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Abstract

This thesis deals with internal and analysable types, mainly in
the context of the stable theory of differentially closed fields. Two
main problems are dealt with: the construction of types analysable
in the constants with specific properties, and a criterion for a given
analysable type to be actually internal to the constants.

For analysable types, the notion of canonical analyses is intro-
duced. A type has a canonical analysis if all its analyses of shortest
length are interalgebraic. Given a finite sequence of ranks, it is con-
structed, in the theory of differentially closed field, a type analysable
in the constants such that it admits a canonical analysis and each step
of the analysis is of the given rank. The construction of such a type
starts from the well-known example of §(logdx) = 0, whose generic
type is analysable in the constants in 2 steps but is not internal to the
constants. Along the way, techniques for comparing analyses in stable
theories are developed, including in particular the notions of analyses
by reductions and by coreductions.

The property of the logd function is further studied when the fol-
lowing question is raised: given a type internal to the constants, is
its preimage under logd, which is 2-step analysable in the constants,
ever internal to the constants? The question is answered positively,
and a criterion for when the preimage is indeed internal is proposed.
Partial results are proven for this conjectured criterion, namely the
cases where the group of automorphisms (the binding group) of the
given internal type is additive, multiplicative, or trivial. In partic-
ular, the conjecture is resolved for generic types of equations of the
form dz = f(z) where f is a rational function over the constants. It
is discovered that the related problem where logd is replaced by 9 is
significantly different, and the analogue of the conjecture fails in this
case.

Also included in this thesis are two examples asked for in the
literature: internality of a particular twisted D-group, and a 2-step
analysable set with independent fibres.
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1 Introduction

This thesis is concerned with the model theory of differentially closed fields
(of characteristic 0). A differential field is a field F' equipped with a deriva-
tive 6 : F — F, i.e., a linear operator satisfying the Leibniz Rule d(xy) =
xdy + yox. A differential field (F,0) is differentially closed if every system
of algebraic differential equations and inequations having a solution in some
differential field extension of (F,0) already has a solution in F. These are
the existentially closed differential fields, and they were shown to be axioma-
tizable by Blum [4]. Its first-order theory, denoted by DCF, is w-stable and
thus admits a very tame theory of independence and rank on definable sets.

We will be focusing on definable sets of finite rank. These have played
a significant role in the application of model theory to other areas of math-
ematics. For example, they are central to Hrushovski’s [11] renowned proof
of the function field Mordell-Lang Conjecture in characteristic 0 — following
earlier ideas of Buium [5]. More recently, finite rank definable sets in DCF
appear in the work of Freitag and Scanlon on the differential equation satis-
fied by the j-function, the work of Nagloo and Pillay [24, 25] on functional
transcendence of solutions to the Painlevé equations, works of Bell, Launois,
Leon Sénchez and Moosa [2, 3, 16] of the Dixmier-Moeglin equivalence in
noncommutative algebra.

The study of DCF{ can be viewed as an expansion of algebraic geometry
into differential-algebraic geometry. We can somehow categorize definable
sets by their “distance” from definable sets in the algebraic geometry. In
DCFy we have the constant field {z : dx = 0}, on which algebraic geometry
lives. Indeed, the full induced structure on the constants is that of a pure
algebraically closed field. This means that the study of definable sets from the
constants is algebraic geometry. A little bit further away we have definable
sets that are internal to the constants. They are definably isomorphic to
a definable set living in (a cartesian power of) the constant field. That

this is not the same thing as living in the constants is because we allow



the isomorphism to be definable over additional parameters. Even further
away we have the notion of analysability. An example of an analysable set
is illustrated in Example 2.27: it is a definable set admitting a definable
surjective map to a set that is internal to the constants, and each fibre of
this mapping is also internal. In general, a definable set is analysable in the
constants if it admits a finite sequence of definable surjections X — X, —
X,_1 — -+ — Xy where the fibres at each stage, and X7, are internal to the
constants. If a definable set is not analysable in the constants then it must
have some part that has no connection to the constants at all. This thesis
has nothing to say about them.

We will now describe the results of the thesis, chapter by chapter. Our
original contributions begin in Chapter 3, which is the only chapter that
works at the level of a general stable theory. (The rest of the thesis is about
DCFy in particular.) In that chapter we begin a systematic study of finite

rank analyses, introducing the notions of

e analyses by reductions: obtained by taking maximal definable images

that are internal;

e analyses by coreductions: obtained by taking minimal definable images

so that the fibres are internal;

e canonical analyses: an analysis that has the minimal number of steps
and is equivalent up to interalgebraicity with any other analysis with

the minimal number of steps.

We prove a number of propositions that begin the foundational study of these

notions. Among them are:

e Any analysable finite rank type has an analysis by reductions. (Propo-
sition 3.8)

o [f every finite rank type has a coreduction then any analysable finite

rank type has an analysis by coreductions. (Proposition 3.10)

2



o Analyses by reductions (or by coreductions) have the minimal number

of steps. (Proposition 3.12)

o [f an analysis by reductions has the same finite rank at each step as an
analysis by coreductions, then both analyses are canonical. Moreover,

every canonical analysis is of this form. (Proposition 3.15)

o Given an analysis where each step is of rank 1, one can produce analyses
by reductions (respectively coreductions) where the steps have any given
decreasing (respectively increasing) sequence of finite ranks. (Proposi-

tion 3.17)

The proofs of these propositions use only the basic machinery of stability
theory.

In Chapter 4 we begin our focus on DCFj and in particular the logarith-
mic derivative. The logarithmic derivative is a group homomorphism from
G,, (the universe viewed as a multiplicative group) to G, (the universe viewed
as an additive group) with kernel the (multiplicative) constants. There is no
such homomorphism in algebraic geometry, but in differential-algebraic ge-
ometry there is, namely logd : x — 2T We are able to generate examples
of analysable types by simply iteratin% the logarithmic derivative map (see
Corollary 4.2). What’s more, by intricately applying the logarithmic deriva-
tive map on each level of the analysis, we are able to prove the following

main result:

Theorem 4.7. Given positive integers ny, ..., ny, there exists in DCFq a type
that admits a canonical analysis in the constants with the i-th step having

rank n;.

The results of Chapters 3 and 4 appeared in [12].
The application of the logarithmic derivative map in the above cases
leads to a natural question: for a definable set that is internal to the con-

stants, when is its preimage under the logd map internal instead of merely



analysable? This question is also a special case of the following open prob-
lem: given a set of differential equations in two variables, if we know in
advance that the set of solutions is analysable in the constants, when can we
determine that the set of solutions is indeed internal? This problem is the

focus of Chapter 5. We have provided a conjecture:

Conjecture 5.4. Suppose p is a minimal type in Sy (F) that is almost® in-
ternal to the constants, where F' is an algebraically closed differential field.

Let ¢ = logé *(p). Then the following are equivalent:

(1) q is almost internal to the constants,

(2) q is in finite-to-finite definable correspondence with a product of types

that are almost internal to the constants.

A third more explicit description of the finite-to-finite correspondence of
(2) is also conjectured to be equivalent.

The main results of Chapter 5 are summarized as follows:

Theorems 5.6 and 5.12. Conjecture 5.4 is true for types p that are not
weakly orthogonal to the constants, as well as those p satisfying the following
additional condition:

(x) For every realization a |= p, there exists v € F (a) \F such that v € F
or logd(v) € F.

Although the condition above seems technical, we show in Corollary 5.13
that it covers the case when p is the generic type of a differential equation
dr = f(x) where f is a rational function over the constants. So in that
case wo obtain a proof of Conjecture 5.4. Moreover, condition (x) can be
formulated in terms of a constraint on the binding groups: see the discussion
in Section 5.5. In Section 5.3 we exhibit a series of examples illustrating cases
where our theorems do apply, and in Section 5.4 an example where they do

not.

!This is a minor technical weakening of internality — see Definition 2.2.
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This (conjectured) behaviour of a clear “split” as in (2) does not hold if
logd is replaced by 9, as seen in Section 5.6. If a condition for preimages of
internal types under ¢ to be internal exists, then it must differ significantly
from that conjectured for the logarithmic derivative.

A final chapter in this thesis records two specific examples that were
asked of me by other researchers and that appear in their publications. The
first was requested by Bell, Leén Séanchez and Moosa, and appeared in [3].
The second was asked for by Haykazyan and Moosa and is referred to in [9].
They are closely related to many of the ideas and techniques developed in
Chapters 4 and 5.



2 Preliminaries

We do not, in this thesis, include an introduction to or review of model
theory, nor of stability theory. (We have, however, included a glossary at the
end and a list of symbols at the beginning.) For one thing, there are many
good books on these subjects: we suggest [20] for model theory and [27]
for stability theory. Moreover, except for Chapter 3, this thesis is about the
model theory of one particular first-order theory — the theory of differentially
closed fields of characteristic 0 (DCFy), a review of which is included in this
chapter — so the general machinery is unnecessary for most of this thesis.
We will, however, in this chapter, spend some time reviewing the particular
notion of internality in stable theories, as this is at the heart of the thesis.

Our model-theoretic notion is standard. In particular, we fix a complete
theory T that admits elimination of imaginaries, and a sufficiently saturated
model U |= T. All parameter sets and models will be assumed to be small,
that is, of cardinality strictly less than |[U|. Given A C U, we let Auta(U)
denote the group of automorphisms of U that fix A pointwise. For each
positive integer n, S, (A) denotes the set of complete n-types in U over A.
We sometimes write S(A) instead of S,,(A) when n is either clear from context
or unimportant. Given a tuple a we will write stp(a/A) for the stationary
type tp(a/acl(A)).

We will assume throughout that 7" is stable, even though this is not always
necessary. Stable theories come with a well-behaved notion of independence,
i.e., Shelah’s non-forking independence. Indeed, this is their characteristic
property. As usual, given a tuple a and parameter sets B C C, we will write
a |, C to mean that tp(a/C) is a non-forking extension of tp(a/B). As-
sociated with non-forking independence are several “ranks”; we will mostly
work with the Lascar rank on complete types, referred to here as U-rank.
While this rank in a general stable theory is sometimes ordinal-valued and
sometimes undefined (so bigger than every ordinal), we are often most inter-

ested in types of finite U-rank. The interaction of U-rank with independence



is of course central: suppose B C C and U(a/B) is finite, then a | , C iff
U(a/C)=U(a/B).
Finally, a word about tuples. We will often deal with tuples in this

thesis, and the following conventions are used: for any n-tuple a, we use

ai, as, ..., a, to denote its elements; for two n-tuples a and b, a-b (or simply
n ~ k

ab when no confusion arises) is defined as g a;b;, and al = a?i whenever
i=1 =1

this makes sense. We sometimes simply write a instead of a f%or a tuple when
no confusion arises.

Nothing in this chapter is new, though proofs are sometimes included,
either for the sake of completeness or because no appropriate references in

the literature were found.

2.1 Internality in stable theories

The following notion expresses a possible interaction between two definable

sets.

Definition 2.1. Suppose D and E are A-definable sets. We say that D is

E-internal if there exists a definable surjective function f : K™ — D.

In other words, D is interpretable in the structure induced by ¢ on FE;
D is definably isomorphic to E"/~ where ~ is the equivalence relation of
being in the same fibre of f. So if the induced structure on E from U
eliminates imaginaries, then D being FE-internal is equivalent to D being
definably isomorphic to some subset of some cartesian power of F.

It is, however, very important here that f need not be A-definable: ad-
ditional parameters may be required. All of the internality structure arises
from the (potential) need for additional parameters.

This definition does not use stability. But when the theory is stable —
as indeed our theory 7' is — then there is a reformulation of internality for
types that is technically very useful even though at first sight much more

complicated. The following definition is fundamental to this thesis:
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Definition 2.2. Let ¢ be a stationary type over A, and P be a set of partial
types (over different parameter sets) which is invariant under Aut, (). We
say that ¢ is P-internal if for some (equivalently any) realization a of g,
there exists B O A which is independent from a over A, and ¢q,...,c,
realizations of types in P whose parameter sets are contained in B, such that
a € dcl(Bey -+ - ¢,). We say that ¢ is almost P-internal if a isin acl(Bey - - - ¢;,)
instead of del(Bc; - - - ¢).

The following explains the correlation with Definition 2.1.

Proposition 2.3. Suppose D, E are A-definable sets and p(z) is an La-

formula defining E. The following are equivalent:
(1) D is E-internal.
(2) For every d € D, stp(d/A) is {{¢(z)}}-internal.

Proof. Suppose D is F-internal witnessed by a B-definable surjective func-
tion f : E" — D for some B 2 A. Given d € D let d [ stp(d/A)
but with & |, B. Then d' = f(¢) for some ¢ = (ci,...,¢,) € E", so
d € dcl(Be; -+ - ¢,). That is, stp(d'/A) = stp(d/A) is {{¢(z)} }-internal.

For the converse we use the following fact about P-internality in stable

theories.

Fact 2.4 (Lemma 4.2 of Chapter 7 in [27]). Let A be a small set of pa-
rameters, and q € S(A) be a stationary P-internal type. Then there exists

a partial A-definable function f(yi,...,Ym,21,--.,2n), @ sequence of realiza-
tions ay,...,am of q, and p1,...,pn € P, such that any realization a of q
satisfies a = f(ay,...,am,c1,...,¢,) for some ¢y = p1, ..., cn E pn.

Suppose now that any complete type extending D over acl(A) is {{y}}-
internal. For each such g € S(acl(A)), Fact 2.4 gives us a surjective definable
function

fo: Xqg =Y,



where X, C E" and Y, are definable over some B, 2 A and ¢(d) C Y, C D.
Letting B be the union of all these B, (which is still small by stability since
S(acl(A)) is small), we have that the set of all such Y, forms a B-definable
cover of D. By saturation, D =Y,, U---UY,, for some finite set of complete
types qi, ..., q € S(acl(A)). Letting X be the disjoint union of X,,,..., X,
in some fixed E", we get a definable surjection fy : X — D. Fixing some
d € D, we further extend fy to f with domain E™ by defining f(z) = d for

all z € E™\ X. The definable surjection f witnesses E-internality of D. [

Remark 2.5. In Fact 2.4 we can actually take {ay,...,a,} to be a Morley
sequence in g, i.e., to be a sequence of independent realizations of ¢ (see proof
of Lemma 4.2 of Chapter 7 in [27]).

Here are some basic properties of almost internal types.

Lemma 2.6. (1) If stp(a/A) is almost P-internal and b € acl(Aa), then
stp(b/A) is almost P-internal.

(2) If stp(a1/A) and stp(az/A) are almost P-internal, then stp(ajas/A) is

almost P-internal.

(3) If q is almost P-internal then every stationary extension of q is almost

P-internal.

Proof. (1) Since stp(a/A) is almost P-internal, there exists B O A and
1, .- ., Cy realizations of types in P such that a \LA Band a € acl(Be; -+ - ¢,).
Asb € acl(Aa), wehave b |, Band b € acl(Be; - - - ¢,), so stp(b/A) is almost
P-internal.

(2) Since stp(a;/A) and stp(ag/A) are almost P-internal, suppose for
¢t = 1,2 we have B; O A and ¢;1,..., iy, realizations of types in P such
that a; J/A B; and a; € acl(B;ciy -+ - ¢in,;). Let By | stp(Bi/Aa;) but with
By L4, a2, and let By |= stp(By/Aag) but with By [, a1 Bj. Then we
have B{B} |, aias. Moreover, as types in P are invariant under Aut (i),

for i = 1,2 there exists ¢}y, ..., ¢, realizations of types in P such that a; €

in;

9



acl(Bic;, - - - ¢;,.). Thus ayay € acl(BByc) - -+ ¢y, €y - - Gy, ), and therefore
stp(ajaz/A) is almost P-internal.

(3) Suppose p € S(A") extends ¢ € S(A) and is stationary. Fix some
a = p. Since a = g, there exists B O A and ¢y, ..., ¢, realizations of types
in P such that @ |, B and a € acl(Bc;---¢,). Let B’ |= tp(B/Aa) but
with B |, A’, and let a@ € Auty,(U) be such that a(B) = B'. Then
a |, B, and a € acl(A'B'a(c) - - afc,)), and therefore p = tp(a'/A’) is

almost P-internal. O

The following lemma shows that, for any almost P-internal type ¢, there
exists a P-internal type which is interalgebraic with ¢q. Hence almost inter-

nality is not so far from internality.

Lemma 2.7. If a stationary type q over A is almost P-internal, then for any
a F q, there exists a tuple ag such that tp(ag/A) is P-internal and acl(Aa) =
acl(Aayg).

Proof. Given any realization a F ¢, let n be the least number such that there
exists an L 4-formula ¢(z,y, z), a tuple b independent from a over A and a
tuple ¢ realizing types in P such that F ¢(a,b,c) and p(U,b,c) is of size n.
We fix these b, ¢, and ¢ that satisfy |¢p(U, b, c)| = n.

Step 1. We prove that ¢ (U, b, c) C acl(Aa).

Let a = aq,as, ..., a, be the elements of (U, b, c). Towards a contradic-
tion, suppose without loss of generality that as ¢ acl(Aa). Then there are
ay, b and ¢ such that tp(ahb'c’/Aa) = tp(asbc/Aa) and ahb’ |, as- - a,b.
Since ay & acl(Aa) and af |, as---a,b, ay € acl(Aaas - - - a,b). In partic-
ular, aj # a; for i = 1,2,...,n. Also, since a J/A b and b J/Aa b, we have
b L, at, and therefore b | ,,, a. As tp(V//Aa) = tp(b/Aa) and b |, a, we
have b |, a, which, together with b | ,,, a, yields b’ | , a. Now the fact
that ¢ is almost P-internal is witnessed by a F ¢(x,b,¢) A @(z,V, ), and
the size of (U, b,c) AN p(U, V', ) is smaller than n (notice that |p(U, b, c)| =

10



lo(U, b, )| = n, but the two sets are not the same), contradicting minimality
of n.

Step 2. Let d be the code of the set ¢ (U,b,c). That is, d is a tuple with
the property that o € Aut(U) fixes d pointwise iff o fixes p(U, b, c) setwise.
Then tp(d/A) is P-internal and acl(Aa) = acl(Ad).

We have a € acl(d) C acl(Ad) by the definition of a code, and d €
dcl(aas - - - a,) C acl(Aa). Moreover, as a |, b, we have d |, b. Since d
is the code of ¢ (U, b, c) where ¢ is an Ly-formula, d € dcl(Abc). Therefore
tp(d/A) is P-internal. O

When ¢ is P-internal, the following group measures, to some extent, how

many additional parameters are needed to witness the internality.

Definition 2.8. For a P-internal type g over A, the binding group of q is
Auta(q/P) = {0l u) : 0 € Auta(U) and o,y = id for all p € P.}.

Note that Auts(g/P) acts naturally on the type-definable set ¢(U). A
central theorem in stability theory, going back to Zilber [32] and developed
further by Poizat [29], is that when ¢ is P-internal, this group is definable.

Fact 2.9 (Theorem 4.8 of Chapter 7 in [27]). If the types in P are over A,
and q 1s a stationary type over A that is P-internal, then both Auta(q/P) and
its action on q(U) are type-definable. That is, there exists a type-definable
group G over A, acting type-definably over A on q(U), such that G together
with its action on q(U) is isomorphic to Aut4(q/P) acting naturally on q(U).

While the group G given by the binding group theorem need only be type-
definable in general, if T" is w-stable (as it will be in our intended application)
then G will in fact be a definable group. This is because in an w-stable theory

all type-definable groups are in fact definable (see Theorem 7.5.3 of [20]).

Lemma 2.10. Let q € S(A) be stationary and P-internal. Then there exists
an integer n and ay,...,a, = q such that if oy, € Auta(q/P) satisfies

ar(a;) = as(a;) fori=1,2,....n, then a; = ao.

11



Proof. This is because, by Fact 2.4, there exist ay, ..., a, = g such that any
a = g satisfies a € del(AP(U)ay - - - ap). O

Remark 2.11. This property of a binding group is known as finite faithfulness
(see, for example, Definition 3.9 of [9]). In addition, by Remark 2.5, we may

choose ay, ..., a, to be any Morley sequence of p of length n.

As in the beginning of our discussion of internality, we are often interested
in the case that P = {{p(z)}} where ¢(x) is an L-formula. Writing E :=
o(U) we will say that ¢ is E-internal or almost E-internal instead of P-
internal and almost P-internal, and we write Auty(g/E) for the binding
group.

We conclude this section by exploring a little bit what happens when ¢ is
FE-internal but the internality really requires new parameters. But first recall

the following useful fact about stable theories.

Fact 2.12 (See, for example, Corollary 8.3.3 of [31]). Suppose E C U" is
A-definable. Then E is stably embedded in U. That is, if X CU" is any
definable set then X N E is definable with parameters from AU E.

The following lemma, essentially contained in the appendix to [8], cap-

tures the usefulness of stable embeddedness.
Lemma 2.13. Suppose E is a stably embedded A-definable set.
(a) For any tuple a, tp(a/dcl(Aa) Ndcl(AU E)) Ftp(a/AUE).
(b) Given tuples ay,aq, if tp(a1/AU E) = tp(as/AU E) then there is a €
Auty(U) with oy = id and aay) = as.

Proof. Part (a) is the (5)=(1) direction of Lemma 1 of the appendix to [§].
Part (b) can be deduced from the proof of (2)=-(6) in that lemma. But
we give some details.
Claim. Given Ay, Ag subsets of U of cardinality less than |U|, and a partial
elementary map 7 : AUEUA; — AU E U Ay such that 7] 4,5 = id and
T(Ay) = As, if by € U then there exists by € U realizing T(tp(by JAUE U Ay)).

12



Proof of Claim. By Part (a) applied to all finite tuples from A; U {b;},
there is Ey C E such that |Ey| < |U| and tp(A1b /AU Ey) F tp(A1bi /AU E).
By saturation there is by realizing 7(tp(b;/A U Ey U A;)). But 7(tp(by/A U
EoUAy)) E 7(tp(bi /AU E U Ay)). This proves the claim.

Using this claim it is easy to build « by a familiar back-and-forth con-

struction. ]
Fix an A-definable set £ and a stationary type ¢ € S(A).

Definition 2.14. We say that ¢ is weakly orthogonal to E if for some (equiv-
alently any) a |= ¢ and any finite tuple € from E, a |, €.

So in some sense this says that ¢ has nothing to do with £ — but only
if you fix the parameter set A. It leaves open the possibility of a lot of
interaction if you pass to more parameters. So, in fact, a can be both E-
internal and weakly orthogonal to £. We will see natural examples of this

in the context of differentially closed fields.

Lemma 2.15. Suppose q is E-internal. Then q is weakly orthogonal to E
iff Auta(q/E) acts transitively on q(U).

Proof. We first show that if ¢ is weakly orthogonal to E then ¢ has a unique
extension to AU E. Indeed, for any a;, as = ¢ and € a tuple from F, we have
a; LA e fori = 1,2, so aj,as = gle. Now, as ¢ is stationary, this implies
tp(a1/AUe) = tp(az/AUe). This shows that there is a unique extension of ¢
to AUe. Since e is chosen arbitrarily, we get that there is a unique extension
of gto AUE.

Suppose a1, as = q. Then as we have just seen, we have tp(a;/AU E) =
tp(az/AUE). Since E is stably embedded in U, by Lemma 2.13, there exists
a € Auty(U) such that afy = id and «a(a;) = as. That is, Aut,(q/F) acts
transitively on q(Uf).

For the converse, suppose Aut4(q/E) acts transitively on ¢(U). Let a |= ¢q
and € be a tuple from E. Let d’ |= ¢ with a’ |, €. By assumption there

13



exists & € Auta(g/F) such that a(a’) = a. Since o] 4 p =1id, we get a |, €
as desired. O

Lemma 2.16. Suppose q € S(A) is minimal, i.e., of U-rank 1. Then q is
not weakly orthogonal to E iff ¢q(U) C acl(AE).

Proof. 1f ¢ is not weakly orthogonal to E, for some a = ¢ and some é from
the set £, we have a £ , €. As ¢ is of U-rank 1, a € acl(Ae) C acl(AE). By
an automorphism argument we get ¢(i) C acl(AE).

Conversely, suppose ¢(U) C acl(AE). Let a = ¢q. Then a € acl(Ae) for
some € from E. As g is not algebraic, a ¢ acl(A). Hence a [ , € and we see

that ¢ is not weakly orthogonal to F. O]

2.2 Differentially closed fields

We begin with a review of differential algebra. A differential ring is a com-
mutative unitary ring R equipped with an additional function é : R — R
that satisfies the Leibniz rule §(zy) = xdy + ydz. A differential field is a dif-
ferential ring whose underlying ring is is a field. If (F, ) is a differential field
then by the field of constants we mean the subfield Cr := {z € F: dx = 0}.
In this thesis all differential fields will be of characteristic zero.
Given a differential field (F,¢), the ring of d-polynomials in z is the dif-

(+D) Tt is not

ferential ring F{z} := F[z = 29 20 .. ] where 62 = z
hard to check that this uniquely determines a differential ring structure on
F{z} that extends (F,d). One can, of course, in the obvious way, consider
the d-polynomial ring F{Z} in a tuple of variables z = (z1,...,z,). The
fraction field of F{z}, denoted by F(Z), is the differential field of §-rational
functions.

The following useful fact is deduced by a straightforward Leibniz rule

computation.

Fact 2.17. Suppose (F,6) is a differential field, f € F[z], and a = (aq,. ..,
a,) is a tuple from some differential field extension (K,0) 2 (F,§). Then
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éf(a) = Z gg (@)da; + f°(a), where f° € F[z] is obtained by applying § to
—1 '3

the coeﬁ?c;ents of f.

Corollary 2.18. Let L O K be two differential fields. Then
ClNL=K®BnCy.

In particular, taking L = K, we see that the field of constants is relatively
algebraically closed in a differential field.

Proof. Suppose a € L is algebraic over Cx. Then a € C?(lg C K. Now
let P € Ck[z] be the minimal polynomial of a over Cx. Then 0 = §P(a) =

P P
C;—(a)éa + P°(a) = (fl—(a)éa by Fact 2.17. Since P(z) is the minimal poly-
x x

dP
nomial of a over Cg, d—(a) # 0, so da = 0. Therefore a € Cy.
T
Suppose now that a € Cy, is algebraic over K. Then a € C;, C L. Let
P € KJz| be the minimal polynomial of a over K. Then 0 = dP(a) =

dP

d—(a)éa + P°(a) = P°(a) by Fact 2.17. Note that P° is either the zero
x

polynomial or a polynomial of strictly smaller degree than P (since P is

monic). As P°(a) = 0, P® must be the zero polynomial, so a € C€, O

For a differential field extension F' C K, if a € K, then we use F(«)
to denote the differential field generated by F and «. Note that if a is
differentially transcendental over F' (meaning {a, dar, 8°cx, .. .} is algebraically
independent over F'), then F'(a) is isomorphic to the differential rational
function field F(x). Similarly, for a set A C K, we use F'(A) to denote the
differential field generated by F' and A.

We study differential fields model theoretically in the language L =
{0,1,4,—, x,0} of rings together with a unary function symbol for the
derivation. The class of differential fields of characteristic 0 is axiomatiz-
able in the natural way by the theory denoted DFy. That this theory has

a model completion was shown by Blum [4] who gave differential-algebraic
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axioms, but see also the geometric axioms of Pierce and Pillay [26]. That
model completion is the theory of differentially closed fields in characteristic
zero, denoted by DCFy. It is the theory of existentially closed differential
fields. That is, a differential field (K, 0) is differentially closed if every system
of differential polyomial equations with a solution in some differential field
extension already has a solution in K. DCFy enjoys a number of model-

theoretic tameness properties including
e Quantifier elimination,
e Elimination of imaginaries, and
e w-stability.

See, for example, [19] for a survey of this theory.

We work as usual in a sufficiently saturated model (U, ¢) = DCFy, and
denote its constant field by C. Model-theoretic definable closure in this the-
ory is given by differential field generation, and model-theoretic algebraic
closure is given by field-theoretic algebraic closure. That is, if A C U then
dcl(A) = Q(A) and acl(A) = Q(A)™8. Shelah’s non-forking independence
has the following algebraic characterization: for a a tuple and B C C' sets

of parameters, given that a is not differentially transcendental over B, then
alp,Ciff

Tr.Deg(Q(C, @) /Q(C)) = Tr.Deg(Q(B, a)/Q(B)).

Equivalently, Q(B, @)™® is algebraically disjoint from Q(C)™& over Q(B)™e.

Let us now review the basics of differential-algebraic geometry.

The Kolchin topology on U™ is defined as follows: we say that a definable
set A C U" is Kolchin closed if there exist fi,..., f,, € U{Z} such that
A={zeU": fi(z) =+ = fu(z) = 0}. Theorem 1.16 of [18] shows that
this topology is Noetherian: there is no descending chain of closed sets. The

generic type of an irreducible Kolchin closed set B over a d-field k is the type
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which says that x is in B but not in any k-definable Kolchin closed proper
subset of B. A definable set is irreducible if its Kolchin closure is. By the
generic type of an irreducible definable set, we mean the generic type of its
Kolchin closure. Note that this does not always coincide with the type of
greatest U-rank: over the empty set, the generic type p of C is of U-rank 1,
which is the type of greatest U-rank in the set defined by 26%x = 0z, as shown
in Corollary 5.17 of [18], but p is not generic in this definable set. The term
“generic solution” is similarly defined: a generic solution of a set of equations
over a given parameter set is a solution that realizes the generic type over
that parameter set of the definable set defined by the set of equations.

As mentioned above, the generic type of the field of constants C has U-
rank 1. In fact it is strongly minimal and the full induced structure in C
from (U, ) is that of a pure algebraically closed field. It is in this sense that
we view the study of DCF( as an expansion of algebraic geometry: algebraic
geometry lives as the structure induced by DCF( in the constant field.

The following consequence of strong minimality of C will be useful:

Lemma 2.19. Let FF C U be an algebraically closed differential field with Cp
being its field of constants. For any f(z) € F(z), if f(Z) =0 has a solution

c € C, then it has a solution in Cp.

Proof. Assume the conclusion does not hold. Let ¢ be the maximal possible
number such that the first i coordinates of a solution of the equation f(z) =0
are in Cp, i.e., there exists a solution € = (eq,...,ex) € C of f(Z) = 0 such
that eq,...,e; € Cp, and for any solution ¢, at least one of ¢y, ..., ;11 is not
in Cp. In particular, e;;1 & Cp.

Let fi(wit1,...,2x) := f(e1,..., €, Tiy1,-..,2k). Note that (e;11,...,ex)
is a solution of f;(x;41,...,2,) = 0, which is an equation over F. Since
C is strongly minimal (of dimension 1 in DCFy), and e;41 ¢ F = acl(F),
the formula 3(x;ya,...,21) € Cp(fi(zit1,...,2x) = 0) has co-finitely many
realizations in C. Since Cp is infinite, Let ej,;, € Cr be a realization of this

formula witnessed by (e 5,...,e;) € C, ie., (e1,... €€ 1,€149,...,€;) 18
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a solution of f(Z) = 0. Then the first ¢ + 1 coordinates of this solution are

in C'r, contradicting the definition of 1. O]

Let us now look at C-internality and weak orthogonality to C in DCF\,.
The following characterization improves upon Lemma 2.16 of the previous

section.

Lemma 2.20. For F a differential field and p € S(F) minimal, p is not
weakly orthogonal to C iff any realization a of p is interalgebraic over F with

some ¢ € C.

Proof. 1f some a realizing p satisfies that a is interalgebraic over F' with some
c €C, then a ¢LF ¢, so p is not weakly orthogonal to C.

For the converse, suppose p is not weakly orthogonal to C. Since any
minimal type in C is interalgebraic with the type of a singleton, it suffices
to find a tuple in C with which a | p is interalgebraic over F. By not
weak orthogonality, there exists a tuple ¢ from C such that a € acl(F¢). Let
©(Z,y) be an F-formula such that a is one of n possible solutions to ¢(¢, 7).
Consider the Fa-formula ¥(z) given by 3="4¢(Z,7) A p(z,a). Then (C) is
nonempty (it contains ¢) and by stable embeddedness is defined over Cps in
the language of rings. It therefore has a solution in C;le(g@, say ¢*. It is then
clear that ¢* € acl(Fa) and a € acl(Fc”). O

We now point out one more equivalent condition of p being weakly or-

thogonal if we know in addition that p is C-internal.

Lemma 2.21. Let F' be an algebraically closed differential field. Suppose
p € S(F) is a minimal C-internal type. Then p is weakly orthogonal to C iff

p 18 1solated.

Proof. If p is isolated, then it is not interalgebraic with a constant over F
(as the only isolated types in the constants are algebraic), so p is weakly

orthogonal to C by Lemma 2.20.
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If p is weakly orthogonal to C, then by Lemma 2.15, p(i/) is a definable set
as it is the orbit of a |= p under the action of the definable group Autz(p/C).
It follows that p is isolated. O]

If we drop the minimality assumption. we get the full characterization

for weak orthogonality.

Lemma 2.22. Let F' be an algebraically closed differential field, and p €
S(F). Then p is weakly orthogonal to C iff Cp = Cpa) for a |= p.

Proof. If Cp # Cpa for some a |= p, then there is some ¢ € Cp(z) \Cp, 50
a » C, Witnessing that p is not weakly orthogonal to C.

If p is not weakly orthogonal to C, then for any a | p, a LF ¢ for
some constant tuple ¢. Assume without loss of generality that ¢ is one of

the constant tuples with the minimal length that satisfies a /. p C. Suppose

¢=(c1,....¢,). Thena L, ¢+ -co1, 50 a ‘LFcl---c _, Cn, Which means
¢n € acl(Facy -+ - ¢,—1). Therefore, there exists a formula p(zq,...,2,-1,7)
over Fa such that ¢, is one of m solutions of p(cy,...,c,—1,y). AsC is stably

embedded, we may assume ¢ is in fact a formula over Cp ). Suppose for a
contradiction that Cr = Cp,y. Then ¢ is over Cp, so ¢, € acl(Fey -« cpq).
This, together with a J/F c1-+-Cp_1, yields a J,F ¢, a contradiction. We
therefore get that Cr # Cryq). O

Remark 2.23. We may also prove this lemma from the fact that C is sta-
bly embedded. By Lemma 2.13, since C is stably embedded, for any a,
tp(a/dcl(a) N C) determines tp(a/C), so dcl(a) N C is the smallest set B (up
to interalgebraicity) that satisfies a | g C. Name all the elements in F', and
we have that p is weakly orthogonal to C iff a | C iff a | dcl(a) NC iff
del(a) NC C acl(F) iff Cpiay = Cp.

We end this section with examples of C-internal types (and an example

where the type is not C-internal).
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Example 2.24. Let F be a differential field. Suppose D is the solution space
to a set of linear differential equations over F'. If D is of finite dimension
then D is C-internal.

Proof. Let {by,...,b;} be a C-basis of D. Then f : (c1,...,cx) = c1by +
-4 ¢xby, gives a definable map from C* to D, as D is a vector space of finite
dimension over C. Therefore D is C-internal.

If the differential equations are not all homogeneous, then let by be a
solution to the inhomogeneous system, and by, ..., b, be a C-basis of the set
of solutions of the corresponding homogeneous linear differential equations.
The function f : (c1,...,c;) = c1by + -+ + cxby + by then gives a definable

map from C* to D, so D is again C-internal. m

Example 2.25. Let D be the strongly minimal set defined by the equation
d0x = ax for some element a € U. Then D is C-internal. Moreover, suppose F
is an algebraically closed differential field that contains a and D N F = {0}.
Let p be the generic type of D over F. Then p is weakly orthogonal to C and
Autp(p/C) = G, (C).

Proof. By Example 2.24, since dx = ax is linear, D is C-internal.

We now prove that p is weakly orthogonal to C. By Lemma 2.21, we only
need to prove that p is isolated. The set of realizations of p is those elements
in D which are not inside any proper F-definable Kolchin closed subset of D.
Since D is strongly minimal, any proper F-definable Kolchin closed subset
of it is finite. Therefore p(id) = D\F™& = D\F = D\{0}, so p is isolated.

Finally, we compute the binding group Autg(p/C). We first prove that

any element o € Autp(p/C) acts as multiplication by a constant. Let by = p
(bo)
bo

and set ¢ = . Since for any b = p,



we get that « is indeed multiplication by ¢. We now prove that multiplication
by any ¢ € G,,(C) is an element of Autp(p/C). Given any b |= p, since
p(U) C dcl(FCh), we only need to prove that tp(b/FC) = tp(bc/FC). Since
b and bc are both in D\{0}, we have tp(b/F') = tp(bc/F) = p. This implies
tp(b/FC) = tp(be/FC) as p is weakly orthogonal to C. O

In the last example the logarithmic derivative was already implicit. Much
of this thesis is about the logarithmic derivative. If we denote by G, the mul-
tiplicative group U\{0} and by G, the additive group U, then the logarithmic
derivative is the definable group homomorphism logé : G,, — G, given by
logdu = 5_u Its kernel is G,,(C). The final example we wish to discuss is the
equation g(logéx) = 0. This is the definable subgroup logé *(C) < G,,,. But

first let us record an algebraic fact about logd that will be of use later:

Lemma 2.26. If f € F(Z) is a rational function (viewed as a partial dif-
ferential rational function on U™), then there is g € F(Z,y) such that for
any u € Domf such that f(u) # 0, logdf(u) = g(u,éu). In particular, if
f € F(z), then there exists g € F(x) such that 1ogd f[en = glen.

_ h(@)
fo(T)

. Now, by Fact 2.17, 6 f;(u) = g¢;(u,du) for some

Proof. Indeed, suppose f(z) where f1, fo € F[z], then logdf(u) =

fo(@)dfi(u) — fr(u)d fo(u)
Si(w) f2(a)
91,92 € F(£7g)
The “in particular” clause is because du = 0 for any u € C. m

Finally, the promised example.

Example 2.27 (See, for example, Fact 4.2 of [7]). Let G be the differential
algebraic subgroup of G,, defined by {x : §(logdx) = 0}. The generic type ¢

of G (over F := Q™®) is not almost C-internal.
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Proof. A proof is given in [7]. Here we give another more elementary proof.

Suppose for a contradiction that ¢ is almost C-internal. Let (uy,us,...)
be a Morley sequence of ¢, and a; = logdu; for i« = 1,2,.... Note that
da; = 0, so a; € C. Note also that (aj,as,...) is algebraically independent
as it is a Morley sequence. Almost C-internality of ¢ implies that u; €
acl(FCugusz - - -u,) = Clug, ..., u,)™® for some n > 0. As du; = a;u; and
a; € C, Clug,...,u,) = C(ug,...,u,). Hence {uy,...,u,} is algebraically
dependent over C. Let f € Clxy,za,...,x,] be a nonzero polynomial such

that f(uq,...,u,) = 0. Suppose

F=> g

kel
where [ is a finite set of non-negative integer n-tuples, and gz € C nonzero
for k € I. Let @ = (uy,...,u,) and @ = (ay,...,a,). Then

0= Z g;;ﬁ]_c.

View § as a C-linear operator on the C-vector space U. Notice that for
each k € I, logd(@*) = k - logdu = k - @, so 6(@*) = (k- a)a*. Hence, @"
is an eigenvector of § with eigenvalue k - a. As {ay,...,a,} is F-linearly
independent, k, - @ # ko - @ if ky # ko. That is, the eigenvalues for a* are
different for different k& € I. Therefore {a’_“ . k € I} is C-linearly independent,
so g = 0 for all k € I, a contradiction. ]

Note that for u = ¢ and a := logdu, tp(u/Fa) is C-internal (as w is
a solution to dx = ax, a linear differential equation) and tp(a/F’) is also
C-internal (as a itself is inside C). We see that the type ¢, although not
C-internal, is somehow “2-step C-internal”. Types like this are said to be C-
analysable. In the next chapter, we formalize the definition of C-analysable

types and discuss their properties.
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2.3 An intuition from meromorphic functions

When working in the theory of differentially closed fields, it is difficult to get
an intuitive idea as we do not have a concrete model. Often the differential
field M of meromorphic functions on the complex plane can serve as a helpful
tool: although not differentially closed, it is a relatively rich differential field
that enables us to see, among other things, the behaviour of sets that are
internal to or analysable in the constants.

The structure M is defined as follows. The domain M is the set of
meromorphic functions on the complex plane, with the usual addition, mul-
tiplication, and derivation. The field of constants in M is the field of complex
numbers C. We will use ' to denote the derivation in M. We let t € M be
the identity function, so that ¢’ = 1.

Remark 2.28. M = DCFy.

Proof. Let My be the field of meromorphic functions on C\R™, the complex
plane with the negative half of the real line removed. Restriction induces an
embedding of M into M, as a differential field. Note that the differential
equation 2’ = 1 has a solution in My, namely x = Logt, but does not have
a solution in M. This shows that M is not a differentially closed field. [

We now illustrate how the structure M helps us understand the behaviour

of internal and analysable sets in DCF, by analysing Example 2.27 using our
/

/
intuitive tool M. The equation (%) = 0 has as its set of solutions in M
the multiplicative group G = {cie®" : ¢, ¢, € C,c; # 0}. We can guess that
the equation is analysable in the constants by observing that logd : G — C
is given by c;e®’ + ¢, and has fibres G, 1= {cle”t ic € (C\{O}}, which is
a definable copy of C\{0}. On the other hand, the equation should not be
internal because the parametrization C\{0} x C — G given by (¢1,¢2) —

cot

c1€" is not definable in the differential field M even with parameters (it

requires exponentiation).
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3 Analysability

A notion similar to but weaker than internality is that of analysability. In-
stead of types that are internal, we explore types that are “internal in several
steps”, i.e., types that are built up through a finite sequence of fibrations
whose fibres are internal. This is central to this thesis. It appears first
in [10] though a form of it was implicit in the earlier work of Baldwin and
Lachlan [1].

As a general setting, we work in a saturated model I of a complete stable

theory T' that eliminates imaginaries.

Definition 3.1. Let P be a set of partial types (over possibly different pa-
rameter sets) which is invariant under Aut, (i), and ¢ be a stationary type
over a parameter set A. We say that ¢ is P-analysable if for some (equiv-
alently any) realization a of ¢, there are ay = @,a4,...,a, such that for
alli = 1,2,...,n, a;_; € dcl(Aqg;), stp(a;/Aa;_1) is almost P-internal, and
acl(Aa) = acl(Aa,). The sequence (a;);,; mentioned above is called a P-

analysis of q or a P-analysis of a over A.

In this chapter we begin with a finite U-rank type ¢ that is P-analysable
and study the structure of the various possible analyses that might witness
this. In particular, we introduce a notion of equivalence of analyses and
produce extremal analyses (by “reductions” or by “coreductions”). We show
that the analyses by reductions always exist (Proposition 3.8) and discuss
certain conditions for analysis by coreductions to exist (Proposition 3.10).
When analyses by reductions and coreductions exist and are equivalent, every
analysis of ¢ of the shortest possible length is equivalent; we call this unique
analysis of shortest length the canonical analysis. This is Proposition 3.15
below. We also give criteria to determine if a given analysis is one of these
extremals, in Proposition 3.16.

As a general reference for analysability we suggest Chapter 8 of [27]. We

have provided proofs where explicit references were not available.
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The results presented in this chapter appeared in [12].

3.1 Basic notions

For notational convenience, for any analysis (a;);-; we use ag to denote the
empty tuple. We call n the length of the analysis. Note that an algebraic
type has a P-analysis of length zero, and an almost P-internal type has a
P-analysis of length 1.

Definition 3.1 looks more like what might be called almost analysable,
and we may instead say that a type is strictly P-analysable if stp(a;/a;_1)
is internal (rather than almost internal) to P. Indeed, this is closer to the
original definition appearing in [10]. The following proposition proves that
these two definitions are in fact equivalent. This is well-known but we include

a proof here for completeness.

Proposition 3.2. A stationary type q over A is P-analysable iff it is strictly
P-analysable.

Proof. The nontrivial direction is from left to right. Suppose (b1, ...,b,) is
an analysis of a over A. For convenience, let ag be the empty tuple. We now
construct the sequence (aq, ..., a,).

Suppose we already have a sequence (ay,...,a;—1) where 1 < i <n such
that stp(a;/Aa;_1) is P-internal, a;_; € dcl(Aa;), and acl(Aa;) = acl(Ab;)
for j = 1,2,...,i — 1. Then as stp(b;/Ab;,_1) is almost P-internal and
acl(Aa;_1) = acl(Ab;_1), we have that stp(b;/Aa;_1) is almost P-internal,
so by Lemma 2.7, there exists a* such that acl(Aa;_1a*) = acl(Aa;_1b;) and
stp(a®/Aa;_1) is P-internal. Let a; = a;_1a". Then we have a;_; € dcl(Aq;),
acl(Aa;) = acl(Aa;_1b;) = acl(Ab;_1b;) = acl(Ab;), and stp(a;/Aa;_1) is P-
internal.

The sequence (ay, ..., a,) then witnesses the fact that tp(a/A) is strictly
analysable. O
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Here are some elementary properties of analysability analogous to Lemma

2.6 about almost internality.

Lemma 3.3. (1) Iftp(a/A) is P-analysable and b € acl(Aa) then stp(b/A)

1s P-analysable.

(2) If tp(a1/A) and tp(az/A) are P-analysable, then stp(aias/A) is P-

analysable.

(3) If q is P-analysable, then every stationary extension of q is also P-

analysable.

Proof. (1) In contrast to what one might expect, this does not follow imme-
diately from the analogous property for almost internality (Lemma 2.6(1)).
Let (ay,...,a,) be a P-analysis of a over A. Let b; = a; fori =1,2,... ,n—1,
and b, = b. Then (b1, ..., b,) satisfies that tp(b;/Ab;_1) is almost P-internal
(but b, & acl(Ab,_1), so this is not a P-analysis). This shows that stp(b/A)
is what Hrushovski calls “externally P-analysable” in [10]. However, in Re-
mark 2.7(d) of that paper he explains that externally P-analysable implies
P-analysable.

(2) Let (a1, ..., a1m) and (ag1, . . ., as,) be P-analyses of a; and ay over A,
respectively. Without loss of generality, suppose m < n. Set aim+1,--.,1n
to be all equal to aj,,. Then note that (aiq,...,a1,) is still a P-analysis of
a; over A. Using Lemma 2.6 we see that (ajjasn, ..., a1,a02,) is a P-analysis
of ayay over A.

(3) This is a direct consequence of part (3) of Lemma 2.6. O

The U-type of an analysis (aq,...,a,) is the sequence (U(a;/Aa;—1))7,
of U-ranks. Note that U-ranks may be an ordinal or even co. We are mainly
interested in the finite U-rank case, although results in this chapter work
generally. We say the analysis is non-degenerate if each entry of the U-type
is nonzero. Note that every analysis can be made non-degenerate by simply

dropping those a; such that a; € acl(Aa;_1).
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We use the following definitions in order to better talk about analysable

types and their analyses.

Definition 3.4. We say that the type q is n-step P-analysable, or P-analy-
sable in n-steps, if there exists a P-analysis of ¢ of length n. A P-analysis
of ¢q is minimal if there is no P-analysis of ¢ of strictly shorter length. A
P-analysis (a;);, is said to be incompressible if stp(a;;1/Aa;—1) is not almost

P-internal for all i =1,2,...,n — 1.

While a minimal analysis is clearly incompressible, the converse does not

generally hold.

Ezample 3.5. Let stp(a) be 2-step P-analysable with an incompressible P-
analysis (ai,a). Now let (b,b) be such that bb; | aa; and stp(bb;) =
stp(aay). Let ¢ = ab. Then c¢ is 3-step P-analysable, with an analysis
(ay1,aby,c = ab). This analysis is incompressible: stp(ab;) is not almost
P-internal because stp(a) is not almost P-internal and stp(ab/a;) is not al-
most P-internal because stp(b) is not almost P-internal, and stp(b/a;) is its
non-forking extension. But ¢ is 2-step P-analysable by (a1by,c = ab), so the

P-analysis (aq, aby,c = ab) is not minimal despite being incompressible.

Nonetheless, the following lemma shows that incompressibility implies

minimality if the U-type of an analysis is (1,1,...,1).

Lemma 3.6. Let (ay,...,a,) be an incompressible P-analysis of a over A
of U-type (1,1,...,1). Then the analysis is minimal, i.e., tp(a/A) is not
—_——

P-analysable in n — 1 steps.

Proof. For n = 2, the only possibility that the analysis is not minimal is that
stp(a/A) is 1-step P-analysable, i.e., almost P-internal, which contradicts
the fact that (a1, as) is an incompressible analysis.

Assume we have proved the conclusion for n < k. Suppose towards a

contradiction that (aq,. .., a) is an incompressible P-analysis of a over A of
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U-type (1,1,...,1) which is not minimal. Let (cy,...,cx_1) be another P-
—_——

k
analysis of a over A. Note that (ajc1,asco, ..., ax_1c,—1) is also a P-analysis

l
j=1

of a over A. Let by,... by be a subsequence of (a;c;)¥=! such that (b;)
is a non-degenerate P-analysis of p. This can be done by taking away all
elements a;c; in (a;c;)"=} such that U(aic;/Aa;_1ci_1) = 0. Let b; = a for
¢{+1 < j<k—1. Then the only zero entries of the U-type of (bj)?;ll (if
any) are at the end of the sequence.

If U(by/A) =1, then acl(Aby) = acl(Aay), and stp(a/Aa;) = stp(a/Aby).
But then (as,...,ax) is a (k — 1)-step incompressible P-analysis of a over
Aay of U-type (1,1,...,1), while (by, ... ,br_1) is a (k — 2)-step P-analysis of

—

k—1
the same type with shorter length, contradicting our induction hypothesis.

Now suppose U(b;/A) > 2. If the U-type of (bj);?;ll is degenerate then
U(bg—1/br—2) = 0, and we have U(by_2/A) = U(a/A) = k. If (bj)f;ll is non-
degenerate, then U(b;/Ab;_1) > 1 for any j = 1,...,k — 2 which gives us
U(b;/A) > j+1forany j=1,...,k—2. In both cases U(by_2/A) > k — 1.
By the induction hypothesis, acl(Aby_s) # acl(Aay_1): otherwise, (a;)* ! is a
(k — 1)-step incompressible P-analysis of a;_; over A of U-type (1,1,...,1),

NS

k-1
while (b;)"=2 is a (k — 2)-step P-analysis of the same type, contradicting our

induction hypothesis. Similarly, acl(Abx_2) 2 acl(Aay—_1) does not hold: oth-

erwise U (bg_o/Aag_1) > 1, and since by_o € acl(Aa) and U(a/Aax—1) = 1, we

have acl(Aby_5) = acl(Aa); therefore (ay, ..., a) is a (k—1)-step incompress-

ible P-analysis of stp(a/Aa;) of U-type (1,1,...,1), while (b,...,b;_2) is a
—

k—1
(k—2)-step P-analysis of the same type, contradicting our induction hypoth-

esis. Hence acl(Abg_2) D acl(Aag_1) does not hold, i.e., ax_; & acl(Abg_2).
We have k = U(a/A) > Ulagp_1bx_o/A) = U(bp_2/A) + U(a_1bp_o/Aby_2) >
(k—1)+ 1=k, so acl(Abg_sax_1) = acl(Aa). But then since stp(by_2/Aay)
and stp(ax_1/Aay) are (k — 2)-step P-analysable, so is stp(a/Aa;), while

(ag,...,ax) is a (k — 1)-step incompressible P-analysis of a over Aa; of U-
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type (1,1,...,1), contradicting our induction hypothesis. O
~—————

k—1

3.2 Reductions and coreductions

As shown in Example 3.5, Lemma 3.6 does not hold if the entries of the
U-type are not all 1. In the higher U-rank case, incompressibility will have
to be replaced by some maximality or minimality property. We will use the

notions of P-reduction and P-coreduction.

Definition 3.7 (See, for example, Section 4 of [22]). Suppose a is a tuple
and A is a parameter set. We say a tuple b is a P-reduction of a over A if
b is maximally almost P-internal over A in acl(Aa), i.e., stp(b/A) is almost
P-internal, b € acl(Aa), and if ¢ € acl(Aa) with stp(c/A) almost P-internal
then ¢ € acl(Ab). We say a non-degenerate P-analysis (a1, ...,a,) of a over
A is a P-analysis by reductions if a; is the P-reduction of a over Aa;_; for

i=1,2,...,n.

Note that by definition P-reductions are unique up to interalgebraicity
over the parameter set, i.e., if b and ¢ are both P-reductions of a over A, then
acl(Ab) = acl(Ac). We may therefore call b the P-reduction of a over A.

Proposition 3.8. Every P-analysable type of finite U-rank has a P-analysis

by reductions.

Proof. We first show that if U(a/A) < w then a P-reduction of a over A
exists. Indeed, let b be a tuple that has maximal U-rank over A satisfying
the condition that stp(b/A) is almost P-internal and b € acl(Aa). Now, if
c € acl(Aa) and stp(c/A) is almost P-internal, then stp(bc/A) is almost P-
internal and be € acl(Aa), so U(bc/A) = U(b/A), which means ¢ € acl(Ab).
So b is the P-reduction of a over A.

Now suppose ¢ = tp(a/A) is a stationary type that is of finite U-rank

and is P-analysable. Let ap = @, and define aq, as, ... recursively so that
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a; is the P-reduction of a over Aa; 1 and a;_; € dcl(Aa;). By definition we
will have that stp(a;/Aa;—1) is almost P-internal. If a ¢ acl(Aa;—1) then,
as stp(a/Aa;_q) is also P-analysable by Lemma 3.3, there must exist b €
acl(Aa)\acl(Aa;_1) such that stp(b/Aa;_1) is P-internal. Hence U(a/Aa;) <
U(a/Aa;_1). So this process must stop with a € acl(A4a,), and we have a

P-analysis of a over A by reductions. m

Definition 3.9 (See, for example, Definition 4.1 of [22]). Suppose a is a
tuple and A is a parameter set. We say a tuple b is a P-coreduction of a
over A if b is minimal in acl(Aa) such that a is almost P-internal over Ab,
i.e., stp(a/Ab) is almost P-internal, b € acl(Aa), and if ¢ € acl(aA) with
stp(a/Ac) almost P-internal then b € acl(Ac). We say a non-degenerate P-
analysis (ai,...,a,) of a over A is a P-analysis by coreductions if a;_; is a

P-coreduction of a; over A fori=1,... n.

By definition P-coreductions are unique up to interalgebraicity over the
parameter set. We may therefore call b the P-coreduction of a over A.
However, P-coreductions do not automatically exist. The analogue of

Proposition 3.8 becomes:

Proposition 3.10. Suppose that T has the property that every finite U-rank
type has a P-coreduction. Then every finite U-rank P-analysable type has a

P-analysis by coreductions.

Proof. Suppose g = tp(a/A) is stationary, of finite U-rank, and P-analysable.
We prove by induction on U(q) that it has a P-analysis by coreductions. If
U(q) = 0 then the O-step P-analysis is vacuously by coreductions. Suppose
U(q) > 0. Since q is P-analysable, there is b € acl(Aa) with a & acl(Ab) such
that stp(a/Ab) is almost P-internal. Hence if we let b be the P-coreduction
of a over A then b € acl(Aa), so stp(b/A) is P-analysable, and a & acl(Ab)
which implies U (b/A) < U(q). By induction we have a P-analysis of b over A,
(b1,...,by), that is by coreductions. Then (b, ..., by, a) is a P-analysis of a

over A by coreductions. H
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One context in which P-coreductions always exist is when P is the set
of all nonmodular minimal types and 7" has the CBP. Recall that 7' has
the canonical base property (CBP) if whenever U(a/b) < w and acl(b) =
acl(Cb(a/b)), then stp(b/a) is almost internal to the set of all nonmodular
minimal types. See, for example, Section 1 of [23]. It is a fact that if T has
the CBP then P-coreduction exists for any finite-rank type (see Theorem
2.4 of [6]). So by Proposition 3.10, if P is the set of nonmodular minimal
types and 7" has the CBP, then every P-analysable type of finite U-rank has

a P-analysis by coreductions.

Proposition 3.11. In DCFy every C-analysable type of finite U-rank has a

C-analysis by coreductions.

Proof. By Theorem 1.1 of [28], DCF, has the CBP. Let P be the set of all
nonmodular minimal types. Therefore, if tp(a/A) is of finite U-rank then
there exists b which is the P-coreduction of a over A. We want to show
that b is the C-coreduction of a over A. Recall that C denotes the field of
constants of the differential field I/, and that by C-coreduction we mean of
course the {{0x = 0}}-coreduction. We only need to show that if a type
is almost P-internal then it is almost C-internal. Suppose tp(e/D) is P-

internal. Then for some B D D such that B | e and a tuple ¢ consisting of
D
realizations of types in P with bases in B, e € acl(Bc). Since every minimal

nonmodular type in DCFy is almost C-internal, there exist F' D B such that
F \|/ ec and ¢ € acl(FC). Now e € acl(Bc) C acl(FC), and since e J/ F and

e J/ B, we have e J, F. This shows that tp(e/D) is almost C- mternal So

every finite U-rank type has a C-coreduction. The proposition now follows
by Proposition 3.10. [

It is not hard to see that analyses by reductions or coreductions are
incompressible. If (ay,...,a,) is a P-analysis by reductions of tp(a/A) and

stp(ais1/Aa;_1) is almost P-internal for some i = 1,2,...,n—1, then since q;
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is the P-reduction of a over Aa;_1, a;1 € acl(Aa;) which implies acl(Aa;) =
acl(Aa;;1). Now for any j > i, assume that acl(Aa;) = acl(Aa;). Then since
ajiq is the P-reduction of a over Aa; and acl(Aa;) = acl(Aa;), a4 is the
P-reduction of a over Aa;, so acl(Aa;11) = acl(Aa;y1) = acl(Aa;). Thus
ai, . ..,ay are all the same up to interalgebraicity over A, and this is possible
only if i = n, contradicting the fact that ¢ < n — 1. Similarly, if (ai,...,a,)
is a P-analysis by coreductions of tp(a/A) and stp(a;;+1/Aa;—1) is almost P-
internal for some ¢ = 1,2,...,n—1, then since a; is the P-coreduction of a;,,
over A, a; € acl(Aa;_1) which implies a; and a;_; are interalgebraic over A.
An inductive argument similar to the reduction case shows that ay,...,aq;
are all the same up to interalgebraicity over A, and this is possible only if
1 = 0, contradicting the fact that ¢+ > 1.

More is true: they are actually minimal.

Proposition 3.12. Analyses by reductions are minimal and analyses by core-

ductions are minimal.

Proof. Let (ai,...,a,) and (c1,...,¢;) be P-analyses of a over A with the
analysis (aq,...,a,) being by reductions. We shall prove that n < ¢. We
show that ¢; € acl(Aaq;) for i =1,2,..., min(n,¢). For i = 1, since stp(c;/A)
is almost P-internal and a; is the P-reduction of a over A, ¢; € acl(Aay).
Now if ¢;_; € acl(Aa;_1), then stp(c;/a;—1) is almost P-internal, and as
a; is the P-reduction of a over Aa; 1, ¢; € acl(Aa;) as desired. Suppose
¢ < n. Then acl(Aa,) C acl(Aa,) since (ay,...,a,) is incompressible, so
acl(Aa) = acl(Ac) C acl(Aay) € acl(Aa,) = acl(Aa), a contradiction.

Now suppose (by,...,b,) is a P-analysis by coreductions of a over A.
We shall prove that m < ¢. We show that b,_; € acl(Ac,_;) for j =
0,1,...,min(m,¢) — 1. For j = 0, notice that b,,,c, are both interalge-
braic over A with a. Now if b,,_;1 € acl(Acy_jt1), then stp(by,—j+1/co—j)
is almost P-internal, and as b,,_; is the P-coreduction of b,,_;1; over A,
bm—; € acl(Acy_;) as desired. Assume towards a contradiction that ¢ < m.
Then acl(Ab,,_¢11) C acl(Acy). Since m — €+ 1 > 2, stp(by_ry1/A) is not
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almost P-internal because (by,...,b,) is incompressible, but stp(c;/A) is

almost P-internal, a contradiction. O

So analyses by reductions and coreductions are of the same length. How-
ever, analyses by reductions and coreductions do not always have to agree

(even up to interalgebraicity).

Definition 3.13. We say that two P-analyses (ai,...,a,) and (by,...,by)
of a over A are interalgebraic over A if n = m and acl(Aa;) = acl(Ab;) for i =
1,2,...,n. We call an analysis canonical if it is minimal and interalgebraic

with every other minimal analysis.

Example 3.14. Using the notation of Example 3.5, the P-analysis by reduc-
tions of ab; over @ is (a1by, aby), while the P-analysis by coreductions of ab;
is (a1, aby). But (a1b1,aby) and (aq, aby) are not interalgebraic. In particular,

stp(aby) does not have a canonical P-analysis.

The following theorem points out, however, that if an analysis by reduc-
tions has the same U-type as one by coreductions, then they are interalgebraic

and are in fact canonical P-analyses.

Proposition 3.15. Let (aq,...,a,) and (by,...,b,) be P-analyses by reduc-
tions and coreductions of a over A, respectively. Suppose U(a/A) # oo. If
the U-types of (ai,...,a,) and (by,...,b,) are the same, then (ay,...,a,)
is interalgebraic with (by,...,b,) over A. Moreover, if (cq,...,c,) is an-
other P-analysis of a over A, then (c1,...,c,) is also interalgebraic with both
(ay,...,a,) and (by, ..., b,) over A.

In particular, if p has an analysis by reductions and an analysis by core-
ductions of the same U-type, then these analyses are canonical. Conversely,
any canonical analysis of p is an analysis by reductions, and if p has an
analysis by coreductions, then the canonical analysis is also an analysis by

coreductions.
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Proof. Having the same U-type implies that U(a;/A) = U(b;/A) for i =
1,2,...,n. Let (¢1,...,¢,) be another P-analysis of a over A, We have seen
in the proof of Proposition 3.12 that ¢; € acl(Aaq;) and b; € acl(Ac¢;) for
i =1,2,...,n. Therefore U(a;/A) = U(b;/A) = U(c;/A) and acl(Aa;) =
acl(Ab;) = acl(Ag;) for i = 1,2,...,n, as desired.

The “in particular” clause now follows by Proposition 3.12. For the con-
verse, let (a;)iq, (b;)iy, (ci)i_y be P-analyses of a over A, which are an
analysis by reductions, an analysis by coreductions, and a canonical anal-
ysis, respectively. We have that a; is the P-reduction of a over Aa; 1,
acl(Aa;) = acl(A¢;), and acl(Aa;—1) = acl(Ac¢;_1), so ¢; is the P-reduction
of a over Ac;—y. Thus (¢;), is a P-analysis by reductions. Similarly, we
have that b; is the P-coreduction of b1 over A, acl(Ab;) = acl(Ac;), and
acl(Abiy1) = acl(Acii1), so ¢ is the P-coreduction of a over Ac;_;. Thus

(¢;), is a P-analysis by coreductions. O

To make use of the above result we will need, both here and in Chapter 4,
a way of determining if a given analysis is an analysis by reductions or core-
ductions. The following is a useful “local” criterion for when an analysis is

by reductions or by coreductions.

Proposition 3.16. Let (ai,...,a,) be a P-analysis of a over A. Then it
15 a P-analysis by reductions iff a; is a P-reduction of a;11 over Aa;,_y for
1=1,....,n—1; it s a P-analysis by coreductions iff a; is a P-coreduction

of ajy 1 over Aa;_y fori=1,...,n—1.

Proof. Suppose (ay,...,a,) is a P-analysis by reductions of a over A. For
any k = 1,2,...,n— 1, a; is a P-reduction of a over Aap_q, i.e., for any
aj, € acl(Aa), if stp(a,/Aag_1) is almost P-internal, then a) € acl(ag). In
particular, for any a) € acl(Aagi1), if stp(a,/Aag_1) is almost P-internal,
then aj, € acl(ay). Note that aj € acl(Aag,1), so a is a P-reduction of ay,

over Aaj_1.
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Now suppose (aq,...,a,) is a P-analysis of a over A such that a; is a
P-reduction of a;,, over Aa; 1 for i = 1,...,n—1. We need to check that
ay is the P-reduction of a over Aay_;. In fact, let a) be the P-reduction of
a over Aay_1, then we only need to show that aj, € acl(Aag).

We know aj, € acl(Aa,). Suppose a; € acl(Aq;) for some i such that
k < i < n. Since aj, is almost P-internal over Aay_; and k —1 < i — 1, aj},
is almost P-internal over Aa;_o. Now a;_q is a P reduction of a; over Aa;_»,
a, € acl(Aq;), and a), is almost P-internal over Aa; o, so aj, € acl(Aa;_1).
By induction we get a), € acl(Aay).

We now turn to the coreduction part of this proposition. Suppose that
(ay,...,a,) is a P-analysis by coreductions of a over A. For any k =
1,2,...,n — 1, a; is a P-coreduction of ayy; over A, i.e., for any a) €
acl(Aagi1), if stp(axi1/Aa)) is P-internal, then a, € acl(Aqj). In par-
ticular, for any a; € acl(Aayy1), if stp(ars1/Aar_1a}) is P-internal, then
ar € acl(Aay_1a}). So we have that ay, is a reduction of a4 over Aay_;.

Now suppose (ay,...,a,) is a P-analysis of a over A such that a; is a
P-coreduction of a;41 over Aa;—; fori=1,...,n—1. Fixinga k € {1,2,...,
n— 1}, we need to check that ay, is the P-coreduction of a; 1 over A. In fact,
let ' be be such that stp(agy1/Ad’) is almost P-internal. We need to prove
that a; € acl(Ad’).

We know that a; € acl(Aa’). This is because a; is the P-coreduction of
as over A, and stp(ag/Ad’) is almost P-internal (since ay € del(Aag1)).

Suppose a;_1 € acl(Aa’) for some i such that 1 < ¢ < k. Since a4 is
almost P-internal over Aa’ (asi+1 < k+1, a;41 € acl(Aag,1)), and a; is the
P-coreduction of a;, over Aa;_1, we have that a; € acl(Ad’). By induction
we get ay € acl(Ad’). O

It follows from the above lemma that an incompressible analysis of U-
type (1,1,...,1) is canonical. Indeed, for such an analysis (ai,...,a,) of a
over A, as stp(a;+1/Aa;—1) is not almost P-internal, by rank consideration,

a; must be both the P-reduction and the P-coreduction of a;,1 over Aa;
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fori=1,2,...,n— 1.
We end this section by pointing out that once we have a type with an

incompressible analysis of U-type (1,1,...,1) — as for example we will prove
————

in Corollary 4.2 below that we do in DCnFO — then every decreasing sequence
of positive integers of length n appears as the U-type of the P-analysis by
reductions of some other type in this theory. A similar statement holds for
increasing sequences and P-analyses by coreductions provided that every
finite U-rank type has a P-coreduction. For convenience we work over the

empty set.
Proposition 3.17. Suppose (ay,...,a,) is an incompressible P-analysis of
U-type (1,1,...,1).

(a) Given positive integers sy > --- > s, there exists a tuple whose P-

analysis by reductions is of U-type (s1,...,8n)-

(b) Suppose every type of finite U-rank has a P-coreduction. Given pos-
itive integers s; < --- < s, there exists a tuple whose P-analysis by

coreductions is of U-type (s1,...,8n).

Proof. (a) Let a¥) = (agj), ..,a9), j =1,2,... be tuples such that (@',
a?,...) is a Morley sequence of tp(ay,...,a,). Let a; = (agl), . ,agsi)) and
Bi = (au, ..., ;). Note that agj) € f;for j =1,2,...,s;. We claim the tuple
By is P-analysable and its P-analysis by reductions is of U-type (s1, ..., S,).

To show this, since (a?) ; is a Morley sequence, we have

U(Bi/Bi-1) = Ulai/Bi—1)
=U(al” - al™/B;1)
=U(al” - al* /al, - al*))

so we only need to prove that the P-analysis by reductions of J is (S, 5a,
ey Br)-
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We simply check the definition in this case. Let b; be the P-reduction of
B, over 52 . We claim, and this will suffice, that b; is interalgebraic with
B;. Since a L €del(fBiq) for j =1,2,...,s; (since s;_1 > s;), stp(az(-j)/ﬂi,l)
is almost P—mternal for j=1,2,...,s;, so stp(a;/B;—1) is almost P-internal.
Since f; € del(wy, Bi—1), stp(Bi/Bi—1) is almost P-internal, so f; € acl(b;).
We now need to show that U(b;/5;) = 0. Toward a contradiction, suppose
U(bi/B;) > 0.

Set B = [3;, which is the collection of elements of the form az()‘n where
1<p<iand1l<qg<s; Now we add elements of the form al(,‘” one by one
into B according to lexicographic order of (p,q) where i+1 < p <mnand 1 <
q < s; as long as U(b;/B) remains unchanged Since b; € B, U(b;/Bn) =0,
so this process will terminate for some a ) where U(b;/ Ba ) < U(b;i/B).

Now B contains elements of the form a]g,) where (p',¢") < (p,q) by

lexicographic order. We have a;q) L bi. As a;q_)l € B and a}(,q) 1l B,
B C

U(a?/B) = 1, so a{ € acl(Bb;). Let C’ = {a!? : agil € dcl(B)}. Then
stp(B/C) is almost P-internal as stp( a; /a ‘7)) is almost internal for any
i,7, and stp(b;/C) is almost P-internal because 5;_; € dcl(C'). Since a](g) is
in acl(Bb;), this yields that stp(al(f) /C) is almost P-internal. However, the

latter is impossible since a(Q) ¢ acl(C'), which is because a(Q) ¢ acl(a, (@) 5)

and ap L L C.
C)
Gp-2 ) )
(b) Let a9 = (agj),...,ag)), j = 1,2,... be tuples such that (@,
a?, .. .) is a Morley sequence of tp(ay, .. ) Let 3; = (a1 ), . ,af@) aél),
,agsifl),..., fl),...,agsl)). Let f(j) = mm{k’ 0 7 < si}, and let f(4)

be infinity if it is not defined. Then a]gj) € acl(py) iff £ < i— f(j)+ 1,
and §; = U a;’) +1 10)- We claim the tuple 3, is P-analysable and its P-

analysis by coreductions is of U-type (s1,...,s,). Since f; = U Ei)l £6)
j=1
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and f;_1 = Uaz(.{)f(j) (as i — f(j) = 0 for s;-1 < j < s;, we may set the
j=1
upper bound as s;), we have

(ﬁz/ﬁz 1 Ual-‘rl §i6)) /ﬁz 1)

_ZU z+1 £y %= fy))

as (d(j))j is a Morley sequence. Thus we only need to prove that the P-
analysis by coreductions of 3 is (f1, 52, - - -, On)-

Again, we check the definition. Fix7=0,1,...,n—1. Suppose b is the P-
coreduction of B;;; over the empty set. We claim that acl(b) = acl(ﬁl) Note
that stp(f;+1//5;) is almost P-internal, so b € acl(f;). Take any a 6 dcl(ﬂ,)
Since aﬁl € dcl(fBi41) and stp(B;41/b) is almost P-internal, stp( a; +1 /b) is
almost P-internal, so ag-k) € acl(b) since a( )i : +1 We
therefore have that 3; € acl(b). O

is the P-coreduction of a

38



4 Some constructions of analysability in DCF

Probably the best known example of an analysable but not internal to the

x
constants Kolchin closed set is the one defined by the equation 6 [ — | = 0.
x

It decomposes as an extension of the additive group of constants by the
multiplicative group of constants, without itself being almost internal to the
constants. Our first observation is to generalize this construction by iterating
the logarithmic derivative. Writing logdx := 6_:17 and logd™ = logd - - - logd

x —_——

we consider the equation logé™z = 0, and show in Section 4.1 that while it

is analysable in the constants in m steps, it is not analysable in m — 1 steps.
This is done by essentially reducing to the m = 2 case.

Furthermore, we want analyses of a type p that are canonical. Not every
finite rank type in DCF, admits a canonical analysis (see Example 3.5).
However, we show in Section 4.2 that given any sequence of positive integers
(n1,...,ny,) there exists in DCFy a type that has a canonical analysis in
the constants with ¢th step having U-rank n;. Unlike in the logarithmic
derivative case, these examples are not differential algebraic groups, and
hence that theory is not directly available to us. Our proofs involve a careful
algebraic analysis of the equations that arise. Note that the situation is
very different for differential algebraic groups; in [3] it is shown that every
differential algebraic group over the constants is analysable in at most 3 steps.

The results presented in this chapter appeared in [12].

4.1 Iterated logarithmic derivative

We work in a saturated model U = (U, 0,1, +, x,0) of DCFy. We often omit
0,1,4, x and write Y = (U, 9).

We focus on types which are almost C-internal or C-analysable in DCFy,
where C = {x : dx = 0} is the field of constants of U.

We will be considering iterated logarithmic derivatives. For any n > 1 we
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set logd™ (z) := logd logsd - - - logd(x). Note that logd™ (x) is only defined at
n t;rrnes

z if logd®W (z) # 0 for i = 0,1,...,n — 1 where logé®) () = 2. Whenever we
write logd™ (z) it is always assumed that z is in this domain of definition.
Note that for any h € U, the equation logdé™ (x) = h defines an irreducible

Kolchin constructible subset B of U. Indeed, B is isomorphic to

B* = {(x,logd(z), ...,logd" V(z)) : z € B}

ox; . 0T,
={(z1,...,2,) : 1 #0; * :xi+17@:1,2,...,n—1;i:h}
Z; Tp
whose Kolchin closure is
{(z1,...,2,) : 0y = 2w, = 1,2, ... ,n — 1; 0z, = hz,},

which is irreducible since it is the set of D-points (or “sharp” set) corre-
sponding to the irreducible D-variety (A",s) where s(x1,..., 2, 1,2,) =
(129, ..., Ty 12, hay,). (For details on D-varieties see [15].)

In particular, {z : logd®(z) = h} is irreducible. Note also that the
generic type of 10g5(2)(x) = 0 is the same as that of G which is defined
in Example 2.27. So the following proposition is in fact a generalisation of
Example 2.27.

Proposition 4.1. Let h € U and consider B = {x : logd® (z) = h}. Let k
be a 0-field containing h, and p be the generic type of B over k. Then p is

not almost C-internal.

Proof. We may assume that k contains an element of the form a = logdgy
where gy € B. Indeed, this follows from the fact that for any go € B, p is
almost C-internal iff the non-forking extension of p to k(go) is, and p|k{go) is
the generic type of B over k(gy).

We now construct a new model V = (U, D) of DCFy, as follows. The set

o
U and the interpretation of 0,1, 4+ and X remain the same, while Dg := °9
a
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for all ¢ € U. Notice that V is also a model of DCFy with the same field of
constants as U, and any definable set in one model is definable in the other,
with the same set of parameters, as long as the parameter set contains a.
Now let g be a type in the model V over k so that ¢ and p have the same set
of realizations in U. This can be done by replacing each occurrence of § in
formulas in p by aD.

Assume towards a contradiction that p is almost C-internal. Hence, for
any g = p, there is B D k such that g J/k B and g € acl(BC), in the model
U. Replacing by aD in the formulas witnessing this fact, we have that
g € acl(BC) in V as well. Moreover, g Lk B holds in V because U-ranks of
types are the same in U and V if the parameter set contains a. We get that
q is almost C-internal in V.

However, ¢ is the generic type of B, since Kolchin closed sets definable
over k (which contains a) are the same in U« and V. The set B is defined in
U by the formula logd(logdz) = h, which is just alog D(alog Dx) = h, which
is equivalent to log D(log Dx) = 0. So ¢ is the generic type of B = {z :
log D(log Dx) = 0}, which is not almost C-internal in V by Example 2.27, a

contradiction. O

We can now show that the iterated logarithmic derivatives give rise to

n-step C-analysable types that are not (n — 1)-step C-analysable.

Corollary 4.2. In DCFy, let D = {x € U : logdlogd --- logdz = 0}.

Then the generic type p of D is n-step C-analysable but not (n — 1)-step
C-analysable.

Proof. Let a € D be generic. Let a,, = a, a;, = logdag., for k =0,1,...,n—1.
Note that ag = 0, ay € dcl(agsq) for k =0,1,...,n—1, and a is interdefinable
with (ag,...,a,).

As a is generic in D, a;41 ¢ acl(a;) for each i = 0,1,...,n — 1. By
additivity of U-rank, for each i« = 0,1,...,n — 1, U(a;41/a;) = 1. Hence,

stp(a;y1/a;) is the generic type over a; of logd(x) = a;. The latter equation
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defines a multiplicative translation of G,,(C) = ker(logd), so stp(a;+1/a;) is
almost C-internal of U-rank 1. That is, (a1, as, .. .,a, = a) is a C-analysis of
p of U-type (1,1,...,1).

—_——

n

For eachi=1,2,...,n—1, stp(a;41/a;_1) is the generic type of logd®z =
a;_1 over a;_1. Proposition 4.1 tells us that this type is not almost C-internal.
That is, (a1, as, ..., a,) is an incompressible C-analysis.

Hence, by Lemma 3.6, p is not C-analysable in n — 1 steps. O

4.2 A construction of a canonical C-analysis with given
U-type

In this section we show that in DCFy we can do better than the conclusions of
Proposition 3.17. Given any sequence of positive integers we provide a type
which has a canonical C-analysis with that U-type. Our strategy is to build
an example with a C-analysis of the desired U-type, use Proposition 3.16 to
check that it is an analysis by both reductions and coreductions, and then
use Proposition 3.15 to conclude that it is canonical. Throughout we use the
fact proven in Proposition 3.11 that any finite rank type has a C-coreduction.

Suppose ni,...,n, are positive integers. We want to construct a type
admitting a C-analysis in ¢ steps where the ¢th step has U-rank n;, and such
that the analysis is canonical. Here is our construction.

For convenience, we name everything in Q8 in the language. Let cij €
Q™# be algebraic numbers fori = 1,2, ..., ¢ and 1 < j < n; such that {ei iy
is Q-linearly independent for i = 1,2,... /.

We inductively define (D, e;) for i = 1,2,..., ¢ as follows:

Set D := ¢ and let e; be a generic solution over @ to

(D1 — e11)(Dy — ¢13) -+ - (Dy — c1n, ) = 0. (E)
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Fori > 1set D, :=

and let e; be a generic solution over {ej,...e;_1}

j=16j

to
(Di — ci1)(D; — ¢in) -+ (Di — ¢, ) = 0. (Ey)

The notation D; — ¢;; here represents a linear operator which sends y to

D,y — ¢;;y, so equation (E;) is a linear differential equation over {e;,...e;_1}

of order n,.
Now let a; = (e1,...,¢;) for i = 1,2,...,n, and ay = &. We will show
that (ap---ay) is a canonical C-analysis of a, of U-type (ny,...,n,).

Since e; is a generic solution of (E;), an order n; linear differential equation
over a;_1, we have U(a;/a;—1) = n;, and stp(a;/a;_1) is almost C-internal. So
this is a C-analysis of the correct U-type. We need to show it is by C-
reductions and C-coreduction.

Fixing i € {1,2,...,/}, the following coordinatisation of solutions of (E;)

is a useful tool that we will apply often.

Lemma 4.3. If f is any solution to (E;) then we can decompose f = Z fi
j=1
such that each f; is a solution to D;x — c;jx = 0 and f is interdefinable with

(fl’ e 7fn1) over a;—q.

Proof. Indeed, let g; be a generic solution of D;x—c¢;jz = 0. Theset {g; : j =
1,2,...,n;} is C-linearly independent because g;’s are nonzero eigenvectors of
different eigenvalues under the C-linear operator D;. Note that since (D;—c;;)
commutes with (D;—¢;;/) for any 7, j', each g; is a solution to (E;). Since (E;)
is an order n; linear differential equation and {g; : j = 1,2,...,n;} is a set

of C-linearly independent solutions of (E;), any solution of (E;) is a C-linear

ng
combination of g;’s. In particular, f is of the form Z u;jg; where u; € C for
j=1
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j=1,...,n; Let f; = u;g;,s0 f = ij, and f € dcl(fy,..., fn,). Also,

j=1
Difj — cijfy = ui(Digj — ci95) = 0,

so f; is a solution to D;x — ¢;;x = 0.

We still need to verify that (fi,..., fn,) € dcl(a;—1f). Indeed, suppose
(f7)i, and (f;)7%, have the same type over a;_; f. Then in particular f; is
a solution to D;x — ¢;;o = 0, and

S h=r=Y5

Whlchglvesusz i) =0 As{f; — f; :j=1,2,...,n:} is a set of
7j=1

eigenvectors of different eigenvalues under the C-linear operator D;, we then

have f; — ff =0 for all j =1,2,...,n, s0 (f})jL, = (f5)iL ]

Lemma 4.4. If f is a generic solution to (E;) over a;_1, then {f1,..., fu,}
obtained in Lemma 4.3 is independent over a;—; and each f; is a generic

solution to D;x — c;jz = 0.

Proof. Since f is a generic solution over a;_; to (E;), which is a linear differ-
ential equation of order n;, we have U(f/a;_1) = n; Since f; is a solution for
DiSL’ — Gk = 0, U(fij/ai,l) S 1. But

=U(f/ai-1)

=U(fifor - fa;/ai1)

=U(fi/ai1) + U(f2/airf1) + -+ Ufo;/aimrfifo -+ fri-1)
< U(fr/ai1) + U(fo/aiza) + -+ U(fn,/ai1)

< n,.
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So U(fj/ai_l) =1 and U(fj/ai_lflfg ce fj—l) =1 for ] = 1, 2, ceey Ny This
means that {fi,..., fn,} is independent over a;_; and each f; is a generic

solution to D;x — ¢;jz = 0. O

Lemma 4.5. Let f be a generic solution over Q™8 to (E;). Then acl(f)NC =
@alg'

Proof. Let m = ny. Let (fi,..., fm) be the decomposition of f by Lemma 4.3
with respect to (E;). Since f is generic, f; # 0 for j = 1,2,..., m. Suppose
the conclusion is false and there exists some ¢ such that ¢ € (acl(f)NC)\Q™e.
Note that acl(f) = Q(f1,. .., fm)"® since §f; = c1;f; € Q 8(f;).

For simplicity, let f = (fi,..., fm), and § = (y1,...,¥m). Let F(z,7) be
a polynomial with coefficients in Q¢ such that F(c, f) = 0 and F(x, f) # 0.
Since ¢ € Q. F(c,5) # 0. Let G(§) be a nonzero polynomial over C

with minimal number of terms such that G(f) = 0. Since F(c,y) # 0 and
F(c, f) =0, F(c,y) satisfies all conditions of G except for the minimality, so
such a G exists.

Let

G => s,
rel
where [ is a set of m-tuples of nonnegative integers, and s; € C. Let ¢ =
(c11,--.,Cim), and set fé:= ijclj.
j=1
We claim that

2) -

Mz = 72

for all 7Y, 7@ ¢ I. Indeed, otherwise, fixing any 7 € I, we have

G*(y) =G (y) — 6(G(Y))

= (FO)sy" =Y se0y

rel rel
=> (Fe—re)ssy
rel
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is a polynomial with fewer terms than G (since the term with index 7" is can-

celled) such that its coefficients are in C, G*(f) = 0 as G(f) = §(G(f)) =0,
and G*(y) # 0 as there exist 7 € I such that 7¢ # 7*¢. This contradicts the
minimality of G.

Ve = 7@z for all 7V 7 e I, e, (FV — 7 = 0
for all 7,72 ¢ I. But {c11, .., Cc1m} is Q-linearly independent, so in fact

7D = 72 for all 7V, 72 ¢ I. Therefore there is only one element 7 in I, and

We now have 7

G(f) = szf". Since all fj’s are nonzero, s; = 0, so G is the zero polynomial,

a contradiction. O
The following lemma is the technical heart of the construction.

Lemma 4.6. Fizi € {1,2,...,0 — 1}, and for notational convenience, let

m :=n; and L := acl(a;_1). Then the following are true:

(1) Suppose f is a solution of (E;) and (fi,..., fm) is the decomposition of

f by Lemma 4.3. Then f is generic over L iff all the f; are nonzero.

(i4) Suppose f is a generic solution to (E;) over L, a € Q™8 is nonzero, and
h is a nonzero solution of D;x —afx = 0. Then f is the C-coreduction
of h over L.

(i1i) The C-coreduction of a;11 over a;—_y is a;.
(iv) The C-reduction of a;y1 over a;_y is a;.

Proof. We use induction on 1.

(i) Suppose the conclusion is true for i — 1.

By Lemma 4.4, if f is a generic solution to (E;) over L, then for any
j€{1,2,...,m}, f; is a generic solution to D;z — ¢;;x = 0. In particular,

f; # 0.
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Now suppose f; # 0 for all j = 1,2,...,m, but f is not generic, i.e.,
U(f/L) < m. Since

U(f/@z'q) = U(f1f2 : "fm/aiq)
=U(fi/ai-1) + U(fafaimrfr) + -+ U(f/aica fifa - fno),

U(fj/ai—1fifa--- fj—1) <1 for some j, and hence f; € L(U fr)™® for that j.

K]
Note that . -
0fi = (Dife) [ [ &5 = canfi [ [ & € L),
j=1 j=1

so f; € L(U fr)e = L(U fr)™, which means that {fi,..., fn} is alge-

K kg
braically dependent over L in the field theoretic sense.

Let f = (fi,-- s fm), U= (W1, Ym),and ¢ = (ci1, ..., Cim). Let G(7) be
a nonzero polynomial with minimal number of terms such that its coefficients

are in L and G(f) = 0. We will use a minimality argument similar to that

in the proof of Lemma 4.5. Suppose
G(yh s aym) = Z SF@i
rel

where [ is a set of m-tuples of nonnegative integers, and sz € L for 7 € I.

Now
DAG(f)) = Di) _sef"
= Z(ffDisf + SfDiff)

rel

= Z(log DiSF + fé)Sff_F.

rel
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We claim that
log D;s.) + 7VE = log Dispe) + FYE

for all 7V, 7® ¢ I. Indeed, otherwise, fixing any 7 € I, we have

G*(y) = (log Disz= +7°¢)G(y) — Di(G (7))
= Z(log D;$pe + ¢ — log D;s; — 7¢)s:y

rel

is a polynomial with fewer terms than G (since the term with index 7* is can-

celled) such that its coefficients are in L, G*(f) = 0 as G(f) = D;(G(f)) = 0,
and G*(y) # 0 as there exist 7 in I such that log D;sr + 7¢ # log D;sp + 7*¢.
This contradicts the minimality of G.

There are at least two terms in G(). Indeed, if there is only one term,
then G(y) = s7y" for the unique 7 € I. Since f; # 0 for j = 1,2,...,m and
G(f) = 0, we have s; = 0, so G(j) = 0, contradicting the fact that G is
nonzero.

We now have
log Disf(l) + f(l)é = log D’isf(2) + 77(2)6

for all 7V 72 € I. Note that log D;s; + 7¢ = log D;(szf") for any 7 € I.
Therefore, fixing 7V #* 7@ in I, we get S#(1) f’iu) = CSx(2) f’j@) for some nonzero
¢ € C. This means that

(2 (1) _
Cfr = S7(1) SFé) . (*)

Note that as all f; # 0, FP="" makes sense and is nonzero. Let h =

772 (1) . .
cf” 7" . Then h is a nonzero solution to

log D;z = (7 — 7W)e. (s5)

48



When 4 = 1, right side of () is in acl(ag) = Q& C C, so h is also a constant,
but then it is not a solution for (xx). When ¢ > 1, we apply part (ii) of
the lemma for ¢ — 1 with e;_; a generic solution of (E;_;) over a; o, a =
(77(2) - 77(1))6* # 0, and h a nonzero solution of D; 12 — dx = 0. We get that
e;_1 is the coreduction of h over a;_o. In particular, since e¢; 1 & acl(a;_2),
we have that stp(h/a;_s) is not almost C-internal. But the right side of (%)
is in L which is almost C-internal over a;_s, a contradiction.

(ii) Suppose the conclusion is true for i — 1, and (i) is true for i.

We use induction on m, the order of the differential equation (E;).

If m = n; = 1, we have that log D;h = af and log D;(af) = ¢;1. Let h*
be a generic solution of log D;x = af over Lf. Since f is a generic solution
of log D;(z) = ¢ over L, af is also a generic solution of log D;(x) = ¢;

(2)

over L, and therefore h* is a generic solution of log D,z = ¢;; over a;_;.
Thus stp(h*/L) is not almost C-internal by Proposition 4.1. Since h* is a
constant multiple of h, stp(h/L) is also not almost C-internal. Note that
(f,h) is a C-analysis of h over L, and as it is incompressible of U-type (1,1),
we have that f is the C-coreduction of h over L.

Now suppose the conclusion of (ii) is proven if the order of the equation
(E;) is less than or equal to m — 1.

Let 8 be the C-coreduction of h over L. Since stp(h/Lf) is almost C-
internal, we only need to show that f € acl(LB). Let (fi,..., fn) be the
decomposition of f by Lemma 4.3. By Lemma 4.4, f; is a generic solution
of Dix — ¢z = 0 for j = 1,2,...,m. Suppose towards a contradiction that
f ¢ acl(LB). We may, without loss of generality, suppose fi, ..., fs & acl(LS)
and fsi1,..., fm € acl(Lp) for some 1 < s < m.

In the rest of the proof we seek a contradiction to the above assumption.

We prove first that s = m. Suppose not, so f,, € acl(LF). Let hy,
be a nonzero solution to D;x — af,,x = 0. We have that stp(h,,/Lf,,) is

almost C-internal. Since f,, € acl(LS), stp(h,/LB) is almost C-internal. Let
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h* = hh,,!. Then

log D;(h") = log D;(h) — log Di(hy,)
:a(f1+"'+fm—1+fm>_afm
=a(fi+- -+ fmo1)

Let f*= fi+-+++ fin_1. Then h* is a nonzero solution to D;x — a.f*x = 0.

From (i), since f1,..., fm—1 are all nonzero, f* is a generic solution over L to
(Dz — Cil) tee (Dl - Cz‘,m—l)x = 0.

By the induction hypothesis, we conclude that the C-coreduction of h* over
Lis f*. Since h and h,, are almost C-internal over L3 and h* = hh_ ', we
get that f* € acl(LB). As f* is interdefinable with (fi,..., f;,_1) over L,
f1 € acl(Lp), contradicting our assumption.
Let gn =tfy fort = 1,2,.... We show that stp(g:1/L3) = stp(fi/LS).
Since
Dign — cingn = tD;f1 —tea fi = 0, (4.1)

we have that g, € {z : D;x—c;;x = 0}, a strongly minimal set. Thus in order
to prove stp(gu/LB) = stp(fi/LB) we only need to show that g, & acl(Lp),
which follows from f; ¢ acl(Lp).

For each integer ¢ > 1, let 1, be an automorphism fixing acl(L3) and
taking fi to gn. Set gy := n(f;) for all j = 1,2,...,m, g, :== n.(f), and
he := me(h). So stp(he, gr, gur, - - - gim/LB) = stp(h, f, fr, ..., fm/LB) for all
t > 1. In particular, g, is a generic solution to (E;) over L, h; is a nonzero

solution to D;x — agix =0, g; = Z g+ is the decomposition by Lemma 4.3,
j=1
and stp(h,/f) is almost C-internal.

We next show that ¢g;; = tf; for all £ > 1 and all j.
Towards a contradiction, suppose that ¢;; # ¢f; for some ¢ and j. Fix

this t. We argue first that g,; — tf; € acl(LB). Let H = hh™', and let
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I'={j:2<j<m,g;—tf; # 0} (note that g;; = tf1, so we only need
J > 2; also note that I is nonempty since g;; # t f; for some j by assumption).
We have that

D;H = (log D;H)H

= (ag. — taf)H
= (a Z(Qtj —tf;)H,
= (a Z(Qtj —tf;)H.

So H is a nonzero solution of D,z — (« Z(gtj —tf;))z =0.
jel
Note that Z(gtj —tf;) is a solution to
jel

(H(Di - cij)> (z) = 0. (4.2)

Jel

This is because (4.2) is linear, and for each j € I,

(Di — cij)(giy — tf;) = (Di — cij) gy — (Di — cij)tf; = 0.

The decomposition of Z(gtj —tf;) by Lemma 4.3 with respect to (4.2)
jer
is (gij — tf;)jer, and gy — tf; # 0 for every j € I. Therefore, applying part
(i) where we replace (E;) with (4.2), we get that Z(gtj — tf;) is a generic
jer
solution to (4.2) over L.
Now, since (4.2) is of order less than m and H is a nonzero solution of

Dix — (« Z(gt]‘ —tf;))z = 0, by the induction hypothesis, the coreduction
jel
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of H over L is Z(gtj —tf;). Since H = hyh ™" and both h and h; are almost
jel

C-internal over LS, we have stp(H/LfS) is almost C-internal. Therefore, for

any j € I, gi; — tf; € acl(Lf5). We now fix some j € I.

‘ C_tf.
Let v = 95y — 9 —ths # 0. Then y is a constant in acl(LF)\acl(Lp).

fi f

J J
Indeed, 7y is a constant because ¢;; and f; are both solutions to D;z—c;;x = 0,
and hence 29 ¢ ¢. We get v € acl(Lf) by the fact that g,; —tf; € acl(LB) C

. "

j
acl(Lf). And v ¢ acl(Lj) because if it were, then so would f; = gtj;,
but we know that is not the case. !

When ¢ = 1 this is impossible, since acl(Lf) = acl(f), and Lemma 4.5
tells us that acl(f) NC = Qs.

Suppose i > 1. We apply part (iv) of the lemma for ¢ — 1 and get that
the C-reduction of a; over a; 5 is a;_1. As f is a generic solution of (E;)
over L, stp(f/L) = stp(e;/L), so the C-reduction of f over a; 5 is a;_;.
Since v € acl(Lf)\acl(Lp), v ¢ L = acl(a;—1). So stp(y/a;—2) is not almost
C-internal. On the other hand, 7 is a constant, a contradiction.

What we have actually shown is that for any t > 1, stp(tfi/LB) =
stp(f1/LB), and if stp(f1, fa, ..., fn/LB) = stp(fr.. ... fu/LB) and fi = tfi,
then fj = tf; for j = 2,3,...,m. In particular, stp(tfi,...,tfm/LB) =
stp(f1, ..., fm/LPB) holds for all t. In addition, the case of ¢t =1 tells us that
fj € del(fracl(Lp)) for j =2,3,...,m.

We now show that Ji € acl(Lp) for j = 2,3,...,m. Fix some j. Since
f; € del(fracl(Lp)), thellre exists a formula ¢ (x,y) over acl(LB) such that

Spl(ua fl) = {fj} Since Stp<tf17tf]/Lﬁ) = Stp(flafj/Lﬂ)a we have @1(2/{,75]01)
= {tf;} for all t. Now set ¢o(z,y) = Vz(pi(z,y) = 2 = 2) Then

wo(U,tf1) = {%} for all t. So we have

1

1

{tf:t>1} C {bEU:logDib:cil and ¢o(U, b) = {%}}
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Since log D;x = ¢;; is strongly minimal, it must be that for all but finitely

many solutions to log D;x = ¢;1, wo(U,b) = {%} It follows that ?
1 1
acl(LpB).
Let go1 be a generic solution over Lh to D;x—c;1xz = 0, and go; = 901% for
1

j=2,3,...,m. We have shown that each % is in acl(Lf), so (go1, - - - » Jom) €
1

acl(LBgm). Let Co1 = ﬁ eC. NOW,
go1

log D (h) = log D;(af >

=log Di(a(fi+ -+ fu))

= log D;(aco1(gor + *+ + + gom))
=log Di(go1 + - - + gom) =: €.

Hence h is a solution to log DZ@) (x) = € which is over acl(LBgo;), which im-
plies that U(h/LBgo1) < 2. Note that U(h/LB) > 2 since h is a generic solu-

tion to log D;z = af and U(f/L3) > 1. But we also have b | go; (recall that
Lp
g € acl(Lh)), so U(h/LBgo1) = U(h/LB) > 2. Thus U(h/LBgo1) = 2, and h

is a generic solution to log D\?(z) = € over acl(LBgo1). Hence stp(h/LBgo1)
is not almost C-internal by Proposition 4.1, and therefore stp(h/Lj) is not
almost C-internal, contradicting the definition of f.

(iii) Assume part (ii) of the lemma is true for 7.
i1

Let e;41 = Zbiﬂjj be the decomposition by Lemma 4.3 with respect
j=1
to (E;y1). We have that stp(a;i1/a;) is almost C-internal. Also, by part

(i) applied to f = e; and h = b1, the C-coreduction of b1 over a;_y
is e;, which is interdefinable over a;_; with a;. Since b1 € dcl(aeir) =
dcl(a;41), the C-coreduction of a; 41 over a;_; is a;.

(iv) Assume parts (i) and (ii) of the lemma are true for 7. For simplicity,

we use n to denote n;y1. Let K = acl(a;). Let by = (b1, .. biv1n).
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We already know that stp(a;/a;_1) is C-internal. Suppose [ € acl(a;y1) is
almost C-internal over a;_; and § ¢ acl(a;). Since e;,; is interalgebraic with

biy1 over a;, € acl(azbiy1), which means 3 € K (bi1)™8. Since Obip1; =

Cit1,70it1, Hek € K(bjy14) for j =1,2,...,n, we have K{bi11) = K(bis1),
so € K(i:l)alg. Thus there exist a polynomial F(z,yi,...,y,) with coeffi-
cients in K so that F'(5,bi411,...,biv1,) =0and F(x,bit11,...,bi11,) # 0.
Also, F(8,y1,...,Yyn) # 0 since 8 & K.

Suppose G(y1, - ..,Yn) is a nonzero polynomial with minimal number of
terms such that the coefficients of G are almost C-internal over a;_; and
G(biy1) = 0. Note that this is well-defined because F(83,y1,...,y,) satisfies
all the conditions except for the minimality, as K and [ are both almost
C-internal over a;_1.

Let

G(y17 CIE 7yn) = Z ngf7

rel
where I is a set of n-tuples of nonnegative integers, and stp(s;/a;_1) is almost
C-internal. Let ¢;11 = (¢i41.15- -+, Cit1n). Arguing exactly as in the proof of

part (i) of the lemma, we get by minimality of G that
log DiSF(l) + 77(1)51‘_;,_161' = log DiSF(z) + f@)@_,_lei (43)
for any Y, 7@ € I. Indeed,

Di(G(BH-l)) = Z(ifﬂDis; + stiBfH)

rel
1T == T
= E (biJrlDiSF + SFTCH_lGibiJrl)

rel

rel
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where the second equality is by the fact that

X X I oSN
Dibiyy = 7bi 1 Dibita
—77r—1 T
= 7"b¢+1 e;iDit1bi

F—1_ = 7
=Tb; 1 €iCiv1bipy

= feiéi—l—ll_);:_l-
Now if (4.3) failed, then fixing any 7 € I we see that

G*(y) : = (log D;sp 4+ 7*Ci116;)G(Y) — D;G(Y)
= Z(log D;spe + T Ciy1e; — log Dysy — T¢ip1€;)s74"

rel
whose coefficients are again almost C-internal over a; 1, would contradict the
minimal choice of G.
If G has only one term, then for the only 7 € I, G(bj1) = szbl, ;. Since
bit1,; #0for j=1,2,...,n, s =0, which means G(y) = 0, a contradiction.

Now fix ™ #£ +® in I. Since log D;s; + 7¢ip1e; = log Di(sfl;fﬂ) for any

_ (1) 77(2) .
r € I, we have s;0)b;; = csp2b;,, for some ¢ € C. This means that
771 _f(2) - T _F2) .
bii " = csu 517&). So b;,; " is almost C-internal over a;_;.
771 _(2) (1) =2N=  FD_m® 70 _52)
On the other hand, as Dy b, " = (FY — #®)e bl 7, by "

is a solution of (D;yy — (FY — 7#®)g 1)z = 0, with (F — 7G4y # 0 since
{civ1j:7=1,2,...,n} is Q-linearly independent. By part (ii) of the lemma

: T _(2) _ 9\ : .
with f =e;, h=10,,"" , and a = (71 — #@)E 1, € is a C-coreduction of
F(1) _7(2)

Ef$i_f<2) over a;_;. In particular, b],, is not almost C-internal over a;_;.
This contradiction proves part (iv) of the lemma. O

We have accomplished the desired construction:

Theorem 4.7. Given positive integers ny,...,ny, there exists in DCFy a

type over Q™ that admits a canonical C-analysis of U-type (ni, ..., ng).

Proof. Let (ai,...,ap) be as in the above construction. We have seen that
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(aq,...,ap) is a C-analysis of p = stp(a,) of U-type (ni,...,ny). By Propo-
sition 3.16, parts (iii) and (iv) of Lemma 4.6 prove that it is a C-analysis by

reductions and coreductions. The result now follows from the “in particular”

clause of Proposition 3.15. O
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5 Pullbacks under the logarithmic derivative

map

Since logd : G,, — G, is a definable group homomorphism with kernel G,,(C),
whenever D C G, is a definable set with generic type almost C-internal, the
generic type of logé (D) will be analysable in C in at most 2 steps. When
is it in fact already almost C-internal?

A rephrasing of Fact 2.27 is that if D = C then logd~'(D) is not almost
C-internal. A rephrasing of Proposition 4.1 is that if D is defined by dx = hx
for any h € U, then again logd '(D) is not almost C-internal. One might
guess after seeing the above examples that in fact logd' (D) is never almost

C-internal, but this is false.

1
Ezample 5.1. Let D = {z : §(=) = 1}. Then logd~'(D) is C-internal.
T

1
Proof. Let E ={x: — € D} = {z : x = 1}, which is 0-definably isomorphic
x

to D by multiplicative inverse. Note that if u € logd (D) then ckE
ogou
) Su)? — ud?
On the other hand, §?u = 0. Indeed, o e€D,sol=9§ <i> = —( u) u u7
U Ju (5u)2

and as u # 0 this implies 8%y = 0. That is, du € C\{0}. So we have a (0-
definable) map i : logd (D) — E x C\{0} defined by

L su).

H [
“ (logéu’ “

We now show that i is a bijection. For injectivity, suppose i(u) = i(v) for

1 1 ou

and du = dv, so u = =
logdu

some u,v € logd~ (D). Then

ov
logdw

that du = c¢de = ¢ and

logdu B logdw

= v. For surjectivity, if e € E and ¢ € C\{0}, then u = ce satisfies

1 1
:E:E:e, and logdu = — € D.
logdbu du ¢ e

Since E and C\{0} are C-internal, this means that logd~!(D) is C-internal.
[
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Note that in the above example, the C-internality of logd~'(D) was wit-
nessed by a 0-definable decomposition into a product of strongly minimal
C-internal definable sets. In fact, we conjecture that if D is strongly minimal
and logd~ (D) is almost C-internal, then it must be for a very strong reason
similar to the above example.

To clearly state the conjecture, it is more convenient for us to work with

types rather than definable sets.

Definition 5.2. Let p € Si(F) be a complete type where F' is an alge-
braically closed differential field. We say that ¢ € Si(F) is the logarithmic
inverse of p, denoted ¢ = logd '(p), if for some realization u of ¢, logdu

realizes p and u ¢ acl(F, logdu).

Proposition 5.3. If p € Si(F), then logé ' (p) ewists and is unique. More-
over, U(logé*(p)) = U(p) + 1.

Proof. Let a be a realization of p. Note that logdr = a has a solution not
in acl(Fa). Indeed, by saturation of & we only need to find a solution to
(logdx = a) A (p(x) # 0) for any nonzero p € F'(a)[z]. Since logdz = a is
order 1, this has a solution by the axioms of DCF,. Now the type over F' of
any solution to logdx = a that is not in acl(Fa) will satisfy the definition of
logd ™" (p).

We now prove uniqueness. For ¢ = 1, 2, suppose a; realizes of p, logdu; =
a;, and u; ¢ acl(Fa;). We need to prove that tp(u;/F) = tp(uz/F). Since
ai,ay are realizations of p, there is an automorphism a € Autg(U) such
that a(asy) = a;. Note that logd(a(us)) = alaz) = a3 = logduy, so u; and
a(ug) are both in the set B = {x : logdx = a;}, which is Fa;-definable and
strongly minimal. Since uy, a(ug) € acl(Fay), tp(ui/Fay) = tp(a(usz)/Fay),
s tp(u1/F) = tp(a(us)/F) = tp(us/F).

For the U-rank of logd ' (p), let u be a realization of logd~'(p) and a :=
logéu. Then U(logé *(p)) = U(u/F) = U(u/aF) + U(a/F) = U(u/aF) +
U(p). Since logdu = a and u ¢ acl(Fa), U(u/aF) = 1, so U(logd ' (p)) =
U(p) + L.

O
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We recall the definition of tensor product of types. Let p;,py € S(A).
Then the tensor product of p1, ps, denoted p; ® ps, is the type that satisfies
that (a1, a2) = p1 ® po iff a; = py and ag = po|Aa;. In particular, we have
ar L 4 a2. The type p™ is defined as p® --- @ p, and the realizations are

- 7

exactly Morley sequences of p of length n.

We now state our conjecture.

Conjecture 5.4. Suppose p is an almost C-internal minimal type in S;(F),
where F is an algebraically closed differential field. Let ¢ = logd~'(p). Then

the following are equivalent:
(1) q is almost C-internal;

(2) there exist almost C-internal minimal types ¢; and ¢ over F, and an
F-definable function f whose domain contains (i), such that f|q is
a finite-to-one map onto (1 ® ¢2)(U);

(3) there is an integer ¢ # 0 such that for some (equivalently any) u = ¢(z),
u® = uyuy where u; € F (logéu) and logd(uy) € F.

Remark 5.5. Tt is not hard to see that (3)=(2)=(1).
For (2)=-(1), let u be a realization of q. Suppose f(u) = (u1,us). Then
u € acl(Fujug), where u; and us are realizations of ¢; and go, respectively.
Since q1, g2 are both almost C-internal, we have that ¢ is almost C-internal.
For (3)=-(2), let u be a realization of ¢, and uy, us, ¢ as in the statement
of (3). Since uy € F (logéu) C F (gu), there is an F-definable map f; such

that fi(u) = u;. Let fo(x) = % We claim that ¢ = tp(u1/F),q2 =
tp(uz/F) and f = (f1, f2) satis%fy the statement of (2). Note first that
since U(u/F) =2, U(ug/F) < 1 as logdus € F, and U(uy/F) < 1 as uy €
dcl(F,logdu), we must have that U(ui/F) = U(uz/F) = 1 and uy |, uo,
SO q1,q2 are minimal and f(u) = (ug,us) | ¢1 ® g2. That f is finite-to-one

because there are at most ¢ many elements in I/ that satisfy z° = wjus.
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Hence, the conjecture is really that (1)=-(3).

We categorize the almost C-internal minimal types p into two main cases:
those that are weakly orthogonal to C, and those that are not. In Section 5.1
we will prove the the conjecture when p is not weakly orthogonal to C. In
Section 5.2, we will consider the other case, where p is C-internal but weakly
orthogonal to C. We prove the conjecture in that case under some addi-
tional differential algebraic assumptions. In particular, when F' C C the
conjecture is true — see Corollary 5.13 below. We provide several exam-
ples in Section 5.3, which illustrates cases that are dealt with in Sections 5.1
and 5.2. Section 5.4 gives an example which remains open. In Section 5.5,
we discuss the specific condition which is used in Section 5.2. Finally, in
Section 5.6, we discuss pullbacks under the derivative map instead of the

logarithmic derivative map.

5.1 The non-weakly-orthogonal case

In this section, we prove Conjecture 5.4 when our minimal type p is not

weakly orthogonal to C.

Theorem 5.6. Conjecture 5.4 is true under the additional assumption that

p is not weakly orthogonal to C.

From the discussion in Remark 5.5, we know that we only need to prove
(1)=(3) of the conjecture. We prove this theorem in several steps, the first
few of which do not assume that p is not weakly orthogonal to C, and will
be used again later.

We assume the following for the rest of this section:
1. F'is an algebraically closed differential field,
2. pis an almost C-internal minimal type over F,

3. ¢ = logd*(p) is almost C-internal,
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4. (ug,us,...)is a Morley sequence in ¢, and a; := logdu,,
5. K is the field generated by F UC, and
6. L. =K <CL1,CL2, .. >

Lemma 5.7. For some positive integer n, {uq,...,u,} is algebraically de-

pendent over L.

Proof. Since ¢ is almost C-internal, there exists some n such that u; €
acl(FCus,...,u,). By quantifier elimination of DCFy, there is a formula
o(x1) = (p1(x1) A -+ A opm(x1)) with parameters in K (usg,...,u,) such
that uy realizes ¢(x1), each @;(z1) is a literal (an atomic formula or its
negation), and ¢(U) is finite. Since uy satisfies the equation dx; = ajz,
which we denote by ((z1), we have that wu; realizes ((z1) A p(z1). Let
¥ (x1) be the formula obtained by replacing dx; with a;z; in ¢(x1), and
similarly for ¢;(x1)’s. Then ((U) A p(U) = ((U) A p(U). Note that ¢(z1)
is a formula with parameters in K (aj, us, ..., u,)). Since ¢;(z1) is a literal

in the language of rings, each ;(U) is either finite or cofinite in . But
CUYN(wah) = CU) AU = C(U) Ap(Ud) is finite. Since ¢(U) is infinite,
i=1

there must be some ¢ < m such that ¢, (i) is finite. Let &(x1) = ¢ (xq).
Since {(U) is finite but nonempty (as it contains wu;), £(z1) is an atomic
formula in the language of rings (rather than a negated atomic formula).
Without loss of generality, suppose £(z1) is of the form fy(x;) = 0 where
fo(z1) is a nonzero polynomial over K (ay, us, ..., u,). We have fy(ui) = 0.

Since each du; = u;a;, we have that
K {ay,ug, ..., uy) = K{a1,a9,...,a,) (ug, ..., up) C L(ug, ..., up).

We may therefore rewrite fo(z;) = 0 as f(z1,ug,...,u,) = 0 where f €
Llzy,x9,...,x,]. Note that f # 0 and f(uq,...,u,) = 0. We thus have that

{uq,...,u,} is not algebraically independent over L. O
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Lemma 5.8. For some g € L and some nonzero integer k, gut = uf.

Proof. Suppose f(z1,...,x,) is a polynomial over L with minimal number
of terms such that f(u,...,u,) =0 and f # 0. Such an f exists because of
Lemma 5.7.
Let
T) =) gir"
kel

where [ is a finite set of non-negative integer n-tuples, gz € L nonzero for

kel and 2 = =k gk As u; # 0 for all i, f has at least two terms.
Since f(ul, ..., Uuy) = 0, we have
Zg;;ﬂk = 0.
ker

Since du; = a;u;, we have logd (a’_“> = k-a (where k-a = kyja;+- - -+kpay),

SO

0=90 Zg;;ﬂlTC

ker
—Z( g5)u* + logd (") gy E)
kel
-5 (et + 5 )
kel
= Z(logdg,g + k- é)g,—cﬂk.
ker

Fix some k* € I. Define

f(z) = Z (logdgs + k* - @ — logdgy — k - &)g,;fl_“.
kel\{k*}
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Note that there are fewer terms in f* than in f, and also we have

ff(u) = Z (logdgp + k* - @ — logdgy — k - EL)g,;ﬂ’E

kel\{k*}
= Z(logég,;* +k*-a—logdgy — k - a)gkuk
ker
= (logdgz- + k* - @) Zg,;ak — z:(logégfC + k- a)gzu®

kel

)f(w) = 6(f(w)) = 0.

Ql

= (logdgs- + k* -

So f*(z) = 0. This implies that for any k # k* € I, logdgy + k - a =
logdgz. + k* - @. This yields logd(gza") = logé(gk*u "). Fix k; ) # /;:(2) el

and we have g,;mﬂ’;(l) = cg,;@)ﬂk(?) for some ¢ € C. So gy = ﬁ € L and
Ik 1y
k= ];?(2) — l;:(l) satisfies that goﬂ'C =1.

Since k # 0, without loss of generality, assume k; # 0. Let o, €

Autp(U) be such that a(uy,ug, us, ..., u,) = (ug, us, ug, ..., Up1) and B(uq,
U, Ug,y -« oy Up) = (U, Ug, Ug, - .., Upyy). We have
1 = a(gou")

a(gouy H Uit1)

a(go)ar(u 1)k1Ha(Ui)ki

90 ul Huz—i-l

and



n

= B(g0)B(ur)™ [ ] Bwi)*

=2

90 U’2 H uz+1

We therefore get gu1 = u2 for nonzero integer k; and g =

Lemma 5.9. There exists a nonzero polynomial f € Fly,z| such that any

realization a of p satisfies f(a,0a) = 0. In particular, F{a) = F(a,da).

Proof. Since p is almost C-internal, there exists an algebraically closed dif-
ferential field /' D F such that any realization a of p|F satisfies a € acl(FC).
This implies that for some tuple ¢ € C, a and ¢ are interalgebraic over F.
Since tp(a/F) is minimal, tp(c/F) is also minimal, and is completely de-
termined by tp(c/Cy) by stable embeddedness of C in U. Therefore, 1 =
Tr.Deg(Cr(c)/Cp) = Tr.Deg(F 2(¢)/F) = Tr.Deg(F (a) /F). Moreover, since
al, F, Tr.Deg(F (a) /F) = 1. Therefore, da is algebraic over F(a), which
yields the existence of f € Fly, z| such that f(a,da) = 0.

The “in particular” clause follows from differentiating f(a,da) = 0 to get
that

of af 2 b
8y(a ,0a)da + P (a,0a)é*a+ f°(a,da) = 0.
Hence §%a € F(a,da). Iterating yields F(a) € F(a,da). O

We now invoke the condition of not weakly orthogonal to C.

Proposition 5.10. Assume p is not weakly orthogonal to C. Then there

erist g € F' (a1, as) and a nonzero integer k such that logdg = kas — kay .

Proof. Apply Lemma 5.8, we assume gu’f = ug for some g € L and some
nonzero integer k.

Since p is not weakly orthogonal to C, p(U) C acl(FC) by Lemma 2.16.
It follows that L C acl(KFC) = K™ so g € K™, Let hy = ¢,ha, ..., hm
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be conjugates of g over K (aj,as), and h := H h;. Note that h € K (a1, as).

Since logdg = kas — kay, logdh; = kay — kay Zfi)lr 1=1,2,...,m, and we have
logdh = kmay — kmay. Let gy € F (ay,a2) (Z) be such that go(¢) = h. Note
that ¢ is a solution in C to logdgo(Z) = kmas—kmay, and that logdgo(Z) (when
the domain is restricted to C) can be viewed as a rational function of Z over
F{ai,as) (see Lemma 2.26). By Lemma 2.19 there exists € € Cp(q, q4,) Which

is also a solution. Then go(€) € F (a1, az) and km witness the claim. O

Proposition 5.11. Assume p is not weakly orthogonal to C. Then there exist
g(y,2) € F(y, z) and a nonzero integer k such that logdg(a,da) —ka € F for

any realization a of p.

Proof. By Lemma 5.9, F(a;,as) = F(ay,da1,as,0as). By Proposition 5.10,
there exist g € F'(y, z,u,v) such that

logdg(ay,day, as,das) = kas — kay.
Since (ay, as, az) is a Morley sequence over F', we have
logdg(ay, day, as, das) = kaz — kay

and

logdg(as, das, as, daz) = kaz — kas,

SO

logdg(ay,day, as, das) + ka; = logdg(as, das, ag, das) + kas.

We claim that there exists in F' a realization of the formula
logdg(ay,day, z,0z) + kay = logdg(as, dag, x,0x) + kas,

which we denote by ¢(z). By Lemma 5.9, p is the generic type of an order
1 definable set D over F. So D has Morley rank 1 (see Lemma 5.8 of [18]),
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and as we are working over an acl-closed set we may take D to be strongly
minimal. On the other hand, since p is not weakly orthogonal to C, it cannot
be isolated. Indeed, by Lemma 2.20, a is interalgebraic with a constant c
over F', and tp(c/F) is not isolated because in ACF the only isolated types are
the algebraic ones. We now have that D is strongly minimal and p(U) C D is
not isolated, so DN F' is infinite. Since ¢ is realized by some generic element
az of D, it is realized by all but finitely many elements in D, so in particular

we can find some f € DN F' that realizes ¢, i.e.,
logdg(ay,da, f,0f) + ka, = logdg(as, daz, f,0f) + kay.

Letting go(y, 2) = g(y, 2, f,0f) € F(y, z), we have shown that the F-definable
function logdgo(y, dy) + ky has the same value at a; as at as. As aj,as are
independent realizations of p, this implies that logdgo(y, 0y) + ky is constant
on all of p(i4). Hence it must be that logdgy(a,da) + ka € F for a = p. So
go witnesses the truth of the proposition. O

Proof of Theorem 5.6. We now assume (1) in Conjecture 5.4 and we need

to prove (3). Let u | ¢ and a = logdu. By Proposition 5.11, we have

logdg(a,da) — ka € F for some g € F(y, z) and some nonzero integer k. Let
k

k

wy = g(a,da) and wy = @ Then u* = wiws, wy € F(a) = F(logdu), and

w1
k
logdwy = log5u—
w1y
= klogdu — logdw
= ka — g(a,da) € F.

That is, condition (3) of Conjecture 5.4 holds. This proves the conjecture
when p is not weakly orthogonal to C. O
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5.2 The weakly-orthogonal case

We now explore the case when the minimal type p € S;(F) is weakly orthog-
onal to C. We first introduce the following additional assumption:

(¥) For every a |= p, there exists v € F(a)\F such that v € F or
logd(v) € F.

Theorem 5.12. Conjecture 5.4 is true for p satisfying (*).

Before we prove this theorem, let us point out that this implies the truth
of the conjecture when working with order 1 degree 1 differential equations

over a field of constants.

Corollary 5.13. Conjecture 5.4 is true when F C C and p is the generic
type of a differential equation of the form dox = f(x) where f € F(zx).

Proof. By Theorem 5.12, we only need to prove that p satisfies (x).
Let (ai,as,...) be a Morley sequence in p. Notice that F{a;) = F(a;)
as da; € F(a;). Since p is almost C-internal, there exists an integer k such

that tp(ax/Fay---ap_1) is not weakly orthogonal to C. This implies that

Crar,..ar) 7 CF(ar,..ar_,) Dy Lemma 2.22. Let ¢ be the least such k. Then
by Rosenlicht’s Theorem (see Theorem 6.12 of [18]), as f(z) is defined over
1
Crar,.a;_1) = Cr and Cp(a,,....a;) 7 Cr(ay,...ai_y)» We have that @) is of the
x
0 0
form ca—;/u oraca—z for some v € F(z), c€ F.
If e = ca—Z/u, then for any a = p, u(a) € F(a) satisfies
du(a)
logd =
ogdu(a) )
B H—Z(a)éa
~ u(a)
ou (CL)
_ Oz f(a)



1
If 5 = c%, then for any a |= p, u(a) € F(a) satisfies

Therefore (x) holds. O

The goal of the rest of this section is to prove Theorem 5.12. We may
assume p is weakly orthogonal to C by Theorem 5.6. Similar to the previous
section, we only need to prove (1)=-(3) of the conjecture.

We assume the following for the rest of this section:
1. F'is an algebraically closed differential field;

2. pis an almost C-internal minimal type over F' that is weakly orthogonal
to C;

3. psatisfies (x); note then that there is a non-constant d-rational function
a € F(x) such that either da(a) € F for all a = p or logda(a) € F for
all a = p;

4. q =logé*(p) is almost C-internal;
5. (u1,us,...) is a Morley sequence in ¢, a; := logdu;, and v; := a(a;);

6. K is the field generated by F'UC; and
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7. L:=K{ay,aq,...).

Note that the above assumptions includes all those that appeared in the

previous section, so we may use the results of Lemmas 5.7 through 5.9.

Proposition 5.14. We have guf = uf for some g € K (a1, as) and some

nonzero integer k.

Proof. For any integer i, recall that v; € F (a;) \F, and either dv; € F or
logdv; € F. Since tp(v;/F) = tp(v,;/F), this means that either v; —v; € C

or % e C for any i,j. In either case, v; € C(v;). On the other hand, by
/l),

j
minimality of p, a; € F (v;)™® = F(v;)™ for all i (as we have v; € F (a;) \F).
Therefore, a; € F(v;)® C K (v;)™8 C K (a;)™® for any 4, j, which means that
L=K <(]J17 c. ,an> - K <a1>alg.

By Lemma 5.8 there is g € L = K{ay,as,...) and a nonzero integer k
such that gu? = uf. Let g = g1, g2, ..., gm be conjugates of g over K (ay, as).
Taking logarithmic derivative on both sides of gu¥ = u%, we get that logdg +
kay = kas. Since g, . .., gy, are conjugates of g over K (ay, as), logdg; +ka; =
kas for all i+ = 1,...,m. We therefore have logd <H gi | + kmay, = kmas.

i=1
Let gy = Hgi € K (a1,as). Then as logdgy + kma; = kmas, there exists

c € C such that cgout™ = ub™. O

Lemma 5.15. There exist g € F(ay,0a4,as2,daz) and k a nonzero integer

such that cqut = uf for some ¢ € C.

Proof. By Proposition 5.14 and Lemma 5.9, we have gout = ub for g, €
K {ay,a3) C K(ay,0a4,as,das), so logdgy = kas — kay. Since K is the
field generated by F' and C, we can rewrite gy = g(¢) for ¢ € C", and g €
F(ay,da1,as,0a2)(Z). Then ¢ is a solution to logdg(z) = kas—kay, and notice
that logdg(Z), restricted to C, is a rational function over F'(aq,daq, as,das)
(see Lemma 2.26). By Lemma 2.19, let ¢ € C;lgg ) be a solu-

a1,0a1,a2,0a2

tion of logdg(z) = kay — kay. Let e, = ¢o,63,...,6, be conjugates of
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Co over Cp(a; daya,0a0)- Lhen logdg(é;) = kay — kay. Let h = Hg(éi) €
i=1
F(ay,0ay,a9,0as). Then logdh = kmay — kmay, which means for some ¢ € C,

chuf™ = ub™ as desired. O

Proposition 5.16. Suppose that for a = p, a € F(a(a)). Then there exist
some g(y) € F(y) and some nonzero integer k such that logdg(v;) — ka; € F
for all z.

Proof. By Lemma 5.15, we have cgout = u} for some ¢ € C, k nonzero
integer, and gg € F(aq,0a4,as,das). By assumption, a; € F(v;) for i = 1,2.
Moreover, either dv; € F or logdv; € F, so that F(v;) = F(v;). Hence, we
also have that da; € F(v;). Since a;,0a; € F(v;) = F (v;) for i = 1,2, So
go € F(v1,v2), and we set g(y1,y2) € F(y1,y2) to be such that g(vi,v2) = go.

In the following proof, we will use these facts about v;.

(1) (viay,vea9,...) is a Morley sequence over F'. This is because (ay, as, . . .)

is a Morley sequence and v; = a(a;).

(2) logdg(vi,v;) = ka; — ka; for all i # j. Indeed, this is true for (4, j) =
(1,2) because g(vy,vs) = go and cgout = ub. Now use (1) to see that

the statement is true for all i # j.

(3) v; € K. Since p is weakly orthogonal to the constants, a; ¢ K.
Since a; € F(v;), this implies v; & K&,

(4) tp(a;,v;/F) is minimal. This is because p is minimal and v; € F{a;).
(5) ov; € F for all i, orlogdv; € F for all i. This is by assumption (x).

To deal with the two cases (dv; € F and logdv; € F') uniformly, we define
z:yl=x—yand zxy =x+yif ov; € F for all ¢, and [z : y] = T and
x xy = xy otherwise (i.e., logdv; € F for all ¢). Since tp(v;/F) = tp(v;/F),
dv; = 6v; in the first case, and logdv; = logdv; in the second. So either way,

we have [v; : v;] € C for all 7, j.
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Let g1(z,y) = g(z,x xy) € F(x,y). Then gi(vy,[ve : v1]) = g(v1,v2).
Note that
logd (g1 (v1, [va = v1]) g1 (va, [U3 © va])g1(vs, [v1 : vs]))
= ]{3(1,2 — k‘(Ll + k’ag — k’(ZQ + kal — k‘ag
— ()7
SO
g1(v1, [v2 2 v1])g1(v2, [Us = v2])g1(vs, [V1 1 v3]) = €

for some e; € C. Note also that an automorphism in Autp(U) that takes

(v1,v2,v3) to (v2,v3,v1) or (v3,v1,v2) fixes e;.

Z;io pli(y)xZ

Suppose ¢;(x,y) = =———+—— where each p1;(y), p2i(y) € F(y).
1(2,y) ST )T 1i(y), p2i(y) € F(y)
If dv; € F for all i, then

€1 =01 (Uh [02 ])91 (U27 [ U2]>gl (U37 [Ul : 03])
)

= g1(v1, [v2 : v1])gi(v1 + [z 31 Ua])g + [vg 1], [v1 - v3))
_ <p1m([v21?11])) vy ‘1‘2 0 U1Q1z plm 713 Uz))
an([Uz : Ul]) vl + Zl 0 vlqm Pzn )
v+ =0 Vi g (plm([ Ua])) iR 0 " vigsi
vl + EZ -0 viq4l pan([v1 : v3)) vy + Zl -0 Ui%z
_ ((pim([v2 : v1]) Pim([vs @ v2]) Pim([v1 : v3])
B <p2n([ 'Ul])) <p2n([v3 : 712])) (an([ -US]))
< D, Ui%’)
"+ Z?m " ulgs;
where ¢;; € F([vg : v1], [vs : va], [v1 1 v3]) C K for all 4, 5.
If logd(v;) € F for all i, then

e1 = g1(v1, [va2 1 v1]) g1 (ve, [vg : v2])g1(vs, [v1 : v3])

= g1(v1, [va : v1]) g1 ([va : vr]vr, [vg 2 v2]) g1 ([vs  vilvr, [vr @ vs])
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_ Prm([v2 1 v1]) v+ Zz 1 Uﬂhz Pim([v3 : v2])
N <p2n([02 i Ul])> (vl + 30 viga > <P2n([v 5U2]))
([ ul"op + 2 q) plm v 1>)

[UQ Ul]nvl +Z -1 U1‘Q4z p2n ‘v )

<[U3’Ul] o'+ Ui%z)

[vs : v "0} + Zz—l Viqei
- (Gt ey (ZZ:“ )

3m

)
([o2 = 1]™ "vs : 0a]™ ") ( 3; : UlQ?z)

— vl qsi

where ¢;; € F([vg : v1], [vg : v], [v1 1 v3]) C K for all 4, 5.
Prm([v2 2 v1])pim([v3 1 va])prm([v1 ¢ v3])

€K,
Pan([va2 2 v1])pan([vs : Uz])pzng[vlli U;])
0"t U e
vt 4+ 0 vigss
However, since v; € K8 = acl(FC). we must also have that m = n and
3m + Z3m lvl‘q%
1 noy Z?)m 1 UiQSi

In either case, since e; € K,

and [vg : v1]™ s 1 01" € K, we must have that

each q7; = qs;, which yields = 1. Therefore

Pim([v2 1 v1])P1m([V3 1 va])p1m([v1 ¢ v3])
pan([v2 2 v1])pan([vs : va])pan(fv1 : v3])

e = (5.1)

Let C; = Cr(v1,v2,v3)™8. Since {vy, vy, v3} is algebraically independent

over I, C; and F' are independent field extensions of Cp. Write plm((y))
Pon\Yy
fi(a,y) with @ a tuple from F' and f; € Cr(Z,y). We have fi(a, [vs : v1]) f1(@,

[vg = va]) fi(@, [vy = v3]) = €.

We now show that e; € C;. By construction, e; € F(vq,vz,v3) NC =
Cr(v1,vs,05)- Since Tr.Deg(F (v, v, v3)/F(v1)) = 2, Tr.Deg(Crv, vs,05)/Cr(v1))
is at most 2. In fact, Tr.Deg(Cr(v; v,05)/Crew)) = 2, since [va : vq], [vs 1 vq]

are two algebraically independent elements in Cg(y, vy,05) OVer Cp(y,). As p is
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weakly orthogonal to C, Cr = Cp(,,) by Lemma 2.22. Therefore, C;l(gvhvws)) =

Cr([vy = v],[vs = v])™8 C C1, so e; € Ci. Now by Lemma 5.30 of the
appendix, there are dy(y), d2(y), ds(y) € Cr(y) such that

etdy([vg : v1])da([vs = va])ds([vr : v3)) =1

for some n > 0.
Since e is fixed under any automorphism that fixes F' and takes (v, va, v3)

to (vg,vs,v1) or (vs, vy, vq), we have

ei’”Hdi([vg 01])di([vs = ve])di([vr = vs]) = 1.

3

Let go(x1, 22) := (g1(x1, [22 : 21]))" Hdi([xg : 1)), which is over F'. We have
i=1

logdge(vy,v2) = kay — kay and

G2(v1, V2)g2(V2, v3)g2(v3, v1) = 1.

Note that go(ve,v1)g2(vs, v2)g2(v1,v3) = 1 as well because vy, vq, v3 is indis-

cernible over F. Let g3(x1,z9) = M Then we have logdgs (v, ve) =

92(332,551)
2kay — 2kay, g3(vi, v2)gs(va, v3)gs(vs, v1) = 1, and gs(va, v3)gs(vs, v2) = 1.

Now wvs satisfies

g3(v1,v2) = % (5.2)

and is independent from vy, v9 over F. Since (5.2) is a field-theoretic equation,

we get that it has infinite (therefore co-finite) many solutions. Let c3 € F' be

94(1)2) = 2]€CL2 — 2/{?611.
ga(v1)
Therefore logdgs(ve) — 2kas = logdgs(v1) — 2kay. Since tp(v;/Fvy) are the

a solution, and let g4(z) = g3(c3, z) € F(x). Then logd

same for all ¢ = 2,3,..., we have that logdgs(v;) — 2ka; does not depend

on i. Since (a1v1, asvy, .. .) is a Morley sequence over F', this implies that the
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F-definable function logdg,(y) — 2kz is constant on the set of realizations
of tp(a;,v;/F). Hence it is F-valued, so logdgs(v;) — 2ka; € F for all i, as
desired. O]

Proposition 5.17. There exist some g € F(x, z) and some nonzero integer
k such that logdg(a;, d0a;) — ka; € F for all i.

Proof. If a € F(a(a)) for a = p, then by Proposition 5.16, there exist g(y) €
F(y) and nonzero integer k such that logdg(v;) — ka; € F for all i. Since
v; € F(a;), we can write g(v;) = f(a;), and setting ¢*(z, z) = f(x) witnesses
the proposition.

Now assume a ¢ F(«a(a)) for a = p.

By Lemma 5.15, we have cgo(ay, day, as, das)u? = ub for some ¢ € C,
k nonzero integer, and go(x1, 21, %o, 22) € F(x1, 21, %2, 22), so logdge(ay, day,
as,das) = kas — kay. Let a1 = a;, a9, ..., a;, be the conjugates of a; over

F(Ui>, and let bz = Zaij. Note that since ay, U \I"F ag, Vg, tp(ala,agg) =
j=1

tp(ai,ag) for any o, € {1,...,m}. Then we have HHgo(am,éala,
a=1p=1
asp, dasg) € F(v1,v2) and

(i

a=1 =1

m

go(ala, 5alo¢7 23, 5@25)) = mk:b2 — mk‘bl.

Let g(y1,42) € F(y1,2) be such that g(vi,vy) = HHgO(ala75a1a7
a=1p=1
asp, dasg). Note that the proof of Proposition 5.16 applies here (as all facts

used in the proof are satisfied if we replace a; with mkb;), so logdg, (v;) —

¢mkb; € F for some g1(y) € F(y) and nonzero integer /.

Since | [ g(as,da1,azp,6a25) € Fl(ar,0a1,vs), let ga(w, 2,y) € F(x,2,y)
B=1
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be such that go(aq,daq,ve) = Hg(al,éal,agg,éaw). We have logdgs(ay,
5=1

5(11, Ug Z l{?(lgﬁ — ka1 = kbg mkal, SO
B=1

692(0117 5@1, U2>€
91(v2)

= llogdgs(ay, day,ve) — logdgy (ve) — (—fmk)ay
= lkby — fmkay — logdgy (ve) — (—fmk)ay

= —(logégl(vg) — fk'bg) e Fr.

— (=fmk)a,

¢ ¢

Let f = 592(&175&1’02) — (—fmk)a;. Note that go(er, ar, va)°

g1(v2) 91(v2)

K(ay,0ay) since vy € C(vy) C K(ay,0a1). Let g3(z) € F(ay,da;)(z) be

92<a175a17v2)£
g1(v2)

h(z) =logdgs(z) — (—¢mk)a; — f. Note that h[. is a rational function over

F(ai,0a;), so by Lemma 2.19 there exists € € Cp(a,,54,) Which is a solution of

such that gs3(c) = So ¢ is a solution to h(z) = 0 where

this equation. Since p is weakly orthogonal to C, Cp(a; 5a,) = Cr. Therefore,
logdgs(ay,day,e) — (—fmk)a;, € F. And since tp(a;/F) does not depend
on i, logdgs(a;,da;, €) — (—fmk)a; € F for (—¢mk) a nonzero integer and
g3(z, z,€) € F(x, 2). O

Proof of Theorem 5.12. We need to show that condition (3) of Conjecture 5.4
holds. Let u = ¢ and a = logdu. By Proposition 5.17, logdg(a,da) — ka € F

for some g(z,z) € F(x,z) and some nonzero integer k. Let w; = g(a,da)
k

and wy = u—, so we have u* = wyw, where w; € F(a) = F(logéu) and
w1
logdws = klogdu — logdw, = ka — logdg(a, da) € F', as desired. O]
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5.3 Examples

In this section we describe some examples to which our theorems apply. We

first show two examples where Theorem 5.6 applies.

Ezample 5.18. Let p(z) be the generic type of the constants. We know by
Fact 2.27 that ¢ = logd~'(p) is not almost C-internal. But this can also be
seen to follow from Theorem 5.6, which applies as p is not weakly orthogonal
to C. Suppose ¢ is almost C-internal. Then by the truth of Conjecture 5.4
in this case, we have, for u = ¢, that u* = wyuy where u; € Q& (logdu)
and logdus, € Q™. Since logéu € C, u; € C, and so logdu; = 0. Hence
logdu’ = logdus € Q8. contradicting the fact that ¢ is of U-rank 2.

Ezample 5.19. Fix t such that 6 = 1, and set ' = Q(t)*8. Suppose
p € Si(F) is the generic type of the strongly minimal set D defined by
the equation ¢ (i) = 1. This is really Example 5.1, except that we work over
Q(t)™# rather than Q8. A consequence of working over F is that we can

express D as D = {z:x = L € C}, so that p is not weakly orthogonal
to C. Hence Theorem 5.6 applies. But in this case we already know that
logd ' (D), and hence ¢q := logd~'(p), is C-internal. Moreover, our proof of
this in Example 5.1 goes by decomposing u |= g as u = (%) (u), witnessing

condition (3) of Conjecture 5.4.
Here are examples where Theorem 5.12 applies.

Example 5.20. Consider again the minimal set D of Example 5.1 given by
1

§(=) = 1, but this time let p be the generic type of D over F := Q&
x

Note that p is weakly orthogonal to C because otherwise, by Lemma 2.16,

any realization a of p would be in acl(FC) = C, but no constant satisfies

1
d(=) = 1. So Theorem 5.6 does not apply but Theorem 5.12 does, since if
x

1

a = p then v = — satisfies Jv = 1 € F. In any case, we already know that
a

logd~!(p) is C-internal, by Example 5.1.

76



Ezample 5.21. Let F := Q"8 and p(z) € Si(F) be the generic type of the
equation dx = 1. It is C-internal but weakly orthogonal to C. Theorem 5.12
applies and ¢ := logd~*(p) is not almost C-internal.

Proof. To see that Theorem 5.12 applies, note that if a = p then v := a
satisfies v = 1 € F. Now, let u be a realization of ¢, and a = logdu
a realization of p. Suppose u’ = ujuy with u; € F (a) and logdu, € F.
Let t be an element in the universe such that 0t = 1, so that a = t + ¢;

ki

for some ¢; € C. Hence uy; € C(t). Suppose u; = ey H(t — ¢;)" where

1=1

¢ € Cand k; € Z. Then logdu —ik(t——e)k_l_i i g
7 7 . g 1 — a (t—el)kl - i:1t—€i'
logduy = llogdu — logduy = 0t + ey — logdus = £t + ¢5 for some ¢y € C, which

means g " = 0t + ¢,. This implies that ¢t € C*® = C, contradicting
i=1

the fact that 6¢ = 1. Hence there can be no such decomposition of u’. By

Theorem 5.12, p is not almost C-internal. m

Ezample 5.22. This is a generalization of Example 5.20. Let F = Q8. Fix
n € Z\{0} and suppose p € Si(F) is the generic type of the strongly minimal
set D defined by the equation (§z)" = n"2""'. Note that when n = —1,
. . 1 D) o . .
this equation becomes — = —x~°, which is equivalent to the equation in
x
Examples 5.19 and 5.20. In any case, p is a C-internal minimal type weakly
orthogonal to C. Moreover, Theorem 5.12 applies and logd*(p) is not almost

C-internal unless n = —1.

Proof. Taking derivative on both sides of (§z)" = n™z" ', and we get that

n—1 n—2
n(6x)" 8% = n"(n — 1)a" 24z, so 6%z = (( . Note that

5 ( x ) (02)* — 26z

ox (62)2
_ (0z)" — z(0z)" 6%
(0z)"
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(0x)"

B nhe™ 1 nnfl(n _ 1)1’”71

- nnpn—1

1

=

al . x t+c
If we work over Q(¢)*® where ¢ is such that 6t = 1, then 5. for
x n

some ¢ € C, so x = n" o) = (t + ¢)". On the other hand, for every

€T n

c € C, (t+ c)" is a solution to (dz)" = n"z" .

D={z:2=(t+c¢)" ceC}, and there exists a t-definable map from C to

So we can express D as

D that maps ¢ to (t 4 ¢)". This shows us that D is strongly minimal and C-

internal. Moreover, since D(F') = &, p is weakly orthogonal to C. Theorem

1
5.12 applies because for any a = p, v = ; satisfies v = —, so () holds.
a n

Let ¢ = logd '(p) and let u be a realization of q. If ¢ is almost C-
internal, then by Theorem 5.12 we can write u = ujuy where uy € F(logdu)
and d := logéuy € F. Writing logéu = (t + ¢)" with ¢ € C, we have

uy € F(c,t). Suppose u; = s H(t — 5;)" where sy and all s; are in F(c).

2

li
Then logdu; = Z . As logdu = logdu; + logdus, we have
; t— S;
(t+er =3 1 vd
N ; t— S; ’
The only way the above equality will hold is when n = —1, in which case
d = 0, there is only one summand, ¢;=1, and s; = —c. O

Equivalent condition (3) of Conjecture 5.4 states that there exists a
nonzero ¢ such that u* = ujuy where U1, ug satisfy some conditions. Note
that ¢ is equal to 1 in all of the above examples. The following example shows
that this is not always the case. That is, we cannot replace “finite-to-one”

with “bijective” in equivalent condition (2) of Conjecture 5.4.
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Ezample 5.23. Let F = Q8 and suppose p is the generic type of the defin-
1

able set D defined by {z : ¢ (—) = 2}. Let ¢ := logd *(p). Theorem 5.12
x

applies, since for any a = p we have that v := — satisfies v = 2 € F. For
a

any u |= ¢, a := logdu satisfies

5a:5( ! ):M:—za?

a1 a2

So

§(u*a) = ad(u?) + u*da
= au’logd (u?) + u®da
= 2a*u? — 2u*a?

= 0.

This means that there exists ¢ € C such that v = =. Asa € F(logdu) and
logdc = 0 € F, this shows that p satisfies condition 83) of Conjecture 5.4. In
particular, by Theorem 5.12, ¢ is almost C-internal.

We now show that u = ¢ cannot be expressed as the product of u; and

up where u; € F(logou) and ¢ := logduy € F. Suppose for a contradic-
1
tion that such wy,us do exist. Let a := logdu and b := %" Note that

a
1 1 1
0b==0(—) =1. Then logdu; = logéu — logdus, = a — ¢ = — — ¢ for
2 \a 2b
some ¢ € F. Since u; € F(a) = F(a) = F(b) as da = 2a*, we can write
4;0(b— ¢
U = ¢ H(b— Ci)ei, where the ¢;’s are in F'. Then logdu; = Z b(fcf) =

i %

b—Ci.

l;
Z We thus have

¢; 1
;b—CiZQ_b_C.
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As all ¢;’s are integers, the above equation is a nontrivial equation over F'

satisfied by b. However, this is impossible as b is transcendental over F. []

In examples 5.20 through 5.23, condition (x) was realized by finding v €
F (a) with 6v € F. The following is an example where the other alternative
in (x) is realized; i.e., we find v € F'(a) such that logdv € F.

—1
r 2) = 1}, which is defined over

Ezample 5.24. Let D = {z : logé (—

rx—1

F := QY. For any x € D, let v = —
Tz —
interdefinable with v, we have that p := tp(z/F) is C-internal. In addition,

Since logév = 1, and z is

v witnesses that condition (x) is satisfied. Hence Theorem 5.12 applies. In
this case, ¢ = logd~!(p) is C-internal.

—1
a4 5 We have

Proof. Suppose u realizes ¢ and logdu = a. Let v = —
d(v? +v)

vZ+o
~ 2v6v + v
24w
B 202 + v
24w

:a’

logd (v2 + v) =

so that u = c(v? + v) for some ¢ € C. Note that v* + v € F{a) = F(logiu)
and logéc = 0 € F, so that this decomposition witnesses condition (3) of

Conjecture 5.4. In particular, ¢ is C-internal. O

5.4 A counterexample to (x)

We now give an example to which our theorems do not apply; namely, where
p € S1(F) is minimal, C-internal, weakly orthogonal to C, but (x) fails. This
serves also as a counterexample to the extension of Rosenlicht’s theorem (see

Theorem 6.12 of [18]; also see Corollary 5.13) to nonconstant parameters,
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which had been claimed in a preprint of James Freitag but withdrawn upon
my communicating to him the following counterexample.

We will make use of the following consequence of (x).

Lemma 5.25. Suppose p € S1(F) is the generic type of a C-internal strongly
minimal F-definable set D that is weakly orthogonal to C. If p satisfies (x),
then the binding group Autp(D/C) is of Morley rank 1.

Proof. See Section 2.1 for a review of the concept of binding group. If p
satisfies (x), then fixing some a realizing p, there exists some v € F(a)\F
such that dv € F or logév € F. Let r := tp(v/F), and we have that r is C-
internal and weakly orthogonal to C. Moreover, the binding group Autg(r/C)
is strongly minimal (either G,(C) in the case dv € F or G,,(C) if logdv € F).

Since v € F'(a), there is a natural surjective group homomorphism
7 Autp(p/C) — Autp(r/C),

given as follows: if o € Autp(p/C) extends to 6 € Aut(U), then set 7(o) =
& 1,@)- That this is well-defined uses the fact that v € F(a): if 71, 7 € Aut(U)
both extend o, then 717, *(a) = a so that 717, *(v) = v since v € dcl(Fa),
and hence 71[, ) = T2l @)

Note that 7 is definable. Indeed, since v € F(a), there is an F-definable
function f such that f(a) = v. Fix o € Autp(p/C). If v’ |= r, then f(a") = '
for some a' = p, so 6(v') = f(6(d')) for any extension 6 € Aut(U) of o.
Hence 7(0)(v') = f(o(a’)). Since this is true for any o’ satisfying f(a') = ¢/,
and since the actions of Autg(p/C) on p(U) and Autp(r/C) on r(U) are
both F-definable, this proves that the homomorphism 7 defined above is an
F-definable homomorphism.

We now look for the kernel of 7. By Lemma 2.10, an element of the
binding group Autg(p(U)/C) is determined by its action on a finite set of
elements in p(U), say {ay,...,ar}. Let vq,..., v be such that tp(va;/F) =

tp(va/F). Suppose a € ker(w), which means any extension & of a to U
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fixes 7(U) pointwise. As v; € F(a;)\F, a; € acl(Fv;), and since « fixes v;
for each i, a(a;) can only be one of the finitely many conjugates of a; over
F(v;). This means that the action of a on ay, ..., a; has only finitely many
possibilities, i.e., the kernel of 7 is finite, so the Morley rank of Autg(p/C) is
equal to that of Autp(r/C), which is 1. O

Here is a general context in which the binding group is not of Morley

rank 1.

Lemma 5.26. Let
dx=ax+b

be an inhomogeneous differential equation with D as its set of solutions. Note

that D 1is strongly minimal and C-internal. Let W be defined by
or = ax,

the corresponding homogeneous differential equation. Let F = Q{a,b)™® be
an algebraically closed d-field of parameters, and p be the generic type of D
over F. If W(F) = {0} and D(F) = @, then p is weakly orthogonal to C
and Autp(p/C) is of Morley rank > 1.

Proof. The following is clear: for any vi, vy € D, v1—v9 € W for any nonzero
wy,wy € W, % eC.

First note t2hat W is C-internal and as W (F') = {0}, Example 2.25 tells
us that Autg(W/C) = G,,(C) acting by multiplication on W. Also note that
since D(F) = @, p is an isolated type and is weakly orthogonal to C.

Claim 1. There is a surjective definable group homomorphism
7 Autp(p/C) — G, (C) = Autp(W/C)

given by
ﬂ.(ﬁ) = BrW7
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where B is some extension of 3 to the universe. This does not depend on the
choice of 3. Moreover, for any vy # vg € D,
7(8) = Blv1) — 5(”2)_

V1 — U2

Proof of Claim 1. We first prove that 7 is well-defined, i.e., it does not
depend on the choice of B Suppose (1, B2 are two extensions of § to the
universe. We fix v; € D, and note that for any w € W, v1 + w € D. Note
that

Bi(w) = Bi((v1 +w) —v1) = B(vr +w) = B(v1) = Ba((v1 +w) —v1) = Ba(w),

for any w € W, so 1]y = Balw, which means that 7 is well-defined.

For any v € Autp(W/C), m(¥p) = v, where ¥ is any extension of 7y to
Autp(U). So 7 is surjective.

Let (1,02 € Autp(p/C), and let 81, B2 be any extensions of (i, 3y to
the universe, respectively. Note that Bl B{ ! is an extension of 3,58, to the

universe. Then for any w € W,

m(B1y ") (w) = (Bu5y ) (w) = Bu(By " (w)) = w(B)m(By ) (w),

so 7 is a group homomorphism.
Finally, for any 5 € Autg(p/C), let 3 be any extension of 3 to the uni-

verse. Note that

(8) (01 — v2) = Blvr — va) = Blv1) — B(vs),
so m(B) = M
V1 — U9y
This proves Claim 1.
It remains to prove:
Claim 2. If Autp(p/C) is of Morley rank 1, then D(F) # @.

83



Proof of Claim 2. Let H be the connected component of Autg(p/C).
Then H is strongly minimal and F-definable. Since w(Autp(p/C)) = G,,,(C)
and G,,(C) is connected, m(H) = G,,(C). Note that for all 5 € H, if
w(B) # 1, then 8 fixes a unique vg € D. Indeed, fix v; € D. Since

B(v) — B(v1) = 7(B)(v — v1), we have that S(v) = v has the unique so-
Bv) = w(B)v

1 —m(3)
[ € H that satisfy w(f3) # 1, so there are infinitely many 5 € H that fixes

a unique vg. Moreover, since H is strongly minimal, all but finitely many

L Since 7 [ ;7 is surjective, there are infinitely many

lution v :=

B € Hy fix a unique vg.

Fix a € H such that m(a) = 2. Then, as a"(v,) = Va, We have vyn = v,
for all n > 0. Note that the a™’s are distinct since w(a™) = 2". Hence
{8 € H : vg = v,} is infinite. By strong minimality, there is an N > 0 such
that

{8 € H:m(B)=1o0rvs #va}| < N.

Let ¢(v) be the formula
(v =av+b) ANFNTIB(B € H A B(v) =0),

which is over F. Then ¢(U) = {v,}. So v, € F. Therefore D(F') # @.

This proves Claim 2, and hence the lemma. O]

We can now describe our counterexample to (x). Let ¢ be such that 6t = 1.

~—

We claim that the generic type of 6z = (1 — )z + 1 over I := Q(t)™*

I

fails (x). Note that if we set a := 1 — ? and b := 1, then this equation
becomes 6z = ax + b and F = Q(a, b)™¢. Hence, by Lemmas 5.25 and 5.26,
it suffices to verify that W (F') = {0} and D(F) = &, where D is defined by
0x = ax + b and W is defined by dx = ax.

We first prove that W (F') = {0}. Suppose o € F' is a non-zero solution to

6x = ax. Let a1 = a, ..., o be conjugates of o over Q*3(¢), and 3 = Hai'
i
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Then B € Q¥8(t) and logd = Zlogéoz,; = ka (we are using a # 0 here,

so that 5 # 0). Suppose [ = e H(t — ¢;)" where ¢; € Q"8 and k; € Z.

J

Then logdfs = Z i So Z b ka = k(1 — \/75) That is, ¢ is a
J

7 t—ej' t—ej -

, 2

j :k—M. Note that kv/2
Y—¢€ Y

is the only parameter that is not rational in the equation, so the equation

solution to the Q*¢-definable equation Z
J

is nontrivial, but ¢ is transcendental over Q8 as 6t = 1. This contradiction
proves W (F) = {0}.

Finally, we prove that D(F) = &. Suppose v € F is a solution to
6x = ax+b. Let y; = 1,...,7 be conjugates of vy over Q*8(t), and € = Z%.

Then ¢ = ae+ (b, and € € Q*8(¢). Clearly ¢ # 0. Suppose € = s H(t—sj)gj

J
Iz 0
al J J
where s; € Q™® and ¢; € Z. Then logde = E ; . Hence Ej =

7 —Sj t—Sj
14 2 !

a+—=1-— \/T— + —. That is, t satisfies
€ €

ZLZl—\?JJ%l (y—s;)75.

- — Sj :
IR J

Note that v/2 is the only parameter in the equation which is not rational, so

the equation is nontrivial, which contradicts the fact that ¢ is transcendental

over Q8.

5.5 A binding group analysis of condition (x)

We wish to analyse the assumption (x) further so as to make precise what
remains to be done to prove the conjecture.

We are given an algebraically closed d-field F' and a minimal type p €
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S1(F) that is almost C-internal. By Lemma 2.7, p is algebraic over another
minimal type over F' that is C-internal. For the sake of simplifying some
of the technical and notational complications, let us assume that p itself is
C-internal. In this case, we can consider the (F-definable) binding group
G := Autp(p/C) together with its F-definable action on the type-definable
set S := p(U). Moreover, by Remark 4.9 in Chapter 7 of [27], G is definably
isomorphic to a group living in the constants. By the structure of defin-
able group in ACF (see Theorem 5.7 of [17]), we have that G is definably
isomorphic to H(C) for some algebraic group H over C.

Note that when p is not weakly orthogonal to C, G is the trivial group.
In this case, we do not require condition (%) as the conjecture follows from
Theorem 5.6. We assume therefore that p is weakly orthogonal to C and hence
G acts transitively on S (by Lemma 2.15). In particular, S is a definable set,

and hence strongly minimal. So (G, .S) is a definable homogeneous space.

Fact 5.27 (See Fact 6.25 of Chapter 1 of [27]). Working in a model of any
stable theory, suppose (G,S) is an F-definable homogeneous space, where S

s strongly minimal. Then one of the following holds:
1. G is strongly minimal and the action of G on S is reqular;

2. The U-rank of the generic type of G over F is 2, and there is an F'-
definable field structure (K, +,-) on S such that G is precisely the group
of transformations {x — ax +b:a,b € K}; or

3. The U-rank of the generic type of G over F' is 3, S has the structure of
PYK) for some F-definable field (K, +,-), and G is the group PSLy(K)

: . , +0
of linear fractional transformations {x — ax+ 7% bc,d € K}.
cx

By Lemma 5.25, if p satisfies (%) then G is of Morley rank 1, so that we are

in case (1). In fact, the proof of Lemma 5.25, together with Fact 5.27, implies
that G is isomorphic to either G,,(C) or G,(C). This actually characterizes

condition (x):
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Proposition 5.28. Suppose F' is an algebraically closed d-field, and p €
S1(F) is C-internal and weakly orthogonal to C. Then p satisfies (x) if and
only if G = Autp(p/C) is F-definably isomorphic to either G,,(C) or G4(C).

Proof. In the proof of Lemma 5.25, assuming (), we exhibited a surjective
F-definable group homomorphism 7 : G — G(C) with finite kernel, where
Gy is either G,, or G,. Since G is definably isomorphic to H(C) for some
algebraic group H over C, we get a (field)-definable surjective homomorphism
B : H(C) — Gy(C) with finite kernel. Note that as a consequence of Fact 5.27,
G, and therefore H(C), is connected. This forces 5 to be an isomorphism if
Gy = G, and the raising to the n-th power map on G,, when Gy = G,,. In
the former case we get that 7 is an F-definable isomorphism between G and
G4(C). In the latter case we have the commuting diagram of definable group

homomorphisms.
G ——— G,(0)

T b

Gm(C)

It remains to show that « is F-definable. But if o/ is an F-conjugate of «,
then

o Ja: G — ker(f)
o/(x)

a(z)

is a definable group homomorphism by the commutative diagram and the
F-definability of 5 and 7. By connectedness of G and finiteness of ker(f3),
we must have a = /. That is, « is F-definable.

For the converse let us fix a = p. We claim first of all that the differ-
ential field F'(a) admits infinitely many automorphisms fixing F' pointwise.
First, note that as S := p(Uf) is acted upon transitively and F-definably

by a definable group in the constants, and since the induced structure on
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C eliminates imaginaries, we have an Fa-definable embedding f : S — C"
for some n. In particular, S N acl(Fa) is infinite — this is because in C"
every infinite definable set has infinitely many points in an algebraically
closed parameter set. But if b € S Nacl(Fa) then each coordinate of f(b)
is in acl(Fa) N C = (F(a) N C)™® = (F NC)™ by Lemma 2.22. Note that
(FNC)™ = FNC as F is algebraically closed. So each coordinate of f(b) is
in F, and hence b € F(a). That is, S N F(a) is infinite. Now, every element
b € SN F(a) induces an automorphism a; € Autp(U) such that a,(a) = b.
Since b € F{a) = F(a,éa) C F(a)™8, we get a € F(b)™8, so a € acl(Fb),
and hence (by symmetry, and following the same proof as above) a € F(b).
Therefore F'(a) = F(b). The restrictions ay[p, thus give us infinitely many
differential automorphisms of F'(a) fixing F.

Now, because F'(a) has infinitely many differential automorphisms fixing
F pointwise, a theorem of Matsuda (see the main theorem of [21]) tells us
that there exist v such that F'(v) = F'(a) and one of the following folds:

(i) dv e F,
(i) logdv € F, or
(iii) (0v)* = cv(v® —1)(v—e), where c € F, e € Cr, ¢ # 0, and e # —1,0, 1.

If case (i) or (ii) holds then p satisfies (*). It remains, therefore, to

rule out case (iii). Indeed, if case (iii) holds, then r = — — — satisfies
v e
ce

(6r)* = Z(4r3 — qir — ¢o) for some g1,go € Cp, and 47° — g;7 — g5 has 3
distinct roots in Cp. We know from Section 6 of [13], where equations of this
form are studied, that the the group of differential automorphisms of F'(r)
that fixes F' is isomorphic to the Cp-points of an elliptic curve over Cp, and
in particular, if d is a root of 41 — g17 — ¢o, then there exists a differential

automorphism a4 of F(r) of order 2 that fixes F' given by

4r3 — ar — ga

ag(r)=—d—r+ 10— d)?
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We extend oy to &g € Autp(U/C). Since S C dcl(FCa), and a and r are in-
terdefinable over F', &4[g € Autp(p/C) is uniquely determined by a4 (indeed,
by its action on 7) and is of order 2. Since 4r® — g7 — g, has three distinct

roots, there are three different elements in Autg(p/C) of order 2. This means
that Autg(p/C) is not isomorphic to either G,,(C) or G,(C). O

The counterexample to (x) produced in Section 5.4 yields a binding group
of U-rank 2. Anand Pillay has suggested to us ways of producing examples
in DCF( where the binding group is isomorphic to GLy(C)/G,,(C), which is
of U-rank 3.

So, in the wake of Fact 5.27, to complete the proof of Conjecture 5.4, it
remains to consider the following cases: G is definably isomorphic to H(C)
where H is an elliptic curve over the constants, or GG is of U-rank 2 or 3.
This is something I am actively pursuing but at the time of the writing of

this thesis I have not yet obtained a complete proof.

5.6 Pullbacks under the derivative map

Instead of considering logé~*(D), it is natural to ask when 6~ *(D) is almost
C-internal for D C U strongly minimal and almost C-internal. Note that
as in the logd~'(D) case, 6 (D) is C-analysable in at most 2 steps. As
the following example shows, however, 6 *(D) can be C-internal without
decomposing into a product of C-internal sets. That is, the analogue of

Conjecture 5.4 fails.

Ezample 5.29. Let s be a differentially transcendental element over Q8. Let
F = Q(s)™ and D be the solution set of 6z = s. Then F := § (D) is
C-internal as it is defined by the inhomogeneous linear differential equation
8%z = s. However, there do not exist almost C-internal minimal types ¢; and
g2 over F, and an [F-definable finite-to-one surjective map from the generic

type of E to ¢1 ® ¢o.
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Proof. Let p be the generic type of D over F' and ¢ the generic type of E
over F'.

We first note that ¢ is isolated by the formula 6%z = s. That is, ¢(id) = E.
Note that if @ € D, then a is differentially transcendental over Q8 since
da = sis. Soa ¢ F = Q(0a)™ and hence a |= p since D is strongly
minimal. This means that p is isolated by the formula éz = s. Now let u be
such that 6%u = s. We have just seen that du is generic in D over F. The
same argument shows that u is generic in d~!(du) over F(du), so u is generic
in £ over F and u |= q. Thus ¢ is isolated by the formula §*z = s.

Next, we compute the binding group G = Autp(E/C). Fix uy € E and
t such that 0t = 1 Then every u € FE is of the form u = dy + dsot + ug

for some dy,dy € C, and vice versa. We can therefore identify E, definably

dy
over F(ug,t), with the set of column vectors dy| :dy,dy € C . Now, let
1
U < GL3(C) be the unipotent subgroup of upper triangular matrices of the
1 a b
form |0 1 c|. It acts on F in the natural way:
0 01
1 a b| |dy dy +ads + b
0 1 ¢| |daf| = dy + ¢
0 0 1 1 1

We will show that this is isomorphic to the action of G on F.
Let g € G. Since ug and ug + t are both in £, so is g(ug) and g(up + t).
Write
g(ug) = a+ Bt + ug

glug +1t) =o' + Bt + uy,
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for some a, a3, 8 € C. Letting g € Autz(U) be any extension of g, we have
g(t) = gluo +1t) — g(ug) = &/ —a+ (8" = P)t.

On the other hand, §g(t) = g(0t) = g(1) = 1, s0 ' = = 1, and g(t) =
o/ — a +t. Hence, for an arbitrary u = d; + dot + ug € F,

g(u) =dy + dag(t) + g(uo)
:d1+d2(0[,—04)+d2t+01+6t+1$0
= (di + (¢/ — a)dy + @) + (da + B)t + ug

1 o —a «
That is, g acts on F exactly as |0 1 Bl € U. Since g is determined

0 0 1
by its action on E, this gives us an embedding of GG in U.

To see that this embedding is surjective, we need only show that for any

(a,b,c) € C*, the following map

g:FUCUE - FUCUE
u=dy + dot + up — (dq + ady + b) + (da + )t + g
ve FUC—w

is a partial elementary map, as the image of g under the embedding would
1 a b

be |0 1 c¢|. Indeed, we only need to show that
0 01

h:FUCU{uy,t} - FUCUE
ug — b+ ct + ug
t—a+t
ve FUC—wv
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is a partial elementary map, as it is clear that h has a unique partial elemen-
tary map extension to Dom(h)UE, which we would call h, and h [z =9glg. In
order to show this, we need to prove that tp(ug,t/FC) = tp(h(uo), h(t)/FC).
Since ug, h(ug) € E, up and h(ug) both realizes ¢ € S1(F'), and since q is
weakly orthogonal to C, there is a unique extension of ¢ to FC, to which
ug and h(ug) are both realizations. Therefore tp(ug/FC) = tp(h(ug)/FC).
To show that tp(ug,t/FC) = tp(h(ug),h(t)/FC), it suffices to show that
tp(t/upFC) is isolated by the formula ¢ = 1. As this formula is strongly
minimal, it suffices to show that there are no solutions in acl(ugF'C). Sup-
pose, towards a contradiction, that there exists some ¢, € acl(ugFC) such
that dtg = 1. Note that acl(ugFC) = Cup)™® as F' = Q(s)™® C C{up)™8. Let
ty = v1, 09, ..., U, be conjugates of tg over C({ug). Then v := Zvi € C{ug)

satisfies dv = m € Z". Suppose v = n(ug) where n € C(z). The; ug satisfies
d(n(z)) = m. Moreover, since n € C(x), n(0) € C, so 6(n(0)) # m. Hence
d(n(xz)) = m is a nontrivial differential equation. This implies that ug is
differentially algebraic over C, which is differentially algebraic over Q8. By
the Corollary in Section IL.8 of [14], ug is differentially algebraic over Q™#;
however, we already know that wug is differentially transcendental over Q&
a contradiction. Therefore, the embedding of G in U is surjective. We now
identify G with U.

We have now computed the binding group of £ (equivalently, the binding
group of q) to be U = U(3,C). If the analogue of Conjecture 5.4 holds
for E, then there would be an F-definable finite-to-one surjective function
[ E — Ey x Ey where Ey, F5 are strongly minimal C-internal definable sets.

This induces surjective F-definable group homomorphisms:
m U= AutF(E/C) — AutF(El/C),

Ty - U= Alltp(E/C) — AutF<E2/C)

Let Ny = ker(m) and Ny = ker(my). If N; is trivial, then Autp(E;/C) = U.
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But by Fact 5.27, since the rank of U is 3, this would force U = PSLy(C),
which is not the case as there are non-identity torsion elements in PSLy(C),
but U is torsion-free. Hence N; and N, are nontrivial normal algebraic
subgroups of U. Since U is nilpotent, any nontrivial normal subgroup in-
tersect Z(U) nontrivially (see Proposition 5.2.1 of [30]). In addition, as
100
Z(U) = 0 1 0| :beC } is strongly minimal and has no finite sub-
0 01
groups, we get that Z(U) C N; for each i = 1,2. Let g € Ny N Ny be such
that g # id. Then ¢ fixes F; x E5 pointwise and hence preserves the fibration
induced by f : F — FE; x Fy. As the fibres of f are finite and uniformly
bounded, there exists ¢ > 0 such that ¢° = id. This is a contradiction as U

is torsion-free. Hence no such f: E — E; X F, exists. O

5.7 Appendix

This section contains a general algebraic lemma that was used in the proof

of Proposition 5.16.

Lemma 5.30. Let F, Fy be two independent field extensions of an alge-
braically closed field F. Let fi(Z, 1), ..., fx(Z,yx) be rational functions with
parameters in . Suppose Hfi(@,Bi) € FL\{0} fora € Fy and B; € F;.

Then there exist a positive integer n and rational functions g1 (1), - - -, gr(Uk)
over F such that Hfi(o_éa Bi)"g:(Bi) = 1.

Proof. First we drop the assumption that F' is algebraically closed. We only
assume the following (a consequence of F being algebraically closed and
Fy, F, being independent over F'): if L/K is a finite field extension where
FCKCLCF,then [L: K| =[LF,: KF,).

If z is a O-ary tuple (i.e., f; € F' does not depend on z), then let n = 1
and g;(y;) = fi(y;)~" and we are done.
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Suppose T is a singleton.
If a is algebraic over F, assume p(x) = 2 + ap_12"' +--- + aq is the

minimal polynomial of o over F (and over Fy). Then fi(a,3;) is of the
-1

form Zhik(@)&k where h;, are rational functions over F. Let d; be the

k=0
determinant of the linear transformation on Fy(«) over Fy defined by x +—

fi(a, By)x. If we use the basis {1,a,...,a "'} it is easy to see that d; €
F(B;). Now let m = ¢ and h;(y;) be such that h;(3;) = d;', and we have
that the determinant of the linear transformation z + fi(c, 5;)™hi(B;)x is
A" hi(B)™ = d'd;™ = 1. Let ¢ == Hfl ,B:)™hi(B;). Note that ¢ € F,

and since we know the determinant of z — cx is 1, we get that ¢/ = 1. Now
let n = ¢* and g,(8) = hi(B)", and we get that [ ] fi(ew, 5:)"g:(5;) = ¢ = 1.

(2
If o is transcendental over F (therefore over F3), then

gy T su(B)at
fl( 751) qu;:nlotzk(ﬁz)

where s;; and t; are rational functions over F. So if we let n = 1 and

gi(Vi) = t;:((iz)), then 1:[ fi(@, B:)"g:(B:) is of the form

al + s a7+ 4 5
L e L]

where s;,t; € F, and £, m are nonnegative integers. Since H fi(a, B)"g:(B;)
is in Fy, we get that in fact Hfi(@, B:)"gi(B) =1

Now, suppose the result holds for (k — 1)-ary tuples. Let & be a k-ary
tuple. Apply the above result to F'(&), Fy(a,...,ax_1), two field extensions

of F(ay,...,ag_1) that satisfy our assumption and we get that there exists n
and gi(xl, ..., Tk_1,Y;) such that Hf D"gi(an, ..., ap_1,B3) = 1. Also,
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since Hgi(al, e g1, i) H f(a,B1)™™ € Fy, we apply the result again

to rational functions g;(x1, ... ,xk_l, g;) over F', and F(aq,...,a,_1) and F;
which are field extensions of F' that satisfy the assumption, and get that
there exists m and h;(y;) such that Hgi(al, o1, §i)"hi(B:) = 1. Thus

)

H f(a, B)™hi(B;)~" = 1 and we get that the conclusion is true for k-ary

tuples. O
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6 Two commissioned examples

In this final chapter we work out, using techniques similar to those appear-
ing elsewhere in this thesis, two specific examples of C-internality and C-
analysability in DCF(. The results here were asked for and have been cited

already by other authors in published work.

6.1 A twisted D-group

The first example plays a crucial role in the study of so-called “twisted D-
groups”, see §3 of [3]. In particular, the following is cited in Example 3.4 of
that paper.

Fix ¢ € C and let F := Q(c)™¢. Consider the following system of differ-
ential equations:

ox = xy, 6.1)
2 6.1
dy = % +c(1 — 2?).

Let (a, b) be a generic solution over F. We show that tp(a,b/F') is C-internal.
If ¢ =0, then
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_ 2a6(b*) — b*6(2a)
B 2a
B 4abdb — 2ab3

2a
B 2ab® — 2ab?
o 2a

= 0.

J
So tp(a/F') is C-internal, and tp(a,b/F') is C-internal as b = e dcl(a).

a
If ¢ # 0, let e be one of the square roots of —2c € F, f = ea + b, and
_ e

g f+6.Wehave
logdg = logdL—<
gog = log e
ea+b—e
= logd
08 ea+b-+e

= logd(ea + b —e) —logd(ea + b+ €)
dlea+b—e) dleat+b+te)

ea +b—e ea +b+e
eda + ob eda + ob

ea+b—e_ea+b—|—e

2e
2 1

- m(eab + §b2 + ¢ — ca?)
2e

1 1
— m(eab+ §b2—|—c—|— 562a2)
B 2e 1 , 1,

B (ea+b)2—€2(2(ea+b) 26)

=e

This shows that tp(g/F) is C-internal. From g = % we get [ =
e
so tp(f/F) is C-internal.

2e
]__

—e,
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We now show that tp(a/F’) and tp(b/F') are C-internal. Note that

g _dga(l — g)* = da(l — g)*g — 2a(1 — g)(—dg)g
’ (a< >

1—g)? a*(1—g)*
_ega(l —g)* — a(f — ea)(1 — g)°g + 2a(1 — g)eg”
a*(1 —g)*
_eg(l—g) — (f —ea)(1 — g)g + 2eg?
a(l—g)?
_eg(l+9)—(f—ea)(1 —g)g
a(l —g)°
Ceg(l+9) — (%5 —e—ea)(1—g)g
B a(l - g)?
_eg(l+9g)—(2e—(e+ea)(1—g))g
a(l —g)°
_elgt+g’—29+ (1 +a)(l—g)g)
a(l—g)?
_e(—9(l—g)+(g+ag)(1—g)
a(l - g)?
__eag
a(l - g)?
(1—g)?

So a is a solution to

We also have

’ <1i9> e i99)2

g 1
a(l—g)?  1-g

since logdg = e. So + D for some D € C, ie., a =
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1-90 j_ D= Dy) for some D € C. Since tp(D/F) and tp(g/F) are both

C-internal, tp(a/F') is C-internal. In addition, b = f — ea, tp(f/F) is C-
internal, and e € F', so tp(b/F’) is C-internal also.
Hence, tp(ab/F') is C-internal, as desired.

6.2 A two-step C-analysis with independent fibres

In [9], an example was asked for in DCF of a two-step “analysable cover” of
the constants whose fibres were “independent”. We can rephrase this more
concretely in our language as follows:

Working over an algebraically closed differential field F' C U, we seek a
definable set S and a surjective F-definable function 7 : S — A such that

(1) A CC* for some £ > 0,
(2) each fibre S, is C-internal, for all a € A,
(3) S in not almost C-internal, and

(4) Given n > 0, distinct aq,...,a, € A, and u;,v; € S,, for each i =
1,2,...,n with tp(u;/FC) = tp(v;/FC), we have tp(uy ---u,/FC) =
tp(vy -+ v, /FC).

We give such an example.
Fix t € U such that 6t = 1 and let F = Q(¢)™¢. Consider the F-definable

set

1
S :={z e U\{0} : logdx = T or for some ¢ € C},
and the F-definable function 7 : S — C given by m(u) = § (%) —t. Note

that

5 (u) = 82 ((t20)2> —1=0,

so that 7 does indeed map S to C. For surjectivity, given ¢ € C, let u €
1
logd ! ((t n c)2> and you will see that 7(u) = c.
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Condition (1) is satisfied as in this case A = C.

For condition (2), note that for ¢ € C the fibre is given by S. = {z €
U\{0} : logox = m}, which being a translate of G,,(C) is C-internal.

The fact that S is not almost C-internal is shown in Example 5.22.

Finally, we need to show condition (4), the independence of the fibres.
Note that by induction and an automorphism argument it suffices to consider
the case when n > 1 and v; = u; for i = 2,3,...,n. We need to show
that tp(uy/FCuqy---u,) = tp(vy/FCus - - u,). Since the fibres are strongly
minimal, this will follow if u;,v; & acl(FCus---u,). That is, we need to
prove: Given uq, ..., u, € S with ¢; := w(u;) distinct for i = 1,2,...,n, we
must have uy; & acl(FCus . ..u,). This is what we now prove.

First, notice the fact that du; = wu;logdu; = t—T—LiC)2 € C(t,u;) for
i=2,...,n, so we have C(t) (ug,...,u,) = C(t,us,...,u,). As a result, we
have acl(FCusy - - - uy,) = C(t, ug, . . ., u, ).

Suppose, for a contradiction, that u; & C(t,us, ..., u,)™®. That is, there

exists a nonzero fy € C(t,ua,...,u,)[x;] such that fy(u;) = 0. We may
rewrite fo(z1) = 0 as fi(z1,ug,...,u,) = 0 where f1 € C(t)[x1,x2,. .., 2]
Note that f; # 0 and fi(uq,...,u,) = 0.

Suppose f € C(t)[x1,x2,...,2,] is a polynomial over C(¢) with minimal

number of terms such that f # 0 and f(uy,...,u,) = 0. Such f exists

because of the existence of f;. Let

where [ is a finite set of non-negative integer n-tuples, and g; € C(t) nonzero
for k € I. As u; # 0 for all i (since logdu; is well-defined), f has at least two
terms.

Applying the same argument as in the proof of Lemma 5.8, we get that
there exists ¢ € C(t) and a nonzero n-tuple k such that gfLE = 1. Thus
logéﬂl_€ = —logdg.
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_ kl
Note that logéua® = Zkilogdui = Z T ) Now suppose g =
, Ci

i

€o H(t — ¢;)% where e; € C and ¢; € Z. Then logdg = Z ; fjej' Since
j

logéaE = —logdg, it is clear from the transcendence of ¢ over C that the only
possibility is logdg = log&’/ig = 0, and specifically, k; = 0 for all ¢ and ¢; =0
for all j. This contradicts the fact that k is nonzero.

We therefore have that uy ¢ acl(Ctus - - - u,).
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Glossary

algebraic closure (field-theoretic) The field-theoretic algebraic closure

of a set is the smallest algebraically closed field that contains the set.

algebraic closure (model-theoretic) The model-theoretic algebraic clo-
sure of a set A, denoted acl(A), is the set of all elements that realize a
formula over A with only finitely many realizations. Elements in acl(A)

are said to be algebraic over A.

algebraic type An algebraic type is the type of an algebraic element.

definable closure The definable closure of a set A, denoted dcl(A), is the
set of all element that realize a formula over A with only one realization.
Elements in dcl(A) are said to be definable over A.

elimination of imaginaries A theory admits elimination of imaginaries if,
given any definable set X, any equivalence relation £ on X, and any
equivalence class a/E, there exists a tuple b such that a/E and b are

interdefinable.

forking Suppose B C C'. Then tp(a/C) does not fork over B if, intuitively,
tp(a/C) does not have significantly fewer realizations. In ACF, for
B C C algebraically closed fields, tp(a/C) does not fork over B if the
Zariski locus of a over C' is equal to the Zariski locus of a over B. In
DCFy, for B C C algebraically closed differential fields, tp(a/C') does
not fork over B if the Kolchin locus of a over C'is equal to the Kolchin

locus of a over B.

minimal type A type is minimal if it has a unique non-algebraic extension

to any set of parameter.
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non-forking extension Let ¢ be a type over C' and p its restriction to
B C (. We say that ¢ is a non-forking extension of p if for some

(equivalently any) realization a of ¢, we have a |, C.

saturated model A model M is saturated if it realizes all types whose

parameter set is of size < |M|.

stable theory A theory is k-stable for some infinite cardinal « if for all set
A of size k, the number of types over A is also k. A theory is stable if

it is x-stable for some k.

stationary type A type is stationary if it has a unique non-forking exten-
sion to any parameter set. In particular, minimal types and types over

algebraically closed sets are stationary.
strong type A strong type over a set A is a type over acl(A).

strongly minimal set A definable set is strongly minimal if its definable

subsets are either finite or cofinite.

U-rank U-rank is the foundation rank of forking extension. More specifi-
cally, algebraic types are of U-rank 0, and a type is of U-rank > o+ 1
for some ordinal o + 1 if it has a forking extension whose U-rank is at

least «.
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