MATH 147 Calculus 1, Lecture Notes by Stephen New

Chapter 4: Limits of Functions

4.1 Definition: Let F be a subfield of R, let A C F, and let f : A — F. For a € F, we
say that a is a limit point of A when

Vo>03dz€eA0< |z —al <0.

When a is a limit point of A, we make the following definitions.

(1) For b € F, we say that the limit of f(z) as x tends to a is equal to b, and we write

lim f(z) = b or we write f(z) — b as x — a, when
T—a

Ve>036>0VzeA (0< |z —a| <d=|f(z) —b| <e).

(2) We say the limit of f(z) as x tends to a is equal to infinity, and we write lim f(z) = oo,
r—ra

or we write f(x) — oo as ¢ — a, when
VreF 36>0VzeA (0< |z —a| <6 = f(z) >7).
(3) We say that the limit of f(x) as x tends to a is equal to negative infinity, and we

write lim f(z) = —o0, or we write f(x) - —o0 as © — a, when
Tr—a

VreF 36>0Vz€A (0< |z —a| <0 = f(z) <r).

For a € F, we say that a is a limit point of A from below when
Vo >0dee A a—d0<z<a.
When a is a limit point of A from below and b € F', we make the following definitions.
(4) lim f(z)=b <= Ve>036>0VzeA (a—d<z<a=|[f(z)—b<e).
(5) xl_l;crll_ f(@) =00 <= VreF 3§>0V2€Ad (a-d<z<a= f(z)>r).
(6) ZIZIZl_ f(x)=—00 <= VreF 36>0VzcA (a—d6<z<a= f(z) <r).

For a € F, we say that a is a limit point of A from above when
Vo>03dxr e A a<z<a+9.

When a is a limit point of A from above and b € F', we make the following definitions.
(7) xgrleJrf(x) =b < Ve>036>0Vzed (a<z<a+d=|f(x)—b <e).

(8) xli%f(x) =00 <= VreF¥>0VzcAd (a<z<a+d= f(z)>r).

(9) mlirghf(x) =-—00 <= WeF3>0Vzed (a<z<a+d= f(z)<r).



We say that infinity is a limit point of A (from below) when A is not bounded above, that
is when Vme F dx € A x > m. When A is not bounded above and b € F', we make the
following definitions.

(10) ILm f(@)=b < Ve>03ImeFVzcA (z>m= |f(z) —b| <e).

(11) li_>m f(x) =00 <= VreF dmeFVzcA (z>m= f(z) >r).

(12) lim f(z)=—00 <= VreF 3meF VzeA (zx>m= f(z) <r).
T— 00

We say that negative infinity is a limit point of A (from above) when A is not bounded
below, that is when Vme F dr € A = < m. When A is not bounded below and b € F', we
make the following definitions.

(13) EIEl f()=b < Ve>03ImeF VzeA (x <m=|f(z) — b <e¢).

(14) EIP f(@) =00 <= VreF dmeFVzcA (zx <m= f(z) >r).

(15) lim f(z) = —oc0 <= VreF dmeFVzcA (z <m= f(z) <r).
T—r— 00

2420 -3
4.2 Example: Let f(z) = a:+2—x Show that lim f(x) = 2.
4 —1 z—1
Solution: Note that for  # 1 we have
| z%2422-3 _ | (@+3)(z—1) _ | z+3 _ |z43—2z—2| _ | —z+1]| _ |z—1]
|f(37) _2’ - z2—1 _2‘ — | (z¥D)(z—1) _2‘ — |z+1 _2‘ - z+1 ) | o+l ‘ — Jz+1]"

Let € > 0. Choose § = min{l,e}. Let 0 < |x — 1] < §. Since 0 < |z — 1| we have x # 1

so, as shown above, |f(x) — 2| = % Since |z — 1| < § <1 we have 0 < z < 3 so that

1 <z +1, and hence |f(z) — 2| = % < |z — 1|. Finally, since |z — a| < § < € we have
|f(z) —2| < |z —1| <e. Thus 1imlf(:1;) = 2.
T—

4.3 Theorem: (Two Sided Limits) Let F' be a subfield of R, let A C F, let f: A — F
and let a € F'. Suppose that a is a limit point of A both from the left and from the right.
Then for u € F' we have lim f(x) = a if and only if lim f(z) =u= lim+ f(x).

Tr—a r—a

Tr—a

Proof: We prove the theorem in the case that w = b € F. Suppose that lim f(x) =b¢€ F.
Tr—a

Let € > 0. Choose 6 > 0 so that for all x € A, if 0 < |x — a|] < § then |f(z) — b| < e. For
x € Awitha—3d <z <awehave 0 < |z —a|l <6 andso |f(z)—b| <e This shows that
lim f(x)=0b. Forz € Awitha <z <x+4¢ we have 0 < |[z—a| < Jandso |f(z)—b| <e.

r—a—

This show that lim f(x) =b.

z—at

Conversely, suppose that lim f(x) = b = lim+ f(x). Let e > 0. Since f(x) — b
T r—ra

—a

as x — a~, we can choose d; > 0 so that for all x+ € A with a — d < a < a we have
|f(z) —b] < e Since f(x) = b as x — at we can choose d2 > 0 so that for all z € A
with @ < < a + 3 we have |f(z) — b] < e. Let 6 = min{dy,02}. Let z € A with
0 < |x —a| < 4. Either we have z < a or we have x > a. In the case that x < a we have
a—06 <a—0<z<aandso |f(x)— bl <e (by the choice of ;). In the case that z > a
we have a < x < a+d < a+ d2 and so |f(x) — b|] < € (by the choice of d5. In either case
we have |f(x) — b] <€, and so il_rg f(x) = b, as required.



4.4 Remark: For the sequence (xy)r>, in F' given by =, = f(k) where f : Z>, — F,
the definitions (10), (11) and (12) agree with our definitions for limits of sequences. Thus
limits of sequences are a special case of limits of functions. The following theorem shows
that limits of functions are determined by limits of sequences.

4.5 Theorem: (The Sequential Characterization of Limits of Functions) Let F be a
subfield of R, let AC F, let f : A— F, and let u € F.

(1) When a € F is a limit point of A, lim f(x) = w if and only if for every sequence (xy)
Tr—a
in A\ {a} with x, — a we have f(x) — u.

(2) When a is a limit point of A from below, lim f(x) = w if and only if for every sequence
T—a~—

(k) in {x € Az < a} with z;; — a we have f(xy) — u.

(3) When a is a limit point of A from above, lirn+ f(x) = u if and only if for every sequence
Tr—a

(k) in {x € Alz > a} with z;; — a we have f(xy) — u.
(4) When A is not bounded above, lim f(x) = w if and only if for every sequence (zy)

T— 00
in A with x; — oo we have f(xy) — u.

(5) When A is not bounded below, lim f(z) = w if and only if for every sequence (zy)

T——00
in A with z; — —oo we have f(xy) — u.
Proof: We prove Part (1) in the case that u = b € F. Let a € F be a limit point of A.
Suppose that lim f(x) =b € F. Let (z) be a sequence in A\ {a} with x; — a. Let ¢ > 0.
r—a

Since lim f(z) = b, we can choose 6 > 0 so that 0 < |z —a| < § = |f(z) = b| < e. Since
Tr—a

xr — a we can choose m € Z so that k > m = |z — a| < 6. Then for k > m, we have
|z, — a] < 0 and we have z; # a (since the sequence (xy) is in the set A \ {a}) so that
0 < |x —a| <6 and hence |f(zr) — b| < e. This shows that f(xx) — b.

Conversely, suppose that ;1_% f(x) # b. Choose ¢g > 0 so that for all 6 > 0 there

exists x € A with 0 < |z —a| < § and |f(z) — b| > €. For each k € Z™, choose 7}, € A
with 0 < |z, — a| < ¢ and |f(z)) — b| > €. In this way we obtain a sequence (z3),>1 in
A\ {a} (we remark that the Axiom of Choice is required to construct this sequence (xy)).
Since |zj, —a| < ¢ for all k € Z7T, it follows that 2, — a (indeed, given e > 0 we can choose
m € Z with m > % and then k > m => |z, —a| < £ < = < ¢). Since |f(zx) — b > €
for all k, it follows that f(xy) # b (indeed if we had f(xy) — b we could choose m € Z so
that k > m = |f(xx) — b| < ¢y and then we could choose k = m to get |f(zr) —b| < €o).

4.6 Remark: It follows from the Sequential Characterization of Limits of Functions that
all of our theorems about limits of sequences imply analogous theorems in the more general
setting of limits of functions. We list several of those theorems and give one sample proof.

4.7 Theorem: (Local Determination of Limits) Let F' be a subfield of R, let A,B C F,
let f: A— F andlet g: B — F. Suppose that a € F is a limit point of both sets A and B,
and that for some § > 0 we have C = {z € A|0 < |z —a| <6} C {x € B|0 < |z —a| <6}

and that f(z) = g(z) for all z € C. Then if lim g(z) = u € F' then lim f(z) = u.
r—a T—a
Similar results holds for limits x — a* and & — +00.

4.8 Theorem: (Uniqueness of Limits) Let F' be a subfield of R, let AC F, let f : A — F,
and let a be a limit point of A. For u,v € F, if lim f(z) = v and lim f(z) = v then u = v.
r—a r—a

Similar results hold for limits x — a® and r — +o00.



4.9 Theorem: (Extended Operations on Limits) Let F' be a subfield of R, let A C F, let
fyg: A— F and let a be a limit point of A. Let u,v € F' and suppose that lim f(x) = u
Tr—ra

and lim g(x) = v. Then

z—a
(1) if u+ v is defined in F then %l_rf(ll(f +9)(x) =u+w,
(2) if u — v is defined in F' then ;l_rf(ll(f —g)(z) =u—w,
(3) if u - v is defined in F' then il_r)r}l(fg)(a:) = -v, and
(4) if u/v is defined in F' then ;g)r}l(f/g)(x) =u/v.
Similar results hold for limits x — a* and x — +oo0.

Proof: We prove Part (4). Suppose that u/v is defined in F'. Let (x}) be any sequence in

A\ {a} with z; — a. By the Sequential Characterization of Limits, since lim f(z) = u we
T—a

have f(xp) — u, and since lim g(x) = v we have f(x;) — v. By Extended Operations on
T—a

Limits of Sequences (Theorem 3.13), since f(xy) — w and g(zr) — v and u/v is defined
in F', we have (f/g)(zy) = g((%:g — u/v. Thus (f/g)(xr) — u/v for every sequence (zj)
in A\ {a} with zx — a. By the Sequential Characterization of Limits, it follows that

lim (£/9)(x) = u/o.
4.10 Theorem: (Basic Limits) Let F' be a subfield of R, and let A C F. For the constant
function f : A — F given by f(z) =b for all x € A, we have

lim f(z)=b, lim f(x)=5b, lim f(x)=0b, lim f(z)=0b and lim f(z)=0"0,
z—at T—a~ T—>00 T——00

r—a

and for the identity function f: A — F given by f(x) = x for all x € A we have

Im f(z)=a, lm f(z)=a, lim f(z)=a, lim f(z)=co and lim f(z)=—oo

whenever the limits are defined.

4.11 Theorem: (Basic Elementary Functions Acting on Limits) For f : A C R — R and
for a,b,c € R with a a limit point of A, we have the following.

(1) Ifilng(x) =0b> 0 then il_lr)rlllf(:n) =",

oo if ¢ >0
ifii_)r%f(x):oo then {Iljl_r%f(x)cz life=0
0ife<O,
0ifec>0
if f(z) >0 for all x € A and ii_r)rbf(x):0 then ;i_rgf(x)cz life=0
oo if ¢ < 0.
(2) Ifiing(x) = b and ¢ > 0 then ii_r)rlllcf(:‘) =,
oo ife>1
ifii_)nbf(x):ooandc>0then xli_)ngocf(m): life=1
0if0<ec<1,
Oife>1
jfii_r)rbf(x):—oo andc>0tbenii_rgcf(m): life=1
0if0<e< 1.



(3) If lim f(x) =b> 0 and ¢ > 0 then li_r)n log, f(z) = log,b,
Tr—a X a

P ) oo ife>1
if lim f(x) = oo and ¢ > 0 then lim log, f(z) = {

Tr—a Tr—a

—x if0<c<1,
—o0 ife>1

if > 0forallz € A, li = 0 and ¢ > 0 then lim log, =
if f(x) orallx ar;1_r>1}lf(ac) and ¢ en lim log f(z) { o if0<c<l,

(4) If lim f(x) = b then lim sin f(z) = sinb and li_r>n cos f(z) = cosb,
Tr—a Tr—a X a

the limits lim sinx, limcosx and lim tanx do not exist.
r—to00 +oo r—Fo00

(5) If f(x) € [-1,1] for all z € A and lim f(x) = b then lim sin™* f(z) = sin™ ' b,
Tr—a

Tr—a

if lim f(z) = b € R then lim tan™! f(z) = tan~'b,
r—a r—a

if lim f(x) = oo then lim tan™' f(z) = %, and
T—a T—a

e 1. _ . 1 __x
1f£1l>r}1f(x)— oo then ;L)H}Ltan f(x) 5

Similar results hold for limits x — a* and x — +o00.

4.12 Example: Evaluate each of the following limits, if they exist.

(a) lim vetl-2

r—3 33—z 5 3
(b) lim sin*1< v >

z—1 r—1 xz2-1

(c) lim e /7"

x—0
(@) lim TV
w00 \/Ax3 — 2r + 1
N s
z—1- 12 +2x—3

) x2—2x—3
im
z——1+ 23 + 422 + 52 + 2

Solution: I may include solutions later.

4.13 Theorem: (The Comparison Theorem) Let F' be a subfield of R, let A C F, let f
and g be two functions f,g: A — F and let a € F be a limit point of A. Suppose that
f(x) < g(x) for all z € A. Then

(1) if lim f(x) = v and lim f(z) = v with u,v € F, then u < v,
Tr—a Tr—a

(2) if lim f(x) = oo then lim g(z) = oo, and
r—a Tr—a

(3) 1falclgbg(a:) = —o0 then alclgbg(m) = —00.

Similar results hold for limits x — a® and x — +o0.

4.14 Theorem: (The Squeeze Theorem) Let F' be a subfield of R, let A C F, let
f,9,h: A— F, and let a be a limit point of A.
(1) If f(z) < g(z) < h(z) for all z € A and lim f(x) =b= li_r>n h(zx), then li_r>n g(z) =b.
r—a €T a €T a
(2) If | f(x)] < g(x) for all x € A and lim g(z) = 0 then lim f(x) = 0.
Tr—a

T—a

Similar results hold for limits x — a* and x — +o0.



4.15 Definition: Let F' be a subfield of R, let A C F,and let f: A — F. For a € A, we
say that f is continuous at a when

Ve>0 36>0 Vz €A (Jz—a|<d=|f(z)— fla)| <e).
We say that f is continuous (in A) when f is continuous at every point a € A.

4.16 Theorem: Let F' be a subfield of R, let AC F, let f : A — F and let a € A. Then

(1) if a is not a limit point of A then f is continuous at a, and
(2) if a is a limit point of A then f is continuous at a if and only if lim f(z) = f(a).

r—a

Proof: The proof is left as an exercise.

4.17 Theorem: (The Sequential Characterization of Continuity) Let F' be a subfield of
R,let ACF,let f: A— F and let a € A. Then f is continuos at a if and only if for
every sequence (ry) in A with z; — a we have f(x) — f(a).

Proof: Suppose that f is continuous at a. Let (xj) be a sequence in A with z; — a. Let
e > 0. Choose § > 0 so that for all z € A we have |[x —a| < 0 = |f(x) — f(a)| < e.
Choose m € Z so that for all indices k we have k > m = |z, —a| < 6. Then when k > m
we have |z — a| < 0 and hence |f(xx) — f(a)| < €. Thus we have f(zr) — f(a).

Conversely, suppose that f is not continuous at a. Choose ¢y > 0 so that for all § > 0
there exists * € A with |x —a| < § and |f(z) — f(a)| > €. For each k € ZT, choose z), € A
with |z, —a| < ¢ and |f(zy) — f(a)| > €. Consider the sequence () in A (we remark
that the Axiom of Choice is being used here). Since |z —a| <  for all k € Z™, it follows
that xp — a. Since |f(x) — f(a)| > ¢ for all k € ZT, it follows that f(zx) 4 f(a).

4.18 Theorem: (Operations on Continuous Functions) Let F' be a subfield of R, let
ACF,let f,g: A— F,let a € A and let c € F. Suppose that f and g are continuous at
a. Then the functions cf, f+g, f —g and fg are all continuous at a, and if g(a) # 0 then
the function f/g is continuous at a.

Proof: The proof is left as an exercise.

4.19 Theorem: (Composition of Continuous Functions) Let F' be a subfield of R, let
ABCR,let f:A—Randg:B—R,leth=gof:C— R where C = AN f~Y(B).
(1) If f is continuous at a € C and g is continuous at f(a), then h is continuous at a.

(2) If f is continuous (in A) and g is continuous (in B) then h is continuous (in C).

Proof: Note that Part (2) follows immediately from Part (1), so it suffices to prove Part
(1). Suppose that f is continuous at @ € A and ¢ is continuous at b = f(a) € B. Let (xy)
be a sequence in C' with z; — a. Since f is continuous at a, we have f(xy) — f(a) = b
by the Sequential Characterization of Continuity. Since < f (xk)> is a sequence in B with
f(xg) — b and since ¢ is continuous at b, we have g(f(zr)) — ¢(b) by the Sequential
Characterization of Continuity. Thus we have h(zy) = g(f(zx)) — 9(b) = g(f(a)) = h(a).
We have shown that for every sequence (zj) in C' with x; — a we have h(zy) — h(a).
Thus h is continuous at a by the Sequential Characterization of Continuity.

4.20 Corollary: Every elementary function is continuous (in its domain).

Proof: The basic elementary functions are all continuous in their domains by the Basic
Elementary Functions Acting on Limits Theorem. If follows that every elementary function
is continuous by Theorems 4.18 and 4.19.



4.21 Theorem: (Functions Acting on Limits) Let F' be a subfield of R, let A, B C F,
let f:A— F,letg:B— Fandleth=gof:C — F whereC = AN f~1(B). Let
a be a limit point of C' (hence also of A) and let b be a limit point of B. Suppose that
lim f(z) = a and ll/i_}nlbg(y) = c. Suppose either that f(z) # b for all x € C'\ {a} or that g

T—a

is continuous at b € B. Then lim h(z) = c.
r—ra

Analogous results hold, dealing with limits x — a*, x — +00, y — b and y — +o0.

Proof: The proof is similar to the proof of the Composition of Continuous Functions
Theorem.

4.22 Theorem: (Intermediate Value Theorem) Let I be an interval in R andlet f : I — R
be continuous. Let a,b € I with a < b and let y € R. Suppose that either f(a) <y < f(b)
or f(b) <y < f(a). Then there exists z € [a,b] with f(x) = y.

Proof: We prove the theorem in the case that f(a) <y < f(b). If y = f(a) then we can
take © = a and if y = f(b) then we can take z = b. Suppose that f(a) < y < f(b). Let
A = {t € [a,b]|f(t) < y}. Note that A # () (since a € A) and A is bounded above (by
b) and so A has a supremum in R. Let z = sup A. Since a € A and x = sup A we have
x > a. Since b is an upper bound for A and = = sup A we have x < b. Thus x € [a, b].

We claim that f(z) = y. Suppose, for a contradiction, that f(z) > y. Since x # a
(because f(a) < y but f(x) > y) we can choose §; > 0 so that [z — §1,z] C [a,b]. Since
f is continuous at z with f(x) > y, we can choose d2 so that for all ¢ € [a,b] we have
|t — x| < §y = f(t) > y. Let § = min{dy,d2}. Since x = sup A, by the Approximation
Property we can choose t € A with z —§ <t < z. Since t € A we have f(t) <y, but since
t € [x—6,x] we have f(t) > y, so we have obtained the desired contradiction. Now suppose,
for a contradiction, that f(x) < y. Since x # b (because f(b) > y but f(x) < y) we can
choose 91 > 0 so that [z,x + §1] C [a,b]. Since f is continuous at z with f(z) < y we can
choose 62 > 0 so that for all ¢ € [a, b] we have |t —z| < §3 = f(t) < y. Let § = min{d1, 2}
so that [,z 4 0] C [a,b] and for all t € [z, z + J] we have f(t) < y. But then 2+ 6 € A so
we cannot have x = sup A, and we have obtained the desired contradiction.

4.23 Example: Define f: Q — Q be f(x) = 2. For a = 0 and b = 2 and y = 2 we have
f(a) <y < f(b) but there is no point x in the rational interval [a,b] = {t € Qla <t < b}
for which f(x) = y. So the conclusion of the Intermediate Value Theorem does not hold
in this case.

4.24 Definition: Let F' be a subfield of R, let A C F, and let f: A — F. For a € A,
if f(a) > f(z) for every x € A, then we say that f(a) is the maximum value of f and
that f attains its maximum value at a. Similarly for b € A, if f(b) < f(x) for every x € A
then we say that f(b) is the minimum value of f (in A) and that f attains its minimum
value at b. We say that f attains its extreme values in A when f attains its maximum
value at some point a € A and f attains its minimum value at some point b € A.



4.25 Theorem: (Extreme Value Theorem) Let a,b € R with a < b, and let f : [a,0] = R
be continuous. Then f attains its extreme values in [a, b].

Proof: We prove that f attains its maximum. First we claim that f is bounded above.
Suppose, for a contradiction, that it is not. For each k € ZT, choose zj, € [a,b] such that
f(xx) > k. By the Bolzano Weierstrass Theorem, we can choose a convergent subsequence
(zr,). Let p = Jlgr;o ry,. Note that p € [a,b] by Comparison (since xj, > a for all j we

have p > a, and since x;; < b for all j we have p < b). Since f(zy;) > k; and k; — oo we
must have f(zx,) — oo as j — oo. But by the Sequential Characterization of Continuity,
we should have f(zy,) — f(p) € R, so we have obtained the desired contradiction. Thus
f is bounded above, as claimed.

Since the range f([a,b]) is nonempty and bounded above, it has a supremum. Let
m = sup f([a,b]). By the Approximation Property of the supremum, for each k € Z*
we can choose y, € [a,b] such that m — + < f(yx) < m. By the Bolzano Weierstrass

k
Theorem, we can choose a convergent subsequence (y,). Let ¢ = lim yg,. Since we have
J—00

m — % < f(yx;) < m and % — 0, we have f(yr,) — m as j — oo by the Squeeze
Theorem. Since f is continuous at ¢, by the Sequential Characterization of Continuity
we have f(yr,) — f(c), and so by the Uniqueness of Limits, we have f(c) = m. Thus f

attains its maximum value at c.

4.26 Example: For the function f : [-1,1] € R — R given by f(z) = 2* — z, you
can check using high school calculus that f attains its maximum and minimum values at

a = —\/Lg and b = \/Lg The function f : [—-1,1] € Q — Q is continuous in the closed

rational interval [—1,1] = {t € Q| — 1 <t < 1}, but it does not attain its maximum and

minimum values in this interval, so the conclusion of the Extreme Value Theorem does not
hold for this function.

4.27 Definition: Let F be a subfield of R, let A C F', and let f : A — F. We say that f
is uniformly continuous in A when

Ve>0 30>0 VacA VeeA(lz —al <6 = |f(z) — fla)| <¢).

4.28 Example: Define f : (0,00) — (0,00) by f(z) = 1. Let e=1. Let 6 > 0. If 6 > 1
then for z = 1 and a = 1 we have |z —a] = 2 < é but [f(z) — f(a)| =2>e fO< <1
thenforac:%andazéwehave |z —a| = 26 <6 but |f(z) — f(a)] = 2 > 2 > €. This

proves that f is not uniformly continuous (but f is continuous because it is elementary).

4.29 Theorem: (Closed Bounded Intervals and Uniform Continuity) Let a,b € R with
a <bandlet f:[a,b] - R. If f is continuous then f is uniformly continuous (on [a,b]).

Proof: Suppose, for a contradiction, that f : [a,b] — R is continuous but not uniformly
continuous on [a,b]. Choose ¢ > 0 so that for all 6 > 0 there exist z,y € [a,b] such
that |z —y| < d but |f(z) — f(y)| > e. For each k € ZT choose z, and yj in [a,b] with
|2k —yi| < 1 and | (@) — f(yx)| > €. By the Bolzano Weierstrass Theorem, we can choose
a convergent subsequence (y;,) of (yx). Let ¢ = Jlgrolo Yk, For all j we have |xy, —yp,| < %

hence yx, — % <@g, < Yk, + % Since Yk; — c and % — 0 we have yi, + % — ¢ and hence
xy,; — ¢ by the Squeeze Theorem. Since f is continuous at ¢ and xy; — ¢ and yi;, — ¢, we
have f(zr,) = f(c) and f(yx,) — f(c) by the Sequential Characterization of Continuity.
Since f(xx,) — c and f(yr,) — c we have f(xx,) — f(yx;) — 0. But this implies that we
can choose j so that |f(xy,) — f(yx,;)| < €, giving the desired contradiction.
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