MATH 138 Calculus 2, Solutions to Assignment 4

: Let R betheregion 0 <2 <3,0<y<3+2x— 22, and let S be the solid obtained by revolving R about
the y-axis.
(a) Find the volume of S by integrating with respect to x.

Solution: Using the method of cylindrical shells, the volume is
3 3
V:/ 27rx(3+2:v7x2)dx:7r/ 6x + 4a* — 22% dx
0 0
3
—r[30 + 4a® — fat] —m (27436 %) = 4.

(b) Find the volume of S by integrating with respect to y.

Solution: Note first that

2

y=3+2r—2° <= y=4—-(2-1)? <= (-1 =4—y <= z=1+£/4—y

(this formula for z in terms of y can also be obtained using the quadratic formula). The region R can be
cut into two regions, one given by 0 <y < 3,0 <z <1+ /4 —y, and the other given by 3 < y < 4,
1—y4d—y<x<1++/4—y. Using the method of cross-sections, the volume of S is given by

3 4
V=/707T(1+\/H)2dy+/ 7r((1+\/4iy)2_(1_m)2)dy

</035_y+2\/mdy+_/:4wfydy)
=ﬂ<[5y—zy —+<4—y>3/ﬂ2+ - 300

=T




2: Let R be theregion 1 <x <2 0<y<

1
xv/x? + 2z
(a) Find the volume of the solid obtained by revolving R about the z-axis.

Solution: Using cross-sections, the volume is

2 1 2 2 dx 2 dx

=1 V2 + 2z 1 22(x? 4+ 2x) 1 23 (x+2)
et L _A B C
© 8¢ (x+2) =z 22 23
coefficients to get A+ D =0, 24+ B =0, 2B+ C =0 and 2C = 1. Solve these to get C' = §, B = —1,
A=} and D= —%. Thus we have

D
+ 1o e need Ax?(x + 2) + Bz(z +2) + C(x + 2) + Dx® = 1. Equate
x

21 1 1 1 1 1
V:ﬂ-/li_%—i_%_ ; dxzﬂ'[élnx—!—zl——éln(xﬁ—Q)}

r  4x2

(b) Find the volume of the solid obtained by revolving R about the y-axis.
Solution: Using cylindrical shells, the volume is
2 2
1 2w dx
V:/ 27r:c<)d:c: —_—
o=1 V2 + 2z 1 Va2 + 2z
Note that 2 + 2z = (z + 1) — 1. Make the substitution sec = z + 1, tan 6 = v/x2 + 2z, secf tan 0 df = dx

to get
21 dx 27 secf tan 6 df
/ Va2 4 2z tan @ / e
= 27r1n’sec€+tan9’ +c= 27rln‘(x—|—1) + Va2 +2x‘+c
and so

2 ordx 5 2
V:/1 m:%r[ln((x—i—l)—i— x +2x>L—27r(ln(3+\/§)—ln(2+\/§)).



2
3: Let R be the (infinitely long) region 0 < z < 00, 0 <y < “L;
(a) Find the volume of the solid obtained by revolving R about the z-axis.

Solution: Using cross-sections, the volume is

2
e 2 4
Vz/ 7r<\/52> dx:/ L”da:.
e=0 \4+7z o (4+2?)
Make the substitution 2tanf = z, 2sec = /4 + 22, 2secf tan 6 db to get

/2 4 . 2tanf - 2sec? 0 dO /”/2 tan 6 /”/2 sec O tan 6 dO
=T _ = - @
6=0 168@049 0 0

Make the substitution u = sec, du = secf tan 0 df to get

V:

sec3 0

(b) Find the area of R.

Solution: The area is

4 + 56‘2
Make the substitution u = /z, u? = z, 2udu = dx to get

Ao /°° 2u - 2udu_/°° 4u? du
44wty (w2 —2u+2)(u? + 2u+2)
o -1 1 1)—-1
:/ 2 . - - du:/ w=D+1_(ut+1) du
o u2—2u+2 u?+2u+2 0 u2—2u+2 u?+2u+2

< u—1 1 u+1 1
= 2 T3 T2 T3 du
0o W —2u+2 w-2u+2 uw+2u+2 uw42u+2

o0

0
0

u? + 2u + 2
—(0+5+5)-(0-5+9) =

:[%ln(u2—2u—|—2)+tan_ (u—1) = $In(u? + 2u+2) + tan "' (u + 1)

22 2
(u vt > +tan1(u1)+tan1(u+1)}
0



4:LetSbethesolidOSxSZ—xﬁyﬁx,OSzﬁxQ—gﬂ.

(a) Find the volume of S by integrating with respect to x.

Solution: The area of the cross-section at x is
x x b . -
Aw) = [ @ dy= [y -] = de) - (00 ) = 4,
y

S y=-—z

2 2 2
V= / A(z)dz = / 3ot de = {%m‘l} =18,
=0 0 0

and so the volume is

(b) Find the volume of S by integrating with respect to y.
Solution: The area of the cross-section at y is
2 2
Aly) = / S ytde= [3a° - y%L—\w = (3-27) - Gl —v*lyl) = § - 20° + 397l
r=|y =

and so the volume is
2 0 2
v [ sewreibla= [ -wredt s [ o2
y=—2 y=—2 0

0
- [%y —- 3y - %y‘*}

2
8 2,3 1,4 _ 16 16 8 16 16 8\ _ 16
72+{§—§y +8y}0__(_?+?_§)+(?_?+§)_?'



