Solutions to the Problems on Sequences, Series and Products

: Let a; =1 and forn > 1 let a1 = . Determine whether {a,} converges, and if so then find the limit.

a, +1
6 6 6a, + 6 36

Solution: Note that a,,4o = = = = 6————. If the sequence of odd terms {a

+2 a1 + 1 #+1 an +7 an +7 q { 2k+1}
converges with asg11 — [, then we also have asx13 — [, so by taking the limit on both sides of the recurrence

36

equation agp3 =6 — ———— wehave | =6 — —— = (I - 6)(I+7)+36=0=1*+1-6=0= 1= —3

aok+1 + 7 l+7
or Il = 2. Note that a1 = 1 and a3 = 6 — % = % We claim that for all odd values of n > 1, we have

an < apyo < 2. The base case holds, so suppose inductively that n > 1 is odd and a,, < ap4+2 < 2. Then we

1 1 1 36 36
have ap, < anip <2 == ap +7 < ani2 +7 <9 = 7 > T2t 9 T Tantr S Tamert < 4=
6 — afi? <6— ani’SJﬂ < 2= apt2 < aptq < 2. Thus the claim holds, so the sequence {asx41} is increasing
and bounded above by 2, so it converges to some limit [. We saw above that [ = —3 or [ = 2, and since a; = 1

and the sequence {azi+1} is increasing, the limit must be [ = 2. A similar argument shows that the sequence
of even terms {asy} is decreasing with limit [ = 2, and it follows that {a, } converges with limit [ = 2.

: Let a; = 1, az = 2, and for n > 2 let a,, = \/an—1 + \/an_2. Determine whether {a, } converges, and if so then
find the limit.

Solution: Note that if {a,} does converge with a,, — [, then we also have a,,_1 — [ and a,,_s — [, and so taking
the limit on both sides of of the recursion formula a, = \/a,_1 + \/Gn_2 gives [ = 2v1,s012=4landsol =0
or [ = 4. Also note that, by induction, a,, > 1 for all n. Let b, = |4 — a,|. Then b,, = |4 — /a1 — ,/an,2| =

4—aq,_ i—a, 4—aq,_ A—ay o] byy by
(2—,/an71)+(2—‘/an72)‘: On—1 On—2 <| an—1] [4 — an | < L 2

+ + . If we

24 Van 1 24 anz| 2+ ani 2+ a3 3 "
had b,, = %bn_l + %bn_g, that is 3b,, — by,—1 — by,—2, then by solving 3A\> =X —1 =0 to get A = HT@, we would
n n
obtain b, = a (HT@) +b (%) for some constants a and b. Since we actually have b,, < %bn,1 + %bn,g,

n n
Weobtainbnga(%) +b(1_T\/ﬁ) , and so b, — 0 as n — oo, and hence a,, — 4 as n — .

: Let a; = /2, for n > 1 let apy1 = /2 + an, and then let b, = 4"(2 — a,,). Determine whether {b,} converges,
and if so then find the limit.

. 3 . . . 0 _ 242 ] . _ \/ﬁ o
Solution: Note that by repeatedly applying the identity cos 5 = Y=75%*= we obtain cos § = cos T =

2 8
V2+v2 2+V2+V2
2

2

4”(4sin2i)—”—2 T 2 2—>7T—2asn—>oo
on+2 - 4 ﬁ 4 .

, COS 6 = and so on, so a, = 2cos zer. Thus b, = 4"(2 — a,) = 4" (2—2cos QW’%) =

n

1/n
: Let a, = <n'> . Determine whether {a, } converges, and if so then find the limit.
n!

o0
n!
Solution: By the Root Test, lim a, is equal to the radius of convergence of the power series E — 2", By the
n— 00 nm

n=0

1 n+1 ' 1 n
Ratio Test, this radius of convergence is also equal to lim M R lim nt =e.
n—oo (n+1)! n"  n—oco n




5: For a real number z, let (z) denote the fractional part of z, that is (z) = 2 — [#|. Show that if z is irrational
then the sequence { (nz) } is dense in [0,1].

Solution: Let x be irrational. We claim that given any € > 0, we can find a positive integer m such that
(ma) € (0,e) U (1 —¢,1). Let € > 0. Choose an integer p > 1, then divide [0, 1] into p equal-sized subintervals.
By the Pigeonhole Principle we can choose k and [ with & < [ so that (kx) and (lz) both lie in the same
subinterval. Then we have |(kz) — (lz) | < % < e. Note that if we then set m = | — k we either have
(mzx) < € or we have (mx) > 1 —e. Since z is irrational, mx is not an integer so (mz) # 0, and so we have
(mz)y € (0,e) U (1 —¢,1), as claimed.

To show that { (nx) } is dense, we must show that given a point a € [0, 1] and given € > 0 it is possible to
find a value of n such that | (nx) —a| < e. Let a € [0,1] and let € > 0. Choose m so that (mz) € (0,e)U(1—¢,1).
If m € (0,€), then let r = (ma) < ¢, and notice that for 1 < k < |1] we have (kmz) = k(mz) = kr, and

that one of the numbers r,2r,3r, - - -, L%J r will be within a distance of € from a. If m € (1 —¢,1), then let
r=1— (ma) < ¢, and notice that for 1 < k < |1| we have (kmz) = 1 — k(1 — (mz)) = 1 — kr and that one
of the numbers 1 — 7,1 —2r,1 —3r,---,1 — L%J r will be within a distance of € from a. In either case, we can

choose k so that | (kma) — a| <.

6: (a) Find Z logk .

1 n
Solution: Note that log, e = ln ln o Z logke = Zlnk In (;Bz k) = In(n!).

k=2

(b) Find zn:(Qk —1)3

k=1

n n 2n n 2n n
Solution: Recall that > k% = M, so we have Y (2k —1)3 = S k3 — Y (2k)2 = S k2 —23 S k3 =
k=1 k=1 k=1 k=1 k=1 k=1

(2n)2(in+1)2 _ 23n2(2+1)2 _ n2(2n + 1)2 _ 2n2(n + 1)2 _ nQ((4n2 +4n+1) — 2(712 +2n + 1)) — n2(2n2 —1).

n

7: (a) Find lim Z

n—o0 1n+z

n n

1 11 ' da 1
Solution: 1 — i - = = [(1+2)] =2,
olution: ngréoz im /0 n(l+ x) ,=n

n+1 n—oo £ 1—|— n 1+«
b) Find lim _—
(b) H,O; sz

2 /4
M = / secldf =
0

. . = 1 1
Solution: JL“;O;\/TW JE&Z m'ﬁ / m / sec

w/4
[ln(sece + tan 9)} . = In(v/2 + 1), where we made the change of variables tan § = .



n+1
) Find .
in §_:0 U

1 — (—1)ngint! vodt
Solution: For |z| < 1 we have Z )l = S0 Z D™ = / . By Abel’s Theorem we
0

= 1+ a3’ e 3n+1 1413
1)77, 1 n+1 ) ot n+1 St (71)71
canputm:v—ltogetZ:3 +17/01+t3 Thus Z =5+ g +;3n+1:
1
dt 1 A B(2t-1)+C
l-l-/o R We can solve this integral using partial fractions. To get Bl =7 T (t2 — _):1_ , we need
A(t?—t+1)+B(2t>+t—1)+C(t+1) = 1. Equate coefficients to get the three equations A+2B = 0, —A+B+C = 0
1 n+1
and A — B+ C = 1. Solve these to get A = %, B = —% and C = % Thus we find that Z% =
n=0
1 11 1 1
dt 1 iet-1+14 (=31
1 -1 3 _ 6 2 -1 1 _1 2 _ 1 -1 2
2+/0t3+172+/0t+1 ! at = 4+ [$nt+1) = dn( — £+ 1) + L tan é}o
_ 1 1 -1 1 11 _ 1,1 T
—*+ ln2+\ftan \/gf%tan %—5+§ln2+ﬁ.
. (n+ 1
n=1
oo n et n+1 oo 1)z™
Solution: For all z we have e® = Z m' , 80 xet = Z ’ B Differentiate to get (z + 1) e* = Z %7
n=0 n=0 n=0
> 1)1 o 1
0 (22 +1)e* = Z w Differentiate again to get (z2 + 3x + 1) Z (n+ . Putinz =1 to
n=0 n! n=0
= (n+1)? Nt n—|—1 = (n+1)?
g€t5€:z;)T Z ThUSZT:E)e—l
n= n=1 n=1

-1

: Find i (i k2>
n=1 \k=1

n 1)(2 1 00 n - o]
Solution: Recall that Zk‘z = nin + )6( n ), so we have Z (Z k2> g Y 2n s To get

k=1 n=1 \k=1

A B C 6
= = d A(2n% + 3 1 B(2 C 1) = 6. Equat
n +n+1+2n+1 nn+1)(2n+1) we need A(2n +3n + 1) + B(2n® 4 n) + C(n® + 1) auate

coefficients to get the three equations 2A + 2B —|— C=0,34A+B+C =0and A = 6. Solve these to get

A=6, B=6and C =—24. Thus Z (Z k2> Z — ? —— . When n is even, the n*" partial
n

= \i= 2n+1
sum is S, = 18 =12 (1 — 3 + & — §+--~—%)+n—“—24(n—“+m+n—%+ +2n11)—2311 To find
the limit of the sum ( —%—l—% %+~-~—%),notethatfor |:c\<1wehave1+—£—1—x+x — 23+

In(142) =z — 12>+ 12®— 1o +.... By Abel’s Theorem, Wecanputinx:ltogetln2—1—%+§—%+~-~

- 1 1 1 1) _ 1.2 1 1
The other sum is a Riemann sum: (n—ﬂ+m+m+~--+m) =5 % (H% + T + -+ 1+”Tfl) —
1 1
: m de =1 {ln(l—l—m)} = 11In2. Thus the limit of the even partial sums is 18—241In 2. A similar calculation
0

0

o) n -1
shows that the limit of the odd partial sums is also equal to 18 — 241n2, so Z (Z k2> =18 —-241n2.
k=1



s
10: Find / sinx dx by evaluating the limit of a sequence of Riemann sums.
0

11:

12:

n

Solution: We have / sina dry = lim Z Z sin (22). To find Zsm et a = ™™ 50 sin Ex = Im(a®).
n k o+l 1—a™)(l—a 2(a — aa
Then Zsin—7r = Im Za < ) Im (a( ")( Oé)) = Im( (o — ad) > =
Pt n Pt 1 —2Re(a) + aa 1 —2Re(a) + aa
- 1 I ‘. s ™ n
Im <1 —aRe(a)) =7 —mR(Z() ] =1 i cons x since @ = —1 and aa = 1. So /0 sinz dr = nhﬁrr;o kZ:l = sin (’%)
. ZginZ . T sinx . . . . .
= lim —2—"— = lim —— = 2, by using I’'Hopital’s Rule twice or by using power series.

n—»00 1—005% z—01—coszx

o0 o0

Let a,, > 0. Show that Y a, converges if and only if [] (1 + a,,) converges.
n=1 n=1
an

Solution: If nzl ay converges then a, — 0 so nhﬁn;(} (i + ) = ig% ) =1.1If ngl In(1 + ay,) converges

then In(1 + a,) — 0 so (1 +a,) — 1 and so a, — 0 and we again have lim °

i m =1. By the Limit

(oo} o0 n
Comparison Test, > a, converges if and only if > In(1 + a,) converges. Also, if we write P, = [] (1 + an)
n=1 n=1 k=1

and S, = Y In(1 + a,) then we have In(P,) = S,, so {P,} converges if and only if {S,,} converges, that is
-

In(1 4 a,) converges if and only if [] (1 + a,) converges.

n=1

M

FdeI( TJ.

Solution: Let P, = H(l—l—;k) Then (1-3) P, = (1-2)(1+3)(1+5)(1+5) -1+ 2") =

<1—><1+22><1+Z£3---<1+12;n> (1= 3) (1+4) (14 F) - (4 o) =+ = (1= 3) (14 )

— T 1
:(1—22n+1) Thus P, 22;1 — T =2asn—oo.
1-1 1-4

~rnd—1
Find
in ll”“*l

N | Sk-DK2+E+1D) T k = k24+k+1

Solution: Let P, = |[ —=——. Then P, = —
orttion: e et 1£dexw—k+1 ££k+1 k—12+(k—1) +1

1.2 .3, k=2 k=1)(7.13 21 (k=D)’4(k—=1)+1 k24 k41 k2+k+1 2
(§ i'5 % ) (§ A I (7S N ¢ P W gy (P y A ¢ k(k+1 — 3 asm—oo.



