MATH 138 Calculus 2, Solutions to Assignment 1

1: Let g(x / f(t)dt where f(t) is the function whose graph is shown below. Sketch the graph of y = g(x)

showmg all intercepts, all local maxima and minima, and all points of inflection.

S

Solution: By the Fundamental Theorem of Calculus, we know that ¢’(z) = f(z) (except when z = 6). When
f(z) > 0 we have ¢'(z) > 0 so g(z) is increasing and when f(z) < 0 we have g'(z) < 0so g(z) is decreasing,
and each time f(z) changes sign, g(z) has a local maximum or minimum according to the First Derivative
Test. Thus g(x) is decreasing in (—oo, —2), increasing in (—2,4), decreasing in (4, 6), increasing in (6, 7), and
decreasing in (7,00), and g(x) has a local minimum at © = —2, a local maximum at x = 4, a local minimum
at © = 6, and a local maximum at = 7. Also, when f'(z) > 0 we have ¢”(x) > 0 so g(x) is concave up
and when f’(z) < 0 we have ¢”(z) < 0 so g(x) is concave down, and each time f’(z) changes sign, g(z) has
a point of inflection. Thus g(z) is concave up in (—o0,2), concave down in (2,6), and again concave down
n (6,00), and g(z) has a point of inflection at x = 2.

We can find the exact value of g(x) at each of the points of interest © = —2,0,2,4,6,7 by interpreting
the integral fo t)dt as a signed area. For example, g(2 fo t) dt is the area under y = f(z) between
z=0and z = 2 Wthh is equal to 3, so ¢g(2) = 3. As another example, g(6) is the area under y = f(z)
with 0 < 2 < 4 minus the are over y = f(x) with 4 < z < 6, so g(6) = 5—2 = 3. As a final example,

= f0_2 flt)ydt = — fEQ f(t)dt, which is the negative of the area under y = f(z) with —2 < z <0,
so g(—2) = —1. To find the z-intercepts of the graph of g(z), we need to determine when g(x) = 0 which
can also be done by interpreting the integral as a signed area, but it is more convenient to find an explicit
formula for g(x) as follows. From the graph of f(z) we can see that

1+iz,ifz<2
flx) = 4—x ,if2<x<6
14—-2x ,if6<x.

For x < 2 we have
=/ f(t)dt:/ 1+%tdx=[t+it2} =z+ 27,
0 0 0

for 2 <z < 6 we have

x 2 x x
x):/o f(t)dt:/o f(t)dt+/2 f(t)dt:g(2)+/2 At dt
:(2+i-22)+[4t—%t2}z=3+(4x—%x2) (8—2) = —3+4z—La?,

and for 6 < x we have

/f t)dt = /f dt+/f )+/:142xdx

—(—3+44-6-1- 62)+{14t—t2} =3+ (142 — 2?) — (46— 62) = —45 + 14z — 22

Thus we have
m+iﬁ,ﬁx§2
glz) =14 —3+4x— 12 if2<2<6
45 + 14z — 22 | if 6 <z

The a-intercepts occur at © = —4, © = 0 and « = 9, and the graph of y = g(z) is shown below in green.



2: (a) Let f(x) =

|
eiE BN

2

2 -3, Approximate the integral / f(z) dx using the Riemann sum for f(x) which uses the
0

right endpoints of 6 equal-sized subintervals.

Solution: The six mtervals are of size Ax = TO = % and the right endpoints are the points x; = 0+k Az = g,
that is the points % 3 3, 1, é, g and 2. We have

We remark that it can be shown, using methods of Chapter 2, that the exact value of the integral is

2
/0 f(@) da = 222

1 13/5
(b) Let f(x) = = Approximate the integral f(x) dz using the Riemann sum for f(z) which uses the

1/5
midpoints of 6 equal-sized subintervals.

131

Solution: Let f(z) = % We divide [5, 53] into 6 equal intervals using Ax = b_T“ = 22 = % The

endpoints of these intervals ire given by 2, =a+ =2k =1 + 2 k so that zg, 1, 2, - T = %, %, %,~ , 15—3
Tk +

The midpoints are ¢ = % so that ¢1,¢9,c3, -+, c6 = %, %, g, e % We have

13/5 6
[ e fene = (fle) + e 4o+ ) (B) = H0E) + () 1 (2)

1/5 k=1

_2(5 415 5 ...45Y)_ 1,1, 1,1, 1 _ 604+30+20+15+12+10 __ 147
*5(2+4+6+ +12)*1+2+3+4+5+6* 60 = 60 °

We remark that, by the FTC, the exact value of this integral is

13/5 13/5
/5 X 1/5

147

so the above approximation shows that In13 = .



3
: (a) Evaluate / 2% — 3x dx by finding the limit of a sequence of Riemann sums.
1

Solution: Let f(z) =2 —3x,a=1,b=3, szﬂ:g,andxk=a+ﬂk:1+%k. Then

/Bm — 3z dr = lim Zfa:k YAz = hm Zf 1—|— k)( )
1

n—oo k 1
=n15202(1+2k 30+28)(2)

= hm
'ﬂ—)OO

(1+ Sh+ B R+ 5 8) =301+ 28))(2)

n
_ 4 4 16 1.3
JLH;OZ SR ER )

k=1

. 4 < 24 N 7.2, 16 N~ 1.3

:nlggo(fﬁkzzjluﬁk;k +pk§1k)
T 4 24 n(n+3)(n+1) | 16 n?(n+1)?
*T}g{}o(*ﬁ”ﬂLﬁerm%
=—44+%4+10=38

1
(b) Evaluate / e” dx by finding the limit of a sequence of Riemann sums.
0

Solution: Let f(z) =e® andusea=0,b=1, Az =% =L and 2y =a+ =%k = £ Then

n

1 n n o ) 1 & Lmk 1 (el/n)n+1 _el/n
x — 3 p— 1 n_ 1 _ 1 —_. n — 1 —_
o= i 3= tim 33k i S = i
n
where, at the last step, we used the formula Y r* =~ =7 for the sum of a geometric series. We have
k=1
lim (e'/™)"*! = lim e™*V/" — ¢! and lim e¥/" =e’ =1
n—o0 n—oo n—oo

and by replacing % by « and then using I’Hopital’s Rule, we have

1/n _ 1 T _1q T
lim n (/" —1) = lim & "= lim & = lim &
n— o0 n—oo 1/n z—0+ X z—0t+ 1

1 1/n\yn+1 _ _1/n —1
/e””dleim (e ™) € = ¢ =e—1.
0 n—oo n(el/m —1) 1

and so




4: (a) Find ¢'(1) where g(z / V1+t3dt
3z—3

Solution: Let u(x) = 22 + 1 and let v(x) = 3z — 3. Also, let f(t) = v/1+t3 and let F(u / V1+e3dt

so that F'(u) = f(u) by the FTC. Then
3x—3

\/1 +t3dt = /x s V1+t3dt — V1+t3dt = F(u(z)) — F(v(z))
0 0

and so ¢'(z) = F'(u(z))u' (z) — F'(v(z))v'(z) = f(u(z))(2z) — f(v(z))(3) = 2z f(2* + 1) — 3 f(3z — 3). Put
mx—ltogetg’(l) f(2)—3f(0)=2v14+8—-3V/1+0=6—-3=3.

. 1
(b) Find 7}l—>rgo;n+k

Solution: Let f(x) = ﬁ and let X,, be the partition of [0,1] into n equal-sized subintervals so z, = £
and A, pz = % Then by the FTC we have

3z—3

. - 1 . - 1 1 A n 1 dx 1
di D= i 3 e = i > e = [ 35 = (4] <2,




