MATH 138 Calculus 2, Solutions to Assignment 8

(2 -3z
: (a) Find the radius and interval of convergence of the power series Z 7)
n
n=1
2 —3z)" a 2 — 3g|7t! n n+1
Solution: Let a,, = u Then || = | | _nt |2—3x| — [2—3z| =3|z—2|.
an n+1 |2—3z"
By the R. T the power series converges when 3|J: — §| < 1, that is When ‘x - g‘ < 5, and diverges when
|33 — f’ > 3, so the radius of convergence is R = % The endpoints of the interval of convergence are the
1
points where ’x = §| = %, that is ¢ = 5 and x = 1. When z = %, we have a,, = — and so Zan diverges.
(-1 .

When x = 1 we have a,, =

I=(41].

and so Z a, converges by the A.S.T. Thus the interval of convergence is
n

(b) Find the Taylor series centred at 0 for f(z) = ﬁm, and find its radius of convergence.
Solution: We have
_ x _ T -1 2 % %
IO = s G-@-0 13 z-1_ 1—5 1oz
1 0o oo o)
Since _2£ Z% )" Zz%x when |£] < 1, that is 221 |z| < 4,
2 n=0 n=0 n=0
we have - - -
1 .n 1 _ 1(1 1
2) =) gpwa” = Y gwr" =) 5 (g — gw) a”
n=0 n=0 n=0
when |z| < 2.
(¢) Find the Taylor series centred at 3 for f(z) = ﬁ, and find its radius of convergence.
z? — 6x
Solution: We have
x x (x—3)+3 1
= = = = —((z-3)+3) ———
T = e s T o=l wo3r-1 (e =3)+3) 1— (z—3)2
When |z — 3| < 1 (hence also |z — 3|2 < 1) we have m = Y (z —3)?", and so
n=0
f@)=—((z=3)43)Y (=3 == (-3 =3 (-3 =) co(a—3
n=0 n=0 n=0 n=0
where ¢, = —3 when n is even and ¢, = —1 when n is odd. The radius of convergence is 1. Equivalently,

we have ¢, = (—1)""1 — 2 for all n, so



In(1 + z)

2: (a) Find the Taylor polynomial of degree 4 centered at 0 for f(x) = Br

Solution: We have
f(z)=e*In(1+2)
(1 + (—22) + 97(—22) + §;(—22)® + f(—22)* + - ) (x —sz?+ 328 — 1ot —

= (1—2:U+2332—§x3—|—%m4—~-~)(m—%x2+%x3—%x4—---)
o (42t + (1D - (GG LDt
:$7%Z2+§1’3*%1’4+”~

so the Taylor polynomial of degree 4 is Ty(x) = x — %1‘24—%3@3 — %x‘l.

(1+ 3x)4/3

(b) Find the Taylor polynomial of degree 5 centered at 0 for f(x) = Tt o

Solution: We have

(14 32)7% = 14 4(30) + &) (392 4 WG (R) (390, (B CR)EE) 50
L DOEDEDED) s
—1+4x+2x2—§x3+%x4 §w5—|— ,
and so )
f(z) = T (14 3z)%/3

:(1—334—:52—x3+x4—x5+~-~)(1+4x+2m2—%x3+§x4—§x5+-~-)
=1+ @d-Nz+(2-4+1)22+(—2-2+4-1)2%+ (3 +4+2-4+1)2!
+(-8-2-4-2+4-1)a"+.-

=1+4+3z—2a? Ltz +22 — Lad 4.

Thus the 50 Taylor polynomial is T5(z) = 1 + 3z — 2% — %x3 + 22% — %x?



3: (a) Approximate the value of 1n(5/ 4) so the absolute error is at most

T000 -
Solution: In(1 4 z) =2 — 2%+ f2% — 1% + .-+, so we have
5\ _ 1 1 1 1
ln(l)_1_2-42+3-43_4-44+
~ 1 1 1
=122 t3
11 1 43
1732 T 1oz = 102
with error £ < ‘14 = @ < 1000 by the A.S.T.

(b) Approximate the value of /e so that the absolute error is at most

1000
Solution: e* :1+x+§x —|—§az —|—Zx + -+, so we have
5 1
Ve=ei =143+ g+ gy +sint
~ 1 1 1
=1+ 5+ 533 + 53
_ 1, 1 1 _ 916
=l+5+t5+ 7m0 =70
with error . . )
E=gg+gst et
_ 1 1 1 1
*544!<1+ﬁ+5256+53567+ )
§5414,(1+5%+5%+5%+ )
11 125 1

i p— = 5441 24 — 13200

where we used the C.T. and the formula for the sum of a geometric series.

1
(¢) Approximate the value of the definite integral / V4 + 23 dzx so the absolute error is at most 1g55-
0

Solution: Using the Binomial Series, we have
1/2
\/4—|—x3dx—2(1+ 4)
3 1y/_ 1 3\ 2 1V (1) (_c
(o1 (5) B (2)7, QD

4 2! 4 3!
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_ 1.3 1 6 13 .9 135 12, .
=2+ ozl torgis T T g Tt

and so
1 1
/ 3 Lol 1 7 13 10_ 135 13,
/0 dtazide = { 117~ goraEn T T eEaamae ¢ a3 L T }0
=24 L — 13 135
=24 11 goer T s - w4 T
~op Lol —9pl_ 1 9m
=24 37 " gmer =21 16 T Im < s
13 _
with absolute error E < sz = =555 by the A.S.T.

(-1)"H11.3.5.--(2n - 3)
2n=l.nl.4n . (3n+1)

To be rigorous, we should justify our application of the A.S.T. When a,, =

h An+1 2n—1 < 2n+ 2 1 Si An+1 <1
we have = = . Since we
an, 2-n+1)-4-B3n+4) 2-(n+1)-4-Bn+4) 4-(3n+4) an,
know that {|a,|} is decreasing, and since lim Entll — 0 we know that > a, converges by the R.T. so
n—oo | ap

le |an| = 0 by the D.T. Thus we can indeed apply the A.S.T.



4: (a) Find the tenth derivative f(1%)(0), where f(z) = sin(x?/2).

Solution: We have f(z) = sin (”:2—2) = (“"—22) — %(%2)3 + é(t—;)s — o= 2a? — gmaf 4 Sa!® — o and so
FA0(0) = 10! ¢19 = 2% = 945.

122
(b) Evaluate lim cosx'—x.
z—0 z(sinz — x)
Solution: We have
cosz—V1I—a22 (1—-ia?+Hat—)—(1-Fa?—gat+—) L'+

z(sinx — x) z((z—Ltad+—-) —2) —laty
— /1= 22
(the dots indicate there are more terms of higher order in z) and so lim T ZNVIT T

z—0 z(sinz — x)

(=2
(c) Evaluate nZ:O EETIk

Solution: We have

v _q 2?2 23 a2t
e’ = +x+§+§+z+...
2 _ (=22 (=2°  (=2°
S TR T T
_22 _23 _24
STRTC I I I
e?2+1 1 (=21 (-2)?
1 At Ta T
— (n+2)!
o~ (=D)"n
d) Evaluat .
(d) Vauae; 0
Solution: For |z| < 1 we have
%:1*x+x2—x3+x4—-u
x
-1 d 1
= — [—— | =—1+22—32% 442> — -
(1+2)? dx <1+z> S
(o)
— 2 3 4 n n
Ty = —T+ 207 =377 +4x —---:Z(—l) nz".
(1+4+2x) P
. = (=1)"n -1
Putlnx:%togetz( ) = i =-3.

= )



