Appendix 1. Continued Fractions

1.1 Definition: Let ag,ai,as,--- € R with ax > 0. For n > 0 we write

1
lao, a1, a2, -, an] = ao + 1
a +
e 1
Ap—1 + %
and
1 .
[a07a1,a2; .. ] = ag —+ —1 = hm [ao,al,ag, e ,an].
n—oo
ay + —
as + ...
A finite continued fraction is a rational number of the form [ag, aq,- -, a,] with ag € Z
and a;, € Z1 for 1 < k < n, and an infinite continued fraction is a real number of the
form [ag, a1, az, -] with ag € Z and ay € ZT for k > 1.

1.2 Theorem: Every rational number is equal to a finite continued fraction.
Proof: Let x = ¢ witha € Z and b € Z7". Use the Division Algorithm repeatedly to get
a=qb+ri, b=gri+ry, ri=qr3+ra, -, rn2 =(qnrn-1+7ry

with0=r, <r,_1 <---<r9g <ry<b. Then we have

a n 1 n 1 n 1 n 1 [ ]
rT = — = — = _— = = _ = ... = R sty Qnl.

b q1 b q1 b/ q1 Gt q1 1 q1, g2 q

T1 QQ —|— T3
q3 + o,
1.3 Remark: Note that when we write a rational number x as a continued fraction
x = [ag, a1, -, ay], the integers ay are not unique because we have
[CL(), a1, -, an, 1] = [a07 ai, 3 Qp—1,0n + 1]
1.4 Theorem: Let ag € R and let 0 < a € R for kK > 1. For each n > 0 let ¢,, =
lap, a1, -, an]. Define sequences {p,} and {q,} recursively by py = ag, p1 = a1ap + 1 and
Pk = akpr—1 + pr—2 for k > 2, and qo = 1, 1 = a1 and g, = agqr—1 + qr—2 for k > 2.
Then for all n > 0 we have ¢,, = Z—"
Proof: We have ¢y = [ag] = ap = B = % and ¢; = [ag,a1] = ap + = = —“122“ = Pl
Let k£ > 1 and suppose, inductively, that for ag,a’,---,a) € R with a > 0forl<gq < k
we have [ag,a,---,a}] = Iq)—i‘“ where {p/.} and {q/,} satisfy the same recursion formulas as
k

{pn} and {¢,}. Then using a; = a; = p;
and ¢, = ¢; for i < k, we have

Ck 1:[a0 ai, -+, ak l]z[ao ay , Qf— la/k+ }:p_;c:a;ﬁp;C—1+p;€—2

+ ) ) s k4 ) ) ) akt1 Q;g a;{)q]/i?—]_ + q;c—Z
_ (ax + akﬂ )Pr—1 + D2 _ Ok+10kPk—1 + Pk—1 + Gkt 1Pk—2
(ar + ak+1 Y@k—1 + Qo2 Qk410kGE—1 + Q-1 + Apy1GE—2

_ ak+1(0rPr—1 + Pr—2) + Pr—1 _ k+1Pk + Pr—1 _ Pr+t1
pt1(AkQr—1 + Qr—2) + k=1 Ckt1Qk T Q-1 Qk+1




1.5 Theorem: Let ag € Z and let ay € Z™ for k > 1. Let ¢, = [ag, a1, +,a,| for n > 0.
Let {pn} and {qn} be as in Theorem 1.4 so that ¢, = 2=. Then

(1) for all k > 0 we have pry1qk — qrrapr = (—1)F,

(2) for all k > 0 we have ged(pg, qx) = 1,

(3) for all k > 0 we have cx11 — ¢ = Q

qrk+19K’
(4) the sequence {c,} converges, and

(5) if we let x = [ag,a1,a2, -] = lim ¢, then we have cop, < x < cogy1 for all k > 0.
n—oo

Proof: To prove Part (1), note that p1go — g1p0 = (a1a0 + 1)(1) — (a1)(ag) = 1 and that
for k>1

Pk+10k — Qk+1Pk = (akpr + Pk—1)qk — (akqk + qe—1)Pk = —(PeQr—1 — QkPK—1)-

Part (2) follows immediately from Part (1), and Part (3) also follows from Part (1) because

Pk+1 Pk _ Pk+14k — qk+1Pk (‘Uk

Ck_|_1 — C = - — = = .
dk+1 4k dk+19k dk+19k
. 1 k k
Since ¢ = ag and cxy1 — ¢ = (](k+1)q1c’ we have ¢, = ag + Z qk+1)q so Parts (4) and (5)

both follow from Part (2) by the Alternating Series Test.

1.6 Definition: Let ap € Z and ay € ZT for k > 1. Then ¢, = [ag, a1, -,a,] is called
the n'" convergent of x = [ag, a1, as, -] and p, and ¢, are called the numerator and
denominator of ¢,. Note that ged(pg, qrx) = 1 by Part (1) of the above theorem.

1.7 Theorem: Let x € R. Then z is irrational if and only if x = |ag, a1, as, - - | for some
ag € Z and ay € Z* for k > 1. In this case we have a,, = |z, | where {z,} is given by

xo =x and Tpy, = L:r ] for k > 1.

Proof: First let us show that if x = [ag, a1, a9, - - ] with ag € Z and ay, € Z™ for k > 1 then
we must have x € R\ Q. Let ap € Z and a € Z™ for k > 1 and let x = [ag, a1, az, -]
For each k > 0, let ¢, = [ag, a1, -, a,] = Z—:. Suppose, for a contradiction, that z = %
with r € Z and s € Z™. For each k > 0, since z lies strictly between ¢, and cj1 we have
T # cg, that is T # Z—:, and so rqi # spi. It follows that for every £ > 0 we have

1 1

O<L<w:|f—§—:|:\x—ckl<lck+1—ck‘:quqk < @2

Sqk — Sqk S

and so 0 < % < qik. But this is not possible since g, — oo as kK — 0o, and so z € R\ Q.

Next, let us show that if z = [ag, a1, as, -] with ag € Z and ay, € Z* for k > 1 then
the terms a, are uniquely determined by the formula in the statement of the theorem.
Let ag € Z and let ap € Z* for k > 1 and let {x,} be the sequence given by o = x

and x4+ = m for k > 1. For all n > 1 we have [ag,a1, -, a,] = ag + o a21,__ o]’
Taking the limit on both sides as n — oo we obtain [ag, a1, -] = ap + m Since
lap, a1, -] > ap and [ay,aqz,- -] > a1 (by Part (5) of the above theorem) we have
1
ap < [ag,a1, -] =ag+ —— <ap+ — <agp+1
[(11,&2,"'] ax
so that ag < z¢ < ap + 1 and hence ag = |xo].. Also, since [ag, a1, -] = ap + [a1 aa ] Ve
have [a1,az, -] = [ao,al,l»«-]fao = xOflL:voJ = x1. Repeating the above argument inductively,

we find that for all n > 1 we have a,, = |z, | and z,, = [an, Gnt1, Gnt2, .

2



Finally, we show that if x € R\ Q and if a,, is given by the formula in the statement
of the theorem then we do indeed have = = [ag,a1,---]. Let x € R\ Q. Let o = z
and for £k > 0 let ap = |xx| and zp41 = m Note that o = = ¢ Q and that
whenever z, ¢ Q we have zp — |zr] ¢ Q and 0 < 2z, — [zx] < 1 and hence, since
Tht1 = W, we have zx11 ¢ Q and zp41 > 1. It follows, by induction, that for all
k> 0 we have xr ¢ Q and for all £ > 1 we have xx > 1 and ap = |[xx| > 1. Since
Tkl = L Let aj, = a, for 0 < k < n and

= we have z, =
xk—LﬂckJ Tlp—ak

ay1 = Try1, and let ¢, = [ag,al, -, a;] = p’“ for 0 < k < n+ 1. Note that pj = pi

and g, = g, for 0 <k < n, and so p;, 4, = n+1pn + Py _1 = Tpiy1Pn + Pn—1 and similarly
Upi1 = Tnt1Gn + qn—1- For 0 < k < n we have

lao, a1, -+ a, wpsa] = ao, ar, -y ap-r,a + 5] = lag,ar, - ap—y, il
and hence
x = [xo] = [ag, x1] = [ap,a1,22) = -+ = [ag, a1, ,apn, Tpy1] = Z%ﬁ and
T —c, = pgm+1 _ Pn _ Tng1PntPrn-1 _ Pn _ Pn—10n—qn-1Pn_ _ (=pn—*

qn+1 dn xn+1qn+qn71 qn qn(xn+1qn+qn71) - qn(mn+IQn+qn71) '

_ 1 1 _ :
Thus |z — ¢,| = Ty < gz —0s0 that = = [ag, a1, az, - - -], as required.

1.8 Example: Express v/14 as a continued fraction.

Solution: We let zp = x = v/14 then calculate some terms in the sequences {z, } and {a,}
using the recursion formulas ay = |ax| and xg41 =

T —ag :

k Tl Q.

0 V14 3

1 1 _ /1443 1
V14a-3 — 5

9 5 _ V1442 2)
Vid—2 2

3 2 _ \/ﬁ—i—Z 1
Via-2 = 5

4 5 _ \/14+3 6
Via-3 = 1

5 1 — V1443 1
V14-3 5

We see that the values of zj begin to repeat with period 4 so that x4 = z and agy1q = ag
for all £ > 1. Thus we have

v 14 = [371727176717271767"'] - [3,1,2,1,6 .

1.9 Example: Let x € R\Q with z > 1. Say x = [ag, a1, a2, | withag € Z and ay, € Z™.

Since x > 1 we have ag = || > 1. For all n > 0, note that [0, ap, a1, -, a,] = m

By taking the limit on both sides we obtain [0, ag, ay, as, - -] = ———=———. It follows that

[a07a17a27"']
~ =10,a0,a1,az,--. Also note that the convergents of x, given by ¢, = [ag, a1, -, an],
and the convergents of ~. given by d,, = [0,a9,a1,--,a,—1], are related by dyp = 0 and
dnt1 = 5 forall n > 0



1.10 Theorem: Let x = [ag,ay,az, -] with ag € Z and a, € ZT for k > 1. For n > 0,
let ¢, = lag, a1, -+, a,] = p” . Letr €Z and s € ZT. Then

(1) for all k > 0, if |sz — 7“] < |grx — pi| then s > qr41,
(2) for all k > 0, if‘x—z‘ < ‘x—p—’“| then s > q;, and
(3) 1f‘x——|< 5 then % = ¢ for some k > 0.

Proof: To prove Part (1) let k > 0, suppose that |sxx — r| < |qxz — px| and suppose, for a
contradiction, that s < gx41. Note that to get (r,s) = u(pg, qx) + v(Pk+1, qx+1) We need

(U) _ (pk pk+1>_1 (7”) _ 1 (Qk+1 —pk+1> (7”>
v k. Qk+1 s PkQk+1~ QkPk+1 \ —4k Pk s

1 (C_Ik+1 —pk+1) (7‘) _(_1\k (—Qk+1T+Pk+13)

= = (-1 :

(D \ —ax s ~Qk417 + Pr415

Thus we choose u = (—1)¥(—qxy17 + pry15) and v = (—1)¥(—qpy17 + pry15). Note that
uw € Z and v € Z and we have r = upy + vpr+1 and s = uqr + vqr+1. We claim that
u # 0. Suppose, for a contradiction, that u = 0. Then we have s = vqi; which implies
that v > 0 (since s > 0 and gx4+1 > 0) and hence that s > gxy1. This contradicts our
assumption that s < gx41, and so we have u # 0, as claimed. We claim that v # 0.
Suppose, for a contradiction, that v = 0. Then we have r = upy and s = ugqg, and so
|sx — 7| = |upkx — ugr| = |ullpkx — qr| > |pxx — qx|- This contradicts our assumption
that |sx — r| < |prx — qx|, and so we have v # 0, as claimed. Note that u and v have
opposite signs (that is uv < 0) because if we had v > 0 and v > 0 then we would
have s = uqr + vqr+1 > qr+1, and if we have v < 0 and v < 0 then we would have
s = uqr +vqr+1 < 0. Note that (gxz — px) and (gx+12 — pr+1) have opposite signs because

x lies between ¢, = 2—: so that x — ¢, and © — cx41 have opposite signs. Thus, since

(g — pr)u and (qr+12 — pr+1)v have the same sign, we have

sz — c| = [(ugr + v@r+1)T — (upr + vors1)| = |(@rr — Pr)u+ (Gr12 — Prg1)v]
= |gre — prllul + |qpr12 — prrallv] > |grpe — prl.

This contradicts the fact that |sz — 7| < |gxx — pr| and completes the proof of Part (1).
To prove Part (2) let & > 0, suppose that !x — §| < ‘x — f]’—:} and suppose, for a
contradiction, that s < ¢i. Then we have

szl = afe 2| < afe 2] < aule | = o ]

But then, by Part (2), we have s > gx41 so that s > g, giving the desired contradiction.

To prove Part (3), suppose that !w— g‘ < ﬁ Since qo = 1 and {g,, } is increasing with
Gn —> 00 as n — 00, we can choose k > 0 so that ¢ < s < gi41. We claim that g = Cp.
Suppose, for a contradiction, that # ¢g. Since s < Qk+1 it follows from Part (1) that

lgpz—pi| < |sx— r|,andso‘ac ’— k\qu—pk| |sx r| = —I <2t =

ar 252 2sqy ”
— 1rqK—spi| > _1 )
Sqk — Sq4k

Qk

; r QT Pk
Since £ # ¢y, that is o we have rqi — spr # 0 and so ‘; ‘
Thus we have

<

1 ‘z_
Sqr s

Pk ro_ _ Pk 1o, 1
qk‘g‘s 33|—|—‘£L‘ qk‘<232+23qk'

Subtracting 2 from both sides gives 281% < ﬁ so that s < q. This contradicts the fact

that qi < s, and so we have = ¢y, as claimed.



1.11 Corollary: Let d € Z* be a non-square and let r,s € ZT. If |r? — ds?| < v/d then
is equal to one of the convergents of V/d.

» |3

Proof: Suppose that |r? — ds?| < v/d. We consider two cases. Case 1: suppose that
0 < 2 —ds? < V/d. Since (r+svd)(r — sv/d) = r> — ds® > 0, we have r — s3/d > 0, that is

ro_ _ r—sVd _ _r?—ds* Vd Vd _ 1
r > sv/d. Tt follows that 0 < < Vid = s = eV < EeY < ViV = 2

By Part (3) of the previous theorem, = must be equal to one of the convergents of V.
Case 2: suppose that —V/d < r? — ds? < 0. Since (r 4+ sv/d)(r — sv/d) =12 — ds®> < 0
we have r — sv/d < 0 so that r < sv/d. It follows that

s 1 _ sVd—r __ s2d—r? Vd Vd _ 1
0< r Vd T orvd T rVd(sVd+r) < rv/d(sv/d+r) < rd(r+r)  2r?°

By Part (3) of the previous theorem, ¢ must be equal to one of the convergents of \/Lg. By

Example 1.9, it follows that % is equal to one of the convergents of V.

1.12 Definition: A quadratic irrational is an irrational number which is a root of a
quadratic polynomial with coefficients in Z.

r+vd

1.13 Theorem: The quadratic irrational numbers are the numbers of the form x = =

for some non-square d € Z"™ and some r,s € Z with s # 0 and s‘(r2 —d).

Proof: Suppose that x = %E where d € ZT is a non-square and 7, s € Z with s # 0 and
s|(r2 —d). Then z is irrational and we have sz — r = v/d so that s2z> — 2rsz + 2 = d,
and so z is a root of f(x) = sz? — 2rx + TQT_d € Z[x].

Conversely, let  be an irrational number which is a root of f(r) = az?® + bx + ¢

where a,b, ¢ € Z with a # 0. By the Quadratic Formula, we have ¢ = =bEvb-—dac V;’;_‘lac. Let
d = b?> — 4ac € Z. Since z is irrational number, d > 0 and d is not a square. When
g = =btybri-dac Wwehavex:%aforr:—bands:Qa. When ¢ = —b=yvbi—dac V;;L‘lacwe
have z = %E for r = b and s = —2a. In either case, s # 0, 7> — d = 4ac and s‘(r2 —d).
1.14 Definition: For x = %ﬁ where d € Z™ is non-square and r,s € Z with s # 0 and
s|(r* — d), we define the conjugate of  to be Z = %E.

1.15 Theorem: Let x = [ag, ay,az, -] where ag € Z and ay, € Z for k > 1. Then

(1) {a,} is eventually periodic <= =z is a quadratic irrational, and
(2) {a,} is purely periodic <= = is a quadratic irrational with x > 1 and —1 <= < 0.

Proof: T may include a proof later.

1.16 Theorem: Let d € Z* be a non-square. Let /d = [ag,a1,as, - -] with ay € Z and

ar € Z* for k > 1. Let £ be the minimum period of {a,}. Let ¢, = [ag, a1, -+, a,] = 1;—".
Let o = v/d and Thy1 = m for k > 0. Write x, = %ﬁ. Then

(1) we have ay = 2ag so that Vid = [ao,al,ag, e ,ag_1,2a0],

(2) the sequence {s,} is purely periodic with s = 1 <= (|k,

(3) for all k > 0 we have p2 — dqr? = (—1)*sp11, and

(4) the smallest unit u in Z[\/d] with u > 1 is equal to u = py_1 + q¢_1v/d and we have

¥ = pro—1 + qre—1Vd for all k € Z7.

Proof: I may include a proof later.



1.17 Example: Find the smallest unit v € Z[/19] with v > 1.

Solution: We find some terms in the sequences {z,} and {a,} using the recursion formulas
rog = =19 and ay = |2 | and x4, = mkiak for £k > 0, and we find some terms in the
sequences {p,} and {g¢,} using the recursion formulas py = ag, p1 = a1ag + 1, go = 1 and
q1 = a1 and pg = agpr_1 + pr—2 and qx = arqr_1 + q—o for k > 2, and we calculate the

norms Ny, = N(px + qxVd) = pi? — dai.>.

k T ar Pk ak Nk
0 V19 4 4 1 -3
1 _ /1944

1 A=Y 2 9 2 5
2 Ao =VIEZ 1 13 3 -2
3 2= 3 48 11 5
4 2o = 1 61 14 -3
5o =2 2 170 39 1
6 3 _ V19+4 g

V19—4 1
From the table, we see that v/19 = [4,2, 1,3,1,2,8], the period is £ = 6, and that the
smallest unit u € Z[v/19] with u > 1 is equal to u = 170 4+ 39v/19.



