Chapter 4. Applications of the Definite Integral

Area Between Curves

4.1 Note: Suppose that f and g are integrable on [a, b] with f(z) < g(z) for all = € [a, b].
We can approximate the area of the region R given by

a<z<b, flz) <y <g()
as follows. Choose a partition
a=xg< 21 < <xTp=">

of [a,b] and choose sample points ¢; € [x;_1,x;]. We divide the region R into strips with
the i*? strip given by
ri1<w <z, flr)<y<g(z).

The area A; A of the i*? strip is approximately equal to the area of the rectangle with base
Az = x; — x;—1 and height g(¢;) — f(¢;), that is

The area of the entire region R is
A= NAZD (g(c) — flei) A
i=1 i=1

We notice that the sum on the right is a Riemann sum for the function g(z) — f(x) on the
interval [a, b, so we define the exact area of the region R to be the limit of these Riemann
sums.

4.2 Definition: Suppose that f and g are integrable on [a,b] with f(z) < g(z) for all
x € [a,b]. We define the area of the region R given by

a<z<b, flz)<y<gx)
to be
b
A= [ @)~ @) do.
4.3 Example: Find the area of the region R which lies between the z-axis and the
parabola y = 1 — z2.
Solution: The region R is given by —1 <2 < 1,0 <y <1 — 22 and so the area is

1 1
A:/_ll—xQda:: p-127] =(-3- (148 =4



4.4 Example: Find the area of the region R which lies between the curves y = 22+ 3z +2
and y = 23 — 32 + 2.

Solution: Let f(z) = 2? + 3z + 2 and g(z) = 2® — 3z + 2. First, let us find the points of
intersection of the two curves and determine where f(x) > g(x). We have
fx)—g(x)=(*+32+2) — (2* =32 +2) = —(2° — 2% — 62) = —2(x — 3)(z +2)

and so f(x) = g(x) when x € {-2,0,3} with f(z) > g(x) for z € (—o0,—2] U [0, 3] and
f(z) < g(x) for x € [-2,0]U[3,00). Next we make a table of values and sketch the curves.
The curve y = f(x) is shown in blue and the curve y = g(z) is shown in green.

v flz) g(x)
-3 2 -16 g
-2 0 0
-1 0 4 10
0 2 2
L6 0 0 2 4
2 12 4
320 20

The region R consists of two parts with the first part given by —2 < z <0, f(z) <y < g(z)
and the second part given by 0 < x < 3, g(x) <y < f(x) and so the total area is

0 3
A= [ g~ f@) dot [ 1)~ gla) da

—2 0

0 3
:/ xS—mQ—Gxda:—f—/ —23 + 22 4 6z dz

-2 0

0 3
:[ix4—%x3—3m2} 2+[—ix4+%m3+3x20
=—(4+3-12) + (-8 +9+27) =04+ =23
4.5 Example: Find the area of a circle of radius r.

Solution: The area of a circle of radius r is equal to 4 times the area of the region given
by 0 <z <7, 0<y<+r?2—2x2, and so the area of the circle is

A:4/ V2 —ax2dx.
0

To solve the integral, we make the substitution rsinf = z so that r cos = v/r2 — 22 and
rcosfdf = dx to get
=0 0

A:/ 4\/7“2—m2dm:/
z=0 6
/2

- /2 /
:r2/ 2—2C0829d9:7“2[2¢9—81n20} =7r?(r—0)=mr?.
0

w/2 z
4r cos @ - rcos 0 d@z/ 4r? (%—%COSQQ) do

0



4.6 Example: Find the area of the region R which lies between the curves y = x — 1 and
2
Yy =x+ 1.

Solution: The line y = x — 1 is shown in blue and the parabola y? = x 4 1 is shown in

green. y=—z—1

y=+vzx+1

y=-vao+l

We now find the area in two ways. For the first solution, we divide the given region along
the y-axis into two regions with the first given by —1 <2 <0, —vr+1 <y < vxr+1,
and the second given by 0 < x <3, x — 1 <y < +v/x + 1. The area of the first region is

0 0 0
Alz/ VITI-(—vZ 1) dx:/ 2o+ 1) dr =[S+ 1)72] =1,
-1 -1 -
and the area of the second region is
3 3
Azz/ Verl—(@—Dde=[3@+ 1% —fa?+a| =(¥-3+3)-(3) =%,
0

and so the total area is

_ _ 4 19 _ 27 _ 9
A_A1+A2_§+F_F_§'

For the second solution we shall interchange the roles of x and ¥, thinking of x as a function
of y. The line is given by = y 4+ 1 and the parabola is given by x = y? — 1, so the region
Ris given by -1 <y <2, y2 —1 <2z <y+ 1, and hence the area is

2 2 5
A=/ (y+1)—(y2—1)dy=/ —y2+y+2dy=[—§y3+%y2+2y] X
y=-1 -1 -

—(-§rz0- (-9 =3,



Volume by Cross-Section

4.7 Note: Suppose that a solid S lies in space between z = a and x = b, and its

cross-sectional area at = (that is the area of the intersection of the solid with the plane

perpendicular to the z-axis at the position z) is equal to A(x), where A is integrable on

[a,b]. We can approximate the volume of S as follows. Choose a partition
a=xg<r1 < -<Tp=2>b

of [a,b] and choose sample points ¢; € [x;_1,x;]. Divide the solid into strips where the i*}
strip lies between x = z;_1 and x = x; and has thickness A;x = x; — x;_1. The volume of
the i*" strip is

and the total volume of S is

n n
V= AV=Y Alc)Aix.
i=1 i=1
We notice that the sum on the right is a Riemann sum for the function A(z) on [a,b], so
we define the exact volume of S to be the limit of these Riemann sums.

4.8 Definition: Suppose that a solid S lies in space between x = a and x = b, and that
its cross-sectional area at x is equal to A(x), where A is integrable on [a, b]. We define the
volume of S to be

vle@mm

4.9 Example: Let f and g be integrable on [a,b] with 0 < f(x) < g(x) for all = € [a, ]].
Let R be the region in the xy-plane given by
a<z<b, flz) <y<g(x)

and let S be the solid obtained by revolving R about the y-axis. Then the cross-section of
S at position x is an annulus (that is the region between two concentric circles) with inner
radius f(x) and outer radius g(z), so the cross-sectional area is

Az) = mg(2)? — 7 ()?.
Thus the volume of S is

V= [ n(g@) - fo)) de.

4.10 Example: Find the volume of a cone of base radius r and height h.

Solution: Such a cone (lying on its side) can be obtained by revolving the triangular region
R given by 0 <x < h, 0 <y < ; x about the r-axis, so the volume is

h h
T 2 71'7"2 777“2
V:/O W(E:U) dr = 0 [%xz)’h: = (%hg):%T(?“Qh.

4.11 Example: Find the volume of a sphere of radius r.

Solution: One half of such a sphere can be obtained by revolving the region R given by
0<z<r 0<y<+r?2—ax?about the z-axis, and so the volume is

r r
V:2/0 7T(T2—x2)dl‘:2ﬂ'|:?“2x—%1173]0:27'((?“3—%7’3) 2%7'('7"3.



4.12 Example: Find the volume of the football-shaped solid S which is obtained by
revolving the region R which lies under one arch of the sine curve about the z-axis.
Solution: The region R is given by 0 < x <7, 0 <y < sinz and so the volume is

™ 2

s s
V = 7 sin?z dr = W(l—lcos2x) dr =m|ix—Ltsin2z| =2 .
o o 27 3 2 1 0 2

4.13 Example: Let R be the (infinitely long) region given by 1 <z, 0 <y < %, and let
S be the solid obtained by revolving R about the z-axis.

Solution: The area of the region R is

A:/looida::[lnx}:o:oo

because lim Inxz = oco. The volume of the solid, on the other hand, is
T—r 00
V:/ 7'(‘-—2de':71'|:——:| =T
1 z Tl

4.14 Remark: The above example gives rise to the following amusing paradox. It would
require an infinite amount of paint to cover the region R but only a finite amount of paint
to fill the solid S. But surely if we fill S with paint we have also covered R with paint!
The resolution to this paradox lies in the fact that our calculation holds for mathematical
paint which can flow down into an arbitrarily small tube.

because lim L = 0.
rz—o0 T

4.15 Example: Find the volume of the solid S given by x2? + 3% < r?, 2% + 22 < r? (this
is the intersection of two cylinders).

Solution: To find the cross-section at x (where —r < x < r) we treat x as a fixed constant,
and then the cross-section is given by y? < 72 — 22 and 22 < r? — 22, or equivalently
by |y| < Vr?2—22 and |z| < Vr?2 —22. Thus we see (somewhat surprisingly) that the
cross-section at x is the square given by |y| < v/r? — 22 and |z| < v/r? — 22. This square
has sides of length 2v/r2 — 22 so the cross-sectional area is

Az) = 4(r* — 2?).

Thus the volume of S is

V:/ A(a:)dx:/ 4(7“2—x2)d3::4[r2x—%x3y :4(%7“3_(_%7“3)):%743‘

—r —r



Volume by Cylindrical Shells

4.16 Note: Suppose that f and g are integrable on [a, b] with f(z) < g(x) for all z € [a, b],
let R be the region in the xy-plane given by

a<w<b, f(z)<y<gl),

and let S be the solid obtained by revolving R about the y-axis. We can approximate the
volume of S as follows. We choose a partition a = xg < 21 < -+ < z,, = b of [a, b], and we
choose intermediate points ¢; € [x;—1,z;]. We divide the region into strips where the ith
strip R; is given by z;_1 <z < x;, f(x) <y < g(z). We divide the solid into “cylindrical
shells” where the i*? shell S; is obtained by revolving R; about the y-axis. The volume of
the i*? shell is

AZV =27 C; (g(Cl) - f(CZ))AZ.T

where A,z = x; — x;_1. The total volume of S is
S = Z AV = Z 2mci(9(ci) — fle)) Az
i=1 i=1

The sum on the right is a Riemann sum for the function 27 z(g(x) — f(x)) on [a,b].

4.17 Definition: Suppose that f and ¢ are integrable on [a,b] with f(x) < g(z) for all
x € [a,b], let R be the region in the zy-plane given by

a<z<b, flr)<y<g(o),

and let S be the solid obtained by revolving R about the y-axis. We define the volume
of S to be

b
V= / 2rnz(f(z) — g(z)) dz.
4.18 Example: Find the volume of a sphere of radius 7.

Solution: One half of such a sphere can be obtained by revolving the region R given by
0<z<r 0<y<+vr?2—axz? about the y-axis, so the volume is

V:2/ 2rx/r? — 22 dx .
0

To solve the integral, we let u = 72 — 22 so that du = —2z dx, and we have
T 0 r
V:/ 47r:1:\/r2—:c2dac:/ —27T\/ﬂdu:[§7ru3/2] =gmrd.
0 r2 0

4.19 Example: Find the volume of the discus-shaped solid S obtained by revolving the
region R given by 0 <x < 3, —cosx <y < cosz about the y-axis.

Solution: The volume is
w/2 w/2
V:/ 27ra:(cosa:—(—cosac))d:c:/ 4 x cosx dx .
0 0

To solve the integral, we integrate by parts using u = z and dv = cos x dx to get

7T/2 7_‘_/2
V=47T{xsinx—/sina: dw] =47T[xsinx—|—cosw} =47T(g—1):27r2—47r.
0 0



4.20 Example: A bowl is in the shape of the surface obtained by revolving the part of
the parabola y = 22 with 0 < z < 2 about the y-axis. Find the capacity of the bowl.

Solution: The capacity of the bowl is the volume of the liquid in the bowl when it is
full. The liquid is in the shape of the solid S obtained by revolving the region R given
by 0 < z <2, 22 <y < 4 about the y-axis. We find the volume in two ways. Using the
method of cylindrical shells, we have

2 2 2
V:/ 27Tx(4—x2)d9::7r/ 8x—23:3dx:7r[4x2—%x4} =8r.
=0 0 0

For the second solution, we interchange the roles of x and y. Note that the region R is
also given by 0 <y < 4,0 <z < ,/y. Using the method of cross-sections we obtain

4 4
V= / dy—w/ ydyzw[%yQ] =8r.
0 0

4.21 Example: Find the volume of the solid torus (that is the doughnut-shaped solid) S
with inner radius R — r and outer radius R + r, where 0 < r < R.

Solution: Note that such a torus can be obtained by revolving the disc D given by
(x — R)* + 92 <r?
about the y-axis. We find the volume in two ways. First we use the method of cylindrical
shells. The disc D is given by
R—r<z<R+r and —+/r2—(z—R)?2<y</r2—(x—R)?

so the volume of the taurus is
R+r
V= / 27r:c-2\/r2—(x—R)2 dx .

To solve this integral we let rsinf = (x — R) so that rcosf = /12— (z — R)? and
rcosfdf = dx to get

R+r /2
V:/ drzy/r? — (r — R)? da::/ 4w - (R+rsinf) - rcos6 - rcosf df

r=R—r O=—m/2

/2 /2
:47T7°2/ Rcos? 0 + rsinfcos® 0 d9:47rr2/ R(%+%cosQ«9)+rsin9cosQO do
—7/2 —7/2
w/2
:47r7“2[R( 0+4sm20)+r 00839] :47rr2-R(%+%):27r2r2R.

—Tr

For the second solution, we interchange the roles of z and y and use the cross-section
method. The disc D is given by

—r<y<r and R—+/r2—y?<x <R+ r?2—y?

and so the volume is

V:/yi_r (R+\/7 S a) >dy—/r47rR\/Wdy

-7

=47R - 7rr = 21%r?R.

T
We used the fact that / V1?2 —y? dy measures the area of a semicircle.
—T



Arclength

4.22 Note: Let f be differentiable on [a,b] (or let f be differentiable in (a,b) and con-
tinuous on [a,b]). Let C be the curve y = f(z) with a < x < b. We approximate the
length of C as follows. Choose a partition a = zg < 1 < -+ < x,, = b of [a,b]. Write
Ajx =x; —x;—q and Ayy = f(x;) — f(zi—1). By the Mean Value Theorem, we can choose
sample points ¢; € [z;_1, ;] so that
N fxi) — f(xi1) o Ay

f <61) - r; — Tij—1 - AZ.CE ’
Let C; be the part of the curve y = f(x) with z;_1 < x < z;, and let D; be the line
segment from (%‘—1, f(mz_l)) to (mi, f(xz)) The length A;L of C; is approximately equal
to the length of D;, that is

A 2

and so the total length of C is

L= L2 iT Pl A,
=1 i=1

The sum on the right is a Riemann sum for the function /1 + f’(x)? on [a, b].

4.23 Definition: Let f be differentiable on [a,b] (or let f be differentiable in (a,b) and
continuous on [a, b]). We define the length (or the arclength) of the curve y = f(x) from

r=atox=>bto be )
L:/ V14 fl(x)? dx.

We say that f is rectifiable when the length L is finite.
4.24 Example: Find the length of the curve y = 2 with 0 <z < 2.
Solution: Let f(x) = 2% so f'(z) = 2z. The length of the curve is

L:/dex:/zmm:.
0 0
To solve the integral, let tan @ = 22 so sec = v/1 + 422 and sec?® 6 df = 2dx to get
/mdx:/%sec?’ﬁ d0:%sec@tan@—i—iln|sec@+tan0|+c
:%mm+%ln|2m+m}+c

so that

2 2
L:/ V1+422 doe = [%x\/1+4x2+iln(2x+\/1+4x2)]0:\/1—7+%11n(4+\/1—7).
0



Surface Area

4.25 Note: The area of (the lateral surface of) a cone of base radius r and slant height [
is given by A = 7mrl. More generally, the area of a slice of a cone with base radius r, top
radius s, and slant height [, is given by

A=n(r+s)l.

4.26 Note: Let f be differentiable on [a,b] (or let f be differentiable in (a,b) and con-
tinuous on [a,b]). Let C be the curve in the xy-plane given by y = f(z) with a < z < b.
Let S be the surface obtained by revolving C' about the z-axis. We can approximate the
area of the surface S as follows. Choose a partition a = z¢g < 1 < --- < x,, = b of [a, b].
Write Az = x; —z;—1 and Ay = f(z;) — f(x;-1). Use the Mean Value Theorem to select
¢i € [xi—1, ;] so that f'(¢;) = 2@ Let C; be the part of the curve C with z;_1 < z < a3,
and let S; denote the slice of the surface S which is obtained by revolving C; about the
z-axis. Let D; be the line segment from (mifl, f(mi,l)) to (m“f(x,)) and let T; be the
slice of a cone obtained by revolving D; about the z-axis. The area A;A of the slice .5; is
approximately equal to the area of T;, that is

AAX 7 (f(zim1) + flx:) AL
= (f(zim1) + f(@) V1+ f'(c)? - Aux
22mf(ei)V1+ f(ci)? - A
The final sum is a Riemann sum for 27 f(x)\/1 + f/(z)? on [a, b].

4.27 Definition: Let f be differentiable on [a,b] (or let f be differentiable in (a,b) and
continuous on [a, b]). Let C be the curve given by y = f(x) with a < x < b. Let S be the
surface obtained by revolving C' about the x-axis. We define the area of the surface S to

be
A:/ o f(2)/T+ F(2)? da.

4.28 Note: A similar argument to the one given above shows that we can approximate the
area of the surface S obtained by revolving the curve C given by y = f(x) with a < x <b
about the y-axis by a Riemann sum for the function 27 /1 + f’(x)? on [a, b].

4.29 Definition: Let f be differentiable on [a,b] (or let f be differentiable in (a,b) and
continuous on [a, b]). Let C be the curve given by y = f(x) with a < x < b. Let S be the
surface obtained by revolving C' about the y-axis. We define the area of the surface S to

be
b
A:/ 214 f'(x)? do.




4.30 Example: Find the area of a sphere of radius r.

Solution: Such a sphere can be obtained by revolving the portion of the curve y = v/r2 — 2
x
with —r < x < r about the z-axis. Let f(z) = v/r? — 2?2 so that f/(z) = ——————= and

Ve — 2

T P@ = 14 oy =\ ey =
B r2—z2  \r2—g22 |\ fr2 _ g2’

Using the first of the above two definitions, the surface area is

‘s

,
A= 2 W1+ f/( dm—/ 2r\Vr?2 — 2?2 - —— dx = o r dr = 4w r?.
/;7’ f f —r \/7“2—1132 —r

Alternatively, we can obtain half of such a sphere by revolving the curve y = v/r2 — 22
with 0 < z < r about the y-axis. Using the second of the above two definitions, the area
of the sphere is

A:2/ 2 /1 + fl(x)? dx = 47‘(’:17
x V

2

To solve the integral we let u =12 — 22 so du = —2x dz to get

Adrrx 0

z=0 VT _332 u=r2

4.31 Example: Find the area of a torus of inner radius R — r and outer radius R + 7.

0
orru Y2 dy = [—47Tru1/2] , =47 r?,

Solution: Half of such a torus can be obtained by revolving the curve y = /12— (R—1z)?
with R —r <z < R+ r about the y-axis. Let f(z) = /7% — (z — . Then we have
—(r—R
f/(SU) — - ( ) =
r2—(z—R)
Slo)

2 7«2 r
Vit _\/ - R) \/TQ—(x—R)QZ

r?2 — (x — R)?

and so, using the second of the above two definitions, the surface area is

R+r R—r
A:2/ 2 - " de =4mr zdw

(- R her (@ RP

To solve the integral, make the substitution rsinf = x — R so rcosf = /r? — (r — R)?
and r cos @ df = dx. Then we obtain
Rt xdr ™2 (R+rsinf) - rcosfdf

A=4drr =A4rr
=R—r (x — R)? h——m/2 r cos

/2
—47rr/ R+ rsiné d0—47r7“[R9—r0080} /2=47r2rR.
—7/2 —7

10



Density

4.32 Example: Suppose a rod lies along the z-axis from x = a to x = b, and the
linear density (that is mass per unit length) of the rod is equal to p(x), where p(x) is
integrable on [a.b]. We can approximate the mass of the rod as follows. Choose a partition
a=x9<x <<z, =>band choose sample points ¢; € [x;_1,x;]. The mass of the part
of the rod between z = x;_1 and x = z; is

AiM = p(e;) A

and so the total mass of the rod is
M = Z A; M = Zp(ci)Aia:.
i=1 i=1

The sum on the right is a Riemann sum for the function p(z). The exact mass of the rod
is the limit of these Riemann sums, that is

M:/abp(x)da:.

4.33 Example: Suppose that a ball of radius R has varying density, and the density at
each point which lies at a distance of r units from the origin is equal to p(r), where we
suppose that p is integrable on [0, R]. We can approximate the mass of the ball as follows.
Choose a partition 0 = rg < r; < --- < r, = R of the interval [0, R], and choose sample
points ¢; € [rj—1,7;]. Divide the sphere into spherical shells using concentric spheres of
radius ;. The volume of the i*" spherical shell is A;V = 47¢;2A;r so its mass is

A M = p(c) AV 22 dei®p(c) A .
The total mass of the ball is

M = il AZM = iélﬂ'Ciz,O(Ci)Aﬂ’ .

This is a Riemann sum, and the exact mass of the ball is the limit of these Riemann sums,
that is

b
M:/ 42 p(r) dr .

11



Force

4.34 Example: A tank is in the shape of the parabolic sheet given by y = 22, —2 <z < 2,
—5 < z < 5 together with the two ends given by —2 < z < 2, x? < y < 4 with z = £5
(where the y-axis is pointing upwards). The tank is filled with a liquid of density p. The
pressure P(h) (force per unit area) exerted by the liquid on each wall at all points which
lie at a depth h is given by

P = pgh

where g is the gravitational constant. Find the total force exerted by the liquid on each of
the ends of the tank.

Solution: We provide a less formal solution than we gave in previous examples. Although
we make no mention of a Riemann sum, it should be apparent that we are in fact approx-
imating the total force by a Riemann sum and then calculating the exact force as a limit
of Riemann sums. Along one of the ends of the tank, consider a thin horizontal slice at
position y of thickness Ay. The slice is at a depth of h = 4 — y so the pressure at all points
is P = pgh = pg(4 —y). The width of the slice is equal to 2,/y, so the area of the slice is
AA =2,/y Ay, and so the force exerted by the water on the slice is

AF =PAA=pg(4—y)-2,yAy.

The total force exerted on the end of the tank is
4 4
F=/ pg(4—y) 2/y dy Zpg/ 8y — 292 dy
y=0 0

4
ng[E—Gyg‘”—‘g‘yf’/zh:pg(%—%) = 20 pg.

4.35 Example: A charged rod, of charge @ (with its charge evenly distributed along its
length) lies along the z-axis from x = 0 to z = 2. A small object of charge ¢ lies at position
(z,y) = (2,1). Find the force exerted by the rod on the object. Use the fact that the force
exerted by one small object of charge ¢; at position p; on another of charge ¢» at position
po is equal to

where k is a constant and u is the direction vector from p; to po, that is u = ps — p;.

Solution: Again, we provide a less formal solution, making no mention of Riemann sums.
Consider a small slice of rod at position x of thickness Az. Since the rod has length 2,
the charge per unit length is % and so the charge on the slice of rod is AQ = % Ax. The
distance from the slice, which is at position (z,0) to the small object, which is at position
(2,1), is equal to r = |u] = /(2 — )2 + 1 and so the magnitude of the force exerted by
the slice on the object is

kq-%Aw

AF = —=—.
(2—z)2+1

By similar triangles, the z and y-components of the force, exerted by the slice of rod on

12



the object, are given by

AF, — 2—x AR — kqQ(Z—x)Af/z
(2—x)?+1 2((2—x)2+1)

AF, = = AR = MQA ol
(2—2)?+1 2((2-2)2+1)

and so the z-component of the total force is

2 kqQ (2 - x)dx
F, = .
/aj 02 ((2 _ x)2 + 1)3/2

To solve the integral, we let u = (2 — 2)? + 1 so that du = —2(2 — ) dx to get

2 1 1
kqQ (2 — x) dx kqQ du 3/
e=0 2 ((2— )2 +1) u=5

1
= kgQ[3u1?] =L heQ(1— k).

The y-component of the total force is

2 kqQ dx
F, = 73 -
2=0 2 ((2—2)2 +1)

To solve this integral, we let tanf = 2 — z so sec = /(2 — )2 + 1 and sec? § df) = —dx.

hen kqgQ d k 26de
/ qQ dx - :/— QQSeg Z/—%kqQCOSQdQ
2((2_$)2+1) 2sec3 0
1 ; — _1 L 2—x
—5 kqQsinf + c = —35 kqQ (2_$)2+1+
and so

F:/2 kqQ dx Z{—lkqQ-%—mr:;kqQ_l
Yy 90:02((2—I)2+1)3/2 2 NCESET] . 5 7
Thus the total force exerted by the rod on the object, expressed as a vector, is

(P Fy) = S kaQ(1- &, 2.
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Work

4.36 Example: A tank is in the shape of the parabolic sheet given by y = 22, -2 < x < 2,
—5 < z < 5 together with the two ends given by —2 < z < 2, x2 < y < 4 with z = £5
(where the y-axis is pointing vertically). The tank is filled with a liquid of density p. Find
the work required to pump all the liquid out of the tank, bringing it all to the level of the
top of the tank. Use the fact that the work required to raise a small object of mass m
from height hy to height hs is equal to

W = mgh
where h = hg — hl.

Solution: We provide an informal solution. Consider a thin slice of liquid at position y
of thickness Ay. The slice is in the shape of a thin rectangle of length [ = 10, width
w = 2,/y and thickness Ay, so its volume is AV = 20,/y Ay, and so its mass is given by
AM = pAV = 20p,/y Ay. All the water in this slice must be raised from height h; = 4—y
to height ho = 4, and so the work done in pumping the water in this slice is

AW = gh AM = 20pg (4 — y)\/y Ay.

The total work required to pump all the water in the tank is

4 4
WI/ 2009(4—y)\/§dy=2009/ 4y/? — P2 dy
y=0 0

4
= 2009 [§ 577 = 34777] =200 (% = ) = 2 oy,

4.37 Example: A chain, of length 7 and mass M, lies along the z-axis. Find the work
required to lift the chain and lie it along the top half of the circle 22 + (y — 1)? = 1 (where
the y-axis points upwards).

Solution: Let 6 be as shown below. For a thin slice of the chain (when it is lying on the
top half of the circle) at position € of thickness Af, the mass of the slice is AM = %AH,
and the height of the slice above the z-axis is y = 1 + sin 6, so the work done in lifting the
slice from the z-axis is AW = gy AM = %(1 + sin #)Af. The total work is

O=m

W= %(Hsine)de:ﬂ[e—coser = M (1 49y,
6=0 =0
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