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Week 9: Assorted Problems

: Show that cot™(—1) +cot ™12+ cot ™15 + cot =1 8 = 0.

: Let P be a point inside an equilateral triangle ABC with sides of length L. Let D, F and F

be the points where the lines PA, PB and PC meet the edges opposite A, B and C respec-
tively. Show that |PD|+ |PE|+ |PF| < L.

: Find the maximum possible area for a triangle ABC which contains a point P such that

|PA| =2, |PB| =2 and |PC| = /3 — 1.

: For n € Z™, find the number of non-congruent triangles with perimeter 6n whose side lengths

are integers.

: Find a formula, in terms of n and k, for the number of binary sequences of length n which

contain the block 01 exactly k times.

: Show that for p prime and n € Z™ we have (T;p) = n mod p2.

: For n € Z*, let o(n) denote the sum of the positive divisors of n. Show that

kz::/o cos (2w +1]) dw = o (n).

:Let2<neZ. Letxy,x9,---,2, € Rwithay <29 <--- <x,. For which values of n are the

numbers z1, X9, - - -, T, Uniquely determined from the set of sums S = {ack +xl|1 <k<Il< n}

: Let {a,}n>1 be a sequence of positive real numbers such that 3a,, > a,—1 + 2a,—_2 for all

n > 3. Show that either {a, } converges or lim a,, = occ.
n—oo

Let R be a ring of characteristic 0. Let a,b,c € R Suppose that a? = a, b> = b, ¢ = ¢ and
a+b+c=0. Show that a =b=c=0.

Let n be a positive integer with at least two distinct prime factors. Show that there exists an
n-gon whose internal angles are all equal and whose sides are of length 1,2,3,---,n, in some
order.

Let a,b € R and let f,g,h,k: R — R be differentiable with

lim f(x) = o0, ILm g(x) = 00, ILm h(z) =a and lim k(x)="b.
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