Chapter 2. Methods of Integration

Basic Integrals

2.1 Note: We have the following list of Basic Integrals

P+
/xpdx: +c, for p#£ —1 /sec%cdmztanx—kc
p+1
dz
— =In|z|+¢ secxtanx dr =secx + ¢
x
/exdx:em+c /tanxdx:1n|sec:c\+c
a:t
/axdx: +c /seca: dr =In|secz + tanz| + ¢
Ina
dx 1
Inzdr=xlnzx—x+c =tan  x+c
14 22
/' d + dz in~ta +
sinz de = —cosx + ¢ ——— =sin "z +c
V1—2?
/ dz = sinz + b o+
cosz dxr =sinz + ¢ ————==sec z+c
zVa? —1

Proof: Each of these equalities is easy to verify by taking the derivative of the right side. For
example, we have | Inz dxr = xInz—x+csince d—(:z:ln:v—a:) =1-In x—l—:z:-%—l = Inz, and
x

. d secT tanx
we have [ tanx dz = In|secz|+ ¢ since d—(ln |secz|) = ——— = tanx, and we have
x sec

sec x tan x + sec?

d
/secac dx = In|secz+tan x|+ c since — (In |secz+tanz|) = = sec .
dz secT + tanx

dz.

2 —5
NI

Solution: By the Fundamental Theorem of Calculus and Linearity, we have

/ dr = / 232 — 5 V2 4y = §x5/2 — 10x1/2}
1 VT 1

4
2.2 Example: Find/
1

4

= (- - 3-10)- 2.



Substitution

2.3 Theorem: (Substitution, or Change of Variables) Let u = g(x) be differentiable on
an interval and let f(u) be continuous on the range of g(x). Then

[ fota)g @) do = [ 1) du

and o
dr = du .
[ seng @ = / L Jd
Proof: Let F'(u) be an antiderivative of f(u) so F'(u) = f(u) and /f (u) +c.
Then from the Chain Rule, we have %F(g(x)) F'(g(x))g'(z) = f(g(x))g’(z), and so
[ Ho@g' @ ds = Flgla)) + e = Fw) +-c = [ flu)du
and

| steng @ = [Fa)]’_ = Foo) - Fo)

r=a

~ [Fw]™” - /:,(b) Flw) du.

u=g(a) =g(a)

2.4 Notation: For u = g(x) we write du = ¢'(x) dz. More generally, for f(u) = g(x) we
write f/(u)du = ¢’'(x) dz. This notation makes the above theorem easy to remember and

to apply.
2.5 Example: Find/ V2x + 3dzx.
Solution: Make the substitution v = 2z + 3 so du = 2dx. Then

/\/2:c+3d:v :/%ul/zdu =1ud2+c=1022+3)3? +c.
(In applying the Substitution Rule, we used u = g(x) = 2z + 3 and f(u) = u = u'/?,
but the notation du = ¢'(x) dx allows us to avoid explicit mention of the function f(u) in
our solution).

2.6 Example: Find /ar:e‘”‘”2 dx.

Solution: Make the substitution u = x2 so du = 2z dx. Then

2 2
/xe"” dx:/%e“du:%6“4—c:%eflc +c.



Inz

2.7 Example: Find / —dx.
. 1
Solution: Let u =Inx so du = — dx. Then
|
/ﬂdac— /udu: sut+c=3(lnz)? +ec.

2.8 Example: Find /tana: dx.

sin

Solution: We have tanx = . Let uw =cosz so du = —sinz dz. Then
CcoS T
sinz dx —du
tanz dox = = [ — =—Inju|+c=—In|cosz| + ¢ =1n|secx| + c.
CcosST U
dx

29 E le: Find .
xample: Fin /x—k\/i

Solution: Let u = v/ so u?> = 2 and 2udu = dz. Then
/ de 2udu _/ 2du
T ++x u? +u u+1"
Now let v =u + 1 do dv = du. Then

d 2d 2
/x:i/gz u+u1:/;dvzzlnw_|_C:21n|u+1]—|-c:21n(\/5+1)—|—c.

2

d

2.10 Example: Find T

202 + 1
Solution: Let u = 222 4+ 1 so du = 4z dx. Then

9 1 9

_ Tz _ Zd“:/ 1 _1/2du—[lu1/2]9:§—l:1.
—0 V2x?+1 u=1 VU 1 i 2 1 22
1

d

2.11 Example: Find / S
o 14322

Solution: Let v = v/3x so du = v/3dx. Then

1
0 0

1+ 322 14+ u?



Integration by Parts

2.12 Theorem: (Integration by Parts) Let f(x) and g(x) be differentiable in an interval.
Then

/ f(@)d () dx = f(2)g(x) — / 9(0) () da

SO
b

/ : ) @) ds = [ olgte) ~ [ o0 )]

r=a

d
Proof: By the Product Rule, we have d—f(:c)g(x) = f'(z)g(x) + f(z)¢'(z) and so
T

/ f(@)9(x) + f(2)d (@) dz = f(2)g(z) + ¢,
which can be rewritten as
/ f(@)d (@) dx = f(x)g(x) — / 9(2)f'(z) da .

(We do not need to include the arbitrary constant ¢ since there is now an integral on both
sides of the equation).

2.13 Notation: If we write u = f(x), du = f'(z)dz, v = g(x) and dv = ¢'(z) dz, then
the top formula in the above theorem becomes

/udv:uv—/vdu.

2.14 Note: To find the integral of a polynomial multiplied by an exponential function
or a trigonometric function, try Integrating by parts with u equal to the polynomial (you
may need to integrate by parts repeatedly if the polynomial is of high degree).

To integrate a polynomial (or an algebraic) function times a logarithmic or inverse
trigonometric function, try integrating by parts letting u be the logarithmic or inverse
trigonometric function.

To integrate an exponential function times a sine or cosine function, try integrating
by parts twice, letting v be the exponential function both times.

2.15 Example: Find /xsinx dx.
Solution: Integrate by parts using u = x, du = dx, v = —cosz and dv = sinx dz to get

/msinx dx:/udv:uv—/vdu:—xcosm+/cosx dr = —xcosx +sinx + c.



2.16 Example: Find /(a:2 + 1)e** da.

Solution: Integrate by parts using u = 22 + 1, du = 2z dz, v = %(329” and dv = e®** dx to

get
/(132—1—1)62‘”de/udv:uv—/vdu: %(Q:Q—I—l)e%—/a}ehdw.

eQm

N[ =

To find /sc e?® dz we integrate by parts again, this time using us = z, dus = dx, vy =

and dvs = €2* dz to get

/(x2 +1)e* dr = L (2% + 1)e** — /xezm dx

:i(2x2—2a:—|—3)62$+c

2.17 Example: Find /lnzz; dx.
. ) 1
Solution: Integrate by parts using v = Inx, du = — dz, v = x and dv = dx to get
x

/lnx dx:xlnx—/ldx:xlnx—x—l—c.

4
2.18 Example: Find/ vz Inz dz.
1

1
Solution: Integrate by parts using v =Inx, du = —dz, v = %:1;3/2 and dv = z'/2 dx to get

Xz

4 4

4
/1 Vz Inz dz = [%$3/21ﬂ$—/§x1/2d:v]
1

= ($ma-F) - (Gni-f)=¥mi-%F,

= (2232 lng — 223/
3 9
1

2.19 Example: Find /egg sinx dx

Solution: Write I = | e*sinz dx. Integrate by parts twice, first using u; = e*, du = e” dx,

x

v = —cosx and dv = sinx dr, and next using u, = €%, dus = e*dx, vo = sinx and

dvo = cosz dx to get
I = —excosa:—l—/excosx dx

= —e"cosx + (e” sinx — /e"” sin z dx) :

= —e¥cosx+eFsinz — 1

Thus 2] = —e® cosz + e*sinz + ¢ and so I = L (sinz — cosz)e” + d.

5



2.20 Example: Let n > 2 be an integer. Find a formula for / sin” x dz in terms of

/ sin” "2z dz, and hence find / sin? z dz and / sin* z dx.

Solution: Let I = /Sin" xdr = /sin"_1 zsinz dz. Integrate by parts using v = sin” ! z,
du= (n—1)sin" ?zcosxdxr, v=—cosz and dv = sinz dz to get
I=—sin" txcosz + /(n —1)sin" 2z cos® z dx
= —sin" 'z cosx + /(n —1)sin" 2 2(1 — sin® z) dx
= —sin" 'zcosz + (n—1) /sin”_2 xdr —(n—1)1I.

Add (n — 1)I to both sides to get nJ = —sin" 'z cosz + (n — 1) /sin"_2 x dx, that is

n n

/sin”x der = —Lsin" lxcosz + 2=t /sin”_233 dx .
In particular, when n = 2 we get
/sinzx dr = —%Sinxcosx—i— %/1dw = —%sinwcosx+ %x—i—c
and when n = 4 we get

/sin4a; dx = —;isin3xcosa:+%/sin2m dx = —%Sin?’xcosx—%Sinxcosx—i-%x—i-c.

2.21 Example: Let n > 2 be an integer. Find a formula for / sec" x dx in terms of

/ sec" 2z dz, and hence find / sec® z dz.

Solution: Let I = / sec" x dr = / sec" 2 zsec’ x dr. Using Integrate by Parts with

u=sec" %z, du = (n—2)sec" 2 xtanz dr, v =tanz and dv = tanz dz, we obtain

I =sec" ?ztanz — /(n —2)sec" 2 ztan®z dr
=sec" 2rtanz — /(n —2)sec" 2 z(sec’x — 1) da
=sec" 2ztanz — (n —2)I + (n — 2) /sec”_2 x dx
Add (n—2)I to both sides to get (n —1)I = sec™ 2 ztanx + (n —2) /sec”_2 x dz, that is

/sec” x dr = ﬁ sec" 2 xtanx + Z—j sec" 2z dx.

In particular, when n = 3 we get

/SGCBZU dx = %secxtanx+%/secx der = %secxtanx+%ln}secx+tanx +c



Trigonometric Integrals

2.22 Note: To find [ f(sinz)cos®" ™ z dx, write cos®™ ! 2 = (1 —sin? 2)" cos = then try

the substitution v = sinx, du = cosx dx.

2n+1 T 2

To find /f(cos x)sin®" 'z dax, write sin = (1 — cos®z)"sinz then try the

substitution © = cosz, du = —sinx dx.

To find / sin®™ z cos®™ x dx, try using the trigonometric identities sin® = %—% cos 20

2n

and cos? § = 5 + 5 cos 20. Alternatively, write cos?” z = (1 — sin? )™ and use the formula

from Example 2.20.
To find /f(tan x)sec?™ 2 x dx, write sec?”t2 2 = (1 4 tan? )" sec? x do and try the

substitution u = tanz, du = sec? = dz.
(sec?z — 1)

secx

To find [ f(secz)tan®" ™z dx, write tan®" g = secrtanz dr and
try the substitution v = secx, du = secxtanz dz.
To find /se02”+1 rtan®" x dr, write tan?” = (sec? 2 —1)" and use the formula from

Example 2.21.
3

/3
2.23 Example: Find/ sm2x dx.
0 cos? ¢
Solution: Make the substitution © = cosz so du = — sinz dz. Then
™3 sin® ™/3 (1 — cos? ) sinz dx 12 (1 —u?)du 12
2 dx = 2 = - 5 = - +1 du
0 COS“ X 0 COS“ X 1 u 1 u
1 1/2 1 1
:[a+u]1 —@2+Y) -+ =1

2.24 Example: Find /sinGx dx.

Solution: We could use the method of example 2.20, but we choose instead to use the
half-angle formulas. We have

/4 /4 3 /4
/ sin® d:z::/ (%—%cos?x) dx:/
0 0 0

/4
:/0 %—%cos2x+%(%+lcos4x)—%(1—sin22x)0082xd:c

— %cos 2r + %COSQ 2r — %0053 2z dx

oo~

2

/4
— 5 Leog2r + 2 cosdx + Lsin® 22 cos 22 dx
0 16 2 16 8

/4
— |51 3 g 1 03
= [15:16 481n2x+ od sindx + 15 Sin 256]
=5m _ 1,1 _5m 1
— 64 4T 18 64 ~ 48



/4 sect

0 \/m
Solution: Make the substitution u = tanz so du = sec? x dz. Then
sect x /4 (tan? z 4+ 1) sec? z dx _/1 (u? +1)du
m 0 Vtanz +1 o Vu+l

Now make the substitution v =u+1so v =v — 1 and du = dv. Then

1 Zw—1)2+1 2
\1;+T %dv:/ V32 2912 412072 gy
U 1 1

2
_ |2 4 _ (242 4-2V/2 2 4
= [202 - 402 401?202 428 40 5) - (244 4)

_ (24-40460)v2 _ 620460 _ 441246
15) 5~ 15 -

2.25 Example: Find

w/4
2.26 Example: Find / tan* = dz.
0

Solution: Note first that

tan? z = tan® tfla'(sec2 x—1)= tan? xsec? z — tan? z = tan? rsec’ x — sec?z + 1.

To find / tan? z sec? x dz, make the substitution v = tan 6, du = sec? 6 df to get

/taanseCQ:v d:v:/ugdu: %u3+c: %tan3x+c.

Thus we have

w/4 /4
/ tan* z do = / tan® zsec® z —sec® z + 1
0 0

= [% tan3x—tanx+x}z/4:%—1+§ =2
2.27 Note: To find | sin(ax)sin(bzx) dzx , /cos(aa:) cos(bx) dx , or /sin(am) cos(bx) dx,
use one of the identities
cos(A — B) — cos(A + B) = 2sin Asin B
cos(A — B) + cos(A+ B) =2cos Acos B
sin(A — B) + sin(A+ B) = 2sin Acos B.
/6
2.28 Example: Find /0 cos 3x cos 2x dx.

Solution: Since 2 cos 3x cos 2z = cos(3z — 2x) + cos(3z + 2x) = cosx + cos bz, we have

— 1

w/6
1 3
T4 20 7 10 ¢

/6 /6
/ cos 2z cos 3z dx = / 3 (cosz+cosbz) do = [% sin 2+ 15 sin 5z
0 0 0



1 2du

2.29 Note: The Weirstrass substitution v = tan3, z = 2tan™ " u, dz = T
u
converts sinz and cosz into rational functions of u: indeed we have sin § = ——= and
cos 5 = \/11—W so that sinz = 2sin 5 cos § = 1_%;2 and cos x = cos? 5 — sin? 5= L‘_Zi
dx
2.30 Example: Find / —
1 —coszx
Solution: We use the Weirstrass substitution v = tan 5, dz = # du, and cosx = ;—Z;
to get
/ dx /ﬁdu / 2 du /du L T
—_— = —_— = -_— = — C = —Ccot — C.
1 —cosx 1— i;zz (1+u2) — (1 —u?) u? u 2



Inverse Trigonometric Substitution

2.31 Note: To solve an integral involving \/a2 + b2(z + ¢)2 or 1/(a® +b*(x+¢)?), try the

substitution § = tan™! @ so that atan® = b(z + ¢), asecd = /a2 + b?(x + ¢)? and
asec?0df = bdx.

For an integral involving \/a? — b%(z + ¢)2, try the substitution § = sin~! —b(mjc) SO
that asind = b(z + ¢), acos = /a? — b%(z + ¢)? and acosf df = bdx.
For an integral involving \/b2(x + ¢)2 — a2, try the substitution 6 = sec™! —b(mjc) SO

that asec = b(x + ¢), atanf = \/b%(x + ¢)2 — a? and asecf tand df = bdx.

1
. dx
2.32 Example: Flnd/o m

Solution: Let 2sinf = v/3z so 2cosf = /4 — 322 and 2cos6 df = v/3dx. Then

n/3 2 7
1 dr B /3 7 cos 0 df B /3 L 2 0dh — [ " 0]71’/3 .,
o (4—3z2)3/2 " J, (2cos0)3 — J, 4vB B B
2.33 Example: Find / o
. ples 1 22V22 4+ 3

Solution: Let v/3 tanf = z so V3 sech = Va2 + 3 and /3 sec20df = dx, and also let
u =sinf so du = cos 6 df. Then

/ / V3 sec? 0 do _/”/41 sec _/W/41C080d0
:1:2\/562 7/6 3tan2 6 +/3sech - e

1/v2 1 1 1/v2
_/ du:[__} S B g Se3

6 3 tan?0 /6 3 sin?f

2.34 Example: Find

/4 Ny

=
X

2

Solution: Let 2sec = z so 2tanf = Va2 — 4 and 2secOtanf df = dzx. Then
4 2 _4 w/3 2 w/3 2 /3 29 -1
/ vV : dx:/ tan< 0 sec 6 df :/ tan Gdgz/ sec” 0 90
2 x 0 0 0

sec2 0 sec 0 sec 6

w/3 /3
:/ sec — cosf df = [1n|sec0+tan0|—sin0}0 =1n(2—|—\/§)—‘/7§.
0

3
2.35 Example: Find/ (42 — 2%)3/2 d.
2
Solution: Let 2sinf = x — 2 so 2cosf = V4x — z2 and 2cosf dO = dx. Then
3 /6 w/6
/ (4z — 2%)3/2 dx = / 16 cos* 0 df = / 4 (1 + cos 20)*do
2 0 0
= /4+8cos20+4008220 do = /4+8c0829+2+2cos40 do

/6
- [69+4sin29+%sin40] o+ 2V3+ B =g 28
0

10



Partial Fractions

2.36 Note: We can find the integral of a rational function fEJJ; as follows:
g(x
Step 1: use long division to find polynomials ¢(x) and r(z) with degr(z) < degg(x) such
f(x) r(z)
that f(x) = g(x)q(x) + r(x) for all z, and note that —= = ¢g(x) + —= so
(+) = gl@)a(@) + () Ty =+
f(x) / r(z)
—Zdr= [ q(z)+ —=dzx.
e W @)

(If deg f(x) < deg g(z) then ¢(z) = 0 and r(z) = f(x)).

Step 2: factor g(z) into linear and irreducible quadratic factors.

r(x
Step 3: write Q as a sum of terms so that for each linear factor (az + b)¥ we have the

9(x)
k terms
Al A2 Ak
_|_ _|_ e _|_ -

(ax +b)  (ax +b)? (ax + b)k

and for each irreducible quadratic factor (az? + bz + ¢)* we have the k terms
Bix + (4 Box + Cy n Brx + Cy,
(ax?2 4+ bxr+c¢) (ax?+ bx + ¢)? (az? + bx + )k’
Loor(z) .. ) L.or(z) . . . . "
Writing @) in this form is called splitting @) into its partial fractions decomposition.
g\z glx

Step 4: solve the integral.
2.37 Example: If g(z) = z(z — 1)3(2? + 22 + 3)? then in step 3 we would write

r(x)_é_l_ B N C N D N Ex+ F Gr+H
glz) = -1 (z—-12 (x—1)3 22422+3 (22 +20+3)2°

and then solve for the various constants.
3 7
2.38 Example: Find/ v dx.
2 (z—1)*(z +2)

Solution: Tn order to get — A B, C d
olution: In orader to ge = € nee
o T 12@+2) -1 (@-12 zt2"

Az —1)(z+2) +Bx+2)+Clxz—-1)Y 2 =2-7.
Equating coefficients gives A+ C =0, A+ B —2C =1 and —2A+ 2B + C = —7. Solving

these three equations gives A =1, B = —2 and C' = —1, and so we have
/3 x—7 p /3 A B C
€r =
s (x—=1)2(z+2) o z—1 (z—-1)22 x+42
3
1 2 1 3
- - - d :[1 1)+ -2 In(z +2
/zx—l @12 130 T n(r—1)+ =5 — In(z + )2

:(ln2+1—ln5)—(2—1n4):ln§—1.

11



V3.4 .3 1
2.39 Example: Find / I?)L dx.
1 T2+
4 .3 1 2 1
Solution: Use long division of polynomials to show that rorhl r—1+ M
3+ x 3+ x

Br+C —z2 1
:1,211 - wx;f; we need A(2? + 1) + (Bz + O)(z) =

—22 + 2 + 1. Equating coefficients gives A+ B = —1, C = 1 and A = 1. Solving these
three equations gives A =1, B= —2 and C' = 1. Thus

V3 4 3 V3
zt—z° +1 1 2z 1
T = S R d
/1 Bz /1 o +x x2+1+m2—|—1 o

A
Next, note that to get — +
x

V3

1
=(3-V3+Inv3-n4+%)— (1 -1-Im2+7)

=23+ 4+ I,

- [% 22 —r+Inz—In(2? +1) +tan™? w}

2 5 4 3 2
) z? + " —2x° =22 —dxr — 25
2.40 Example: Find [ = /1 2(2? — 25 £ B2 dx.
Solution: To get
A+B+ Cx+ D n FEx+ F _x5+x4—2x3—2x2—5x—25
r 2 22-22+5 (22 -2z +5)2 x?(2? — 2x + 5)2

we need Az(z? —2x+5)*+ B(2? =22 +5)* + (Cz + D)(2?)(2? — 224 5) + (Ex + F)(2?) =
x® + 2 — 223 — 222 — 5z — 25. Expanding the left hand side then equating coefficients
gives the 5 equations
A+C=1, 4A+B-2C+D=1, 14A—-4B+5C -2D + FE = -2
—20A+14B+5D+F=-2, 254A—-20B=—-5, 256B=—-25

Solving these equations gives A = -1, B=—-1,C =2, D=2, E=2and FF'= —18, so

/2 1 1 N 2r + 2 N 2r — 18 J
= - - — x
1o 22 22 —-2x+5 (22 —-22+5)?2

1 1 n 20 —2+4+4 + 20 — 2 —16
x  x? 22-2x+45 (22-2x+5)2
11 2z — 2 4 2z — 2 16
- 2t 3 3 T3 2 (2 2
1o 22 2?2 —-2zx+5 22-22+5 (22-—-22+5) (2 — 2z +5)

dx

1 1 1

We have / —dr =Inx+cand / — dx = ——+c. Make the substitution u = 2% — 2245,
T T x

du = (2z — 2) dx to get

20 —2)d d
/M— —uzlnu+c:ln(x2—2x—|—5)—|—c

2 -2x+5 ) w
and
/ (22 — 2)dx du -1 n -1 n
= _— = — cC= ————— C.
(x? —2x 4+ 5)? u? u x?2 =2z +5

12



Make the substitution 2tanf =z — 1, 2secf = Vz2 — 22 + 5, 2sec? 0 df = dx to get

4dx 4-2sec? 6 db
- = ———— = [ 2d0 =20 = 2tan— ! (z=1
/x2—2x+5 / (2sech)? / te an (557 + ¢
and

16 dz 16 - 2sec? 0 d 2d6 5
/(:c2—2x+5)2 —/Wde—/m—/%:os 0d0—/1+00820d9

:94—%$n29+c::9+sm9aﬁ9+%ﬁzﬁm_lWgw‘%éggﬁs+c‘

Thus we have

1 _
I= [—lnx+—+1n(x2—2x+5)+2tan1x—
x

[lnx2—2m+5+1 2 — 1 195—1]2
xr Xz xr
:(ln%—f—%—%—ktan*ll

2
—_ns5 _ 17 -11
=1 g —op ttan™ 5.

N
|
—~
—
=}
=~
_|_
—_
|
[l L
~—

Sxd
2.41 Example: Find /M

secr —1°

Solution: Multiply the numerator and denominator by secx + 1 to get

sec3 x dx sec® z(secz + 1) sec* z + sec® x sect x sec3 x
= dr = 5 dr = 5— dr+ 5s—dw.
secx — 1 (sec?x — 1) tan® tan® tan® x

Make the substitution u = tanz, du = sec?® z dx to get

4 tan? 1 2xd 241
/seCQxdx:/(an T+ )Secx:c:/u+ du

tan® x tan? x u?

8

1 1
= 1+—2du:u———|—c:tan:c—cotx+c.
U U

Make the substitution v = sinx, dv = cos x dz and integrate by parts to get

secd x dx cos x dx dv
dr= | ————5— = 2 N2 2) )2
tan® x cos x sin” (1 —sin® ) sin” z (1-2v%)v

1 1 1 i 1
_ — dv = 2 2 —d
/1—1}2%—112 v /1—v+1+v+fu2 v

= _1 _ 1 _1 =1 4w 1
=—smn[l—v|[+5n[1+v U+C—2ln‘1_v S+

_ 1 l+sinz _ 1 (14sinz)® _ l+sinz |
=5ln{=> —cscx+c=5ln eosmz — CSCT = In | =222 —cscx + c.

sec3 x
Thus /—dx =tanz — cotx + In|secx + tan x| — cscx + c.
secr — 1

13



