Chapter 3. Geodesic Curvature and the Gauss-Bonnet Theorem

Geodesic Curvature and Geodesics

3.1 Definition: Let o : U C R? — R3 be a smooth regular surface, let « : I CR — U
be a smooth regular curve, and let v(t) = o(«(t)). Reparametrize v by arclength by
choosing a € I and letting B(s) = a(t(s)) and d(s) = y(t(s)) where s(t) = f(j | ()| dr.
Let T(s) = d'(s), let N(s) = n(B(s)), and let M(s) = N(s)xT(s) so {T,M,N} is a
positive ordered orthonormal basis for R® with 7" and M spanning the surface’s tangent
space. Since 1 = ¢’+¢’, we have ¢+’ = 0, that is 6" T = 0, so ¢" is in the span of N
and M. The curvature vector ¢”(s) can be decomposed into its normal and tangential
components as

8" = (6"« N)N + (6" - M)M.
We have already studied the normal component 6"« N: it is the directional curvature of o
in the direction of §’ (it does not depend on the shape of the curve §, but only on the shape
of the surface o and the direction of §’). The tangential component 6" « M does depend on
the shape of the curve. The geodesic curvature of 5 on o at s is given by

kg = kg(s) = kg(B)(s) = 0" (s) - M(s),
and the geodesic curvature of a on o at t is given by k, = ky(t) = kg(a)(t) = kg(B8)(s(2)).
3.2 Theorem: Geodesic curvature is an intrinsic property. Indeed for o, o, 3, v and § as
above, if we write 3(s) = (u(s),v(s)) then
ky=+/detg ((v"—{—l"%l (u')24+2T 2,0/ v 4T3, (v')Q) u' — (u"—FF%1 (u')?4+2T 10/ v' 4T3, (v')Q)v’> .
Proof: We have
kg=20"+M=10"+(NxT)=0"+(Nxd)=det(d',6",N)

where §(s) = a(8(s)) = o(u(s),v(s)) and N(s) = n(B(s)) = n(u(s),v(s)). By the Gauss-
Weingarten equations, we have

8 = oy + oV
§" = 0uu(U)? 4 0tV 4+ gt + Ou 'V + 04y (V) 4 o0
= (T'}0u4+T%,0,+h11n)(w)? + 2T 00 +T%,0, +hion)u'v’
+ (T390 + T390, +hoon) (V)2 + oyu” + ov”
= 0y (0" + 11 (u)? + 2T 100" + Toy (v')?)
+ o, (v + T3 (u)? + 2T Fu'v + T3,(v')?)
+ n(hu(ul)2 + 2hyou'v + h22<?}/)2).
Since the determinant of a matrix is an alternating linear function of its columns, the
above formulas for 4’ and ¢" give

ky = det(d’,8",N)
= det(0y, 04, n) (u' (v + T3 (u)*+20 0/ v +T3,(v')?)
— v’(1"%1(u’)2+2F%2u’vl+f‘%g(v')2)>.

Finally, we note that det(c,,0,,n) = (0, X0,)* 222" = |0, X 0,| = v/det g (with both

|ow X ol

|ow X 0| and v/det g being equal to the area of the parallelogram on o, and o).




3.3 Remark: We shall define a geodesic on a surface, and our intent is that a geodesic
should be a curve which is locally of minimum possible arclength. Before stating the formal
definition, let us provide some motivation (be warned that this motivational discussion is
about two pages long). Let o : U C R? — R3 be a smooth regular surface in R3, let
a:I CR — U C R? be a smooth regular curve, and let v(t) = o(a(t)). The length of v
on [t1,t2] € I in R? (or the length of o on [t1,t5] with respect to the Riemanninan metric
g) is given by

Ly(ittal) = [ 0]t = [ Va@glaa d

Define the energy of v on [t1,¢3] in (or the energy of a on [t1, 5] with respect to g) to be

By(int) = [ ofd= [ @ g

tl tl

By the Cauchy—Schwarz 1nequality, applied to the inner product on continuous functions

given by (f,g) f f(t)g(t)dt, when f is continuous with f(t) > 0 for all ¢t € [a,b] we
have

(/;W)d’f) \1f>\ <P IVFIT = b_a/f

with equality if and only if {\/f, 1} is linearly dependent, that is if and only if f is a
constant function. In particular (taking f(t) = [7/(¢)]* = &/(t)Tg(a(t))a/(t)), we have

LW([h,tQ])Q < (t2 — tl)Ev([tlthD

with equality if and only if |y/(¢)| is constant. If we reparametrize ~ by arclength by

letting 5(s) = a(t(s)) and d(s) = o(B(s)) = v(t(s)) where s( f |v/ ()| dr, then |§(s)|
is constant (indeed |6'(s)| = 1 for all s) so we have

Ls([s1, 82])2 = (s2 — 1) E5([s1, s2])

and so, to minimize the arclength we can minimize the energy.

To find a curve f(s), parametrized by arclength with respect to g, which is locally of
minimum energy, we use the methods of calculus of variations, which we now summarize for
students who are unfamiliar with this branch of mathematics. A functional is a function
whose domain is a set of functions. Given a smooth function L = L(s,u,v,u’,v"), define a
functional F' by

where £ : [a,b] € R — R? is given by 8(s) = (u(s),v(s)). The function L is called the
Langrangian for the functional F'. In order for the functional F' to have a local minimum
(or maximum) at 3, the functions ¢.(t) = F (B8 + t(¢,0)) and ¥(t) = F(B + t(0,¢))
must both have a local minimum (or maximum) value at ¢ = 0 for any smooth function
€ : a,b] = R with €(a) = €(b) = 0, so we must have ¢/(0) = 0 and v/ (0) for any such e.
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Using Integration by Parts, we have

b
¢l (t) = LF(B+te) = / LT (s,uls) +te(s),v(s),u' (s) + te (s),v'(s)) ds

b b b
— ! _ _ d OL
_/ e+au,e ds = eds+[8u, e]a / < B € ds,
a

a

00)= [ (3~ & 8)c s

In order for the final integral to vanish for every such e, we must have 2& — 4 9L —

ou ds ou’
.. . / : oL d OL __
Similarly, in order to have 1 (0) vanish for every such €, we must have 5> — =55 = 0.

The equations

L _ d oL _ L _ d 9L _

du ~ ds ou’ » Bv  ds Ov
are called the Euler-Lagrange equations for the functional F with Lagrangian L, and
any function § at which the functional F' has a local minimum (or maximum) must satisfy
these equations.

Returning to our problem of defining a geodesic to be a curve which locally minimizes
arclegth, we are interested in finding a curve 3 = B(s) = (u(s), v(s)), such that the curve
d(s) = o(B(s)) is parametrized by arclength, and f is a local minimum for the energy
functional

b
F(8) = Eafa.b)) = | 6'(5)79(3(:)8'(5) ds,
a
which is the functional with Lagrangian
L = L(s,u,v,u’,v") = (u',v')g(u,v)(;f:)
= gu1(u,v) (0')? + 2g12(u, v) u'v" + gaz(u,v) (v')*.
For this particular problem, we expect (intuitively) that all solutions to the Euler-Lagrange
equations will yield local minima (partly because given ¢ > 0 we can choose € to be a rapidly
oscillating function so that ¢.(t) and v.(t) are arbitrarily large, so ¢.(t) and . (t) never
have local maxima at t = 0), so we shall define a geodesic to be a curve, parametrized by
arclength with respect to g, which satisfies the Euler-Lagrange equations for this functional.
We remark that it is possible to prove rigorously that all solutions to the Euler-Lagrange

equations do locally minimize arclength, by using some additional techniques from calculus
of variations (by calculating the so called second variation).

Our final chore, before stating the formal definition of a geodesic, it to calculate the
Euler-Lagrange equations for the above energy functional. We have

9L = (g11)u(¥)? + 2(g12)utt'V’ + (g22)u(v')?
EOL = L (29110 +29120") = £ (2911 (u(s), v(s)) v (s) + 2 g12 (u(s), v(s))v'(s))

= 2((911)u(ul)2 + (911)1;%/?/ + gu” + (912)uulvl + (912)1;(1/)2 + 9121)//)

and so we have g—ﬁ = di " if and only if
2110”4+ 2g120" + (911)u (U ) + 2(g11)vu'v" + (2(912)11 — (922)u)(v/)2 =0.
d oL

A similar calculation shows tha av i, =0 if and only if
2912“” + 292271// + (2(912)u - (gll)v)(ul)2 + 2(922)uul1/ + (922)1;(?1/)2 =0.
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Thus both of the Euler-Lagrange equations hold if and only if

W\ 1 ((g)u(@)? 4 2(g11) 0’0" + (2(g12)0 — (g22)u) (V)
g (“”) a ((2(912)u — (g11)0) (u')? +2(922)uuv + (922)0(v /)2)
that is if and only if

(“”>:_;g <(9 Du(@)? +2(g11)ow'v’ + (2(g12)0 — (g22)u) (V') )

v ’ (2(g12)w — (g11)0) (') + 2(g22) 'V’ 4 (g (0)?
_ (Fh( u')? +2F12u’v’+F22( "2 )

2, (u)? + 2I3,u'v + T3, (v')?

(e

3.4 Definition: Let o : U C R? — R? be a smooth regular surface in R3. A geodesic on
o is a smooth regular curve 3: I C R — U C R?, parametrized by arclength with respect
to g (meaning that the curve §(s) = o(B(s)) satisfies [§'(s)| = 1 for all s), which satisfies
the Euler-Lagrange equations for the energy functional

F(8) = Es([a,b]) /ﬁ (5)Tg(B(s))B'(s) ds.

(B(s)
which is equivalent to saying that for 3(s) = (u(s),v(s)) we have
u” + T () +20 2u'v' + T3 ( )
The above differential equations are called the geodesic equations.

3.5 Theorem: Let o : U C R? — R3 be a smooth regular surface, let 3: I CR — U be a
smooth regular curve (not necessarily parametrized by arclength), and let §(s) = o(5(s)).

(1) 6”(s) is in the direction of N (s) = n(3(s)) for all s if and only if /3 satisfies the geodesic
equations and, in this case, |§'| is constant.

(2) When |§'(s)| =1 for all s, B is a geodesic if and only if k, is identically zero.
Proof: From the formula
8" =ou(u + Il ()% + 2T /v + T, (v 2)
+ 0y (v + T3 () + 2 Fu'v + T3, (v')?)
+ n(hi1(w)? 4 2h12u'v" + hao(v)?),

which was derived in the proof of Theorem 3.2, it is apparent that 6”(s) is in the span of
N(s) =n(B(s)) for all s if and only if § satisfies the geodesic equations. And in this case,
since 8" is orthogonal to the tangent space, we have ¢+’ = 0, that is d%é' «¢’ =0, and so
|0’| is constant, proving Part 1.

To prove Part 2, suppose that [6'(s)| = 1 for all s. If 3 satisfies the geodesic equations
then k,(s) = 0 for all s by the formula for k, in Theorem 3.2. Suppose, on the other hand,
that k, is identically zero. From the definition of k4, we have 6”(s)+M(s) = 0 for all s.
Since [0’(s)] = 1 for all s we have 6”(s)+d'(s) = 0, that is §'(s)+T(s) = 0 for all s. Since
8" (s) is orthogonal to both M (s) and T'(s), it is in the direction of N (s) for all s, hence
satisfies the geodesic equations by Part 1, so 5 is a geodesic.

3.6 Corollary: Let 0 : U C R? — R3 be a smooth regular surface. Given a point p € U
and a unit vector A € R?, there is a unique geodesic 3 : I C R — U C R? with 0 € I,

B(0) = p and |g Eg% = A, where I is the maximal open interval with 5(s) € U for all s € 1.

Proof: This follows from existence and uniqueness theorems for differential equations.



Orthogonal Coordinates

3.7 Theorem: (Orthogonal Coordinates) Let o : U C R? — R3 be a smooth regular
surface in R3. For every p € U there exists an open set U, C U with p € U, and a smooth
regular change of coordnates ¢ : U, — V), with ¢(p) = p such that, for the corresponding
surface given by p(s,t) = o(¢~'(s,t)), the matrix g,(s,t) is diagonal for all s,t.

Proof: We sketch a proof, making use of existence and uniqueness theorems for differential
equations. Write 9(s,t) = ¢~ (s,t) = (u(s,t),v(s,t)) so that p(s,t) = o(u(s,t),v(s,t)).
Choose v = v(s,t) =t so that vy =0 and v; = 1. Then

Ps = Oyls + OyUs = Oy Us

Pt = OyUt + OV = Oy Ut + Oy

Ps* Pt = (Uu’au)usut + (Uu'av)us

that is (g,)12 = ((gg)llut + (ga)lz)us. So to get (g,)12 = 0 we can choose u = u(s,t) so
that u, = —92112 To be more explicit, if p = (a,b) then for each s we let us = us(t)

(90)11
be the (unique) solution to the ordinary differential equation ug = —% with the
initial condition us(b) = a, then let u(s,t) = us(t). Note that the solution exists locally,
and for the resulting surface p, the derivative matrix Dp will be of rank 2 locally, near p.

In addition, since the functions (g )12 and (g, )11 are smooth, the solution is smooth.

3.8 Definition: When o : U C R? — R3 is a regular smooth surface for which the first
fundamental form g = g(u,v) is diagonal for all (u,v) € U, we say that the coordinates
(u,v) are orthogonal coordinates.

3.9 Remark: In fact, Gauss proved a stronger version of the above theorem. He showed
that given any smooth regular surface o in R3, in a neighbourhood of each point p € U,
there exists a smooth regular change of coordinates such that g,(s,t) is a multiple of the
identity matrix for all (s,t). Such coordinates (s,t) are called isothermal coordinates.

3.10 Theorem: (Gaussian Curvature in Orthogonal Coordinates) Let o : U C R? — R3
be a smooth regular surface in R3 for which g = g(u,v) is diagonal for all (u,v) € U. Then
the Gaussian curvature K = K (u,v) is given by

K = -1 (2 (922)u +2 (gll)'u>
2\/011922 \ Ou \/g11g22  Ov \/g11G22 )

Proof: We sketch the proof. From the definition of the Christoffel symbols given in Theo-
rem 2.20 (the Gauss-Weingarten equations), we have

1
I = (Fh Il F%2) _1 (g? 0 ) ( (911)u (911)0 —(922)u) .
'y, i, T3 2N 0 =) \lgm)e (922)u (922)w

Put these values into the formula for K given in the proof of Theorem 2.23 (Gauss’ The-
orema Egregium) to get

911922 K = g11 ((F%Q)u — (Pg)o + T3y + T3, — Tl — F%QF%2>7

1 ( 0 (_ M) o Q((gn)y) . (911)u(922)u + (911)v(922)v o (911) 2 _ (g22) > )

g22 \ Ou 2911 v\ 2g11 491:° 4 911922 49112 4911922

To complete the proof, take the derivatives, expand and simplify, and do the same to the
expression on the right hand side in the statement of the theorem.



3.11 Theorem: (Geodesic Curvature of Coordinate Lines in Orthogonal Coordinates)
Let o : U C R? — R? be a smooth regular surface in R3 for which g = g(u,v) is diagonal
for all (u,v) € U. At the point p = (a,b) € U, the geodesic curvatures of the coordinate
lines v = b and v = a (that is the curves given by a = (u(s),b) with u(0) = a and u'(s) > 0,
and ((s) = (a,v(s)) with v(0) = b and v'(s) > 0, both parametrized by arclength with
respect to g) are given by

ki =k =k = _M ko — kU= _ L _ (922)u .
1= Ry (@) Yonvin | 2 4(58) —2922\/91

Proof: For any curve 3(s) = (u(s),v(s)), parametrized by arclength with respect to g,
from the formula in Theorem 3.2, we have

kg:\/detg((v”—l—F% ()2 42 T2, v +T 2, (v') )/ — (u+T%, () 242 T ' +F§2(v’)2)v').

For the particular curve 3(s) = (a,v(s)), where u(s) = a, we have v’ = 0 and v’ = 0, so

this simplifies to
ko = kU= = —\/det g T, (v')?
Because (3 is parametrized by arclength (with respect to g) and ' = 0 we have
1=5"(s)"g(8(s))8'(s) = g11 (') + 2g12u"0" + g22(v')? = gaa(v')*

so that v/ = \/TT Because g12 = 0 we have det g = g11922 and we have F22 =

in the proof of Theorem 3.10), and so

ky = ky=" = —\/detg D, (v))° = —v/gniges (— 52 ) (742)" = 7=,

as required. The calculation of k1 = k;’:b is similar.

(922)u

2911 (as

3.12 Note: Let 0 : U C R? — R3 be a smooth regular surface in R? for which g = g(u, v)
is diagonal for all (u,v) € U. Let 8 : I C R — U C R? be a smooth regular curve
which is parametrized by arclength with respect to g, so we have |§'(s)| =1 for all s € I,

where §(s) = o(B(s)). Since oy+0, = g12 = 0 so that [oxo,| = |oy||oy], we have
n = ITTH X |Z”| so that { L |Z”‘ ,n} is a positive ordered orthonormal basis for R3. Since

5(s) = a(B(s)) = a(u(s),v(s)), we have ¢ = o,u’ + o,v" so that ¢ is in the span of oy,
and o, and so &' = (&'« 2 )|gu‘ (6" 22 )|U - By Theorem 1.17 (Polar Coordinates),

Joul ‘ |Uv|
since [0'(s)] = 1 for all s, we can choose a smooth function 6 : I — R (which is unique

up to the addition of an integer multiple of 27) such that cosf(s) = ¢(s)- @“EéEg;' and

sinf(s) = &'(s)- |ZUEgEz%§\ for all s € T so that

o B ()
9'(s) = cos () LGS + om0 TG
&

The function 0(s) measures the angle from o, (8(s)) counterclockwise to ¢’(s) in the tangent
space with ordered orthonormal basis { |Z“ }




3.13 Theorem: (Geodesic Curvature in Orthogonal Coordinates) Let o : U C R? — R3
be a smooth regular surface in R? for which g = g(u,v) is diagonal for all (u,v) € U. Let
B:1 C R — U be asmooth regular curve which is parametrized by arclength with respect
to g, so we have |§'(s)| = 1 for all s € I where §(s) = o(8(s)). Let 8 = 6(s) be a smooth
function such that
u(B(s))
8 (s) = cosO(s) oulB(s))
|ou(B(s))]
(1) For 3(s) = (u(s),v(s)) we have
cosl = \/gi1 v, sinf = \/gas V.

(2) The geodesic curvature k, = ky(s) of 5 at s is related to the geodesic curvatures k;
and ko of the coordinate lines at the point 3(s) € U by

ky=10"+cosfky +sinfksy.

Proof: To prove Part 1, note that since ¢’ = cos 0% + sin 0% and d(s) = o(B(s)), we
have

_ 5l o4 / w0y o /

cosf =4 o = = (ot + opv’) e |Uu‘ = = /g u
=& . Tu / Ov  — Tu0y o/ — /

sinf = ¢« ot = = (ouu' + opv’) e 1 = Ho v 22 U

Fix so € I and let p = (a,b) = B(sg). Consider three curves in U through the point
p, the given curve 3 = 3(s) and the two coordinate lines 8 (t) = (u1(¢),b) with u1(0) = a
and B2(t) = (a,v2(t)) with v2(0) = b, with all three curves parametrized by arclength with
respect to g, so that we have |§’(s)| = 1 for all s and |61(¢)| = |92(¢)| = 1 for all ¢, where
d(s) = a(B(s)), 01(t) = o(B1(t)) and d2(t) = o(B2(t)). Following each curve, we have
orthonormal bases: we have {T, M, N} where T'=T(s) = §'(s), N = N(s) = n(8(s)) and
M(S) = N(S) XT(S), and we have {Tl, Ml, Nl} and {TQ, MQ, NQ} where Tj = Tj(t) = 5j/(t),
N;(t) =n(B,;(t)) and M;(t) = N () xT;(t ) At p, we have k; = kg(8)(s0) = 6" (s0) * M (s0)
and for j = 1,2 we have k; = (B])( ) §;"(0)+ M;(0).

Since 8, (t) = o(B1(t)) = o(u1(t),b) we have Ty = §{ = o, u1 On the other hand we

have T} = |g“| and so u{ = ﬁ Similarly T = 0y = 0, v9 = |U [ S0 that vd = ﬁ Since
T, =6 = IZZI we have TY = ¢/ = 8au(|0u|) u! = |Ulu‘ aau(|gu|) Similarly, we can use the
fact that Th = dy M, = |ZZ| and My = to obtain similar formulas for 7%,

|0\’

My and M. For all t we have

Iaul

0 ( oy 1 0 ( oy
T =6 = \au| 8_u(|au|) , M = [0 8_u(|av|)’
/A T I 1 0 (.ou
Ty = 02 —|au|%(|av|) ) M2—_|au|%<|au|)
Since d(s) = o(B(s)) = o(u(s), ( )) we have T' = §' = o,u' + o,v". On the other
hand, we have T = §' = cos@ o s 1r10| | and so v = % and v/ = Tln? Since
0 =T= E |—|—sm0| . andM— sin -2 |+C089| ot for all s we have

low

8" =T = -0 sin6 "“l—l—COSQa("“)u +cos€ (|U|)v’

[o]

+0’cos€l"”‘+sm€ ("”)u —l—sm@ (U“)v’

o] oo

=0'M + 0050 (|aZ|) Clgjj + cos b %(H) 71;;‘"
+sin0 2 (12) S +sind £ (;2) $2
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In particular, when s = sy and ¢t = 0 we have

8" =T =0 M + cos? 0Ty — cosOsin@ My + cosOsin6 My + sin® 0Ty ,

M= —sin0@T; +cos0T,.
Since 1 = T;+T; and 1 = M;+M;, differentiating gives T} +T; = 0 and M/ +M; = 0. At
t=0 we have M1:T2 and MQI_Tl. SO Mll'TQ M1 M1 Oand M1 T2 —M1'-M1:0.
Taking the dot product of ¢ with M (as above), using these orthogonality formulas gives

8" M =0" +cos®0 Ty «Ty — cos>0sin® My +Ty — cosOsin0 M{ T, —sin®>0 Ty - T}.

Differentiating M;+T; = 0 gives M} +T; + M;-T; = 0, so that M;+T; = =T} +M;, and
SO Tll'TQ = Tll'Ml = ]{?1, MQ/'TQ = _TQI'MQ = —]{32, M1/°T1 = —Tll'Ml = —]{51 and
Ty «T) = —T5 « My = —ky. Substitute these into the above formula for 6"« M to get

ky=0"+M = 0"+ cos® 0 ki + cos> 0sin @ ky + cosOsin® 0 ky + sin® 0 ko

=0+ cos ki +sinf ko,

as required.

Green’s Theorem

3.14 Theorem: (Green’s Theorem) Let U and V be open sets in R? such that V contains
the triangle A = {(x,y) cR? ‘ x>0,y>0,z+y< 1}. Let ¢ : U — V be a smooth regular
positive change of coordinates with inverse ) = ¢~ : V — U. Let R = ¢(A) be the image
of A in U and let oy, as,a3 : [0,1] — U be the edges of R given by a1(t) = (0,1—1),
as(t) = ¥(t,0) and as(t) = (1 —t,t). Let F : U — R? be a smooth map given by
F = (P,Q) where P,QQ : U — R. Then

3

[[ (22 -y dudv:;/;OF(aj<t>)-a/<t>dt.

Proof: Let d1, 02,03 : [0,1] — V be the edges of A given by §;(t) = (0,1—t), d2(t) = (¢,0)
and d3(t) = (1—t,t) so that a;(t) = ¥(d,(t)), and let G = (L, M) : V — R? be given by
G(x,y) = D¥(z,y)' F(¢(z,y)), that is
L\ [(uy vy P
M) \u, v, Q)
Then we have L = Pu, + Qu, and M = Puy, + Qu, so that
L, = (Pyuy + Pyvy)ug + Pugy + (Quuy + Quvy )ty + Qugy
My = (Pyug + Pyvg)uy + Puys + (Quua + Quuz)vy + Quys
and hence
M, — L, = (Qu — Py)(uzvy — uyvy) = (Qu — P,) det Dip.

By the change of variables formula for integration, we have

//R @—3 - %f) dudv = / / @wy» - Z—f(w,y))) (det DY) da dy

/ 6_M - — dm dy.
or y



Also, when ¢ : [0,1] — V and a(t) = ¢(d(t)) we have o/ (t) = D1 (8(t))d’(t) so that

/tZOF(a(t))-a’(t)dt:/o o/(t)TF(a(t))dt:/O 5’(t)TD¢(5(t))TF(w(5(t))) dt

_ /1 5'(H)G(5(t)) dt = /1 G (5(t)) o' (1) dt.

Thus it suffices to show that

//A %—]\j—g—jddy_Z/ (t) dt.

And indeed, we have

fioa- [
[faansiva- |
[favors =/O

and

OM L /1 (/1 VoM ) /1 (/H OL )
— — — | dxdy = —dx | dy — —dy | dx
//A ( Ox ay> Y y=0 z=0 Ox Y z=0 y=0 ay Y
/1 |:M( )] 17yd /1 [L( ):| 11—z d
= x, — x, x
y=0 Y =0 Y =0 Y y=0

1
=/ M(1-y,y)dy —
y=0

L(0,1—t),M(0,1—1))+(0,—1)d /M(Jlt

N

(£,0)) - (1,0) dt _/ L(#,0) dt

L(1—t,t), M(1—t,t))+(—1,1)d¢

I
=
|_|
@;.
o}-
E:
|

1
/ L(1—t,t)dt,
0

1 1
M(0,y) dy—/ L(z,1—x) da:+/ L(z,0)dz
0 =0 T

Y=

1 1 1 1
/ M(l—t,t)dt—/ M(O,l—t)dt—/ L(l—t,t)dt+/ L(t,0) dt.
t t=0 t=0 t=0

=0

The Gauss-Bonnet Formula

3.15 Definition: Let 0 : U C R? — R3 be a smooth regular surface, let R C U be
Jordan region, let « : [a,b] C R — U be a smooth regular curve, and let v(t) = o(a(t
The integral of the geodesic curvature of a on [a,b] is given by

[ kL= [ k@@ o] d= [ k@O @@ d

and the integral of the Gaussian curvature of ¢ on R is given by

//KdA://KUdA:/RKU(u,v)\/Wdudv.

))
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3.16 Theorem: (Change of Coordinates) Let o : U C R? — R3 be a smooth regular
surface, let R C U be a Jordan region, let « : [a,b] C R — U be a smooth regular curve,
and let v(t) = o(a(t)).

(1) Let r : [a,b] — [c,d] is a regular change of parametrization and let A(r) = a(t(r)).
Then

kg(N)(r(t)) = £kg()(t) and //\k:g dL = i/ kg dL

where we use the + sign when r'(t) > 0 for all t and the — sign when r'(t) < 0 for all t.
(2) Let ¢ : U — V be a smooth regular change of coordinates with inverse ¢ : V. — U,
let p : V — R? be given by p(z,y) = o((z,y)) and let \ : [a,b] — V be given by
A(t) = ¢(a(t)). Then

kg()\)(t)::l:kg(a)(t),/AkgdL::I:/ngdL and /RKUdAz/ K, dA.

o(R)
where we use the + sign when ¢ preserves orientaton (that is when det D¢(u,v) > 0 for
all u,v) and the — sign when ¢ reverses orientation.

Proof: We prove part 1, in the case that r = r(t) reverses direction, and leave the rest of
the proof as an exercise. Suppose that r : [a,b] — [c, d] reverses direction, so 7/(t) < 0 for
all ¢t and r(a) = d and r(b) = c¢. We have « : [a,b] — U. To define k,(c) we let v(t) =
a(a(t)) and we reparametrize by arclength to get 5(s(t)) = «(t) and §(s(t)) = ~(t) with

f |7/ (x)| dz. We also have A : [¢,d] — U given by A(r(t)) = a(t). To define k4(\) we
let l/( )= a()\( )) and reparametrize by arclength to get p(q(r)) = A(r) and £(q(r)) = v(r)
with ¢ = q(r) = [ [V/(y)| dy. Note that v(t) = o(a(t)) = o(A(r(t))) = v(r(t)), so

Laq(r(t ))) = (r(t)r'(t) = [V (r@)|r'(t) = = [/ ()" (t)| = = |7/ (t)| = -
Since

§(q(r(t))) = v(r(t)) = ~(t) = d(s(1)),

)Lq(r(t)) = §'(s(t))s'(t) hence &(q(r(t))) = —d&'(s(t), and similarly
s(t)). Thus

we have &'(q(r(t))
§"(q(r(t))) = +6"(

Fy(@)(t) = kg(B)(5(8)) = 8" (s(0)) - (2325 (B(s(1)) x &' (s(1)))
= =" (q(r(t)) - ({222 (u(a(r(1))) <€ (a(r($))) ) = —kg (1) (a(r (1)) = —ko(N) ((8))-
Thus

[ L= [ k@l @lae= [ <k oo o]




3.17 Theorem: (The Gauss-Bonnet Formula in Orthogonal Coordinates) Let U C R? and
let 0 : U C R* — R3 be a smooth regular surface in R? for which g(u,v) is diagonal for all
(u,v) € U. Let ¢ : U — V be a smooth regular positive change of coordinates, with inverse
¢ =¢~1:V — U, such that V contains the triangle A = {(z,y) € R? | £>0,y>0,24y<1}.
Let R = 1(A) be the image of A in U, and let a1, ap and as be the edges of R given by
a; = (0,1—1), as = ¥(¢,0) and as(t ) (1—t,t) for 0 <t < 1. Let v;(t) = o(a;(t)),

choose smooth functions 6,;(t) so that |VZ Et;I = cos 6(t) e (v;(t)) +siné(t) |Z—:|(fyj (t)), and

let Ajg = 9J<1) — QJ(O) fOFj € {1, ,3} Then
3 3
/ KdA+ S [ kydL=3 Ag;.
R i=1Ja, j=1

Proof Fix j € {1,2,3,} and reparametrize by arclength using s : [0, 1] — [0, ¢] given by
fo |;(r)| dr and «;(t) = B;(s(t)), v;(t) = ;(s(t)). Since (53/(3) = g;,ggz;% we have
37 (s) = cos ©(s) 125(0;(s)) + sin©;(s) = (d;(s))

lowl

where ©,(s(t)) = 6;(t). By the change of coordinates formula (Part 1 of Theorem 3.16)
and the formula for k,(5) in orthogonal coordinates (Part 2 of Theorem 3.13), we have

[ woar= [ wgar= | k)@= [ ko)

J J

¢
= O/ (s) + k1(s) cos ©;(s) + ka(s) sin ©;(s),

s=0

where k1 and ky are the geodesic curvatures of the coordinate lines. Since ©;(s(t)) = 6;(t)
we have

4 1 1
/S_O @j (S) ds = /t_o @j (s(t))s (t) dt = /t_o 9]‘ (t) dt = AHJ .

By Theorem 3.11 and Part 1 of Theorem 3.13, we have k; = —%, ko = %,

cos©; = /g11 v/ and sin©; = ,/gaz v/ where 8;(s) = (u(s), v(s)), and so

V4
/ k1(s) cos ©;(s) + ka(s)sin©;(s) ds
s=0
Y e e
= git)y g22)u /
= /5'20_2911 922 u + 2922\/9? gog U dS

£ 1
- /:0 F(BJ(S)) 'le(S) ds = /tzo F(aj (t)) .aj’(t) dt

where F' = (P,Q) with P = —2\(/’% and Q = 2\(/9%. Using Green’s Theorem, then

the formula for K in orthogonal coordinates (Theorem 3.10), we have

' () e ) _ 9 (922)u K (911)o
Z F(Oéj(t)) Q; (t) dt—/R 9% 271109 + pe —2\/mg22

t=0
:// —v/911922 Kdudv:—// K \/detg dudv:—/ K dA
R R R

3 3 3 1 3
so that / kgdL =5 AO; + > Fla;(t))-aj(t)dt = Y A6, —/ K dA.
j=1Ja = j=1 R

; j=1 j=1Jt=0

du dv
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3.18 Note: In the Gauss-Bonnet formula, if we let €1, €5, €5 € [0, 7] be the external angles
at the vertices of the curved image triangle o(R) (that is the angles from from 71'(1) to
72(0), from ~4(1) to 74(0), and from 4(1) to 4{(0)) then it is intuitively apparent (but
surprisingly difficult to prove) that

3 3
ZAHJ—f— Zej:27r.
: =1

Jj=1

Using this formula, then we can write the conclusion of the Gauss-Bonnet Formula as

3 3
/ KdA+ )’ kzgdL+Zej=27r.
= =

Let us describe the ideas which can be used to prove that Z Af; + Z €; = 2m. It is not

1
hard to argue that the sum on the left must be of the forrri 27 k for ;ome k € Z, the hard
part is to show that k£ = 1. If the composite map o(¢(x,y)) was an affine map (that is a
linear map composed with a translation) then it would send the triangle A to a triangle
in R?, and the edges v;(t) would be straight lines so that ~/(t) = 0 hence Af; = 0, and
the internal angles would add up to 7 so that the external angles would add to 27w. In
general, the map o o9 can be approximated by its linearization (which is an affine map).
We can partition the edges of A into n equal sized subintervals, and cut the triangle into
n? small congruent triangles, such that in each triangle the map o o 1) is approximated by
its linearization sufficiently closely that the sum ) Af; + > ¢, is forced to be close (say
within 7) to the corresponding sum for the affine map, which is exactly equal to 27. Since
the sum is an integer multiple of 27 and it is close to 27 (to within 7) it must be exactly
equal to 27, so the formula we are trying to prove holds for each of the n? small triangles.
To prove that it holds for the original triangle A, add all of the terms in all of the sums
for the n? small triangles to get

Z(ZAHM‘FZQJ):HQ-QW.

=1

When two small triangles meet along an edge inside A, the corresponding terms A#; ;

3
cancel, and the sum of all the remaining terms A#; ; is equal to the sum ) Af;. When

j=1
A is cut into n? small triangles, there are a total of W%& vertices: there are 3 corner
vertices, there are 3(n — 1) vertices along the edges of A, and there are (”_1)2& vertices

inside A. At each of the 3(n — 1) edge vertices, three small triangles meet, the three
internal angles meeting at the vertex add up to 7, and the three external angles add up to
3m —m = 2mw. At each of the % internal vertices, six small triangles meet, the six
internal angles meeting at the vertex add up to 2m, and the six external angles add up to

6m — 2w = 4. It follows that the sum of all the terms ¢; ; is equal to

3 (n—2)(n—1) 3 2
g'ei,j:.§1€j+3(n—1)-27r+—2 ~47T:§16j—l—(n —1)-2m.
]: J:

3 3
Thus we have n? 2m =3 A0+ > €= A6+ > € + (n? — 1) - 2 and hence
j=1 j=1

i, 0,

3
ZA9]+ Z€j=2ﬂ'.
=1 71=1
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3.19 Note: In the Gauss-Bonnet formula, with the conclusion written in the form

3 3
// KdA+ Y | kgdL+ > ¢ =2m,
R j=1Ja; j=1

it is not necessary to assume that we are using orthogonal coordinates, that is we do not
need to assume that g(u,v) is diagonal for all (u,v) € U. Let us sketch the proof. By
Theorem 3.7, we know that each point p € U is contained in an open set U, in which we
can change to orthogonal coordinates. As in the above note, we can partition the edges of
A into n equal subintervals, and cut the triangle into n? small congruent triangles, such
that the image of each of the small triangles is contained in one of the sets U, in which
we can change to orthogonal coordinates. By switching the order of the two variables,
if necessary, we may assume that all of the change of coordinate maps are orientation-
preserving. Using a change of coordinates on the " triangle does not change its external
angles ¢; j, and (by Theorem 3.16) it does not change the values of the integrals, so the
Gauss-Bonnet formula holds for each of the n? small triangles. To prove that it holds for
the original triangle A, we can add the contributions of all the terms in all of the sums for
the n? small triangles, as we did in the previous note. We now restate the Gauss-Bonnet
Formula in light of Notes 3.18 and 3.19.

3.20 Theorem: (The Gauss-Bonnet Formula) Let A = {(u, v) ‘ u>0,0>0,utv<1}, and
let aq,ag,as : [0,1] — A be given by ay(t) = (0,1—t), as(t) = (¢,0) and as(t) = (1—t,t).
Let U C R? be open with A C U and let 0 : U C R? — R3 be a smooth regular surface.
Let €1, €9, €5 be the external angles of o(A) at the vertices. Then

3 3
// KodA+ Y [ kydL+ ) € =2m.
A j=1Ja, j=1

3.21 Remark: A smooth regular local parametrized surface in R” is a smooth regular
map o : U C R? — R™. Informally, it is more natural to think of the image S = o(U) as a
surface rather than to think of the map o as the surface. From the point of view of writing
down formulas for geometric properties, such as Gaussian curvature, it is more convenient
to work with the map 0. We now wish to define a surface in R™ as a subset of R"™. Roughly
speaking, we shall define a smooth global surface in R™ to be a set which is covered by
the images of some injective smooth regular parametrized surfaces o : U C R? — R™. As
an example, note that the unit sphere in R? is not equal to the image of a single injective
regular smooth parametrized surface, but it is covered by eight open hemispheres, each of
which is equal to such an image. We shall then give a global version of the Gauss-Bonnet
Formula which applies to global surfaces.

3.22 Definition: Recall that a homeomorphism is a bijective function such that both
the function and its inverse are continuous. A smooth regular global surface in R" (or
a smooth regular 2-dimensional submaifold of R") is a set S C R™ for which there
exists a set A of smooth regular homeomorphisms ¢ : U, C R? — SN W, C R”, where
U, C R? and W, C R" are open sets, such that

(1) the images of the maps o cover S, that is S = {J,c 4 0(Us) = U,ecx (SN W), and

(2) when the image of two maps o, p € A intersect, the maps p~1o and o~1p are smooth
(so the map p~'o is a smooth regular change of coordinates from the set o= (SNW,, nw,)
to the set p~ (SN W, NW,)).

The set A is called an atlas for S, and the maps o are called (coordinate) charts on S.
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3.23 Definition: Let A be the closed triangle A = {(u,v) € ]R2’ w,v > 0,u?+0v? < 1}
and let A° be the open triangle A° = {(u, v) €R2| u,v>0,u?+0v? < 1}. Let eg = (0,0),
e1 = (1,0) and ey = (0,1). Let ag, a1,z : [0,1] = A C R? be given by ag(t) = (1—t,t),
ai(t) = (0,1—t) and as(t) = (t,0). A smooth regular triangulated surface in R3
is a smooth regular global surface S C R? together with a finite atlas A = {oy,---,0,}
of smooth regular homeomorphisms o; : U; € R? — SN W,; C R3, where U; C R? and
W; C R? are open with A C U;, such that the following hold:

(1) The images o;(A) cover S, that is S = JI_, 0:(A).

(2) The images of 0,;(A°) are disjoint, that is 0;(A°) No;(A°) = () when ¢ # j.

(3) The edges are joined in pairs: for all indicesi€{1,---,n}, j€{0, 1,2}, there exist unique
indices ke {1,---,n}, £€{0, 1,2} with (k,¢)# (i, j) such that ;(c;(0,1))Nog(ar(0,1)) # 0,
and then either o 'o}, preserves orientaion in which case o;(c;(t)) = o (ay(1 —t)) for all
t € [0,1], or o; 'y, reverses orientation in which case o;(a;(t)) = o (ae(t)) for all t € [0, 1].
(4) Images of vertices are disjoint unless they are are corresponding vertices of a joined
pair of edges: if there exist pairs of indices (4, j) # (k,¢) such that o;(e;) = oi(e¢) then
there exist pairs of indices (¢, j) # (k, £) such that o;(a;(t)) = or(ae(1—t)) for all t € [0, 1].
The set A = {01,092, -,0,} is called a triangulation of S. The faces of the triangulation
are the images o;(A) (there are n faces), the edges of the triangulation are the images
i (;[0,1]) (there are 22 edges) and the vertices of the triangulation are the images o;(e;)
(the number of vertlces depends on how many triangles intersect at each vertex). We shall
assume that for each vertex v, the sum of the interior angles at v of all the faces o;(A)
which meet at v is equal to 2w. The Euler characteristic of the triangulation is

x=V-FE+F
where V' is the number of vertices, E' is the number of edges, and F' is the number of faces.

3.24 Theorem: (The Gauss-Bonnet Theorem) For a smooth regular triangulated surface
S in R?® with triangulation {o1,---,0,}, we have

/ K,, dA =27 .
A

Proof: By the Gauss-Bonnet Formula (Theorem 3.20), for each chart o; we have

2 2

/ KUZdA—i— Z kgdL+ Zéi’jZQW
A =0 J ay j j=1

where we are writing o ; to denote the curve a; on the surface o; and ¢; ; to denote the

external angle of 0;(A) at o;(e;). Because the edges are joined together in pairs, when we

take the sum over all the charts the terms involving the integrals of the geodesic curvature

cancel in pairs (by Theorem 3.16) leaving

/ KgldA—i—Zeu =27 n.

Let ¢; ; be the internal angle of 0;(A) at 0'7;(6]'), that is let ¢; ; = m — € ;. Since the
number of faces is F' = n we have 2mn = 27 F. Since the edges are joined in pairs so the
3F _ 3n

number of edges is F' = =5~ = 5, we have Z m = 3nm = 2nE. Since there are V' vertices
iJ

and the sum of the internal angles at each vertex is 27, we have E @i; = 2nV. Thus
iJ

2// KaldA—Qﬂ'n—ZEzJ—27‘(’71—27‘(‘—}-2(,01]—27TF—27TE+27TV—27TX

1, i,
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3.25 Remark: When S is a regular global surface in R?, and p € S lies in the image of
two different coordinate charts o and p, it is easy to check (from our change of coordinate
formulas for g and h) that when o(u,v) = p(s,t) = p we have K, (u,v) = K,(s,t). Thus it
makes sense to define the Gaussian curvature of S at p to be given by Kg(p) = K, (u,v)
(it would not make sense to do this if the charts were not injective).

We mention several facts, each of which is quite difficult to prove. One fact is that
every smooth regular global surface in R? can be triangulated. A second fact is that
the sum of the integrals of the Gaussian curvatures, which appears in the Gauss-Bonnet
Theorem, is independent of the triangularization, so for a smooth regular global surface
S C R? we can define the integral of the Gaussian curvature on S to be

ffsess- £ ]

where {o1,---,0,} is any triangularization of S. A third fact (which both follows from
and implies the second fact, by the Gauss-Bonnet Theorem) is that every triangulation of
a smooth regular global surface S in R? has the same Euler characteristic, so we can define
the Euler characteristic x(.5) of the surface S to be equal to the Euler characteristic of any
triangulation of S.

15



