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Abstract

This paper undertakes a nonlinear analysis of a model for a maglev system with time-delayed
feedback. Using linear analysis, we determine constraints on the feedback control gains and
the time delay which ensure stability of the maglev system. We then show that a Hopf
bifurcation occurs at the linear stability boundary. To gain insight into the periodic motion
which arises from the Hopf bifurcation, we use the method of multiple scales on the nonlinear
model. This analysis shows that for practical operating ranges, the maglev system undergos
both subcritical and supercritical bifurcations, and which give rise to unstable and stable
limit cycles respectively. Numerical simulations confirm the theoretical results and indicate
that unstable limit cycles may coexist with the stable equilibrium state. This means that
large enough perturbations may cause instability in the system even if the feedback gains
are such that the linear theory predicts that the equilibrium state is stable.
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1. Introduction

The maglev train is a novel type of rail vehicle that has many advantages such as high
speed, comfort, low environmental pollution, and low maintenance cost [1, 2, 3|. However,

the maglev system is a complicated system with machinery, controllers and electromagnetic
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elements integrated together. The electromagnetic suspension provides non-contacting sup-
port by means of electromagnets in conjunction with a position regulator which uses position
(that is air-gap), velocity and acceleration feedback. During experiments, it is observed that
time delay is unavoidable in the control and execution processes of the maglev system. For
example, time delays occur in calculating the control variables, in signal processing and in
digital filtering. Further, it is well known that time delay can cause instability of a closed
loop system. Thus it is very necessary to investigate the dynamic behaviors of the nonlinear
maglev system with time-delay.

Time-delayed systems, which have been studied for various applications and control sys-
tems, may admit rich dynamics, including bifurcations and chaotic motions. M. Attilio
[4, 5, 6] has pointed out that time-delay can limit sympathetic vibrations. Stone and Camp-
bell [7] used center manifold theory to analyze the Hopf bifurcation of a variable-speed drill,
and found that different drill speeds coincide with several regions of local stability. G. Stépan
[8] analyzed the delayed positoning of a single-degree-of-freedom robot arm and showed that
the system exists a codimension two Hopf bifurcation. G. Orosz and G. Stépan [9] inves-
tigated the bifurcation phenomenon in traffic system. N.A. Nayfeh [10] concluded that the
controller of a container crane undergoes a supercritical bifurcation for practical operating
ranges.

Several valuable achievements have been made in the research of nonlinear dynamic and
bifurcation phenomenon for the maglev system. Using various techniques (centre manifold
reduction, pseudo-oscillator analysis), previous work [11, 12, 13] studied the stability and
Hopf bifurcation of the single-degree-of-freedom suspension system with time delay, and
found that the dynamic behavior can be changed by adjusting time delay. But the time
delay of state feedback signals for the maglev system is not adjustable in practice. So the
focus of our work is on how the control gains affect the stability and Hopf bifurcation of the
maglev time-delay feedback system.

In this paper, we present a linear stability analysis of time-delay feedback controller
to determine constraints on the feedback gains and time delay which ensure the system is
stabilized. The linear analysis shows that the maglev system undergoes a Hopf bifurcation for

certain parameter values. Choosing the velocity feedback gain as the bifurcation parameter,



we obtain the normal form of the Hopf bifurcation using the method of multiple scales. With
the normal form we obtain, the type of bifurcation of the maglev system and the stability
of the resulting limit cycle can be determined.

Since A.H. Nayfeh [14, 15] first presented the method of multiple scales, it has been suc-
cessfully used in practical design engineering [16, 17, 18]. The method of multiple scales not
only reveals the complex dynamic of nonlinear systems, but also provides useful approximate
formulas for the periodic solution. In many cases it is easier to use than the centre manifold
approach [19].

This paper is organized as follows. In Section 2, we give the linear analysis of the maglev
time-delay feedback system and show that a Hopf bifurcation occurs at the linear stability
boundary. In Section 3 we derive the normal form and determine the criticality of the Hopf
bifurcation using the method of multiple scales. In Section 4 we show numerical studies
which verify the theoretical analysis. Finally, in Section 5, we draw conclusions about our

work and highlight the implications for the maglev system.

2. Linear stability analysis and existence of Hopf bifurcation
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Figure 1: Structure of the maglev system.

The maglev model we study is similar to that presented in [11, 12, 13, 20]. Following the
approach of [11, 12, 13], we make the simplification that the deformation of the track is zero.
In this case, the schematic diagram of a single-degree-of-freedom suspension system with a

controlled DC electromagnet is as shown in Fig. 1. In the diagram, Mg and F}, represent



the weight and the electromagnetic force of the electromagnet respectively, and z, denotes
the vertical displacement of the electromagnet. The variables i(¢) and v(t) are the current
and voltage of the electromagnet winding.

Using the notation of Fig. 1, the dynamical and electromagnetic equations of the system

are given as [11, 12, 13, 20]

iz, — 0%
_ . A a a 1
v ri -+ 172% , (1)
A1i2
Mz, = Mg— —, 2

where A; = N%10Sy, po is the magnetic permeability in vacuum, N is the number of turns
of coil, Sy is the pole area and r is the resistance of the electromagnet. More details on the
physical principles underlying this model can be found in [20, 21].

From (2), i = 2z, %:2‘1). Substituting this into (1) gives:

4r ; (9 — Za)
Fo T g, 2a(g = %) MA, ¢

(3)

Typically the feedback control is applied to the port voltage of the electromagnet. Thus,

taking z,, Z, and Z, as the feedback state variables, we have:
U= kp(za'r - Ze) + kdz‘:a'r + kaéa'r + Vec, (4)

where k,, kg and k, are, respectively, position, velocity and acceleration feedback control
gains and v, is the voltage in the static (equilibrium) state. Note that k, influences the
steady-state error and hence the stiffness, k; controls the suspension damping and k, the
overall stability margin. Some previous work [11, 12] assumed that the time delay occurs
only in one or two of the feedback control variables, however, we make the more reasonable
assumption, as in [13], that all the feedback control variables have a time delay. We use
Zar = 2Zo(t — T), Z4r and Z,, to denote, respectively, the position, velocity and acceleration
feedback control signals with time delay. The linear stability analysis of the equilibrium
point of (3)-(4) has been considered in [13], with an emphasis on stability changes as the
delay, 7, is varied. Here we will consider how variation of the feedback gains as well as the

delay affect the stability. For clarity, we repeat some of the linear analysis presented in [13].
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The values of the state variables at the equilibrium point are
Za = Zey2q = 0,2, =0,

where z, is the desired gap. Note that this gives the value of the voltage at equilibrium as
Vee = 2%/ Aj—f. Setting z = z, — z., i.e., moving the equilibrium point to the origin, and

using expression (4) for the feedback, (3) becomes:

o AQ(Z + Zg)(g — Z) = —A3\/g — é[k‘pZT + deT + kaéT +Uec]7 (5)
here Ao = 47 A, — —2
WHETe A = 24048 = Jara

Note that our model breaks down when the electromagnet comes into contact with the
track. This corresponds to z = —z,, i.e., z, = 0 in the original variables.

Expanding (5) in a Taylor series in (z, 2, Z, z,, Z,, 2;), and retaining up to cubic terms,

we obtain
1
P —§A2zefz' — Ak E: — \J9Askaz: — \[GAskyzr + Asgz + f(2, 2,2, 20, 27, 27),  (6)
where
A3ka ZEA2 .2 A3kd Lo A3kp .. .. A3ka .9 .. ZeA2 ..3
= 2z + 24+ 2.2+ Zz. — AgzZ + 257 + z
d 2,/9 8¢ 2,/9 2,/9 TP 1642
Ask Ask
p B2 2 DB 22, L O 5 5 2D,
8+/93 8+/93
The linearized system equation is
Z + §A2zez + V9AskyZ + \/9Askair + /gAskyz, — Asgz = 0. (7)
The characteristic equation of the linear system (7) is
DA T) =X+ a\? + b %™ +che ™™ +de™™ +e =0, (8)

where
1
a = 514226, b= \/gAgka, C = \/gAgkd, d= \/§A3]€p, e = —AQQ

For 7 = 0 the characteristic equation becomes
DNO) =N+ (a+ )N +cA+d+e=0. (9)
Using the Routh—Hurwitz criterion, we obtain the following lemma.
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Lemma 1 ([13]). The eigenvalues of (9) have negative real part if and only if :
a+b>0,d+e>0, (a+b)c>d+e.

From Lemma 1, the maglev system with no delay will be stable if and only if the control

parameters satisfy the following conditions

A e € A e A k: - A e
_ Asze des bo o k> /G Ay def b ke V9Ask, 29 def b
2A3\/§ Ag (1/2 : AQZG + \/gAgka)\/gAg

Let A =0+ if (8 > 0;0,8 € R) be a root of the characteristic equation (8), where o is

ko >

the growth or decay rate and [ is the frequency of oscillations. If ¢ < 0 for every root of (8),
then the equilibrium of the system is asymptotically stable and if o > 0 for at least one root
of (8), then the equilibrium of the system is unstable. Thus the stability of the equilibrium
may change if there is a root of (8) with o = 0. Substituting A = i/ into (8) and separating

the real and imaginary parts of (8), we obtain

afB? —e = cBsinPBr — (bB? — d) cos B, (10)
B = cBcos T + (b3? —d)sin . (11)

We wish to describe the parameter values for which these equations are satisfied. Elimi-

nating sin 57 and cos 57 between (10) and (11), we get an expression for ¢

V(aB? —e)? + 5 — (b3* — d)? aes
6 = (.

Recall that ¢ = |/gAsky and /gAs > 0, so c is directly proportional to the velocity

(12)

CcC =

feedback gain, k;. For simplicity in our calculations, we use ¢ as the bifurcation parameter.
However, in the numerical simulations we give the results in terms of the control parameter
kg

From (11), we have cos 37 = (3% — (b3* — d) sin 87)/cf3. Substituting this into (10) and

solving for 7, gives

1 (aB? —e)eB + (b5 — d)5°

T = — |arcsin

5 c2ﬁ2+(b52_d)2 +2,]7T ,j:O,l’Q (13)




For fixed values of the physical parameters N,r, M, ug, z., Sy and of the control parameters
k, and k,, equations (12) and (13) describe curves in the kq, 7 parameter space which are
parametrized by §. Each point of these curves corresponds to a set of parameter values for
which the characteristic equation (8) has a pair of pure imaginary roots, A = £i. The set
of values in the parameter space where all the roots of the characteristic equation (8) have
negative real part is called the stability region, since the equilibrium point is asymptotically
stable inside this region and unstable outside. Parts of the curves defined by equations (12)
and (13) form the boundary of this region. The exact boundary will depend on the parameter
values considered.

Let us illustrate this with an example. We use realistic values [11, 12] for the physical

parameters as given in Table 1. We choose the control parameters k, and k, according to

Table 1: Physical Parameter Values

N =320, r = 0.5Q, M =500 kg, po = 47 x 1077, 2, = 0.008 m, Sy = 0.047m?

Lemma 1. With these parameters fixed, we then use (12) and (13) with j = 0 to plot k; and
7 as (3 is varied. Fig. 2 shows the resulting curves for various values of k, and k,. Note that,
according to Lemma 1, for asymptotic stability when 7 = 0, k4 should be larger than &, _, ,
which depends on &, and k,. This value corresponds to the intersection point of each curve
with the k; axis. Consideration of equations (12)—(13) shows that each curve approaches
the k4 axis as kg — oo. We do not show the curves with j > 0 as that they all lie above
the corresponding curve with 7 = 0 and hence do not form part of the stability boundary.
Thus the stability region is the region between each j = 0 curve and the k,; axis. Fig. 2(a)
shows the the stability region for &, fixed and varying k,. The thin solid curve corresponds
to taking k, = 1200. Increasing k, (dashed line and thick solid line) decreases the size of
the stability region. Fig. 2(b) shows the stability region for k, fixed and varying k,. The
dashed curve corresponds to taking k, = 6. Increasing k, (thick solid line and thin solid
line) increases the size of the stability region. Note that in all cases, the range of values of

k4 for which the system is stable decreases as 7 increases and there is a critical value of T,

Te, such that the equilibrium position is unstable for any k,; if 7 > 7.. Specifically, 7. is the



7 value at the intersection point, m, if it exists, otherwise 7, is the 7 value at the maximum,

n. We have tried different pairs of k, and k, and the shapes of the curves defined by (12)

and (13) and their behaviour as k, and k, are varied are similar to what is shown in Fig. 2.
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Figure 2: Stability region and Hopf bifurcation curve in kg4, 7 parameter space. (a) k, = 8 is fixed, three

values of the position feedback parameter: k, = 1200 (thin, solid line), k, = 1500 (dashed line), k, = 2000

(thick, solid line); (b) k, = 2000 is fixed, three values of the acceleration feedback parameter: k, = 10 (thin,
solid line), k, = 8 (thick, solid line), k, = 6 (dashed line).

Note that the points on the curves defined by equations (12) and (13) are potential Hopf
bifurcation points. To confirm whether they are we need to check the other conditions of the
Hopf Bifurcation Theorem [22, Section 11.1]. For concreteness, we consider the case where
T is fixed and k, (equivalently, ¢) is varied as the bifurcation parameter. The case where ky
is fixed and 7 is varied can be analyzed in a similar manner.

First we consider the transversality condition of the Hopf bifurcation theorem, i.e.,
whether a pair of complex eigenvalues crosses the imaginary axis with non-zero speed. Dif-
ferentiating (8) with respect to ¢, and evaluating the real part at the bifurcation point gives:

2] -

- 71 14
de] .., p?+ g% (14)
where

p = —3/3%cos BT — 2afsin BT +brB* +co —dr, q= —3p%sin 7+ 2af cos fT — coT 3 + 208.

Thus if ¢ # 0 then a pair of complex conjugate eigenvalues will cross the imaginary axis

transversely. Rearranging (10) and (11) and differentiating implicitly with respect to [
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shows that
dr q
5., "o
Thus we can conclude that the transversality condition is satisfied so long as g—g # 0. Refer-
ring to Fig. 2(b), this means that the transversality condition is satisfied everywhere but at
the maximum point n.

At points of intersection of the curves defined by equations (12) and (13) there will be
two pairs of pure imaginary roots of the characterstic equation (8), and everywhere else
on the curves there will only be one root. Thus, away from the intersection points, the
nonresonance condition of the Hopf bifurcation is guaranteed to be satisfied. In Fig. 2(b),
this means that the nonresonance condition is satisfied everywhere except at the point m.
Note that this point is potentially a double Hopf bifurcation point.

We thus conclude that at each point (¢, 7) on the curves defined by (12) and (13) which

dr

satisfies [@] # 0 and which is not a point of intersection of the curves, the trivial solution
c=cgp

undergoes a Hopf bifurcation at as ¢ passes through cy.

3. Nonlinear analysis with the method of multiple scales

In this section, we use the method of multiple scales to seek an approximate periodic
solution of equation (6), and hence determine the normal form of the Hopf bifurcation and
its type (subcritical or supercritical).

To begin, we introduce a small parameter, ¢, and a detuning parameter, §, to describe

the closeness of the parameter ¢ to the Hopf bifurcation value cq:
c=cy+ €. (15)

Then, we introduce the fast and slow time scales Ty = t, Ty = €2t and expand the solution

in terms of the small parameter and the two time scales:
2(tye) = ez (Ty, Ty) + € 29(Ty, To) + € 23(Tp, To) + - - - (16)

The solution does not depend on the slow scale 17 = et, because secular terms first appear

at O(e).



In terms of the two time scales, the derivative with respect to t is transformed into

d a ) ,
G Tt T = Dot ED (17)

Using this, we may expand z(¢f — 7) in terms of € and the two time scales:

]

2(t —T€) = €" 2 (Ty — 7, Ty — €27) + - - -

3
Il

(18)

w

" 2 (Ty — 7,T) — €7Dz (Ty — 7, Tp) +

3

Substituting eqs. (15)—(17) into eq. (6), expanding the result in €, and equating coeffi-

cients of like powers of €, we obtain

O(El) : Dng + CLDSZl + ngZlT + C()D(]Zh— + leq— + ez = O; (19)
Ask,
0(62) : DgZQ + CLDSZQ + ngZQT + C()D(]ZQT + dZQq— + €29 = ;%Dgzl . DngT +
Agze Agk

D2z Doz, - D?
8g( )+2g 021 OZ1+2\/§

0(63) : D823 + 3D(2]D221 + CLDSZg -+ QCLD()DQZl + bD(2]237— - bTDgDQZlT + QbDoDQZh—

D221 Z1r — A221 . Dgzl, (20)

"‘CoD(]ZgT — CoTD(]DQZlT + CODQZIT + 5D0217— + ngT — dTDQZlq— + ez3 =
Ask,

NG
DQZQT . Dgzl)

Asze
(Dgzl . DSZQT + DgZQ . Dgle) + %;D221 DSZQ —|— 2 (D()Zl.r D 072 +

Ask
2\/, (Dgzl 297 + D 0”2 * Zl'r) AQ( 02’2 + 29 - D Zl) +

AQZ
2. D%z, ‘(D32
021 _I_ 16 2( ) +

A
Ko p2. Aoy (pry201)

8\/7 8v/g3

The solution of (19) corresponding to the roots +if8 of (8) can be expressed in the form

Co
gg2 Doarr (Doa)*+

21(Ty, Ty) = A(Ty)e™0 + A(Ty)e P10, (22)

where A(Ty), which is determined by eliminating the secular terms at O(€®), is a complex-
valued function of Ty, and A(T5) is its complex conjugate. Note that 3 is the critical frequency
corresponding to cg.

Substituting (22) into (20) yields

DgZQ + CI,DSZQ + ngZQT + CODOZQ—;— + d227— + ez = RA2 (T2)62iBTO + RA(TQ)A(TQ) + cc, (23)

10



where cc represents the complex conjugate of the preceding terms and

R=R,+iR;
A A A
= < gkaﬁ4 cos BT + 2Zeﬁ4 — 253 sin A1 — 3k g2 )
2./3 89 29 2./
. Agk . 3 Ask
+1 ( 2\/_ Ysin T — —B 2\/, smBT) .
The particular solution of eq. (23) can be expressed as
2 = PA%*PT0 + QAA + cc, (24)
where
P = P.+iP Q = Qr+1Q;
RS, + R;S; z,—RTSZ- + R;S, R i R;
52+ 52 52+ 52  d+e d+e
with

= (—4af* — 4b3? cos 28T + 2co P sin 287 + e + d cos 287)

+i(—843° 4 4bB* sin 237 + 2co/3 cos 28T — d sin 287).

Substituting (22) and (24) into equation (21) and eliminating the secular terms, we get

the complex-valued normal form of the Hopf bifurcation

MA' = —i63Ae™" 4+ TA%A, (25)

11



where M and I" are given as follows

M =

M, +iM;

(=382 + bB%7 cos BT + 2bB sin BT — ¢oTBsin BT + ¢y cos T — dT cos BT)

+1 (2a8 — bB*7 sin B + 2bS cos BT — coT 3 cos BT — ¢y sin BT + dT sin BT)

I+

[A3k“ (481 P, cos 287 + 43P, sin 237 + 431 P, cos BT — 434 P;sin 37) + AzZe BAP, +
( —433P, sin B1 — 433 P, cos BT — 233 P, sin 237 + 233 P; cos 237) + A?’k”( 2/3%Q),

— (%P, cos 28T — (2P, sin 237 — 432 P, cos B1 + 432 P, sin A7) + Ay(53° P, + 26%Q),)

- A\B/k%gﬁﬁ cos BT — 11462;5 36° + §%303° sin 1 + AB—\/]C%?)ﬁA‘ cos ﬁT}

+i |43k (454P cos 231 — 4B P, sin 287 + 431 P; cos B1 + 48P, sin A7) + AZZ‘E BYP,;
5o (4 53P cos BT — 433 P, sin BT — 233 P, cos 287 — 233 P; sin 2/37)
+A3k"( (2P, cos 287 + 2P, sin 287 — 432 P, cos BT — 43*P, sin 1) + Ay — 53 P,

+ Aske ﬁ sin A1 + £ B5 cos BT — Ashkp B*sin ﬁT:| )

84/g3 \/’

Next, we express A(T5) in the polar form

1 .
A(Ty) = 504(T2)€W(T2)7 (26)

where a(T3) and w(T5) are real-valued functions of the slow time T5. Substituting (26) into

(25) yields

where

o = dy1a + x302, (27)
W' = bx2 + xaa®, (28)
X1 = m(sm BTM, + cos BTM;), x3= NEEENTYER (29)
. FZMT’ - FTMZ
X2 m(sm pTM; — cos BTM,), X1= NEVEENTIER (30)
A periodic solution of eq. (6) must yield a # 0 and Dyar = 0, namely
—0x1

o= . 31

» (31)

12



Substituting (31) into (28) yields

w = €*(x2 — Ox1Xa/X3)t + wo, (32)

where wy is a constant. Returning to the original variables, we obtain following expression

for the limit cycle

S LT PRy . P B R
X3 X3

The stability of this solution is determined by the derivative of the right-hand side of

equation (27) evaluated on the limit cycle, i.e.,

[5)(1 + 3)(30(2] a:m = —25)(1 (34)

Thus limit cycle will be stable (unstable) if dx; > 0 (< 0). Since the limit cycle exists only
when —dx1/x3 > 0, the stability of the limit cycle is determine by the sign of ys, i.e. the

limit cycle will be stable (unstable) if y3 < 0 (> 0).
dx) A=if

dcl le=co?

Comparing egs. (14) and (29) shows that x; = Re[ as expected from the theory.
Thus the equilibrium point will lose (gain) stability as ¢ increases through ¢, if x; > 0(< 0).

In summary, we have the following. If the signs of x; and y3 are the same, then the limit
cycle exists when 6 < 0, i.e., ¢ < ¢y. The limit cycle will be stable (unstable) and the Hopf
bifurcation supercritical (subcritical) when y; < 0,x3 < 0 (x1 > 0,x3 > 0). If the signs of
x1 and y3 are different, then the limit cycle exists when § > 0, i.e., ¢ > ¢o. The limit cycle
will stable (unstable) and the Hopf bifurcation supercritical (subcritical) if x; > 0,x3 < 0
(x1 <0,x3 > 0).

We now apply the results above to determine the criticality of the Hopf bifurcation curves
for some specific values of the parameters. Recall from Fig. 2, that for each fixed value of
7, the system has two different Hopf bifurcation values of the velocity gain: kg < kgo. The
equilibrium state of the maglev system is asymptotically stable if kg € (kq1, ka2), otherwise
it is unstable. From the stability of the equilibrium state, it is clear that y; < 0 at kg
and x; > 0 at kg. Further, as discussed above, the criticality of the Hopf bifurcation and

stability of the associated limit cycle are determined by the sign of x3. We evaluated x5 at

13
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(a) k, =1200,k, =8 (b) kp, =2000,k, =3 (¢) kp =2000,k, = 10

Figure 3: Hopf bifurcation curves in the kg, 7 parameter space. A solid line indicates x3 < 0, and a dashed
line indicates xs > 0. Physical parameters are as in Table 1. Feedback parameters are as indicated. Note

that (b) has a different scale than (a) and (c). The stability region of the equilibrium point is indicated.

each point of the Hopf bifurcation curves for three pairs of &k, and k,. The results are shown
in Fig. 3.

Since there are two Hopf bifurcations which can be either subcritical or supercritical,
there are four possible branching types as shown in Fig. 4. The system exhibits all of these

as we now describe. For Fig. 3(a) (k, = 1200, k, = 8), the branching type is as in Fig. 4(a)

(d)

Figure 4: Different branching structure of the Hopf bifurcations according to the signs of x; and x3.

when 0.055 < 7 < 7. and as in Fig. 4(b) when 7 < 0.055. (Recall that 7. is the the largest
value of 7 for which the equilibrium state is stable). For Fig. 3(b) (k, = 2000, k, = 3), the
branching type is as in Fig. 4(a) when 0.0016 < 7 < 7. and Fig. 4(c) when 7 < 0.0016. For
Fig. 3(c) (k, = 2000, k, = 10), the branch type is as in Fig. 4(b) when 0.02 < 7 < 7. and
as in Fig. 4(d) when 7 < 0.02. Note that at points where the criticality changes, the Hopf
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bifurcation is degenerate. It has been shown [23, 24] that a secondary bifurcation curve may
emerge from such points. This secondary bifurcation is a saddle node bifurcation of limit
cycles which produces a second, large amplitude limit cycle in addition to the one produced

by the Hopf bifurcation.

4. Numerical studies

In this section we consider the maglev model (3)—(4) with the physical parameters given
in Table 1 and the control feedback gains k, = 2000 and k, = 10. The Hopf bifurcation
curve is shown in Fig. 3(c). We will focus on the case when 7 = 0.047. Then k4 =~ 76.61,
kgo =~ 87.75 and the bifurcations are as shown in Fig. 4(b), i.e., the Hopf bifurcation at
kg1 is subcritical and that at kgo is supercritical. We will compare these theoretical results
with numerical simulations and numerical continuation studies of the model (3)—(4), with
parameter values as indicated above. The initial conditions used in the numerical simulations
are of the form (z(t), 2(¢), 2(t)) = (20,0,0), —7 <t < 0 for various values of z.

From Fig. 5 (a)-(b), if k; = 75 < kg1 ~ 76.61, solutions diverge from the trivial solution,
i.e., it is unstable; if kg = 78 > k41 and zg = 0.001m, solutions approach the trivial solution,
indicating it is asymptotically stable (see Fig. 5 (c¢)-(d)). However, if we choose k4 = 78 and
a larger initial condition, zo = 0.022m, solutions diverge (see Fig. 5 (e)-(f)), which suggests
that an unstable limit cycle exists when k; > k41 and that the Hopf bifurcation is subcritical.

From Fig. 6 (a)-(b), if kg = 85 < kg &~ 87.75, the trivial solution is stable; if we choose the
same control gain kg = 85 but a larger initial condition zy = 0.0328m (larger than the initial
condition in Fig. 5 (e)-(f)), Fig. 6 (c¢)-(d) show the position variable grows quickly, which
suggests the existence of an unstable limit cycle. From Fig. 6 (e)-(f), if kg = 90 > kg, the
trivial solution is unstable and a stable limit cycle exists, indicating that the Hopf bifurcation
is supercritical; if we choose the same k; = 90 but a larger initial condition zy; = 0.033m
(larger than the initial condition in Fig. 6 (c¢)-(d)), the solution grows rapidly (see Fig. 6
(g)-(h)), which suggests the existence of an unstable limit cycle when kg > kgo.

The horizontal lines in Fig. 5 and Fig. 6. indicate where z = —z,, i.e., the air-gap between
the train and the rail becomes zero. The model becomes invalid at this point as it does not

include the effect of the impact. In Fig. 5 (a),(e) and Fig. 6 (c),(g) one can see that the
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Figure 5: Numerical simulations of the maglev system (5), using the initial condition (z(¢), 2(t), 2(t)) =
(20,0,0), —7 < t < 0, with values of zp as indicated. Physical parameters are as in Table 1. Feedback
parameters are k, = 2000, k, = 10, 7 = 0.047 and k4 as indicated. (a),(c),(e) are trajectories of z vs
time and (b),(d),(f) are (pseudo) phase portraits. The horizontal lines in (a),(c),(d) indicate where air-gap

becomes zero.
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Figure 7: Numerical continuation of the periodic orbits of (5) with k, = 2000,k, = 10,7 = 0.047 and

physical parameters as given in Table 1. Dashed/solid lines indicate unstable/stable periodic orbits.

instability causes the train to hit the rail. However, in Fig. 6 the amplitude of the oscillations
is small enough that the train does not hit the rail.
Thus the numerical simulations agree with the local bifurcation diagram of Fig. 4(b)
as predicted by the theory. They also suggest that the unstable limit cycle created in
the subcritical Hopf bifurcation at k; = k4 persists throughout the entire range of values
where the equilibrium point is stable, (kq1, kg2). To verify this, we carried out a numerical
continuation study of the periodic orbits using the software DDE-BIFTOOL [25]. The
result is shown in Fig. 7. This confirms that the unstable limit cycle created by the Hopf
bifurcation at k4 = kg1 (= 76.61) persists past the Hopf bifurcation at kg = kg (= 87.75).
Note that the limit cycle produced by the Hopf bifurcation at k4 (l; in Fig. 7) terminates
on the limit cycle produce by the Hopf bifurcation at ks in what appears to be a period
doubling bifurcation. Numerical simulations for parameter values near this bifurcation point
show transient oscillations which look similar to typical period two orbits. The bifurcation
diagram of Fig. 7) may be explained by noting that the frequencies associated with the double
Hopf bifurcation at the intersection point (kq,7) =~ (100, 0.05) are close to 1:2 resonance. The
bifurcation diagram of Fig. 7 has been predicted to occur near such 1:2 resonant double Hopf

bifurcation points [26, 27].

We have performed numerical simulations and numerical continuation studies for several
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other values of 7. These also agree with the predictions of the nonlinear analysis. In par-
ticular, we observe for 7 < 0.02 that the bifurcation at k4 becomes subcritical, as predicted
by the nonlinear analysis. In all cases, it appears that an unstable limit cycle coexists with
the stable equilibrium point for ks < kg < kgo.

A valid question is whether the behaviour we observe persists if other control gains are
varied. To partially address this question, we performed some studies with the delay fixed
at the value above, 7 = 0.047 s. With fixed delay, the stability region can be visualized in
a parameter space consisting of two of the feedback gains. The boundary of the region of
stability in these parameters is easily found by solving (10)-(11) for k4 and k, or k, in terms

of the other parameters:

kg = m ((aB? — e)sin(B7) + B3 cos(B7))

(35)
kp —kafp? = i ((aB? — e) cos(Br) — 3% sin(p7))

The resulting boundaries with parameters as in the example above are shown in Figure 8.
In both cases, the stability region is a closed region of the plane. Note that the thin lines
define the stability region for 7 = 0, thus one effect of the delay is to reduce the choices of
feedback gains for which the equilibrium point will be asymptotically stable. Similar stability
regions have been observed for models of the inverted pendulum with time delayed feedback
[31, 32, 33, 34]. Numerical continuation studies varying k, or k, with k, fixed are shown in
Figure 9. In both cases there are two branches of periodic orbits emanating from the Hopf
bifurcations which occur on the boundary of the stability region. In both cases, the unstable
limit cycle created by the subcritical Hopf persists throughout the region of stability of the
equilibrium point. The branching structure when k, is varied is very similar to that when

kg is varied.

5. Conclusions and future research

In this paper, the stability and Hopf bifurcation of the suspension system of a maglev
train with time-delayed position, velocity and acceleration feedback are studied.
We first described a method for choosing appropriate control gains to stabilize the system.

Given values of the physical parameters in the system, the position and acceleration feedback
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gains can be chosen using the Routh-Hurwitz criterion. A set of values of the delay and the
velocity feedback gain for which the the maglev train is stable can then be described. For
the parameter values we investigated, increasing the acceleration feedback gain or decreasing
the position feedback gain increased the size of this set of values. Further, there is always
a critical delay such that if the delay is larger than the critical delay there is no value of
the velocity feedback gain,ky, that stabilizes the system. For any fixed delay less than the
critical delay there is a finite range of values (kq1, kq2) such that any feedback gain in this
range stabilizes the system. The smaller the delay, the larger this range. A similar effect of
the delay on the choice of feedback gains for which the system may be stabilized has been
observed in models for an inverted pendulum with time delayed feedback [31, 32, 33, 34].

We next showed that these critical velocity feedback gains, kg1 and kg9, correspond to
Hopf bifurcation points. Based on the method of multiple scales, we obtained the normal
form of the Hopf bifurcation. By numerically evaluating the coefficients of the normal form
for several sets of parameters, we showed that the each of the Hopf bifurcations can be
supercritical or subcritical. For the parameter values we considered, both bifurcations were
subcritical for small enough delay. We considered one set of parameter values in more detail.
For this set, the Hopf bifurcation at kg is subcritical and that at k4o is supercritical. This
means that an unstable limit cycle coexists with the stable equilibrium point for k; > kg
and at least close to kg;. Numerical simulation and numerical continuation studies of the full
model confirm the predictions of the analysis, and indicate that the unstable limit cycle exists
for kg € (ka1, kaz). We saw similar behaviour in numerical studies where the position feedback
gain, k,, or the acceleration feedback gain, k,, was used as the continuation parameter.
This means that large enough perturbations may cause instability in the system even if the
feedback is chosen to stabilize the equilibrium position. This nonlinear instability mechanism
due to a subcritical Hopf bifurcation has been observed in other systems with delay [28, 29,
30, 35, 36, 37]. The fact that subcritical Hopf bifurcations exist for all the parameter values
we tested means that this phenomenon may be quite prevalent in the maglev system. Thus
linear control theory /stability analysis may not be adequate to guarantee good performance
of the system.

Vibration phenomena are profuse when the maglev vehicle runs on the guideway. To

21



completely understand the dynamic behavior of the maglev system, further research needs
be carried out. Numerical bifurcation analysis can determine the amplitude of unstable
limit cycles which co-exist with the stable equilibrium state. This would help quantify how
robust the stability is to perturbations. A more extensive exploration of parameter space
may yield values of the feedback gains or physical parameters which give better performance
of the system. Our analysis has shown that the system can have codimension 2 Hopf-Hopf
bifurcation points. In the particular example we considered the frequencies of the Hopf
bifurcations were in 1:2 resonance and a secondary period doubling bifurcation occurred.
If the Hopf bifurcations are not resonant, then quasiperiodicity or multistability between
different periodic solutions can occur. The resulting complex dynamics would likely degrade
the performance of the maglev system. Thus a more detailed study of when such points occur
and the behaviour associated with them would be useful. Finally, in some of our numerical
studies the instability was large enough that the train would come in contact with the rail,
at which point our model becomes invalid. It would be interesting to extend the model to
include the effect of impacts with the rail. The resulting hybrid model would presumably be
related to impact oscillator models, which have been shown to exhibit a variety of interesting
behaviour such as grazing bifurcations [38]. The study of machine tool dynamics can lead
to models with both impacts and time delay. Chaotic behaviour has been shown to arise in

such models [39, 40].
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