MATH 138 Calculus 2, Solutions to Assignment 3
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: (a) Find / vita dx
Vi T

Solution: We first make the substitution tand = x so sec = v/1 + 22 and sec? 0 df = dz and then later we
make the substitution u = sec so du = secftanddf. Note that u = secd = /1 + z2, so when z = V3 we
have u = 2 and when z = v/8 we have u = 3. We have
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(b) Fin /1 3+ 42132

Solution: We use long division to obtain
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3 + 422 + 3z )334+3333+Oa:2—|—03:+6
xt 423 + 322
—23 - 322 +0x+6
—z3 —42? — 3z

2? +3x 46
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This;;howthhat % : x—;—l—m. Note that 23 +42%+3z = z(z+1)(z+3). In order to
get ;—i—x 1 + et x(j——:l)x(;_—i— 3 for all x we need A(z+1)(z+3)+Bx(x+3)+Cx(z+1) = 22+ 32+6

forall z. Putinz =0toget 3A=6s0 A =2, putinaz =—1toget —2B =4s0 B= -2, and put in x = —3
to get 6C =6 so C' = 1. Thus
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a) Find/ sin?V/z dz.
0

Solution: First we make the substitution y = v/z so y? = x and 2y dy = dx, and then we integrate by parts
using u =y, du = dy, v = %sin 2y and dv = cos 2y dy to get
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Solution: To begin with, we find / which we need later. Let tanf = z so that secf = V22 + 1

and sec? 0 df = dz. Then
dx sec? 0 do 9 R
/($2+1)2:/ o~ :/cos 9d9:/§+§cos29d9
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Note that 2% + 223 + 2 = x(2? + 1)2. In order to get . + ;26110 + (xf—:rlﬁ = x(igi 172 we need
A(2? +1)2 4+ (Bz + C)(z) (2% + 1) + (Dx + F)(2? + 1) = 23 + 2. Equate coefficients to get the 5 equations
A+B=0,C=1,2A+B+D=0,C+FE =0and A= 2. Solve these to get A =2, B= -2, C =1,

D=—-2and E=—1, and so
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———— aAx = - — — — X
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= 2lnx—ln(x2+l)+ltan*1x+2_7x ’

2 222 +1)],
= (2In2-In5+ jtan™'2) — (~In2+ % + §)

—In8 41 —lg_m _ 1
—1n5+2tan 2 i
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3: (a) Approximate / +; using 75 and find a bound on the error.
0 X

10
Solution: Write f(z) = L Then
T

10 (b— a)

[ pa)ar = 1 = T (710) 4 20(2) 4 26(4) £ 26(6) + 26(8) + £(10)

=B +5+2+2+2+2)=2.

10 20
We have f'(x) = REFE and f"(z) = CET)ER so when 0 < z < 10 we have |f”(z)] < 2 = 3. Soif E
(b—a)® 10° 5 _ 25

is the error in our estimate, then E < max | f"(z)| = 5%z 3 = %

12n2
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(b) Approximate / ?x using Sy and find a bound on the error.
1

Solution: Let f(z) = 1/z. Then we have

T 12

We have f(z) =1, f'(z) = —%, f"(z) = &, f"(z) = =% and f"(z) = 2}, so for 1 < z < 3 we have
|f’”’ | < 24. Thus the error is S,, < 125:02444 = 6—10.

[ = S 5@+ 25@+ 47(0) @) = H § 145 = ) = B

1
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(¢) Find a value of n such that if we approximate /O ﬁ; by M, the error is E, < 555

4 1
Solution: Let f(x) = 1o When we approximate / f(z) dx using M,,, the absolute error is
x 0
1(1-0)?
[En] < (24712) K = 5im » where K = max |f"(z)].
Verify that
-8z 8(3z% — 1) —96z(z? — 1)
! 1" — d " —
f (3]) (1+$ )2 ) f ( ) (1+.’132)3 an f (I‘) (1+$2)4
Since f"'(z) = %, we have f'(z) > 0 for z € (0,1) and so f”(z) is increasing in (0,1). Since
f'(x) = 8(13157962_)13) we have f(0) = -8 and (1) =2s0 K = Jnax, | f"(x)| = 8. Thus the absolute error is
K 8 1
E, = =—.
|Enl = 24712 24n?  3n?
To get |En| < 555 < 355, that is n? > 100 so n > 10.




dx
23vr2 — 1
Solution: Make the substitution sec = x so tanf = /22 — 1 and secdtan 0 df = dx. Note that as x — oo
we have 6 — g and so

4: (a) Find the improper integral /
1

/°° dz /”/ 2 sec O tan 0 d /”/ 2 de /’T/ 2
= —=a o = — = cos” 6 df
1 Va2 —1 0 sec3 0 tan 6 o sec?d 0

/2 /2
:/0 %—i—%cos%d@z[%@—k%sinw}o

ISE

e +1
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Solution: Make the substitution u = e* so du = e® dx. Note that as z — oo we have u — oo, so

e +1 e 41 * u+1
0 €*+1 o e*(e?®+1) 1 u(u?+1)
Bu+C  u+1

A
To get — =
© e u+x2+1 u(u? 4+ 1)
A+ B=0,C=1and A=1,s0 we have A=1, B=—1and C =1, and so

e+ 1 e 1 1 1
/ ¢+ dx:/ Lalu:/ —- w —|—du:{lnu—%ln(ug—kl)—i—tan_lu
0 1w ) 1
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(b) Find the improper integral / dz.
0

we need A(u? + 1) + (Bu+ C)u = u + 1. Equate coefficients to get

oo

e +1 u? +1 u w41 w2+1 1
u? o
= 1ln—|—tan_1u] :(ﬂ)—(llnl—i—l)zﬁ—i—lan,

[2 w2+ 1 ) 2 2 gy 472

. . _ 2 . 2
since lim tan 1u:gandasu%oowehaveé‘—l—)landso lim %mg—l:%lm:o.
U—»00 u*—+ U300 w2+
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5: (a) Find the improper integral /3 m

Solution: Make the substitution u = \/5 so u? = z and 2udu = dz to get

/ / Zudu /°° 2du
3 (22 fl\f Yu v ut—1"

B D 2
Note that u* —1 = (u—1)(u+1)(u?+1). Togetu_1+u+1+i§il :u4_1weneedA(u+1)(u2+

1)+ B(u—1)(u?+1)+ C(u — 1)(u + 1) = 2. Equate coefficients to get the 4 equations A+ B + C =0 (1),
A-B+D=0(2),A+B—-C=0(3),and A— B— D =2 (4). Subtracting (3) from (1) gives 2C = 0 so
C = 0. Subtracting (4) from (2) gives 2D = -2 so D = —1. Put C =0 into (1) to get A+ B =0 (5), and
put D = —1 into (2) to get A— B =1 (6). Adding (5) and (6) gives 2A =1 so A = £, and subtracting (6)
from (5) gives 2B = —1 so B = —%. Thus we have

/°° dzx _°°2du_/°°; 3 Lo
3 (@2-Dyvz Jsut-1 Jszu—-1 u+l wu2+1 Y

_ |1 u—1 -1 > _ T 1 V3—1 T\ 1 T
_[2lnu+1—tan u}\/g—(—2)—(21n\/§+1—3)—2ln(2+\/§)—6

. . 1 u
since lim 35In
U—00 u-+1 U—00
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(b) Find the improper integral / 1/ Tt 5 dz
2 =

Solution: First we make the substitution v = v/ — 2 so u? = x — 2 and 2udu = dzx, and then we make the
substitution 2tan 8 = u so 2sec = vu2 + 4 and 2sec?  df = du. We obtain

17/4 D) 3/2 N 3/2 tan~1(3/4)
/ ,/x+2d / Vi) / 2\/u2+4du:/ 2. 2sech - 2sec 0.df
2 T — 0 0

tan~1(3/4)

-1
=0and lim tan™'u = 5, and also —In \\£+1 In <\/§+1 ﬂ*i) =1In(2+ \/g)

1(3/4)
:/ 8sec® 0do = [4se(30tan0+4ln(sec0+tan@)]
0 0

4-3.344m (3 +3) =L +4m2.

We used the fact that /SeC3 0do = %sec&tan@ + %ln | secd + tan0| + ¢, which is shown in example 8 on

page 464 in the text, and also that sec (tanfl %) = %, which can be seen from a right-angled triangle with
sides of lengths 3, 4 and 5.



