Solutions to the Problems on Derivatives and Integrals

: Let 0 < k < 1, and let f(z) be differentiable with f/(z) < k for all € R. Show that f(z) has a fixed point.

Solution: If f(0) = 0 then 0 is a fixed point of f. Suppose that f(0) = b > 0. For any z > 0, by the Mean
Value Theorem, we can find ¢ € (0, ) so that f/(c) = L&=/0) f(mx)fb so f(z) =b+ f'(¢c)x < b+ kx. Notice

z—0
that the line y = b+ k = intersects the line y = x when « = 12-. Let g(2) = f(2) — . Then g(0) = b > 0 and

g (ﬁ) =f (ﬁ) — L <b+k (ﬁ) — 12 = 0 so, by the Intermediate Value Theorem, there is a point

T € [0, ﬁ} such that g(x) = 0, and this point z is a fixed point of f. Similarly, if f(0) = b < 0 then we have
f(z) > b+ ka for all x < 0, and f(z) has a fixed point = € [ﬁ, O].

: Suppose that f(x) is differentiable for all 0 # € R, continuous at z = 0, and hn%) f'(x) exists and is finite.
r—
Does it follow that f(z) is differentiable at = = 07
Solution: It does. Let a = limo f'(x). Given € > 0, choose § > 0 so that 0 < |z| < 6 = |f'(z) —a| < e. Let
r—r

0 < uw < §. Since f(z) is differentiable in (0, ) and continuous on [0, u], by the Mean Value Theorem we can
find z € (0,u) so that f'(x) = W’ and so we have L:g(o) —a| = |f'(x) — a| < e. Similarly, when

u

—§ < u < 0 we also have %:g(o)_a <e. Thus f/(0) = a.

: A person walks 6 kilometers in one hour, at varying speed. Show that at some point along the way, the person
walks 1 kilometer in exactly 10 minutes.

Solution: For ¢ € [0, 60], let z(t) be the distance walked, in kilometers, up until time ¢, in minutes. We suppose
that this person does not know how to teleport, so z(¢) is continuous. For x € [0, 50], let f(¢) = z(¢+10) — z(¢).
Consider the six values f (k) with k£ € {0, 10,20, 30,40, 50}. We have f(0)+f(10)+ f(20)+ f(30)+ f(40)+ f(50) =
(z(10) — 2(0)) + (£(20) — f(10)) 4 --- + (2(60) — 2(50)) = z(60) — 2(0) = 60 — 0 = 6, so it is not possible
that every f(k) > 1 and it is not possible that every f(k) < 1. Thus we have f(k) <1 and f(I) > 1 for some
k,l € {0,10,20, 30,40,50}. By the Intermediate Value Theorem, there is a number ¢ between k and [ such that
f(e) =1, that is z(c + 10) — 2(c¢) = 1. In the interval [c, ¢ + 10] the person walks 1 kilometer.

: Let f(z) be C*° on R with f (1) = 0 for all positive integers n. Show that F%®)(0) = 0 for all positive integers
k.

(1) p(_1_
Solution: By the Mean Value Theorem, we can find points C}L € (n%rl, %) with f/ (c}L) = M = 0.

n n—+1

Since the sequence {c.} decreases to 0, and f’(z) is continuous, we have f’(0) = 0. Again by the Mean Value

f/(C:H-l)*f/(C}z)
Ciz,+1fc}w,

{c2} also decreases to 0, so since f”(z) is continuous, we have f”(0) = 0. This argument can be repeated.

Theorem, we can find points ¢2 € (¢}, ,ch) with f”(c2) = = 0. Note that this second sequence

: A car with tires of radius r drives at constant velocity v. Find the maximum height which can be reached by a
particle which is thrown from the tire.

Solution: Note that when an object is thrown vertically from an initial height of h with an initial velocity of
2
v, its height is given by y(t) = —4¢* + vt +h = —% (t - g) + (h + %), so it rises to a maximum height

h + %. A particle on the tire follows the cycloid (x,y) = 7 (0 —sinf, 1 — cos @) where 70 = vt. Its velocity is
(',y') = rf' (1 —cosb,sinf) = v(1 —cosd,sinh). If the particle is thrown from the tire when the angle is 6, then
its height is A = r(1 — cosf) and the vertical component of its velocity is v = vsin 6, so it rises to a maximum
. 9 2
height of H(6) = r(1 — cosf) + (US;L) We have H'(0) = rsinf + %sin@cos@ = sin 6 (T + %cos@). For
g
0 € [0,7], H' () = 0 when § = 0 or = 7 and when cos = —7§. Note that H(0) = 0 and H(m) = 2r. If

=% > 1 then cos@ # —7§ so the maximum value of H is H(m) = 2r. If 7§ < 1 then when cos = —7§ we have
2

2 2 2 2 2 2 2 2 2
- — cos vCgin?g = r — . VY0020 = Lo T Ll g 4 v
H(0) =r(1—cosf) + 5 sin"0 =r —rcosf+ 5, — -cos®0 =r+ T + 52 — - 28 =r+ 58+ 55 > 2r, s0

. . 2 2
the maximum value of H is r 4 -4 + g—g.



6: Let y = f(x) be the solution to the differential equation y?y” + 1 = 0 with y(0) = 2 and %'(0) = 0. Find the
value of > 0 such that f(z) = 1.

Solution: Write 3’ = u and y” = uu', where v’ = Z—Z. The the differential equation becomes y?uu’ + 1 = 0.
This is separable, so we write it as udu = —-5 dy and integrate both sides to get 5u® = % + a. Put in
y=2and u =9y = 0toget 0 = %—i—a, soa:—% andwehave%uQZ %—%,thatisu: %—1.
Notice that for z > 0 we should use the negative sign since u = ¥’ is initially 0 and " = f% < 0. Rewrite
U = —, /% —lasy = 71/% — 1. This is again separable, so we write it as dy = —dx and integrate

N
Yy

. dy . dy Vydy
both sides. To ﬁnd/ , first let w = /7 and then let v/2sinf = u to get /7 z/ =

/2 _1 VY /2 _1 V2—y

Y Y

20000 [ 420 40 — [ 2— 20520 4 — 20 — sin20 — 20— 2sinBcosd — 2sin" - — uy/TU —
ﬁ = Sin = — 4 COS = — Sin = — z8INvcCcostv = Zsin ﬁ — U —u° =
2sin~! \/g —/¥V2 —y. Thus we obtain 2sin~! \/g —VYV2—y=-z+0b. Putinz =0and y =2 to get
b:ﬂ,sowehaveZSinfl\/g—\/g\/Q—y:ﬂ'—m. Finally, put iny=1toget 25 —1l=m—zsox =1+ 3.

7: Let f(z) be differentiable with f(0) =0 and 0 < f’(z) < | f(z)| for all € R. Show that f(z) = 0 for all z € R.

Solution: Since f’(z) > 0 for all =, f(z) is non-decreasing, and since f(0) = 0 we have f(x) > 0 for all z > 0 and
we have f(z) <0 for all z < 0. For z > 0 we have f'(z) < f(z) = f(z) - f(z) 0= e *f'(x) —e *f(z) <
0= Lef(x) <0 = e *f(2) is non-increasing. Since e’f(0) = 0, we have e ®f(z) < 0, and hence
f(z) <0, for all z > 0. But earlier we saw that f(x) > 0 for all > 0, and so f(z) =0 for all x > 0. A similar

argument shows that f(z) =0 for all x <0.

1 1 1
8: Let f(x) be integrable on [0, 1] with / f(z)dx =1 and / x f(x)dr = 1. Show that / (f(:v))2 dx > 4.
0 0 0

1 1 1 1
Solution: Notice first that / (6x — 2)dx = [31‘2 - 230} =1 and / z (6x — 2)dx = [2353 — xﬂ =1 and
0 0 0 0

1
0

12/Ola:f(x)da:+4/01f(m)dx+/01(637—2)2dx:/Olf(x)zdx—12+4—|—4, andso/olf(x)dezél.

/01(635—2)2(13: - [%8(%_2)3} =648 — 4 Thus 0 < /O1 (f(z) — (62 — 2))* da = /Olf(m)%im_

1,1 3
9: Let f(x) be continuous on [0, 1]. Show that / / /yf(x)f(y)f(z) dedydz = % ( tiof(t) dt> .

=0 y=x z=x

1 1 pry
Solution: Let g(z,y,2) = f(x)f(y)f(z) and let T = / / / g(z,y,2)dedydz = / g(x,y, 2z)drdy dz.
=0 y=x z=x 0<e<2<y<1
Notice that the value of g(z,y, 2) is invariant under permutation of the variables x, y and z, and so we have I =

/g(@ny,z) dz:/g(x,y,Z)dz=/g(x,y,Z)dz=/g(x,y,Z)dz=/9(x,yvz) dz:/a(mm) dz. Adding

0<z<z<y<1 0<z<y<z<1 0<y<e<z<1 0<y<z<a<1 0<z<a<y<1 0<z<y<a<1
1,1 p1 1 1 1 1 3
these 6 integrals gives 61 :/ / /g(x,y,z) dzx dy dz :/ f(z) dm/ fly) dy/ f(z)dz = (/ f) dt) ,
z=0 y=0 z=0 z=0 z=0 z=0 0

1 3
and so we have [ = % ( /o f@) dt> , as required.



10: Evaluate each of the following integrals.

/2 dx /2 dx
@ [ S o [
o 1++tanzx o 1+ (tanz)v?

w/2 d
Solution: We can solve parts (a) and (b) together. More generally, we let I = / — % Make the
=0 1+ (tanz)e
0 ™/2 a /2 a
d t d t d
substitution w = T — . Then I — — [ — 2% _ _ / (tanw)?du / (tan2)?dr s
u=rn/2 1+ (cotu)® u—o 1+ (tanu)e 2—0 1+ (tanz)e
7'(‘/2 1 a 7T/2
21:/ ;. (tano) dx:/ ldz = 2. Thus I = Z.
s—0 1+ (tanx)® = 1+ (tanz)® R

(©) /0 " n(sinz) dz

™ /2 /2
Solution: Let I = / In(sinz) dz. By symmetry we have I = 2/ In(sinz) de = 2/ In(cosx) dz. Let
0 0 0

/2 w/2 /2
u= 1z ThenI = 21In(sin 2u) du = 2/ In(2sinucosu) du = 2/ In2 + In(sinw) 4 In(cosu) du =
u=0 u=0 0
mln24 2. Thus I = —wln2.

* Inzx
d —d
W [ e

< 0 In 1 S|
Solution: Let I:/ ne dz. Let w= 2. Then I :/ (ul) (—%) dUZ/ &duz —I. Thus
$:Ol+x2 v uoo]-+ﬁ v u:0u2+1
I1=0.
(© /°° tan~!(rx) — tan"1(x) i
O .’I/‘

o] —1 _ —1 [e'e] —1 a
Solution: More generally, let I = / tan” (az) — tan” (z) dr. Then I = / [mn(uz)] de =
T 0 u=1

=0
cre 1 @[ 1 ¢ Ttan™(uz)]™ o7 a
_— = _ = - 7 — — = |Z]
/x:O /u:1 L+ (uz)? dudr /uzl /9020 1+ (uz)? o L:l [ U L_Odu /u:l 2u du {2 nu} u=1

= 5 Ina, where we used Fubini’s Theorem to interchange the order of integration.
(1) / ! / Udx dy
1—2xy
Solution: For 0 < b < 1, / / dedy = / / Z (zy)"dxdy = / Z/ Vtdxdy =
y=0 J x=0 —.I‘y y=0Jz=0,

bn+1

/ Zn—i—l 2)/ n+1 750: (n+1

and summation twice by uniform convergence. Thus / /
=0

Z 5> Where we were able to interchange integration
n

n=1
n

= 1
dx dy = hm Z Z 3 by Abel’s
n=0

1—=x

Theorem. It is well-known that Z —2 = = % / dx dy = %2.
n y=0

n=0 r= 01



