2. The Dot Product, Norm, Angle and Orthogonal Projections in R"

2.1 Definition: For vectors z,y € R™ we define the dot product of x and y to be
zey=yle= > @iy
2.2 Theorem: (Properties of the Dot Product) For all x,y,z € R™ and all t € R we have
(1) (Bilinearity) (z+y)sz2=x2+y-z, (tz) -y =1t(z - y)
ze(ytz)=x-ytaez, vty =tx-y),
(2) (Symmetry) x « y =y » x, and
(3) (Positive Definiteness) x « x > 0 with x « x = 0 if and only if z = 0.

Proof: The proof is left as an exercise.

2.3 Definition: For a vector x € R", we define the length (or norm) of z to be
el = va=z = (X =)
1=

We say that x is a unit vector when ||z| = 1.

2.4 Theorem: (Properties of Length) Let x,y € R™ and let t € R. Then

(1) (Positive Definiteness) ||x|| > 0 with ||z|| = 0 if and only if x = 0,

(2) (Sealivg) 1] = [elll,

(3) [l £yl = l[=[] £ 2(z - y) + [lylI*.

(4) (The Polarization Identities) z « y = 5 ([z+yl|>— |z|>— |yl1*) = 3 (lz+yl* = |z —yl/?),
(5) (The Cauchy-Schwarz Inequality) |z « y| < ||x|| ||y|| with |x «y| = ||z| ||y|| if and only
if the set {x,y} is linearly dependent, and

(6) (The Triangle Inequality) ||z + y| < ||z| + ||y]|.

Proof: We leave the proofs of Parts (1), (2) and (3) as an exercise, and we note that
(4) follows immediately from (3). To prove part (5), suppose first that {z,y} is linearly
dependent. Then one of x and y is a multiple of the other, say y = tx with ¢ € R. Then

@+ yl = |z« (tz)| = |t(@ « )| = [t 2] = ] [[tz] = ] |y]-

Suppose next that {z,y} is linearly independent. Then for all ¢t € R we have x 4ty # 0
and so
0# [l +tyl?> = (z +ty) « (z+ty) = |Jz]|* + 2t(x - y) + £[|y|1*.

Since the quadratic on the right is non-zero for all ¢ € R, it follows that the discriminant
of the quadratic must be negative, that is

Az y)* — 4z *yl* < 0.

Thus (z - y)? < ||2]]?||y||*> and hence |x « y| < ||z||||y||. This proves part (5).
Using part (5) note that

lz+ylI* = llz)* + 2(z  y) + yl* < llz + gl + 202 -y + |ly])?
2
< llll* + 20z lyll + yl* = (=l + [lyll)
and so ||z + y|| < |||l + ||y||, which proves Part (6).



2.5 Definition: For points a,b € R™, we define the distance between a and b to be
dist(a, b) = ||b — al|.
2.6 Theorem: (Properties of Distance) Let a,b,c € R™. Then

(1) (Positive Definiteness) dist(a,b) > 0 with dist(a,b) = 0 if and only if a = b,
(2) (Symmetry) dist(a,b) = dist(b, a), and
(3) (The Triangle Inequality) dist(a,c) < dist(a,b) 4 dist(b, ¢).

Proof: The proof is left as an exercise.

2.7 Definition: For nonzero vectors 0 # x,y € R™, we define the angle between x and y
to be

= (:os_1 —x "y .
Owy) = (uxu Hyu) € 0.

Note that 6(z,y) = 7 if and only if 2 « y = 0. For vectors z,y € R", we say that x and y
are orthogonal when z - y = 0.

2.8 Theorem: (Properties of Angle) Let 0 # x,y € R™. Then

1) 6(z,y) € [0, ith
(1) 0(x,y) € [0, 7] wi {Qcay):7rﬁandon@jfy:txﬂﬁsmnet<0,
(2) (Symmetry) 0(x,y) = 0(y, ),

0(x,y) if0<teR,

(3) (Scaling) 0(tx,y) = 0(x, ty) m—0(x,y) if 0 >t € R,

(4) (The Law of Cosines) |ly — z||* = ||| + [[ylI* = 2]z [ly]| cos (=, y),
(5) (Pythagoras’ Theorem) 0(z,y) = 5 if and only if ||y — z||* = ||z||* + ||y||?, and

|E2] _ lly—=]
llll Iyl

O(x,y) =0 if and only if y = tx for some t > 0, and

(6) (Trigonometric Ratios) if (y—x) » x = 0 then cos0(x,y) =

and sin 0(x, y)

Proof: The Law of Cosines follows from the identity ||y — z||> = ||y||* — 2(y « z) + ||=||*> and
the definition of 0(z,y). Pythagoras’ Theorem is a special case of the Law of Cosines. We
Prove Part (6). Let 0 # x,y € R™ and write § = 0(x,y). Suppose that (y —z) « z = 0.
Then we have iy « x — 2 « z = 0 so that z + y = ||z, and so we have
2
TR I e
[yl Nzl lyll -yl

By Pythagoras’ Theorem we have ||z||? + ||y — z||?> = ||y||? so that ||y]|> — ||z|* = ||y — =||?,
and so

O 7 et [ e
lyl[? 1yl lyl]?

Since 6 € [0, 7] we have sinf > 0, and so taking the square root on both sides gives

sin? =1—cos?0 =1

ly — |
Iyl
2.9 Definition: For points a,b,c € R” with a # b and b # ¢ we define

Zabc = 60(a —b,c—b).

sinf =



2.10 Definition: Let S C R" be a subset. We define the orthogonal complement of
S in R” to be
SL:{xGR”‘m-u:OforaHUGS}.

2.11 Theorem: (Properties of the Orthogonal Complement) Let S C R be a subset, let
U C R™ be a subspace, and let A € My« (R). Then

(1) S+ is a subspace of R",

(2) If U = Span (S) then U+ = S+,
(3) (RowA)L = NullA.

(4) dim(U) + dim(UL) =n

(5) U U+ =R",

(6) (UH)*r =1,

(7) (NullA)+ = RowA.

Proof: Note that 0 € St since 0+u =0 for allu € S. If z,y C S+ so that z+u = 0
and y «u = 0 for all w € S then we have (z +y)+u =z u+ye.u =0 for all u € S
andsox+y € St. Ifx € St sothat z+u =0 for all w € S and t € R then we have
(tx) su=t(x +u) =0 for all u € S and so tu € S*. This shows that S+ is a subspace of
R™, proving Part (1).

To prove Part (2), let T = {x € R"|z + u =0 for all u € S}. It is clear that U+ C T

n

Let x € T. Let uw € U = Span (S5), say u = »_ t;u; with each ¢; € R and each u; € S.
i=1
Thenz.u==x+ > tju;= > ti(x+u;) =0. Thus x € U+ and so we have T C U-~.
i=1 '

1=1
T

U1 T U1
To prove Part (3), let A = : where each v; € R"”. Note that Az = : SO
UkT €T eV
we have r € NullA <= z-v; =0 for alli <= z € Span{vy,vs, -, v} = (RowA)~+

by part (2).

Part (4) follows from Part (3) since if we choose A so that RowA = U then we have
dim(U) + dim(U~) = dim RowA + dim(RowA)* = dim RowA + dim NullA = n.

To prove Part (5), in light of Part (4), it suffices to show that U N U+ = {0}. Let
x € UNUL. Since x € UL we have z « u = 0 for all w € U. In particular, since z € U we
have x « x = 0, and hence x = 0. Thus U N U+ = {0} and so U @ U+ = R™.

To prove Part (6), let z € U. By the definition of U+ we have x + v = 0 for allv € U+,
By the definition of (U1)% we see that € (U1)+. Thus U C (U+)+. By part (4) we
know that dimU + dim U+ = n and also that dim U+ + dim(U+)+ = n. Tt follows that
dimU = n — dim U+ = dim(U+)*. Since U C (U+)* and dimU = dim(U~+)+ we have
U = (U)*, as required.

By Parts (3) and (6) we have (Nulld)+ = ((ROWA)J‘)J_ = RowA, proving Part (7).



2.12 Definition: For a subspace U C R" and a vector z € R", we define the orthogonal
projection of z onto U, denoted by Proj(z), as follows. Since R™ = U @ U+, we can
choose unique vectors u,v € R” with u € U, v € U+ and z = u + v. We then define

Projy (x) = u.

Note that since U = (U+)+, for u and v as above we have Proj; . (r) = v. When y € R"
and U = Span {y}, we also write Proj,(x) = Proj;(z) and Proj,. (¥) = Projy. (z).

2.13 Theorem: Let U C R™ be a subspace and let x € R™. Then Proj;(x) is the unique
point in U which is nearest to x.

Proof: Let u,v € R™ with u € U, v € V and v+ v = x so that Proj;(z) = u. Let
w € U with w # u. Since v € U+ and v,w € U we have veu = v+w = 0 and so
ve(w—u)=v+w—ve+u=0. Thus we have

Iz —wl* = llu+v—w|* = o= (w=w)|* = (v - (w—u)) + (v = (w—u))
= [[vll* = 2v « (w =) + w —ull® = [Jv]* + lw — ull]® = llz — ul* + [lw — u]*.

Since w # u we have ||w — u|| > 0 and so ||z — w||? > ||z — u||?. Thus ||z — w| > ||z — u]],
that is dist(z,w) > dist(x,u), so u is the vector in U nearest to z, as required.

2.14 Theorem: For any matrix A € M,x;(R) we have Null(ATA) = Null(A) and
Col(ATA) = Col(AT) so that nullity(ATA) = nullity(A) and rank(ATA) = rank(A).

Proof: If x € Null(A) then Az = 0 so ATAz = 0 hence x € Null(ATA). This shows that
Null(A) C Null(ATA). If z € Null(ATA) then ATAx = 0 so that 7ATAx = 0, that is
|Az|? = (Az)T (Az) = 2TATAz = 0, and so Az = 0, that is € Null(A4). This shows that
Null(ATA) C Null(A). Thus we have Null(ATA) = Null(A4). Tt then follows that

Col(AT)=Row(A)=Null(A)* =Null(A7A)* =Row(ATA)=Col ((ATA)T) =Col(ATA).

2.15 Theorem: (Orthogonal Projection Formula) Let A € M, «;(R), let U = Col(A) and
let x € R™. Then

(1) the matrix equation ATAt = ATx has a solution t € R, and for any solution t we have
Projy (z) = At,
(2) if rank(A) = [ then AT A is invertible and
Projy(z) = A(ATA) "1 ATz

Proof: Note that U+ = (ColA)+ = Row(AT)+ = Null(AT). Let u,v € R" with u € U,
v € U+ and u+v = z so that Proj;(x) = u. Since u € U = ColA we can choose t € R so
that u = At. Then we have x = u+v = At+v. Multiply by AT to get ATz = ATAt+4 ATy,
Since v € UL = Null(AT) we have ATv = 0 so ATAt = ATx. Thus the matrix equation
ATAt = ATx does have a solution t € R'.

Now let ¢ € R! be any solution to ATAt = Atz. Let uw = At and v = 2 — u. Note that
r=u+v,u= At € Col(A) = U, and ATv = AT (z —u) = AT(x — At) = ATz — ATAt =0
so that v € Null(AT) = U+. Thus Proj, (z) = u = At, proving part (1).

Now suppose that rank(A) = I. Since ATA € M;y;(R) with rank(ATA) = rank(A) = [,
the matrix ATA is invertible. Since ATA is invertible, the unique solution ¢t € R! to the
matrix equation ATAt = ATz is the vector t = (ATA)"1 ATz, and so from Part (1) we
have Proj,;(z) = At = A(ATA)~1 ATz, proving Part (2).



2.16 Definition: For a subset A C R™, we say that A is orthogonal when x «y = 0
for all x,y € A with x # y. We say that A is orthonormal when A is orthogonal and
|z|| =1 for every x € A.

2.17 Note: Let uq,---,u; € R", let A= {uy,---,u} and let A = (uy,---,u;) € Mpxi(R).

Then
ulT ul . ul ul . u2 e ul . ul
u2 . u]. u2 . u2 o .. u2 . ul
T .
ATA= | ] () = |
ulT
ul . ul ul . u2 o .. ul . ul

It follows that A is orthogonal if and only if ATA is diagonal, in which case we have
ATA = diag(||u1|?, |lual|?,- - -, ||Jw]|?), and A is orthonormal if and only if ATA = I.

2.18 Note: Recall that when A = {uy,us,---,u;} is a basis for a vector space U over a
!

field F', a vector x € U can be written uniquely as a linear combination x = )_ t;u; with
i=1
each t; € F', and then we define the coordonate vector of x with respect to A to be

[iL']A:t: (t17t27”'7tl)T GFZ

2.19 Theorem: Let uy,usg,---,u; € R, let A = {uy,ua,---,u}, let U = Span A, and let
x € R™ Then

(1) if A is orthogonal with each u; # 0 then A is a basis for U and

[l’]A:(_x'ul Lotz —x'ul)T and
Jur][? [Jugl?” " flwll?)

(2) if A is orthonormal then A is a basis for U and

T
I:[L’]A:<xou17xou2’7x.ul> .

Proof: Suppose A is orthogonal with each u; # 0. Let A = (uy,ug, -, u;) € Myx(R)
so that U = Col(A). Since A is orthogonal we have ATA = diag(||lus||?, -, [w]|?). Since
each u; # 0 we see that ATA is invertible. Since rank(A) = rank(ATA) = [, the columns
of A are linearly independent, so A is a basis for U. Write x as a linear combination

!
r =Y tiju; = At with t € R!. Then we have ATz = ATAt and so
i=1

-1 ulT
[ala =t = (ATA) AT = diag (|2, ) [ | e
ulT
T e Uy
T U [Jua [|?
N 1 1 . _
= d1ag<||ul||z,"', Hul”2> : - :
€T e Up T U
[ |2

This proves part (1), and part (2) follows immediately from part (1).



2.20 Theorem: Let uy,uz,---,u; € R, let A = {uy,uq,---,u;}, let U = Span A, and let
x € R". Then

(1) if A is orthogonal with each u; # 0 then we have

T e U;

l
PrOjU(:B) = Z ||U||2 Uq,
i=1 """

(2) if A is orthonormal then

l
Projy (z) = Z(ﬂf " Ui) U
i=1
Proof: Suppose that A is orthogonal with each u; # 0. Let A = (uy,ug, -, u;) € Myuxi(R)
so that U = Col(A) and we have ATA = diag(||u1||?, - -, ||w]|?), which is invertible. Then

ulT

1 1
Projy(z) = A(ATA) "' ATy = (ul,---,ul)diag<W,---,W) : x
u u
1 l "
T e Uy

( Uy U ) ] T e U o T ey
— . = —u e — Uj.
Jud]2" 7 [l ]|? ' 2 ™ [Jwl[?

This proves part (1), and part (2) follows immediately from part (1).



