MATH 146 Linear Algebra 1, Lecture Notes by Stephen New

Chapter 2. Solving Systems of Linear Equations

Systems of Linear Equations

2.1 Definition: Let R be a ring and let n € Z*. A linear equation in R" (or a linear
equation in the variables z1, xo, -+, x, over R) is an equation of the form

a1T1 + asTs + - apxy, = b

with a = (a1, a2, -+,a,)7 € R" and b € R. The numbers a; are called the coefficients
of the equation. A solution to the above equation is a point = (z1, 29, -, z,)T € R
for which the equation holds. The solution set of the equation is the set of all solutions.
Note that x = 0 is a solution if and only if b = 0, and in this case we say that the equation
is homogeneous.

2.2 Example: Let F be a field, let a = (ay, as,---,a,)T € F™, let b € F, and let S be the
solution set of the linear equation aix1 + asxs + - - + a,x,, = b. Show that either S = ()
(the empty set) or S is an affine space in F".

Solution: If @ = 0 and b # 0 then the equation has no solution so we have S = (). If a =0
and b = 0 then every x € F™ is a solution, so S = F". If a # 0 then we can choose an
index k such that zj # 0 and then we have

b

a
where p = ar €k and u; = e; — iek.

2.3 Definition: Let R be a ring and let n,m € Z*. A system of m linear equations
in R™ (or in n variables over R) is a set of m equations of the form

a1121 + a12T2 + - - - + a1z, = by

a21T1 + a29T2 + -+ aonIpn = b2

Am121 + AmaXe + - + ApnTn = bm

where each a;; € R and each b; € R. The numbers a;; are called the coefficients of the
system. A solution to the above system is a point z = (z1,z,---,z,)? € R" for which
all of the m equations hold. The solution set of the system is the set of all solutions.
Note that = = 0 is a solution if and only if b = 0, and in this case we call the system of
linear equations homogeneous.



2.4 Remark: We shall describe an algorithmic method for solving a given system of liner
equations over a field F. We shall see that if the the solution set is not empty then it is
an affine space in F'". The algorithm involves performing the following operations on the
equations in the system. These operations do not change the solution set.

(1) E; <> E;: interchange the i*® and ;' equations,

(2) E; — t Ej: multiply (both sides of) the i*" equation by ¢ where 0 # ¢ € F, and

(3) E; = E; +tE;: add t times (each side of) the j'" equation to (the same side of) the
it equation E;, where t € F.

For now, we illustrate the algorithm in a particular example.

2.5 Example: Consider the system of linear equations over the field Q.

201 — 1o +3x3 =7

.’L‘1+0$2—|—2.’L‘3 =5

31’1 — 41‘2 + 2.CE3 =3
Show that the solution set is an affine space in Q3.

Solution: Performing operations of the above three types, we have
I1—|—O(E2—|—2l‘3 25 E2|—>E2—2E1 I1+OIE2+29§‘3 =5
<E1<—>E2) 2x1 — x9 + 3x3 :7<E i—>E—3E) O0x1 —29 — 23 =—3
3v1 — 4wy +223=3 0 ° 10wy — day — 4wy = —12

1+ 0xg + 223 =5 1+ 0xo 4+ 223 =5
(Egl—)—E2> Oz1 +2x29+23 =3 <E3l—>E3+4E2) Ox1 4+ a9 +23 =3
Oxy — 49 — 43 = —12 0x1 + 0xs + 0x3=20
Thus the original system of 3 equations has the same solution set as the system
xr1 + 21‘3 =5
To + X3 = 3.

If we let x3 = t, then = (z1,22,23)7 is a solution when x; = 5 — 2t, 25 = 3 — ¢ and
x3 = t, that is when z = (5,3,0)7 +#(—2, —1,1)%. Thus the solution set is the line through
p = (5,3,0) in the direction of u = (-2, —1,1)T.



Matrix Notation

2.6 Remark: We wish to introduce some notation which will simplify our discussion of
systems of linear equations. In fact the objects that we introduce will turn out to be of
interest in their own right.

2.7 Definition: Let F be a field. An m x n matrix over F is an array of the form

ail a2 -+ Qip

a1 agzz -+ Q2p
A=

Am1 Am2 - OGmn

where each a;; € F. The number a;; is called the (¢,j) entry of the matrix A, and we
write
Aij = aij.

The set of all m x n matrices over F' is denoted by M,,«,(F). The set of n X n matrices
is also denoted by M,,(F'). Note that

F" =M, x1(F), Mp(F)= M,xn(F),and F = M;(F).

The j*" column of the above matrix A€ M, x,(F) is the vector (a1, ag;, -, am;)T € F™.
The j* row of A is the vector (aji,aj2, -+, aj,)’ € F™. Given vectors u, ug, - -, u, € F™,
the matrix with columns uq,uo, -, u, is the matrix

A= <u17u27"'7un) € men(F)

and given vectors vy, v, -, v, € F'™, the matrix with rows vy, vs, - -, v, is the matrix
UlT
UQT
A= ) € My xn(F).
U T

Given a matrix A € M,,«,(F), the transpose of A is the matrix AT € M, ,,(F) with
entries (AT)Z']' = Aji = Qjj4, that is

ailz  a21 - Qmil
a . e

AT _ 12 Q22 Am2
a1n a2, ot Amn

The m x n zero matrix is the matrix 0 € M,,«,(F) whose entries are all equal to 0.
The n X n identity matrix is the matrix I € M, (F) with columns ej,es,- -, e,. Given a
matrix a = (ay, as, -+, a,) € Mixn(F) and a vector x = (21,22, -+, x,)T € F™, we define
the product ax € F' to be

T
o n
ar = (a1,a,+,a,) | . | =3 azi = a1z1 + asxo + - + ap .
. =1
Ty,



More generally, given a matrix A € My, (F) with entries A;; = a;5, and a vector z € F"
with entries x; € F', we define the product Ax € F™ to be

aiy a2 - Qlp T a11r1 + a12T2 + - - + a1pTy

as1 A2z - QAo2p T2 a21T1 + Q22T + - - - + A2p, Ty
Ax = ) ) ) ) = )

am1 am?2 e Amn Tn Am1T1 + Am2T2 + -+ AmnTn

Equivalently, we define Ax to be the vector in F™ with entries
n
(Az); = > a;iwi.
i=1

Using this notation, notice that for a = (a1, a2, --,a,) € Mix,(F) and b € F, the single
linear equation ayx; + asxo + ---a,x, = b can be written simply as ax = b, and for
A € Myxn(F) with entries A;; = a;; and b = (by1,bg,---,b,)T € F™, the system of
equations

1171 + @122 + - - + a1 Ty = by

211 + a22T2 + - - - + a2,y = ba

Am1%1 + Q2T + - + ATy = by,

can be written simply as

Az =b.
2.8 Note: For vectors vy, v, -+, v,, € F™ and for x € F", if A is the matrix with rows
v1, V2, , Uy then the product Ax is defined so that we have
UlT T1 U1T$1
vy o vy
AI - . . =
v/ \in O,
For vectors uy, us, -, u, € F™™ and x € F™, if A is the matrix with columns uq, us, -+, Uy,
notice that we have
T
T2
Az = (U17U27"',Un) . = x1u1 + Taug + -+ - + Ty, € Span {ug, ug, -+, Uy}
Tn

2.9 Note: For 0 € M,,,xn(F), I € M, (F) and z € F™ we have Ox = 0 and [z = z.

2.10 Theorem: (Linearity) For A € M,,«,(F), we have

(1) A(tz) =t Az for allt € F and x € F", and
(2) A(x +y) = Ax + Ay for all x,y € F™.

Proof: For t € F and for z,y € F™ we have (A(t )) Z ji(te); =1t z Ajix; = (tAa:)j

=1 1=

3

and (A(ac +y))j - é Aji(z+y)i = Z Aji(zi +yi) = Z jiTi+ ; Ajiyi = (AJ?—F Ay)j.



Row Equivalence and Reduced Row Echelon Form

2.11 Definition: Given a matrix A € M, «,(F') with entries 4;; = a;; and a vector
b € F'™, we obtain the system of linear equations

a1121 + a12x2 + - - - + a1y, = by
a21T1 + a29T2 + -+ aonTn = b2

Am1T1 + AmaXs + - + ApnTn = bn

which we write simply as Ax = b. The matrix A is called the coefficient matrix of the
system, and the matrix (A | b) € Mixnt1(F) is called the augmented matrix of the
system. The solution set of the equation Az = b is the set

{ac S F"‘Aw = b}.

2.12 Definition: We noted earlier that we can perform three kinds of operations on
the equations in the system without changing the solution set. These correspond to the
following three kinds of operations that we can perform on the rows of the augmented
matrix without changing the solution set.

(1) R; ++ R;: interchange rows i and j,

(2) R; — t R;: multiply the i** row by ¢, where 0 # ¢t € F', and

(3) Ri — R; +tR;: add t times the j'™ row to the i*®® row, where t € F'.

These three kinds of operations will be called elementary row operations. Given ma-
trices A, B € M,,,xn(F), we say that A and B are row equivalent, and we write A ~ B,
when B can be obtained by applying a finite sequence of elementary row operations to A.

2.13 Remark: In the next section, we describe an algorithm for finding the solution set
to a given matrix equation Ax = b. We shall use elementary row operations to construct
a sequence of augmented matrices

(A]b) = (Aolbo) ~ (Ax[b1) ~ (Az|ba) ~ -~ ~ (A1, br) = (R, ¢)

such that each equation Apx = by has the same solution set as the original equation
Az = b, and such that the final matrix A; = R is in a particularly nice form so that we can
easily determine the solution set. We shall find that when the solution set is non-empty,
we can write the solutions in the form

T =p+tiur +taus + - + tpuy.

2.14 Definition: A matrix A € M,,x,(F) is said to be in reduced row echelon form
when A = 0 or there exist column indices 1 < j; < jo < -+ < j,. < n, where 1 <r <mn,
such that for each row index k& with 1 < k < m we have

<1> Ak,jk =1,

(2) for each j < ji we have Ay; =0,

(3) for each i < k we have A; ;, =0, and

(4) for all ¢ > r and all j we have A;; = 0.

The entries Ay ;, = 1 are called the pivots, the positions (k, ji) where they occur are
called the pivot positions, the columns ji, jo, - - -, j, of A are called the pivot columns,
and the number of pivots r is called the rank of the reduced row echelon matrix A.



2.15 Example: Consider the augmented matrix

1-21 0-3 0 24
0 0 01 1 0-11]1
0 0 00 0 1-2]3
0 0 00 0 0 0160

Note that the matrix A is in reduced row echelon form with the pivots in positions
(1,1),(2,4) and (3,6). The corresponding system of equations is

(Alb) =

T —2$2+$3—3$5+2$7:4
Ty+a5 —x7 =1
Tg — 207 =3
The solutions x can be obtained by letting x5 = t1, x3 = t9, x5 = t3 and z7; = t4, with
t1,to,t3,t4 € F arbitrary, and then solving for x1, x4 and x4 to get
T :4+2t1 —t2—|—3t3—2t4
T4 = 1-— t3 + t4
Tg = 3+ 2ty
Thus the solution set is the set of points of the form

T =p-+tius + toug + tausz + taug

where
4 2 —1 3 —2
0 1 0 0 0
0 0 1 0 0
p=111,ur=10],u=1]020 ,uz=\1-11,us=11
0 0 0 1 0
3 0 0 0 2
0 0 0 0 1
We can also write this as
r=p+ Bt

where B is the matrix with columns w1, us, us, ug.

2.16 Note: In general, suppose that A € M, «,(F) is in reduced row echelon form with
pivot column indices 1 < j; < jo <+ <75, <n. Let 1 <13 <y <+ < < n be the

non-pivot column indices. Write
R | c
(A | b) - ( 0 d)

where R € M, (F) is the matrix whose rows are the non-zero rows of A and where
c € F" and d € F'~". Then the equation Ax = b has a solution if and only if d = 0, and
in this case, as in the above example, the solution is given by x = p + Bt where p € F"
and B € My xm_r(F) are given by p;j = ¢, pp =0, By = —Ap , and By, = I where

by = (pj17pj27 T 7pjT)T7 pL = (P11, Plyy ;plm_r)T, B is the matrix whose rows are the
TOWS j1,J2, -+, Jr of B, By is the matrix whose rows are the rows ly,lo,- -, l,,,_, of B, and
Ay is the matrix whose columns are the columns lq, s, -, [,,_, of A.



Gauss-Jordan Elimination

2.17 Theorem: (Gauss-Jordan Elimination) Let A € My, x,(F) and let b € F™, and
consider the equation Ax =b. If A =0 and b = 0 then every x € F"™ is a solution so the
solution set is F"™. If A =0 and b # 0 then there is no solution, so the solution set is (). If
A # 0 then we can perform a series of elementary row operations to obtain a sequence of
augmented matrices

c

‘)

where A; is in reduced row echelon form and R is the matrix whose rows are the non-zero
rows of A;. If d # 0 then the solution set is empty and if d = 0 then the solution set is the
affine space x = p + Bt, as described in Note 2.16 above.

R

(A]b) = (Aolbo) ~ (A1]by) ~ (Aglba) ~ -+ ~ (Ai]b) = (0

Proof: Suppose that A £ 0. We describe an algorithm to obtain the required sequence of
augmented matrices.

Step 1: choose the smallest index j = j; such that the j* column of A is not zero, then
choose the smallest index ¢ = ¢; such that a;; # 0. Perform the row operations R; — QLR%
ij

then Ry <> R; to obtain a new augmented matrix (A’|b") whose first j — 1 columns are all
zero, with A’y; = 1. For each ¢ > 1 perform the row operation R; — R; — A’;; R, to obtain
a new augmented matrix (A;|b;) whose first j — 1 columns are zero and whose j* column
is e1.

Step s + 1: suppose that we have performed the first s steps in the algorithm and have
obtained an augmented matrix (As, bs) which is row-equivalent to (A|b) and which has the
property that there exist column indices 1 < j; < 75 < --- < 75 < n such that for each row
index k£ with 1 < k < s we have

(1) (As)kj = 1,

(2) for each j < ji we have (As)r; =0,

(3) for each i < k we have (A;); j, =0, and

(4) for all i > s and all j < j, we have (A;);; = 0.

If s = m or if js = n then we are done because the matrix Ay is already in reduced row
echelon form. Suppose that s < m and j; < n. If for all ¢ > s and all j > j, we have
(As)i; = 0 then we are done because the matrix A, is already in row echelon form. Suppose
that A;; # 0 for some ¢ > s and some j > j,. Let j = js11 be the smallest index such that
(As)ij # 0 for some ¢ > s, then apply elementary row operations, involving only rows 4
with ¢ > s, to the augmented matrix (A;|bs) to obtain a matrix (AJ|b}) with (A})sy1,; = 1;
this can be done for example by choosing an index ¢ > s such that (A4;);; # 0 and then
performing the row operation R; — ﬁ R; then (if i # s+ 1) the operation Rs11 <> R;.
Then for each i # s+ 1 perform the row operation R; — R; —(A);jRs41 to the augmented
matrix (A%|bs) to obtain the row-equivalent augmented matrix (Agyq|bsy1). Verify that
the new matrix satisfies the above 4 properties with s replaced by s + 1.

2.18 Definition: The algorithm for solving the system Az = b described in the proof of
the above theorem is called Gauss-Jordan elimination.



2.19 Example: Solve the system 3z +2y+2=4,2x+y—2 =3, x +2y+4z =1 in Q3.

Solution: We form the augmented matrix for the system then perform row operations to
reduce to reduced row echelon form.

3 2 1 4 Ry — R1— Rj3 1 1 2 1

(Ap)=(2 1 -1|3 2 1 —1|3| Ry Ry—2R,
1 2 4 1 1 2 4 1 R3F—>R3—R1
1 1 2 1 R1D—>R1—R2 1 0 -3 2
0 1 5|1 01 5 |-1
01 2|0/ R—R3—Ry \O 0 -3| 1) Ry~ —1Rs
1 0-3|2\R—R-3R; (1 0 01
01 5 |-1]Ry—>Ro+5R3 |0 1 0] 2
00 1 |—3 00 1]-1

From the final reduced matrix we see that the solution is given by (z,y, z) = (1, %, —%)

2.20 Remark: Note that in the above solution, at the first step we used the row operation
R; — Ry — R3 to obtain a pivot in position (1,1), but we could have achieved this in many
different ways. For example, we could have used the row operation R; <> R3 or we could
have used Ry — %Rl.

2.21 Example: Solve the system 2z +y+3z=1,3z+y+52=2, 2 —y+32z =0 in Q3.

Solution: Using Gauss-Jordan elimination, we have

2
(Alp) =

O~ W

0

1 3
1 5
-1 3
2 0
1 -1
3 -3

1

2
0
1
1

1

(e O SU R

0

2 0
1 5
-1 3
0 2
1 -1
0 0

1

2

0
-1
1
-2

—
N O DN
|
[a—

From the reduced matrix, we see that there is no solution.

2.22 Example: Solve the system z1 + 2x5 + 23+ 3x4 = 2, 221 + 302 + 3 + 4x4 + 5 = 5,
I —|—3x2+2:1:3—|—4:c4—|—a:5 =3in QS.

Solution: Using Gauss-Jordan elimination gives

1 21302 1 213 0]2
Ap)=[2 3 1 4 1|5]~[0 1 1 2-1]-1
1 3 24 2|3 0111 21

1 0-1-1 214 1 0-10-1]2

~l0o1 1 2 -1|-1]~[01 1 0 5]3

00 0 1 —3|-2 00 0 1 —3]|-=2

From the reduced matrix we see that the solution set is the plane given by x = p+ su+tv
where p = (2,3,0,-2,0)7, u = (1,-1,1,0,0)T and v = (1,-5,0,3,1)7.



