PMATH 450/650 Solutions to the Exercises for Chapter 2

: Let f, : A C R — [—00, 00] be measurable functions for n € ZT, and let a € R.
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(b) Show that the set {x €A ‘{fn(x)} converges} is measurable.

Solution: Let B = {x € A|{fn(z)} converges in R}. Then

x € B < {f,(z)} converges <= {fn(x)} is Cauchy
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where hy, ¢ is the measurable function hy ¢ = fr — fo. Thus
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which is a measurable set. We remark that if one interprets the statement “{f,,} converges” to mean that
{fn(z)} converges in [—o00,00], then one must also verify that the sets C = {& € A| lim f,(z) = oo} and
n—oo

D = {z € A| li_>m fn(x) = —oo0} are measurable. Since z € C' <= VmeZ" IncZT Vk>n fu(z) > m,
n oo

o0 (o) o0
we see that C = () U () fx '(m,00], which is measurable. Similarly D is measurable.
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2: In this problem, you are asked to prove parts of several of the theorems from Chapter 2 in the Lecture Notes.
Your proofs should not make use of any theorems from Chapter 2 (you may use theorems from Chapter 1).
Let A= BUC where B,C C R are disjoint and measurable, let f: A C R — [—00, 0] be a function, and
let g and h be the restrictions of f to B and to C respectively.

(a) Show that f is measurable if and only if g and h are both measurable.
Solution: Suppose that f is measurable. Let U be any open set in [—oco0,00]. Since the function f is
measurable, the set f~1(U) is measurable, and so the sets g~ (U) = f~*(U)N B and h=}(U) = f~Y(U)NC
are both measurable. This shows that the functions g and h are measurable.

Suppose, conversely, that g and h are both measurable. Let U be any open set in [—o0, 00]. Then the
sets g1 (U) and h~1(U) are both measurable, and so the set f~1(U) = g~ 1(U) Uh~1(U) is also measurable.
This shows that f is measurable.

(b) Suppose that f is a nonnegative simple function. Show that / f= / g+ / h
A B c

n
Solution: Write f = > arX Ay where each a; € [0,00) and the sets Ay are measurable and disjoint with
k=1

A= U Aj. and where X, : A — [0,00) is the characteristic function for Ay on A. Let B, = Ay, N B

and C’k = A; N C and note that the sets By and C are disjoint and measurable with A, = By U C. The

restrictions g and h of f are given by g = Z arX and h = Z arXg, where Xp, B — [0,00) is the
' k=1

k=1 =
characteristic function for By on B and X o C' — [0,00) is the characteristic function for Cy on C. Then

k):fAf

M=
)
T

/g+/ h= z aA(By) + Zlak/\(C’k) élak(A(Bk)H(ck)) _

k=1

(¢) Suppose that f is a nonnegative measurable function. Show that / f= / g+ / h.
A B c

Solution: Let € > 0. Choose a simple function r on A with 0 < r < f and fA f< fA r+e Let s and ¢ be
the restrictions of 7 to B and to C. Then s and ¢ are simple functions with 0 < s < g and 0 <t < h so we

hav
- Lo [ns [on [1=[rs [ 1

Since € > 0 was arbitrary, it follows that [, g+ [ h> [, f

Again let € > 0. Choose a simple function s on B with 0 < s < g such that fB g < fB s + € and choose
a simple function t on C' with 0 < ¢ < h such that [, h < [,t+ €. Define r : A — [0,00) by r(z) = s(z)
when z € B and r(z) = ¢(x) when z € C so that r is a simple function on A with 0 < r < f, and s and ¢
are the restrictions of r to B and to C., so we have

/f>/r:/s+/t></g—e)+</h—e):/g+/h—2e.
A A B c B c B c
Since € > 0 was arbitrary, it follows that [, f > [, 9+ [ h

(d) Suppose that f is an integrable function. Show that g and h are integrable and / f= / g +/ h.
A B c

Solution: Note that g* and h™ are the restrictions of f* to B and to C, and g~ and h™ are the restrictions
of f~ to B and to C. Thus, using Part (c), we have

fo= == e )= (oo L)
(o= L) e (L )= fooe [



3: Let f: A C R — [0, 00] be a nonnegative measurable function.

M (@) <3 [ 1.

Solution: Let a > 0. Let B = f~!(a,oc0] and C = f71[0,a]. Then B and C are disjoint and measurable and
A=BUC. Since f(x) > a for all z € B and f( )>0foralleCwehave

Jr=[ s+ [ 1= [ a+[o=axm

(a) Show that if 0 < @ then

and so \(B /f

(b) Show that if/ f=0then f=0 a.e. in A.
A

Solution: Suppose that / f=0.Let B={z ¢ A|f(x) #0} = f710,00]. Forn € Z* let B, = f~'(%,00].
A

Then each B,, is measurable with By C By C B3 C --- and |J B, = B so we have A(B) = lim A\(B,).

n=1 n— oo

Suppose, for a contradiction, that A(B) > 0. Choose n € ZT so that A(B,) > 1A(B). Then

0_/f>/ f>/ L= 1X\B,) >5£\B)>0

giving the desired contradiction. Thus A(B) =0 and f(z) =0 for allz € A\ B, so f =0 a.e. in A.
(¢) Show that if 0 < a < A(A4) < co and f(z) > 0 for all z € A then

inf {/ f ‘ B C A is measurable with A(B) > a} >0.
B

Solution: Suppose that 0 < a < AM(A) < oo and f(z) > 0 for all x € A. Forn € Z™, let A, = ffl(%,oo].
oo
The sets A,, are measurable with A; C Ay C A3 C ---, and we have |J A, = A4, so A(4) = lim A(4,).

n—oo
Choose m € Z* so that A(A,,) > A(A) — &.
Let B C A be any measurable subset of A with A(B) > a. Since A4,, C A with A(A,,) > A(A4) —
have A(A\ A,) = AM(A) — AM(A) < §, and so

a<ANB)=AXBNAy,)+MNB\ An) <ABNAL) +AMA\ An) S ANBNAL) +
and hence A(BNA,,) > a— % = %. Since f(z) > L forall z € A,, and f(z) > 0 for all z € B\ A, we have

[o=] o s=[ aef o-famnanzig
B BNA,, B\Au, BNA,, B\Am

Since / [ > 5= for every measurable set B C A with A\(B) = a, it follows that
B

n=1

we

(i)

inf {/ f ‘ B C A is measurable with A(B) > a} > 2 > 0.
B



4: (a) Let f, : A C R — [—00, 0] be measurable and let g, : A C R — [0, 0] be nonnegative and measurable

with ‘ fn| < g, foralln € Z*. Suppose that hm fn exists, hm gn, exists, and lim gn / lim g, < oc.
A — 00

n— oo

Show that / lim f, = lim fn

A n—oo n—oo

Solution: Applying Fatou’s Lemma to (gn + fn) gives

/ lim gn—i—/ lim f, —/liminf(gn+fn) < liminf/(gn—i—fn ) = lim inf (/ Jn + /fn)
= lim gn—l—hmlnf/ fn :/ lim gn—l—liminf/ fn
An*)OO n— o0 A

n— oo n— oo

so that
liminf/ fn > / lim f,.
Applying Fatou’s Lemma to (g, — f,) gives

/ lim gn—/ lim fn:/liminf(gn—fn) Sliminf/( —fn) —hmlnf</ In — /fn)
= lim gn —|—hm1nf( / fn> :/ lim g, —limsup/ fn
n— 00 n— 00 A 4 00 n—oo JA
limsup/ In §/ lim f,.
n—ooo JA 4 M0
(b) Let f,, : A C R — [—00, 0] be integrable, suppose lim f,, exists and is integrable, and let f = lim f,.
n—oo n—oo

Show that lim / |fn—f‘:01fand0nlyif lim/\fn|:/|f|.

so that

Solution: Suppose that lim / |fn — f| = 0. Then
n—oo

= L= | funi=1] < [ =105 [ 1= 51— 0o

Suppose, conversely, that lim / |fnl = / |f|. We apply Part (a) with f,, replaced by |f — f,| and using
gn = |f| + |fn]- Note that the hypotheses are satisfied because

[f = Fal <IfI+1fal = gn s lim |f = fu] =0, lim g, = 2|f] and

dn =t 151150 = g ([ [ 150)
= [asi+ i [inl= [+ [ = [ 2= ] o,

By Part (a), with f,, replaced by |f — f.|, we have

nllnéo/Alf—fM:/Anli_{golf—fnlz/AO:O.



5: Let A C R be measurable with A(A) < co and let Let f : A — R be bounded. Define the upper and lower
Lebesgue integrals of f on A to be

U(f)—inf{/As
-y

(a) Show that f is measurable if and only if U(f) = L(f) and, in this case, / f=U(f)=L(f).
A

s is a simple function on A with s > f } and

s is a simple function on A with s < f}

Solution: Let A C R be measurable with A(A) < oo (or let A = [a,b]) and let f : A — R be bounded.
Choose ¢,d € R so that f(A) C [c,d).

Suppose that f: A C R — R is measurable. For all simple functions r,s : A —» R with » < f < s, we
have [,r < [, s, and it follows that L(f) < [, f < U(f). Let n € Z*. Let yp = ¢+ %k for1<k<n

so that [c,d) is the disjoint union [c,d) = | [yx_1,yx). Let Ax = f~1yr_1,yr) so that the sets A are
k=1

n n
disjoint and measurable and A = |J Ag. Let r,, 8, : A — [¢,d) be the simple functions r, = > Ye-1X
k=1 k=1

and s, = > YrX ,, SO that 7, < f < s,. Since r, < f we have L(f) > [, and since s, < f we have
k=1
U(f) < [, 5n-
0<U(f / / Tn = Z Ye—1A(Ak) = 22 yeA(Ak)
k=1

n

Z(yk — Ye—1)A(Ak) = kzl

Since 0 < U(f) — L(f) < =< X\(A) for all n € Z* it follows that U(f) = L(f) Since L(f) < [, f < U(f)
and U(f) = L(f), we have [, f =U(f) = L(f).

Suppose, conversely, that U(f) = L(f). By the definition of L(f) we can choose simple functions 7/,

on A with r/, < f such that L(f) — 2 < [,rl,. Let ry = r{ and for n > 2 let r, = max(r,_1,7},) to

obtain an increasing sequence {r,} of simple functions on A with each r, < f with L(f) — 2 < [, r,.

Let g(z) = 7}1—{20 rn(z) (the limit exists since {r,} is increasing and bounded above). Since "each T 18

(Ar) = EN(A)

measurable, so is g. Since each r, < f , we have ¢ < f. By the Dominated Convergence Theorem, we have
Ji9 = lim [,r, = L(f). Similarly, construct a decreasing sequence {s,} of simple functions on A with
n—oo

each s, > f such that fA sn < U(f) + % and let A = li_>m Sp. Since each s, is measurable, so is h. Since
n oo

each s, > f, we have h > f. By the Dominated Convergence Theorem, we have [, h = 1Lm Jasn =U(f).

Since g < f < h we have h —g > 0. Since h —g > 0 and [,(h—g) = [,h— [,9=U(f)—L(f) =0, it

follows that h —g = 0 a.e. in A, and hence g =h a.e. in A. Since g < f < hand g =h a.e. in A, it follows
that f =g =h a.e. in A. Since f = ¢ a.e. in A and g is measurable, it follows that f is measurable.

(b) When A = [a, b], show that if f is Riemann integrable then f is Lebesgue integrable and the two kinds
of integral agree.

Solution: Let A = [a,b] C R and let f: A — R be bounded. Let L(f) and U(f) be as above, and let

Li(f)=sup {/ T ’ r is a step function on A with r < f}
A

Ur(f) :inf{/ r ’ s is a step function on A with s < f}
A

Since every step- function on A is also a simple function on A it follows that Lr(f) < L(f) and Ug(f) > U(f).
Since for all simple functions r and s with r < f < s we have fA r < fA s it follows that L(f) < U(f), and
so we have

Lr(f) < L(f) < U(f) < Ur(f)-

Suppose that f is Riemann integrable. Then f f(z)dx = Lg(x) = Ugr(x). Since Lr(f) = Ur(f) and
Lr(f) < L(f) <U(f) < Ug(f), it follows that Lr(f) = L(f) = U(f) = Ug(f). Since U(f) = L(f) we have
Jaf=L(f) =U(f) by Part (a).



