Chapter 4. Separability and Completeness

Separability

4.1 Note: Let X be a metric space. Recall that for A C X we say that A is dense in X
when A = X. Also recall that A = AU A’ where A’ is the set of limit points of A and so,
by the definition of limit points, it follows that A is dense in X if and only if every open
ball in X contains a point in A. By the sequential characterization of the closure, we can
say that A is dense in X if and only if for every a € X there exists a sequence (z,) in A
with z,, —» a in X.

4.2 Definition: Let X be a metric space (or a topological space). We say that X is
separable when it has a finite or countable dense subset.

4.3 Definition: Let X be a topological space. A basis (or a base) for the topology on
X is a set S of open sets in X with the property that for every subset U C X, U is open
if and only if for every point a € U there exists a basic set B € S with a € B C U.

4.4 Example: In a metric space X, the set of open balls S = {B(a, r)’a eX,0<re R}
is a basis for the metric topology on X.

4.5 Theorem: Let X be a metric space.

(1) If X is separable then there is a finite or countable basis for the metric topology on X.
(2) If every infinite subset of X has a limit point then X is separable.
(3) If X is separable then every subspace of X is separable.

Proof: We prove Parts 1 and 3 and leave the proof of Part 2 as an exercise. To prove Part 1,
let X be separable and choose a finite or countable dense subset P = {p1,p2,p3,---} C X.
Let S = {B(pk, %) ‘k,ﬁ € Z+}. Note that S is finite or countable because the map
F:Z% xZ* — S given by F(k,{) = B(px, ) is surjective (F might not be injective even
if the elements py are distinct). We claim that S is a basis for the topology on X.

Let U C X. Suppose first that that U is open in X. Let a € U. Since U is open
in X we can choose r > 0 such that B(a,2r) C U. Choose ¢ € Z* so that % < r. Since
P = {p1,p2,---} is dense in X we can choose an index k € Z* so that p; € B(a7 %)
Since d(pg,a) < %, we have a € B(pk, %) Also note that for all x € B(pk, %), we have
d(z,a) < d(z,pg) + d(px,a) < % + % < 2r so that a € B(pk, %) C B(a,2r) CU.

Now suppose that U has the property that for every a € U there exists B € S such
that a € B C U. For each a € U choose B, € S such that a € B, CU. Then U = |J By,
which is open (it a union of open sets). Thus S is a basis for the topology on X. acl

To prove Part 3, let X be separable and let ) # Y C X. Since X is separable we

can choose a finite or countable dense subset P C X, say P = {p1,p2,ps3,---}. Recall
from Part 1 that the set S = {B(pk, %) ’ k.l e Z+} is a finite or countable basis for the
topology on X. Fix an element b € Y. For each k,¢ € Z™T, if B(pk, %) NY +# () then then
choose an element g, ¢ € B(pk, %) NY and if B(pk, %) NY = ( then choose g ¢ = b. Let
Q = {qk,g|k:,€ € Z+}. Note that @) is a finite or countable subset of Y. We claim that
Q) is dense in Y. Let y € Y and let € > 0. Since S is a basis for the topology on X we
can choose k,¢ € Z* such that y € B(pk, %) C B(y,e€). Since y € B(pk, %) NY so that
B(pk, %) NY # 0, we have g4 € B(pk, %) NY. Since g € B(pk, %) C B(y,€), we have
d(qr,e,y) < €. Thus the set @) is dense in Y, as claimed.



4.6 Example: Euclidean space (R”, d2) is separable with Q™ as a countable dense subset.
Similarly, the complex space (C",dy) is separable with Q[i]” as a countable dense subset,

where Q[i] = {aﬁ—iy ’ x,y € @}.
4.7 Theorem: The spaces ({1,d;) and ({3,ds) are separable, and (£, d~,) is not.
Proof: We give the proof that (¢1(R), d;) is separable, and that (£, ds) is not. We leave

the cases (¢1(C),d;) and (¢2,ds) as an exercise. First we claim that (¢1,d;) is separable
when F = R. For each n € ZT, let

An:{a:(ak)kzlEROOake@forkgnandak:()fork>n}

o0

and let Q° = |J A,,. Note that for each n there is a natural bijection ' : Q" — A,, given
n=1

by F(ay, a2, ,a,) = (a1,as2, - +,a,,0,0,---), so each A,, is countable, and hence Q> is

countable (by Theorem 1.20). We claim that Q°° is dense in (€1, dl). Let b = (bk)k>1 € 1.

Let € > 0. Choose n € Z* so that ) |bgx| < 5. For each k < n choose aj, € Q so that
k=n+1
lap — bx| < 5=, and for each k > n let ar = 0. Then a = (ax) € A, € Q> and we have

la—=0bllv= > lax — bkl = >0 ax — bkl + >0 |bu| <n- 5, +5=c¢.
k=1 k=1 k=n+1
Thus Q% is a countable dense subset of (¢1,d;), so (¢1,d;) is separable.
Next we claim that (£, ds) is not separable (when F = R or C). For each A C Z™,

let e, = (e, Jk>1 where
B 1,ifke A
AE=N0 ik A

€Ak

Note that for A # B C Z* we have ||eA — eB”oo =1, so the balls By, (eA, %) are disjoint.

Let P C /4, be any dense subset. For each A C Z*, choose pa € PN By (ea, %) Since the

balls are disjoint, the map F : P(ZT) — P given by F(A) = pa is injective, so we have
2% = |P(N)| < |PI.

Thus (Yo, d) is not separable.

4.8 Example: As an exercise, show that the space (B[a, b], doo) of bounded functions on
the interval [a, b] is not separable (consider characteristic functions x 4 for appropriate sets
A C [a,b]).

4.9 Remark: Later (in Chapter 6) we will show that the space (Ca, b], d) of continuous
real valued functions on the interval [a,b] is separable. Once we have proven this, it will
follow that every subspace of C[a, b] is separable, using the supremum metric.



Completeness

4.10 Definition: A sequence (x,),>1 in a metric space X is called a Cauchy sequence
when it has the property that for all € > 0 there exists an index m € Z™ such that for all
indices k, ¢ > m we have d(zy, x¢) < €.

4.11 Theorem: Let X be a metric space.

(1) Every Cauchy sequence in X is bounded.
(2) Every convergent sequence in X is Cauchy.
(3) If some subsequence of a Cauchy sequence (x,,) converges, then (x,) converges.

Proof: To prove Part 1, let (2,,),>1 be a Cauchy sequence in X. Choose m € Z* such
that k,¢ > m = d(xk,z¢) < 1 and note that, in particular, we have d(zy, x,,) < 1 for all
k > m. Let a = x,, and choose r > max{d(xl,a),d(xg,a), s d(Tg—1,a), 1}. Then for
all n € Z* we have d(x,,a) < r so the sequence (z,,) is bounded, as required.

To prove Part 2, let (x,,),>1 be a convergent sequence in X and let a = lim x,. Let
- n—oo

€ > 0. Choose m € Z* such that n > m = d(zy,a) < §. Then for all k,¢ > m we have
d(zk, xe) < d(z,a) + d(a,zp) < g + g =€,
so the sequence (x,,) is Cauchy, as required.

To prove Part 3, let (z,,),>1 be a Cauchy sequence in X, let (z,,, )r>1 be a subsequence
of (xy)n>1, suppose that (x,, )r>1 converges, and let a = lim z,,. Let ¢ > 0. Since (z,)

k— o0
is Cauchy we can choose m € Z%1 so that k, £ > m = d(xy,x) < g Since klim ny = 00
—00
and lim x,, = a, we can choose an index ¢ such that n, > m and d(x,,,a) < g Then

k—o00
for all £ > m we have

d(xkua) < d(xkvxnz) + d(xnwa) < g + g =¢

4.12 Definition: A metric space X is called complete when every Cauchy sequence in
X converges in X. A complete inner product space is called a Hilbert space, and a
complete normed linear space is called a Banach space.

4.13 Theorem: Let X be a complete metric space and let A C X. Then A is complete
if and only if A is closed in X

Proof: Suppose that A is closed in X. Let (x,) be a Cauchy sequence in A. Since X is
complete, (z,) converges in X. Since A is closed in X and (z,) is a sequence in A which

converges in X, we have lim z, € A by Theorem 3.17 (The Sequential Characterization
n—oo

of Closed Sets). Thus every Cauchy sequence in A converges in A, so A is complete.
Suppose, conversely, that A is complete. Let a € A’, that is let a € X be a limit point

of A. Since a € A’, by Theorem 3.5 (The Sequential Characterization of Limit Points)

we can choose a sequence (z,) in A (indeed in A\ {a}) with nli_}rr;o x, = a. Since (zy,)

converges in X, it is Cauchy. Since (z,,) is Cauchy and A is complete, (z,) converges in
A, that is a = lim x, € A.
n—oo

4.14 Example: Recall, from MATH 247 or PMATH 333, that (R”, dg) is complete. Note
that (C™,ds) is also complete because (C",dy) = (R?",dy). It follows that every closed
subset A CR"™ (or A C C™) is complete (using the standard metric ds).

4.15 Example: Note that completeness is not invariant under homeomorphism. For
example, R is homeomorphic to (0,1) C R, but R is complete while (0, 1) is not.



4.16 Theorem: Every finite-dimensional normed linear space is complete.

Proof: Let U be an n-dimensional normed linear space over F = R or C. Let {uy, -, u,}
be a basis for the vector space U and let F' : F* — U be the associated vector space

isomorphism given by F(t) = Z trug. Recall, from Theorem 3.38, that both F and F~1

are Lipschitz continuous. Let L be a Lipshitz constant for F' and let M be a Lipschitz
constant for F~1. Let (z,)n,>1 be a Cauchy sequence in U. For each n € Z*, let t,, =
F~1(z,) € F*. Note that (,) is a Cauchy sequence in F" because

It~ tell = [P~ (@x) = B~ @), < M — ]l

Since (t,) is a Cauchy sequence in F" and F" is complete, (¢,) converges in F". Let

s = lim ¢, € F" and let a = F(s) € U. Then we have lim z, = a because
n— o0 n—oo

|zn — all = HF(tn) - F(S)H < Lty — sll2-
4.17 Corollary: The metric spaces (F",dy), (F™,d2) and (F™,d) are all complete.
4.18 Theorem: The metric spaces ({1,d;), ({2,d2) and (£, ds) are all complete.

Proof: We prove that (¢1, d;) is complete and we leave the proof that ({2, d2) and (Y, doo)
are complete as an exercise. Let (a,)n>1 be a Cauchy sequence in ¢;. For each n € 7t

oo
write a, = (@n.k)k>1 = (an,1,0n,2,an3,- ). Since a,, € 1 we have ) |a, x| < co. Since
k=1
(an)n>1 is Cauchy, for every e > 0 we can choose N € Z* such that for all n,m > N we
oo
have ||a, — anl|; <€, that is Y |ank — amk| < €. For each fixed k € ZT, note that for
k=1
oo
n,m > N we have |apr — am k| < D |an,; — am,j| < €, and so the sequence (an k)n>1 18
i=1
Cauchy in F, so it converges. For each k € ZT, let by = lim a,, € F and let b = (by)p>1.
n—oo -
We claim that b € ¢;. Since (an)n>1 is Cauchy, for every e > 0 we can choose
o0
N € Z* such that for all n,m > N we have ||a, — an |1 <€, that is Y |ank — ami| <e.
k=1
By the Triangle Inequality, for n,m > N we have [||ay|l; — [lamll;| < llan —aml;, < €.
It follows that the sequence (|]an\|)n>1 is a Cauchy sequence in R, so it converges. Let
M = lim |ja,||,; € R. For each fixed K € Z* we have
n— oo

K K K o)
p— 1 pu— 1 < 1 pu— 1 pu— .
2 1ol = 3 | lim ane| = lim 32 Jansl < lim 32 Jani| = lim flan]l, = M

K 00
Since Y |bg| < M for all K € Z7T it follows that > |bx| < M, so b € ¢4, as claimed.
k=1 k=1

Finally, we claim that lim a, = b in ¢;. Let ¢ > 0. Choose N € Z™ such that for all

n—oo

n,m > N we have ||a,, — an,||; < €. Then for n > N and for each K € Z" we have

K K
Yo lank — bl = Z ‘an,k — lim am,k| lim Z |an ke — G k|
kzl _ m—r00 m*)OO

< Jim 3% fans — omel = imflan — anl, < ¢

K 00
Since Y |an i — bg| < e for all K € Z* it follows that ||a, —bl|; = > |ank — bk| <e.
k=1 k=1



4.19 Exercise: Show that (¢1,d) and (f2,ds) are not closed in (o, ds) and so they
are not complete.

4.20 Exercise: Show that the metric spaces (C [a, b], d1) and (C [a, b], d2) are not complete.

Hint: in the case [a,b] = [~1,1], consider f, : [~1,1] — R given by f,(z) = z/?"~ for
n € ZT. Show that if (f,,) did converge, either in (C[—l, 1], dl) or in (C[—l, 1], dg), then it
would necessarily converge to a function g with g(z) = 1 when x > 0 and g(x) = —1 when

x < 0, but such a function g cannot be continuous.
4.21 Definition: Let F = R or C. For a metric space X, we define

F(X) = F(X, )ZX—{WX%F}
)

B(X)=B(X,F)={f:X —F| f is bounded}
C(X)=C(X,F)={f:X —F| f is continuous},
Co(X) = Cp(X, ) {f: X — IF! f is bounded and continuous}.

Note that B(X,F) is a normed linear space using the supremum norm given by

/]l = sup |f(z)|
zeX

and a metric space using the supremum metric given by do.(f,g) = sup !f(x) — g(.r)‘
zeX
These do not determine a well-defined norm and metric on C(X, F) since || ||, = sup | f(z)|
zeX
might not be finite, but they do determine a well-defined norm and metric on Cy(X, F).

4.22 Definition: For a sequence (f,) in F(X) and for g € F(X), we say that (f,)
converges uniformly to g on X, and write f,, — ¢ uniformly on X, when for every ¢ > 0
there exists m € Z*1 such that |f,(z) — g(x)| < € for every n > m and every xz € X.

4.23 Note: For a sequence (f,) € B(X) and for g € B(X), note that |f,(z) — g(z)| < €
for every x € X if and only if ||f, — g||,, < e. It follows that f, — ¢ uniformly on X if
and only if f, — g in the metric space (B(X), doo).



4.24 Theorem: Let X be a metric space. Then the metric spaces (B(X),doo) and
(Co(X),ds) are complete.

Proof: Let (f,)n>1 be a Cauchy sequence in (B(X),ds). Note that for each z € X,
we have ’fn(l‘) - fm(x)| < SUPyex |fn(y) - fm(y)’ = [|fn = fmll», and so the sequence
( fn(x))n>1 is a Cauchy sequence in F, so it converges. Thus we can define a function
g: X = Fbyg(z)= lim f,(z) and then we have f,, — g pointwise in X.
n—oo

We claim that g € B(X), that is we claim that g is bounded. Since (f,,) is a Cauchy
sequence in B(X), it is bounded (by Part 1 of Theorem 4.11) so we can choose M > 0
such that || f,||,, < M for all indices n. Then for all x € X we have |f, ()| < || full,, <M
and hence |g(z)| = lim |f,(x)| < M. Thus g is a bounded function, that is g € B(X).

n—oo
We know that f,, — ¢ pointwise on X. We must show that f,, — g uniformly on X.

Let € > 0. Since (f,,) is Cauchy we can choose m € Z* such that ||f — fel| ., < € for all
k,¢ > m. Then for all K > m and for all x € X we have

|fk:($) —g(iﬂ)‘ = Zli{folo |fk(a:) — fe(aj)‘ <e.

It follows that f,, — ¢ uniformly on X, that is f,, — ¢ in the metric space (B(X ),doo).
Thus (B(X),dw) is complete.

To show that (Cy(X),dw) is complete, it suffices (by Theorem 4.13) to show that
Cp(X) is closed in B(X). Let (f,) be a sequence in Cy(X) which converges in (B(X), doo).
Let g = nan;O fn € B(X). We need to show that g is continuous. Let ¢ > 0 and let
a € X. Since f, — g in (B(X),ds) we know that f, — g uniformly on X, so we can
choose m € ZT such that | fm(z) — g(z)| < § for all n > m and all z € X. Since fp, is

continuous at a we can choose § > 0 such that for all x € X with d(z,a) < § we have
| fm(2) = fm(a)| < & Then for all z € X with d(z,a) < § we have

9(z) = 9(a)| < |g(x) = fn(@)| + | (@) = fn(@)| + | fnla) —g(a)| < §+§+ §=¢
Thus ¢ is continuous at a. Since a was arbitrary, ¢ is continuous on X, hence g € Cp(X).

By the Sequential Characterization of Closed Sets (Part 3 of Theorem 3.17) it follows that
Cp(X) is closed in B(X), as required.

4.25 Corollary: The metric space (C[a,b],doo) is complete.
Proof: Since every continuous function f : [a,b] — F is bounded, we have C[a, b] = C|a, b].

4.26 Example: For F = R, in the metric space (C[a,b],doo), the space R]a,b| of Rie-
mann integrable functions is closed, hence complete, and the spaces Pla, b] of polynomial
functions, and C'[a,b] of continuously differentiable functions, are not closed, and hence
not complete.



The Completion of a Metric Space

4.27 Theorem: (Metric Completion) Every metric space X is isometric to a dense sub-
space of a complete metric space.

Proof: Let X be a metric space. Fix a € X. For each x € X, define f, : X - R
by f.(t) = d(t,x) — d(t,a). Note that f, is bounded since, by the Triangle Inequality,
|fo(t)| = |d(z,t) — d(a,t)| < d(a,x). Note that f, is continuous (indeed f, Lipschitz
continuous) because for s,t € X we have
£o(5) — fult)] = |d(s,2) — d(s, @) — d(t,) + d(t, )]

< |d(s,x) — d(t,z)| + |d(s,a) — d(t,a)|

<d(s,t) +d(s,t) =2d(s,t).
Define F' : X — Cy(X) by F(z) = fy. We claim that F preserves distance, using the d
metric on Cp(X). For all z,y,t € X we have

|fo(t) = fy ()] = |d(z, 1) — d(a,t) — d(y,t) + d(a,t)| = |d(z, 1) — d(y, )] < d(z,y)

hence for all x,y € X we have
Hfm - fyHoo = sup ‘fo:(t) - fy(y)‘ < d(x7y)'
tex
On the other hand, for all z,y € X we also have

1fe = fyll, = sup | f(t) = Fy ()| > | f2w) = fy ()| = |d(z,y) — d(y,y)| = d(z,y),

and so F' preserves distance, as claimed. Thus X is isometric to the image F/(X) C Cp(X),
which is dense in its closure F'(X), which is complete because it is a closed subspace of
the complete metric space Cp(X).

4.28 Remark: When X is a metric space and F : X — Cp(X) is the distance preserving
map in the proof of the above theorem, we often identify X with its isometric image F'(X)
and think of X as a dense subspace of the complete metric space Y = F(X). Alternatively
we can do some cutting and pasting operations on sets to obtain a complete metric space
Y which actually contains X as a dense subspace. Here is an outline of one possible way
of constructing such a set Y. Choose a set Z which is disjoint from X and has the same
cardinality as Cp(X) (a bit of set theory is required to prove that such a set Z exists).
Choose a bijection G : Cp(X) — Z and give Z the metric which makes G an isometry.
Then Z is complete and the composite H = Go F : X — Z is distance preserving so that
X is isometric to the image H(X), and H(X) is dense in the complete space H(X), and

H(X) is disjoint from X. Then let Y = (H(X)\ H(X)) UX so that we have X CY. Let

K :Y — H(X) be the bijection given by K(x) = h(z) if x € X and K(y) =y if h ¢ X,
and give Y the metric for which K is an isometry. Then Y is complete and X is dense in Y.

4.29 Definition: When X and Y are metric spaces with X C Y such that X is dense
in Y and Y is complete, we say that Y is the metric completion of X. The metric
completion of X is unique in the sense of the following theorem.



4.30 Theorem: (Uniqueness of the Metric Comlietion) Let X, Y and Z be metric spaces
with Y and Z complete such that X CY with X =Y and X C Z with X = Z. Then
there is a (unique) isometry F :Y — Z with F(x) = x for all x € X.

Proof: Let a € Y. Since X = Y we can choose a sequence (r,,) in X with z,, — a in Y.
Then (x,) is Cauchy in Y, hence also in X, hence also in Z. Since (z,,) is Cauchy in Z,
it converges in Z, say x,, — b in Z. In order for a map F : Y — Z to be continuous with
F(x) =z for every x € X, we must have

F(a)=F( lim z,) = lim F(z,) = lim z, =b.

n— 00 n— 00 n—o0
This shows that if such a map F exists, it is unique, and it must be given by the following
procedure: given a € Y we choose a sequence (z,,) in X with x,, — a and then we define
F(a) = lim z, € Z.
n—oo

We claim that the above procedure does determine a well-defined map whose value
F(a) does not depend on the choice of the sequence (z,). Let a € Y and let (z,) and
(yn) be two sequences in X with z,, > aand y,, > ain Y. Let b= lim z, in Z and let

n— oo

¢ = lim in Z. We need to show that b = ¢. Let € > 0. Choose m € Z% such that for all

indicyzbe_s)ori > m we have dy (zn,a) < 5, dy (yn,a) < %, dz(z,,b) < §. and dz(yn,c) < .
Then since dz(xn, yn) = dx (Tn,Yn) = dy (Tn, yn) we have
dz(b,c) <dz(b,xn) +dz(xn,yn) + dz(Yn,c)
=dz(b, ) + dy (Tn,yn) + dz(Yn, )
<dgz(b,zy) + dy(xn,a) + dy(a,yn) + dz(yn, )
<f+5+5+5=¢
Since dz (b, c) < € for every € > 0 we must have dz(b,c=0 hence b = ¢, as required.

Note that F'is bijective with its inverse GG given by the same construction: given c € Z

we choose a sequence (z,,) in X with z,, — b in Z and define G(¢) =b = lim z, in Y.
n—oo

It remains to prove that F' preserves distance. Let a,b € Y. Chooose sequences (z;,)
and (y,) in X with z, > a and y, > bin Y. Let ¢,d € Z with z,, - c and y, — d in Z.
We need to show that dy (a,b) = dz(c,d). Since

dy (a,b) < dy(a,zp) + dy (Tn,yn) + dy (yn,b) , and
dy (Tn,yn) < dy (zy,a) + dy(a,b) + dy (b, yn)
it follows that
‘dy(a,b) — dy(:cn,yn)‘ <dy(a,z,) + dy (Yn,b).

Taking the limit as n — oo gives |dy (a,b) — lim dy (zn,y,)| = 0 so that
n—oo
dy(a,b) = lim dy (2, yn) = lim dx(zn,yn).

Similarly, we have dz(c,d) = lim dx(x,,y,) and hence dy (a,b) = dz(c,d), as required.
n—oo



