; ® f; : 0 <i < {g,0 < j' < {r} the corresponding standard
basis for EF = € ®s F.

Covering X by affine open subsets, and using functoriality of the Weil restric-
tions, it is not hard to see that it suffices to consider X = A}, = Spec (k[x]), where
x is a (possibly infinite) tuple of indeterminates. We have identifications

7(X, &, e) = Spec (k[y})
where ¥ = (y;)o<j<es—1 is £¢ copies of x, and
T(X,EF,ef) = Spec (k[i])

where Z = (2, j/ )o<j<te—1,0<j'<t»—1 is LelF copies of x. Taking global sections we
need to show that the following diagram commutes:

k(z) @k EF (k)
k[x] (r3 e
k[y] @r E(K)

Let us first check this on constants a € k. Going clockwise we have a — 1 ® ef(a).
£ *
Going counter-clockwise we have that a — 1 ® e(a) — (r}’}X) x, E(k)) (1@ e(a))
£
Now, using the explanation of what r- ](CX) x E(k) is in Remark 4.15, and the fact

that £(f)(e(a)) = ef(a) by definition, we see that (r;_-g’J(cX) Xk E(k))*(l ®e(a)) =
1®ef(a). So the diagram commutes on constants.
It remains to chase fixed x € x. Going clockwise we have x — Z 25,5 ®(e;@f;1).
J:3’

Going counter-clockwise,  — (r;:(cx) xxE(K))"( Z y;®e;). Since (r}f;x))*(yj) =
J

sz,jr ® fjr, we have that the diagram commutes on each x € x, and hence
j/
commutes. O

4.3. The structure of the prolongation space. In this section we specialise to
the case when k is a field and in this case describe the structure of the prolongation
space. Fix a finite free S-algebra schemes £ and an &-field (&, e).
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Proposition 4.16 (k a field). There exist finite free local S-algebra schemes Fi, ..., F;

t
with ring homomorphisms f; : k — F;(k) such that 7(X,&,e) = H (X, Fi, fi), for
i=1

any scheme X over k.

Proof. The ring £(k) is an artinian k-algebra and hence can be expressed as a
finite product of local artinian k-algebras, say Bi,..., B;. After choosing bases,
we obtain, for each i = 1,...,¢, finite free S-algebra schemes F; over A such
that F;(R) = B; ®; R for any k-algebra R. Let f; : k — F;(k) be the com-
position of e : k — &£(k) with the projection £(k) — B; = Fi(k). It is not

¢
hard to see, using Remark 3.2, that for any k-algebra R, £(R) = H]—}-(R) and
i=1

£R) = [[F(R). Hence, 7(X,&,e)(R) = X(£°(R)) = X([[F(r) =
i=1 i=1

¢ t
HX(fifi (R)) = (HT(X, Fi, [i))(R). These identifications being functorial in

=1 =1
t

all k-algebras R, we get 7(X, €, e) = HT(X, Fi, [i), as desired. O
i=1

Proposition 4.16 largely reduces the study of prolongation spaces (over fields)

to the case when & is local. The following proposition describes the structure of

the prolongation space in the local case under the additional hypothesis that the
residue field is the base field.

Proposition 4.17. Suppose k is field and E(k) is a local (finite free) k-algebra with
mazximal ideal m and such that £(k)/m = k. Let d be greatest such that m? # (0)
(by artinianity). Consider the sequence

E=E3—-E41— - —E —&E=S

where (k) = E(k)/mT and p; : E11(k) — &(k) is the quotient map. Let e; :=
pio---opg_10e:k— E(k) be the induced E;-field structures on k. (So eq = e and
eo is an endomorphism of k.)

Let X be a smooth and absolutely irreducible scheme over k, and consider the
induced sequence of morphisms

T(X,€e) = 17(X,E4-1,4-1) = -+ = 7(X,&1,61) = X
where X = 7(X, &y, ep) is the transform of X by eg. Then for eachi=0,...,d—1,
(a); 7(X, &, e;) is smooth and absolutely irreducible, and

(b); 7(X,&i11,€i41) — 7(X, &, €;) is a torsor for a power of the tangent bundle
of X®. That is, letting m = dimg (m**2/m?*1)  there is a morphism

~

(TXeo)m X X0 T(X7 6i+176i+1) 7'()(7 gi+17ei+1)
T(Xv gia ei)

such that for every b € 7(X,&;,e;) with image a € X, ~, defines a prin-
cipal homogeneous action of (T, X)™ on 7(X, &1, €it1)b-
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In particular, 7(X, &, e) is smooth and absolutely irreducible.

Proof. Note that since (k) = k, e is an endomorphism of k, and so 7(X, &y, e9) =
X by Example 4.2(c). Hence 7(X, &y, eg) is smooth and absolutely irreducible.
Now observe that (a)g together with (a); and (b); imply (a);+1. Hence it will suffice
to show that (a); implies (b);.

We assume that 7(X, &;, e;) is smooth and define the action ~ uniformly on the
fibres. We will work at the level of R-points where R is a fixed arbitrary k-algebra.
Let I := ker (£(R) — &(R) = R). Then I'*? = ker (£(R) — &4+1(R)). Note that
(mi*l/mi+2) @) R = I'T2 /I So if vy,..., v, is a k-basis of (m*t!/mi*+2) then
I'+2 /T is a free R-module with basis w; = v1 @k 1R, ..., Wy = Uy Ok L.

Working locally we may assume that X is affine, defined by a sequence of poly-
nomials g := (g1...,9,) over k. Let b € 7(X,&;,¢;)(R) = X (&7 (R)) with image
a € 7(X,&,e0)(R) = X(R) = X(£5°(R)). By smoothness of 7(X,&;,e;) we can
lift b to an element of X (&;7}'(R)). Let ¢ be any such lifting of b. We view c as a tu-
ple of elements in £(R) representing elements of £(R)/I*? such that ¢ = bmod I*+1
and ¢°(c) = Omod I**2, where g¢ denotes the sequence of polynomials over £ (k)
obtained from g by applying e to the coefficients. Given y = (y1,...,Ym) €
(ToX°°)™(R) we need to define y(y,c). Observe that dgi°(y;) = 0 for all j =
1,...,m, where g°® denotes the sequence of polynomials obtained from g by apply-
ing eq to the coefficients. Hence if we set v(y,c) := (c+y1w1 + -+ * YWy, ) mod 12
then ~(y, ¢) also lifts b and

96(7(970» = 96(0+y1w1 + ymwm> m0d1i+2
m
= ¢%°(c) + (Z dgee (yj)wj) mod T2
j=1
= Omod "2
so that y(y,c) € X (&} (R)). Conversely, if c and ¢ both lift b then ¢ = ¢mod I'*
and so ¢ = (¢ + y1wy + - Y Wi) mod I**+2 for some y1,...,ym € R. The same

calculation as above shows that each y; is an R-point of the tangent space to
X at a. That is, v defines a principal homogeneous action of (7,X¢)™(R) on
T(X, Ei+1,6i+1)b(R). [l

Corollary 4.18 (k a field). The prolongation space of a smooth and absolutely
irreducible scheme is itself smooth and absolutely irreducible.

Proof. First of all, by Proposition 4.16 it suffices to consider the case when £(k) is a
local k-algebra. If the residue field is k then Proposition 4.17 describes the complete
structure of the prolongation space, and shows in particular that it is smooth and
absolutely irreducible. In general, the residue field, £y (k) in the notation of 4.17,
may be a finite extension of k. The proof of Proposition 4.17 still goes through
except for the description of the base 7(X, &y, ep). That is, we obtain the same
description of the fibrations 7(X,&y1,e;41) — 7(X,&i,¢;) for i = 0,...,d — 1,
but now as torsors for a power of the tangent bundle of 7(X, &y, eq). Hence, to
prove the Corollary we need only prove that 7(X, &y, eg) is smooth and absolutely
irreducible. But by definition 7(X, &, e0) = Reyny /i (X X E5° (k)) Now base
change to a field extension preserves smoothness and absolute irreducibility, and in
general Weil restrictions preserve smoothness (cf. Fact 2.4). The Corollary then
follows from the fact that if K is a finite field extension of k and Y is a smooth
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and absolutely irreducible scheme over K then the Weil restriction Ry i (Y) is
absolutely irreducible. ([

Remark 4.19. As can be seen already at the level of tangent spaces, without
smoothness, absolute irreducibility is not necessarily preserved under prolongations.

Remark 4.20. Indeed, the question of when prolongations are irreducible is rather
subtle. For example, in the special case of arc spaces, Mustata shows that for X a
locally complete intersection variety in characteristic zero, the arc spaces (he calls
them “jets!”) of X are irreducible if and only if X has only rational singularities
(see [7]). For prolongations coming from differential fields (as in Example 4.2)
the question of irreducibility of the prolongation was studied by Kolchin using
differential algebra (see [6]), but also from the scheme-theoretic point of view by
Gillet in [3]. Similar results should be true for general prolongation spaces, but we
have not investigated this matter.

5. ALGEBRAIC JET SPACES

There are various kinds of “jet spaces” for algebraic varieties in the literature.
The one we are interested in is essentially the linear space associated with the
sheaf of differentials. While the arc space construction generalises tangent spaces
to higher-order, so, too, do the jet spaces, but with markedly different results. In
particular, the fibres of the jet spaces are always vector spaces while the fibres of the
higher order arc spaces do not possess a natural group structure. With the explicit
equations in Proposition 5.12 below, these differences become more evident.

We recall a number of the fundamental properties of jet spaces here. With
the reader unfamiliar with this literature in mind, we will provide proofs of these
well-known results.

We begin with some simple observations in commutative algebra.

Lemma 5.1. Given a ring C' suppose R and B are C-algebras and D is an ideal of
R. Foranyn €N, let 1, : R®c B — (R/D") ®c B be the quotient map tensored
with B. Then ker(m,) = (kerm)™.

Proof. This is a straightforward computation using the fact that ker(m,) is gener-
ated by elements of the form r ® b where r € D". g

Lemma 5.2. Fiz a ring A and A-algebras B and C, together with a map of A-
algebra o : C — B. Let J be the kernel of a ® id : C ® 4 B — B. We regard
C ®4 C as a C-algebra via multiplication on the left. Let D be the kernel of the
C-algebra map CR4C — C given by x®@y — x-y. Then the B-algebra isomorphism
f:(C®4aC)®cB — C®p B given by (x®y) @b — y@a(x)-b induces a B-linear
isomorphism between (D/D"') @c B and J/J" L.

Proof. A simple diagram chase shows that the following diagram commutes:

(C®aC)®c B ! C®aB

[(C®4C)/D)®c B=— (C®aB)/J
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where 7 is the quotient map tensored with B, p is the quotient map, and the bottom
isomorphism is the natural identification of both rings with B. It follows that if we
let D = kerw then f(D) = J. So f(D"!) = J"*! for any n. On the other hand,

D — ker (C®aC)®c B — [(C®aC)/D"] @c B)

by Lemma 5.1. It follows that f induces a B-algebra isomorphism between [(C ®a
C)/D™*'] @c B and (C ®4 B)/J™ !, which restricts to an isomorphism between
(D/D™1) @¢ B and J/J" !, as desired. O

Let us now fix a scheme X over a ring k.

Definition 5.3. Consider Ox ®i Ox as an Ox-algebra via f- (g ®h) := (fg) ® h.
(a) By the sheaf of n'* co-jets on X we will mean the coherent Ox-module

coJ(") T/I™! where 7 is the kernel of the Ox-algebra map Ox ®y
Ox — Ox given on sections by f ® g +— [ - g.
(b) The n' jet space over X, denoted by Jet"(X), is the linear space associated

to coJ( )

That is, Jet"(X) — X respresents the functor which associates to every X-scheme
g :Y — X the set Homoe, (9*coJ (n) ,O0y).3

We recall the (local) construction of the the linear space associated to a coherent
sheaf F on a scheme X. Working locally, let us assume that X = Spec(A4) and that
F has a finite presentation over X given by the exact sequence

AP —% s e — B T(X, F) —>0

Writing a = (a;;) as a p x ¢ matrix over A, z; — 23:1 ai;y; determines a map
Alx1, ..., xp) — Afy1, ..., y,). Taking spectra we obtain a map of group schemes

q%— Ga

\/

The linear space L(F) — X associated to F is the kernel of a* as a group subscheme
of (G%)? — X. Note that in the case when F is locally free, the linear space
associated to F is dual to the vector bundle associated to F.

Remark 5.4. (a) If X is a smooth and irreducible then so is Jet"(X).
(b) Jet spaces commute with base change: Jet"(X x; R) = Jet"(X) X R for
all k-algebras R.

3Some discussion of the terminology here is warranted. Our jet space is closely related to,
but different from, Kantor’s [5] “sheaf of jets”: he does not take the associated linear space, but
rather works with the sheaf itself. Moreover, his sheaf of jets is (Ox ®x Ox)/Z™T! while our
sheaf of co-jets is Z/Z™T1. Our jet spaces also differ, more seriously, with Buium’s [2] “jet spaces”,
which are what we have called arc spaces (in the pure algebraic setting) and what we have called
prolongation spaces (in the differential setting). Our co-jets coincide in the smooth case with the
sheaf of differentials of Grothendieck [4].
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Proof. Smoothness of X implies that coJ g?) is a locally free sheaf on X, and so the
linear space associated to it is dual to the associated vector bundle. In particular,

if X is smooth then Jetg?) is a vector bundle over X.

For part (b), setting f : X X R — X to be the projection, we first observe
that cng?)XkR = f* cng?). Fix U an affine open set in X and let p be the natural
quotient map

[Ox(U) @x Ox(U)] @ R — [(Ox(U) @1 Ox(U))/Z(U)] @k R

Identifying [Ox (U) @1 Ox(U)] @, R = (Ox(U) @1 R) ®r (Ox(U) @1 R)) and
[(Ox(U) ®, Ox(U))/Z(U)] ®k R = Ox(U) @ R, we see that p coincides with
(a®71)® (b® s) — ab®rs. Hence, using Lemma 5.1, we see that

cng?)XkR(U xp R) = kerp/(ker p)"t!
= [ZU)/T'(U)] @k R
FreolP(U xi R)
So cng?)XkR = f*cng?). Taking linear spaces of both sides, we get
Jet™ (X xp R) = Jet" (X) xx (X x4 R) = Jet™(X) x4 R
as desired ]

Definition 5.5. Given a scheme S over k and a morphism p : S — X, we denote
by Jet™(X), the scheme Jet"(X) x x S and we call it the n'* jet space of X at p.

Note that Jet™(X), is the linear space over S associated to the Og-module
p* cng?) = p’lcng?) ®p-105 Os. The following proposition gives an alternative

and useful presentation of p*coJ g?).

Proposition 5.6. Suppose S is a scheme over k and p: S — X is an S-point of
X. Let J, be the kernel of the Og-algebra map pPeid:p l0x @, Oy — Os.

Then for each n, p* cng?) 18 naturally tsomorphic to jp/jp”H. It follows that
Jet"(X),(S) = Homoy (J,/ T, Os).
In particular, if k is a field and p € X (k) then
Jet"(X), (k) = Homy, (my,/m* ! k)

D bl

where my, is the mazimal ideal at (the topological point associated to) p.

Proof. We describe an isomorphism p*coJ g?) — Tp/ \75”‘1 on sections. Fix an open
set U in S and an open set V in X containing p(U). Let ay : Ox (V) — Og(U) be
the composition of the map from Ox (V') to Og (p_1 (V)) induced by p together with
the restriction from Og(p~(V)) to Og(U). Note that p* on U is obtained as the
direct limit of ay as V ranges over open subsets of X containing p(U). Moreover,
Jp(U) is the corresponding direct limit of Jy := ker(ay ® id). Now Lemma 5.2
applied to (A =k,B=0g(U),C=0x(V),a= av) yields a natural isomorphism
[Z(V)/I" (V)] ®oxv) Os(U) — Jv/JT Taking direct limits we obtain an

isomorphism p*cng?)(U) = pilcng?)(U) @p-10x W) Os(U) = Tp/ T3 (U).
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As mentioned earlier, Jet™ (X), is the linear space over S associated to p*coJ g?).
Hence,

Jet"(X),(S) = Hompy (p*coJ()?),Os)
= Home, (JP/JP""'I7 (95)
as desired.
Finally, if k is a field and p € X (k) then setting S = Spec(k) and applying the
above result yields that Jet” (X),(k) = Homy (m,/m7 ! k). O

The jet space construction is a covariant functor: If f : X — Y is a morphism of
schemes over k then we have the induced Ox-algebra map f*coJ gﬁl ) = coJ g?) and
hence a morphism of linear spaces over X, Jet"(X) — Jet"(Y) xy X, which in turn
induces Jet"(f) : Jet"(X) — Jet"(Y) over f. At the level of S-points, under the
identification given by Proposition 5.6, Jet"(f), is the one induced by the natural
map p~ () : f(p) 1 (Oy) — p~1Ox. It is routine to check that if f is a closed
embedding then so is Jet"(f).

Lemma 5.7. Let f : X — Y be a closed embedding of affine schemes over a field
k. Let p € X(k) be a k-rational point. Then the image Jet"(f)(Jet™(X),(k)) is

{4 € Homy (my, ;) /m;j}(p), k) :(f) =0 for all f € I(X) - (Oy. () /m;;j}(p))}

Proof. Let f* : Oy, ;) — Ox,p be the associated homomorphism on local rings.
Read through the identification of Jet™ (X)), (k) with Homy, (mx,p/m};}, k), the map
Jet™ (f) is given by 1) — tbo f*. Since ker(f*) = I(X) - Oy f() and Im(f*) = Oxp,
this proves the lemma. O

Corollary 5.8. Suppose Z is an algebraic variety (i.e. a separated, integral scheme
of finite type) over a field k. If X and'Y are irreducible closed subvarieties over k,
and p € X(k)NY (k) has the the property that Jet"(X), = Jet"(Y), for alln € N,
then X =Y.

Proof. If U C Z is a dense open affine containing p and UNX = U NY, then
X =Y. Thus, we may assume that Z is affine. We show now that I(X) C I(Y).
The opposite inclusion is shown by reversing the roles of X and Y. If f € I(X), then
by the description of the image of the Jet™ (X), (k) in Jet" (Z),(k) from Lemma 5.7,
every element of Jet"(X),(k) < Homk(mz’p/mgtﬁk) vanishes on f. As Z (and,
hence, the local ring Oy ,) is noetherian, ﬂ (m’}:} +1(Y) Oz,) =1(Y) - Oz,
n>0
If f ¢ I(Y), then as I(Y) is primary, f ¢ I(Y) - Oz,. So, for some n we have
fé m%}l +I1(Y)-Og,p. Again by the description of the image of Jet"(Y'),(k), there
would be some element of the image which did not vanish on f. Since Jet™(X), (k)
and Jet" (Y"), (k) have the same image by assumption, this is be impossible. O

Lemma 5.9. Suppose f: X — Y is a dominant separable morphism of varieties
over a feild k. Then Jet" (f) : Jet™(X) — Jet™(Y) is a dominant morphism.

Proof. We may take k = k*&. As f is dominant and separable, there is a dense
open U C X on which f is smooth. That is, for every point p € U(k) the map
o myyf(p)/m%,f(p) — mX’p/mg(’p is injective. It follows that for every n > 0

that the map f* : my7f(p)/mgﬂ4}1(p) — mxyp/m;?'pl is injective. Hence, taking duals,
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Jet™ (f)p : Jet™ (X)p(k) — Jet™(Y) () (k) is surjective. As f(U(k)) is dense in Y,
we have that Jet™(f)(Jet"(X)(k)) is Zariski-dense in Jet"(Y"). O

Lemma 5.10. Suppose f: X — Y is an étale morphism of schemes of finite type
over a field k. Then Jet"(f) : Jet"(X) — Jet"™(Y) is étale. Moreover, if R is a
k-algebra with Spec(R) finite, and p : Spec(R) — X is an R-point of X over k,
then Jet" (f)p : Jet" (X), — Jet™ (Y) () is an isomorphism.

Proof. Since f is étale, for every topological point ¢ € X, f induces an isomorphism
of finite dimensional k-vector spaces, mf(q)/m}”(q) — mg/mg?, for all m > 0. Now

for each 2 € Spec(R) we have the associated local k-algebra homomorphisms pf, :

Oxpw) — Ra. Set Jp, := ker (ph @ id : Ox pu) @k Re — Ry). Specialising
Proposition 5.6 to the case of S = Spec(R) we see that

p* cng?) = @ JpI/Jg:l
xESpec(R)

and
oy el = @ T /TG
zE€Spec(R)
Hence it suffices to show that for each x € Spec(R), f induces an ismorphism

between J¢ ;) /J7H and Jp. /Tyt Since the maximal ideal m, in R(,) must be

nilpotent, J7+* contains mf; () ®1 and J}L&: )1T contains mfc(p) () ® 1, for some £ > 0.

But f does induce an ismorphism (Ox () @k Rm)/(mf;(x) ®1) = (Oy, 1) (2) @k

Rx)/(mff(p)(w) ® 1) which will take J*! to J}l(';)l(gc). So f induces an isomorphism

between f(p)*coJ §}‘ ) and p*coJ g?), and hence an isomorphism between Jet"(Y') ()
and Jet" (X),, as desired.

The first part of the lemma now follows on general grounds. To show that Jet” (f)
is étale we need to check that it is smooth and of relative dimension zero. These
properties are local. As on the base Jet™(f) is simply f which is étale and Jet"(f)
is an isomorphism fibrewise, Jet"(f) is of relative dimension zero. For smoothness
consider the following diagram for any point § € Jet™(X)(k*#) lying above some
point p € X (k*#):

. d5(Iet™ (1)) .
T (Jet™(X)p) —————= Tretn (1)) (Tet" (Y) ()

| |

" ds Jet™ (f) .
T Jet™ (X) Tyetn (1)) Jet™ (Y)
L,
X Trp)Y

As Jet™ (f) restricts to isomorphism between Jet” (X ), and Jet™ (Y') () we see that
dj (Jet™(f)p) is an isomorphism between T} (Jet™ (X)) and Thesn (£)(5) (Jet™ (V) ¢ )-
As f itself is étale, d,f is an isomorphism between T, X and T}(,)Y. Hence,
dj Jet™(f) is an isomorphism and so Jet”(f) is étale. O

Remark 5.11. It follows from Lemma 5.10 that if U is a Zariski open subset of
X then Jet" U — U is the restriction of Jet" X — X to U.
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5.1. A co-ordinate description of the jet space. Let X C Af be an affine
scheme of finite type over a ring k. We wish to give a co-ordinate description of
Jet"(X) as a subscheme of Jet"(Af).

If x = (z1,...,2¢) are co-ordinates for A then I'(Af, coJXZ)) = J/J""1 where
k
J is the ideal in k[z, 2] generated by elements of the form z; := (2} — x;). Setting
¢
z = (z1,...,2¢) we have that z = 2’ —z. Now let A := {a € N¢:0 < Zai < n}.

i=1
y4

We use multi-index notation so that for each o € A, 2% := Hzf‘l Note that

i=1
J/J"HL s freely generated as a k[r]-module by {z%(mod J"*1) : o € A}. That is,
Jet™ (AY) is the affine space Spec (k[z, (24)aca])-

Suppose X = Spec (k[z]/I). Now I'(X, cng?)) = (JIT")/{J"FII") where I’ is
just I in the indeterminates 2’. As a k[z]|/I-module I'(X, cng?)) is generated by
the image of {z%*(mod J"*!) : @ € A}. By the construction of linear spaces, to
describe Jet™(X) we need to describe the relations among these generators. The
relations are obtained by writing P(z'), for each P € I, as a k[z]-linear combination
of {z%(mod J"") : o € A} in k[x,2']/J" .

To this end, for each o € N* let D* be the differential operator on k[z] given by

D)= S ()

BeB BEB,fza
That is, for any P € k[z], P(z+z2) = Z(DO‘P)(QU)ZO‘. Note that if a! := ay!- - ap!

e

is invertible in k then D% is just the differential operator %% Now
al 0x7'--- 0z,
consider P(z) = Z rgz’ € 1. Then
BeEB
P(x') = Px+2)
Z(D“P)(x)za

[}

Z(DO‘P)(Q:)ZO‘ mod J" !

acl

We have thus shown:

Proposition 5.12. With the above notation, if X = Spec(k[x]/I) then as a sub-

scheme of the affine space Jet" (A}) = Spec (k[z, (za)aca]), Jet™ (X) is given by the
equations:

)
2
=
=
©
R
Il
o

for each P € 1.

Remark 5.13. The co-ordinate description of the jet space given by Proposi-
tion 5.12 agrees with the way that jet spaces of algebraic varieties are defined in [9].
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6. INTERPOLATION

Unlike arcs, jets are not a special case of our abstract prolongation space construc-
tion; they do not come from Weil restrictions. In particular, as can be seen even
by sheer dimension calculations, it is not the case (in general) that jets commute
with prolongations. Nevertheless, there is a natural morphism that compares the
jet space of a prolongation to the prolongation of the jet space, which is generi-
cally linear and surjective over the prolongation. In this final section we introduce
this map, establish its fundamental properties, and compute explicit equations for
it in co-ordinates. This morphism will allow us in a sequel paper to define the
Hasse-differential jet spaces of Hasse-differential varieties.

Fix a finite free S-algebra scheme £ over a ring A, an A-algebra k, an A-algebra
homomorphism e : k — £(k), and a scheme X over k. Let 7(X) = 7(X, £, e) be the
prolongation of X with respect to £ and e. (Recall that our standing assumption
is that this prolongation space exists, which is the case for example when X is
quasi-projective.) Fix also m € N. We construct a map

o g o Jet™ (T(X)) — 7(Jet™(X))

m,E,e
over X, which we will call the interpolating map of X (with respect to m, &, and
e). We will define (an@,s,e by expressing its action on the R-points of Jet™ 7(X),
for arbitrary k-algebras R. It should be clear from the construction, and will also
follow from the co-ordinate description given in the next section, that (bﬁ gelsa
morphism of schemes over k.
Our map will be the composition of two other maps which we now describe.
Suppose p : Spec(R) — 7(X) is an R-point of 7(X) over k. Then p x; E(k) :
Spec (E(R)) — 7(X) xx E(k) is an E(R)-point of 7(X) xj (k) over E(k).

Lemma 6.1. Base change from k to £(k) induces a natural map

wi=u P Jet™ (T(X)),(R) — Jet™ ((X) x1 E(K)), ., 1y (E(R))

m,E,e

T

Jot™ (r(X) x4 £(8) sy (ECR)) - = Homeqy (0 50 E))" (07,00 E(R))
= Homg g (p"col 7y, @k E(k), E(R))

Proof. Recall that Jet™ (T(X))p(R) = Hompg(p* coJ(T))(), R) and

where the identification (p xj S(k))*(coji?))()xkg(k)) = p*coJ(TT))() ® E(k) is by
the fact that COJ’E'TZL})()XkS(k) is just the pull back of coJ(;("))() under the projection
T(X) xi E(k) — 7(X).

Now define u to be the map that assigns to the R-linear map v : p* COJS'T))() — R

the £(R)-linear map v @y, E(k) : p* cojg(n)z_) ® E(k) — E(R). That is, u is given by
base change. O

Under the usual identification p corresponds to an £¢(R)-point of X over k,
p: Spec (£4(R)) — X.
Lemma 6.2. Applying the Jet™ functor to rfe :7(X) xx E(k) — X, the canonical

morphism associated to 7(X), induces a map

vi=oh s Jet™ (1(X) Xk E(K)) e, ey (E(R)) — Jet™ (X),(€°(R))

m,E,e
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Proof. Note that as £(k)-algebras E(R) = £¢(R). So p X E(k) can also be viewed
as an £°(R)-point of 7(X) xi E(k) over E(k).

Applying the jet functor we get Jet™ (rz ) : Jet™ (7(X) xx E(k)) — Jet™(X).
Since p = Té(,e o (p Xk S(k:)) — see Lemma 4.5 — this morphism restricted to the fibre
at the £(R)-point p X E(k) yields a morphism

Jet™ (T(X) Xk E(k)) — Jet™(X);

png(k)

Evaluating at £¢(R)-points yields the desired map v. O

Our interpolating map is now just the composition of the maps given in the
above two lemmas. More precisely, if p € 7(X)(R) and v € Jet™ (T(X))p(R) then
we define our interpolating map by

d)nXl,S,e(pa V) = (ﬁ,’l)(u(l/)))

where v is from Lemma 6.1 and v is from Lemma 6.2. Note that
Dmog.e(p,v) € Jet™(X)(E9(R)) = 7(Jet™ (X)) (R)

Depending on what we wish to emphasise/suppress, we may drop one or more of

the subscripts and superscripts on ¢i’576.

Lemma 6.3. The interpolating map ¢y ¢, = Jet™ 7(X) — 7Jet™ (X) is a mor-
phism of linear spaces over 7(X).

Proof. That ¢ is a morphism of schemes over 7(X) can be derived from the defini-
tion, but also follows from the co-ordinate description given in the next section.
First note that the prolongation functor preserves products and that 7(Sg) =
Er. Hence, it takes the Si-linear space Jet™(X) — X to an &-linear space
7(Jet™(X)) — 7(X). The latter obtains an Sy-linear space structure from s :
S — &. Tt is with respect to this structure that the lemma is claiming ¢ is linear.
It is clear from the definition of w and v in Lemmas 6.1 and 6.2 respectively,
that for an arbitrary k-algebra R, and an arbitrary R-point p of 7(X), v and v are
R-linear. Hence ¢ is R-linear on the R-points of the fibre above p. As R and p
were arbitrary, this implies that ¢ is a morphism of linear spaces. (Il

The fundamental properties of the interpolating map are given in the following
proposition.
Proposition 6.4. The interpolating map satisfies the following properties.

(a) Functoriality. If g: X — Y is a morphism of schemes over k, then for each
m,n € N the following diagram commutes

Jet™ 7(g)

Jet™ 7(X) Jet™ 7(Y)
| |
7 Jet™(X) e ) 7 Jet™(Y)

(b) Compatibility with composition of prolongations. Suppose F is another
finite free S-algebra scheme and f : k — F(k) is a ring homomorphism
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agreeing with sk on A. Then the following commutes

Jet™ 7(X,EF, ef)

D r s T(JetmT(X,g,e),]:7f)

T($F e, F )
T( Jet™(X),EF, ef)

(¢) Compatibility with comparing of prolongations. Suppuse F is another finite
free S-algebra scheme, f : k — F(k) is a ring homomorphism agreeing
with s?_— on A, and o : &€ — F is a morphisms of ring schemes such that

akf oe= f. Then the following diagram commutes:

Jet™ (&)

Jet™ 7’()(7 g, e) —_ > Jet™ T(X, F, f)
Pe itﬁf-

7(Jet™(X), &, e) T(Jet™(X), F, f)

&let™ (X)

Proof. For part (a), fix p € 7(X)(R). By the funtoriality of the Weil restriction
(see Proposition 2.1) it follows that the following diagram commutes:

7(X) s, E(k) —HEW 3y s (k)

X Y
iré‘,e \LT‘S,e

X : Y

Taking jets and evaluating at £¢(R)-points we get

Jet™ (T(g)XkS(

Jet™ (v(X) xi £(K)), e (E°(R)) Yem (v x4 ER)) -ty oy (ES(RD)

l,UX,p ivaT(g)(p)

Jet™(X),(£4(R)) Jet(9) Jet™ (V) =5 (E4(R))

On the other hand, that the following diagram commutes is clear from the fact that
the map v in Lemma 6.1 is just given by base change:

Jet™ (T(g))

Jet™ (7(Y)) . (R)

(9)(p)

wXop luY,T(g)(p)

U D () ()
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Putting these two commuting squares together yeilds

Jet™ (T(g))
_—

Jet™ (T(X))p(R) Jet™ (7(Y)) (R)

m(9)(P)
le,pouX,p le,r(g)(p)ouY,T(g)(p)

Jet™ (V) = (€°(R))

Jet™ (X); (£9(R)) —— =&

By the construction of the interpolating map, this in turn implies

Jet™ 7(X) — 79 getm (v
igﬁ" iw
POt (X) e T Jet™ (V)

as desired.

For part (b), let us make the systematic abbreviation 7€ (X) for 7(X, &, e). Fix-
ing p € 7¥7(X)(R) we have the associated points p € X (EF/(R)) and pr €
7(X)(F7(R)). The contribution to the interpolating map from base change
(namely from the map given by Lemma 6.1) will cause no difficulty and so we
only check commuting for the relevant diagram coming from the Weil restriction
map (i.e., the map from Lemma 6.2). From Lemma 4.14 we have the following
commuting triangle

TEF(X) xx EF (k)

X
E(x)

F.f Xkcf(k) X

X

Tg(X) X g(k‘)

T

This induces the following morphism of sheaves of £F(R)-algebras

p(col %) ) @k EF (k)

\

5 (col §V)

/

(o] 2 y)) @1 E(R)
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Taking duals, and making natural identifications we get:

Home 7 (r) (p*(COJ(T?y)r(X)) @k EF(k), EF(R))
1);£(X)1P®kg(k) Homg].-ef(R ( (COJ( )) gfef( ))

Hom, (1, ) (B(c0T %)) @x k), E(F (1))

From here part (b) is easily verified.

For part (c) we continue to use the abbreviation 7¢(X) for 7(X,&,e), and we
work with a fixed point p € 7¢(X)(R) for some fixed k-algebra R. Again we are
going to break the desired commutative diagram into two peices, one coming from
each of the two ingredients of the interpolating map (namely from the map given
by Lemma 6.1 and the map from Lemma 6.2). To do so, note first of all that there
is a natural map

a: Jet™ (7€ (X) x,E(k)) (E(R)) — Jet™ (77 (X) x4 F(k))

pxrE(k)

Indeed, & is just the composition of the map

Jet™ (8(X) xix E(K)) ., ey (E(R)) = Jet™ (75(X) > F(K)) ., 7y (F(R))
induced by base change from &(k) to F(k) using a, with Jet™ (& x F(k)) :
Jet™ (7°(X) xy ]—‘(k))pxkf(k) (F(R)) — Jet™ (7(X) xx F(k ) o) Fl (}' ).

Hence, to obtain the desired commuting diagram it will suffice to show

(1) The following diagram commutes:

Jet™ (v€(X)) (R) (@) Jet™ (7 (X))

Jet™ (78(X) xi E(K)) ., ey (E(R)) S Jet™ (17 (X) X0 FR)) 4 ) (F(R))

where the vertical arrows are the base change maps of Lemma 6.1, and
(2) The following diagram commutes:

Jet™ (78(X) xk E(K)) ., o) (E(R)) Jet™ (77(X) Xk F(K)) 4 iy (F(R))

| |

&Jccm (X)

Jet™ (X); (€5(R)) Jet™ (X) ;0 (F/(R))

where the vertical arrows are the maps of Lemma 6.2.

&(p)

Diagram (1) is easily seen to commute by unravelling the definitions and using
that fact that jet spaces commute with base change. So we focus on proving that
diagram (2) commutes.
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From lemma 4.9 we have the following commuting diagram

PF(X) X F(k) 20 28 (XY i, F(k)

r;,-(yf Aid Rar)

X
where 7“5 .o (id®a) : 78(X) xi F(k) — X is the composition of the projec-
tion 7€(X) x5, F(k) = 78(X) xi E(k) Xewy F(k) — 78(X) %3, (k) with rge :
7¢(X) x E(k) — X. Taking the co-jet sheaves and pulling back by the appropriate
morphisms we obtain the following commuting diagram of sheaves on Spec (]—' (R)):

(&p) Xk F(k))" ol (xyxr 7 () (p Xk F(k))" o Te (xyxp 70

\/

coJX

Note that 7, o (id ®a) really does take p x F(k) to d/(;) since o“z/(;) =poq.
Now, let us consider diagram (2) above. Unraveling the definitions it is not hard
to verify that given € Jet™ (7€ (X) x;, E(k))pka(k) (E(R))

e going clockwise along diagram (2) takes 7 to (v ®g(x) ]-'(k)) o co b; while
e going counter-clockwise along diagram (2) takes v to (7 ®g(x) f(k)) oa

Hence diagram (2) is commutative, as desired. (]

6.1. The interpolating map in co-ordinates. We wish to give a co-ordinate
description of the interpolating map for affine schemes of finite type. Since the jet
and prolongation functors preserve closed embeddings, functoriality allows us to
reduce this task to affine space.

Fix a finite free S-algebra scheme £ over a ring A and an A-algebra k equipped
with an A-algebra homomorphism e : k — £(k). Let (e = 1,e1,...,e-1) be a
basis for £(k) over k.

Consider A}, = Spec (k:[xl, cee :z:r]) Then TA], = Spec (k[yl, e ,yr]), where
each 7, = (Yi0,---,¥ie—1). Let x = (z1,...,2,) and § = (Fq,- .., T,)-

Suppose R is a k-algebra, @ € TA}(R) and a € A7 (E°(R)) is the point corre-
sponding to @. A straightforward computation using Proposition 5.6 shows that

Jet™(TA})z(R) = Hompg (R[yla/(y — aym R)
Jetm(AZ)a (SE(R)) = HOngc(R) (SE(R) [z]a/(x _ a)m«kl’ ge(R))

where R[]z is the localisation of R[y] at {f € R[y] : f(a) € R*}, and E°(R)[z], is
the localisation of £¢(R)[x] at {f € £°(R)[x] : f(a) € E°(R)*}. Our interpolating
map

Hompg (R[gla/(y — @)™, R) — Homge () (E°(R)[2]a/(x — a)™ !, E4(R))
is given by f —— (f xj E(k)) o r* where
r* E(R)alo/(z — a)™ T — E(R)[Fla/ (7 — @)™t
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-1
is the map induced by z; — Z Y j€j. S0 to compute the interpolating map on co-
3=0
ordinates, we need to compute 7* on the monomial basis for £¢(R)[z]./(z — a)
over £(R). To that end, fix # € N” with 0 < || < m and compute in multi-index
notation

m—+1

r {—

(S vise)”

i=1 j=0

= E @7(607...,6571)2’*1%
Y=(71,--7r) ENE” |75 | =04

r*(a”)

Set I'g :={y = (71,...,7) € N" : |y;| = B;} and for each v € I's, expand

-1
(2) (€0, .- - e0—1)Zi=1 i = Z Cy,j€j
7=0

for some ¢, ; € A. So we have

—1
(3) r(@%) = Y () e )e
j=0 ~e€lg

Remark 6.5. Fix § € N” with 0 < |8] < m. Let

B:=(41,0,...:02,0,...5...;5:,0,...,0) € Dy C N
Then
° cA’Ozl,
° cﬁjzofor all j # 0, and

e c,o=0forallyely\ {3}
Indeed, this is because ¢g = 1 and if v € T5 \ {3} then (e, ..., e, 1)>=17 is in
the kernel of the reduction map £(k) — k.

We can already prove the following surjectivity result:

Proposition 6.6. The interpolating map on affine space, ¢ : Jet™ A}, — 7 Jet™ AJ,
18 surjective.

Proof. Fix a k-algebra R, a point @ € TAJ(R), and let a € A} (£°(R)) be the point
corresponding to @, as above. We need to show that

Homp, (R([gla/(y — @)™, R) — Home.(r) (£°(R)[z]a/(x — a)" ", E°(R))

given by f —— (f X & S(k)) o r* is surjective. Fix an arbitrary § € N" with
0 < [B8] < m and let v € Homge(py (£9(R)[z]a/(x — @)™, E(R)) be such that it
takes 2 to 1 and all other monomial basis elements to 0. It suffices to show that v
is in the image of the interpolating map. Define f € Hompg (R[@]g/(y —a)mtl, R)
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such that f @B ) =1 and f sends all other monomial basis elements to 0. Then

T
L

(f xx &) or*(a?) = FOY ey ii)es

v€ls

= o

J
—

= 2%

\
— o<
=R
(=)

where the first equality is by (3) and the penultimate equality is by Remark 6.5.
On the other hand, for g’ # 3, since 8 ¢ I'g/, a similar calculation shows that
(f xi E(K)) or*(z°") =0. So (f xk E(k)) or* = v, as desired. O

We return to the computation of the interpolating map on co-ordinates. Fix
¥ = (Y1,---,%) € N such that 0 < |y| < m and consider the basis element
f+ € Hompg (R[ylz/(y—a)™**, R) which takes 7" to 1 and sends all other monomial
basis elements to 0. We now compute what the interpolating map does to f,. Fix
B € N" with 0 < |8] < m.

-1
(fv xké'(k)) 07’*(17'6) = Zf’v( Z C’m'yvl)ej
j=0

'€l
-1 .
_ ijoc'm'ej if v € g;
0 otherwise.
where the first equality is by (3) and the coefficients ¢, ; € A are from (2). Set
7= (7l,---,]7|) € N". So ¥ is the multi-index such that v € I'5. We have shown
that

-1
¢(f) = (D cvie)gs
§=0

where g5 € Homge(g) (£¢(R)[x]a/(x — a)™ ™, E°(R)) takes 27 to 1 and all other
monomial basis elements to 0.
For an arbitrary element f = Z U f of Homp (R[y]a/ (g—a)m*1, R),
~YENE 0<|y|<m
where the u, € R, we can then compute

—1
o(f) = o wy (D evjei0)
j=0

YENT,0<|y|<m

/—

- Z Z( Z uvcmj)ej 9p

BeEN”0<|B|<m \Jj=0 ~€elg

[

‘We have shown:
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Proposition 6.7. If R is a k-algebra and (@, f) € Jet™ TAL(R), where f =

Z Uy fr, then ¢(a, f) € T Jet™ A} (R) is given by
YEN,0<|y[<m

a,ug, ( Z uvcml)v ( Z “70%2)7 ) ( Z uvcvl*l)

7€l 7€l 7€l BENT 0<|B|<m
where the coefficients ¢y ; € A come from (3) above. Stated another way, on co-
ordinate rings,

¢* kg, {ws;:0<i<l-1,3€N".0<|8] <m}] — k[7, {2z, : 7 EN"0< |y| <m}]

is given by
o Y7y
® wg,o — 25 for each B € N",0 < 1Bl <m
° w@jb—»(Zc%j)zAonreachﬂ and j=1,...,0—1. a
vels

The following corollary of the above co-ordinate description will be useful in a
sequel to this article where we study “£-schemes” and their “E-jets”.

Corollary 6.8. Suppose k is a field and X is of finite type over k. If p € X (k) is
smooth then ¢ restricts to a surjective linear map between the fibres of Jet™ 7(X)
and T Jet™ (X)) over V(p) € 7(X) (k).

Proof. By Lemma 6.3, ¢ is a morphism of linear spaces over 7(X), and so all that
requires proof is the surjectivity.

By smoothness at p, there exists an étale map from a nonempty smooth Zariski
open subset U C X containing p to A}, for some r > 0. Note that V(p) € 7(U)
and Jet” (7U) = Jet™ (7X)|,v. Hence Jet" (7U)v () = Jet™ (7X)v(p). Also, since
Jet™(U) = Jet™(X)|v, we have

(TIet™(U)) gy = T(Tet™ Up) = 7(Jet™ X,,) = (r Jet™ (X))

V(p) V(p)

where the first and final equalities are by Proposition 4.7(b). So, without loss of
generality, we may replace X by U, and assume there is an étale map f: X — Aj.
Indeed, under this hypothesis, we will show that for any p’ € 7(X),(k¥#), ¢,/ is a
surjection from Jet™ (7X), to (7 Jet™ X),/. For X = AJ, this is Proposition 6.6.

By Proposition 4.6, 7(f) is étale, and so by Lemma 5.10, Jet™ (T(X))p, is iso-
morphic to Jet™ (T(A};))T(f)(p,). It remains therefore to prove that 7(Jet™(f))
induces an isomorphism between the fibres over p’ and 7(f)(p’) in the following
diagram

7(Jet™ (X)) MT(Jetm(Ag))

| |

7(A%)
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is in turn reduces to showing that if p is the £°(k*!8)-point of X corresponding

to p/, then in the following diagram

Jet™ (x) — U Jetm(Ar)

L,

X Aj
Jet™(f) induces an isomorphism between the fibres over p and f(p). But as f is
étale, this is just Lemma 5.10 with R = £¢(k*!8) apllied to p. O
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