MATH 138 Calculus 2, Solutions to the Exercises for Chapter 7

: Find the limit of each of the following sequences {a,}, if the limit exists.

(a) an = Vin2 +3

\/4712—1-3: 4+% _>£:
1

Solution: a, = - 2.
n—n 1-—=
(-3)"
(b) an = 22n+1
: (73)71 1 3\ . 3
Solution: a,, = Pont1 = 2 (71) — 0 since | — Z| <1
22n
() an ="

_ 22 4n 4. 4.4...4
Solution: Note that a, = — = — = —————=13-3-5- (1) §) 5) ~ GH)- s <1237 =5

since all the terms in brackets are < 1. Since 0 < a,, < % and % — 0, we have a,, — 0 by the Squeeze
Theorem.

(d) an = (Zi)n

. nln (2L . .
Solution: a,, = e ("‘1) — €2 since lim
n— o0

1o (2L L—lw on2
(711—1) — lim % — lim QL — 2, where
1 -z n—oo n? — 1

S

n—roo

n
we used 'Hépital’s Rule (treating n as a real variable).



4
2: (a) Let a; = % and a,+1 =5 — — for n > 1. Determine whether {a, } converges and, if so, find the limit.
n

Solution: If {a,} does converge, say a,, — [, then we also have a,+1 — [, and so taking the limits on both

sides of the formula a,,11 —5—i gives l=5—3=1*=5l—-4=1>-5l+4=0= (I-1)(1—4) =0.
This shows that if the limit exmts then it must be equal to 1 or 4.
The first few terms of the sequence are a; = g, as = 2 and az = 3. Since the terms appear to be

increasing, we shall try to prove that 1 < a,, < ay,41 < 4 for all n > 1. This is true when n = 1. Suppose it
1struewhenn—k Thenwehave1<ak<ak+1<4:>1> L 2%:—4<—i}9<— <-1

ap — Q41 - ak4+1 —
— 1<5—-=<5— Ty <4, that is 1 < agy1 < age < 4. Thus, by mathematical induction, we have
1<an<an+1 <4f0ralln>1

Since a, < apy1 for all n > 1, the sequence is increasing, and since a,, < 4 for all n > 1, the sequence is

bounded above. Thus the sequence does converge. Since we know the limit must be either 1 or 4, and since
the sequence starts at a; = 2 and increases, the limit must be 4.

(b) Let a; =2 and a,11=1/3a,2 — 3 for n>1. Determine whether {a,,} converges and, if so, find the limit.
Solution: If {a,} does converge, say a, — [, then we also have a,; — [, and so taking the limit on both
sides of the formula a, 41 = v3a,% 3 gives | = V32— 3 = 1> =32 =3 = 2> =3 = | =+, /3. Only
the positive value is a solution to [ = m, so if the limit exists then it must be \/g .

The first few terms are a1 = 2, as = V9 = 3 and a3 = v/24 = 21/6. Since the sequence appears to be
increasing, we shall try to prove that \/g < an < anpyq for all n. This is true when n = 1. Suppose it is

true when n = k. Then we have \/g < ap < g1 = % < ap? < akHQ = % < 3a;? < 3ak+12 ==
3 <3a? -3 <3ap1? -3 = @ < V3ar? —3 < /3ap1? — 3, that is \/g < apt1 < appo. Thus, by

mathematical induction, we have \/g <a, <apyq foralln > 1.

Since the sequence starts at a; = 2 and increases, the limit cannot possibly be \/g , so the sequence
diverges to infinity.



) Find Z 22 —— if it exists.

0 1 1

Solution: 222n+1 2222n+1+z22n+1= Ei—’—lj%:%—’_%:%

it 1
(b) Find ————  if it exists.

T;)n2—|—4n+3

o0 1 © 1 1 b !
SOlutiOn: Z{)m = Zonj—l 7%—"_3 The lt partial sum iS Sl = %Z 3 =
-1+ G- D+ G-D+ G-t (D (=) + (G- o)+ (- %)
%(1+%7H_—271i3)%%(1+%):%asl%oo Thusthesumls%.

(c¢) A hypothetical ball bounces as follows: when it is in the air, it has a constant downwards acceleration of
g = 10; when it bounces, it rebounds instantaneously; whenever it drops from a height h, it rebounds to a
height of %h. This ball is dropped from an initial height A = 5 and allowed to bounce indefinitely. Find the
total distance travelled by the ball, and determine how long it takes for the ball to come to rest.

Solution: More generally, if the ball is dropped form an initial height h, then it falls a distance h, rebounds
and climbs a distance %h and falls the same distance %h, then rebounds and climbs (%)2}1 and falls the

same distance, then rebounds and climbs (%)3h and falls the same distance, and so on. The total distance
travelled is

. .3
d=h+2(Dh+23) h+2(3) n+-=n(1+2(3) + (D)?+2(3)" + ) =h (14 ) =7h.
When the initial height is A = 5, the total distance is d = 35.
Since the acceleration is a = —g, when the ball is dropped at ¢ = 0 from an initial height 2(0) = h with

an initial speed v(0) = 2/(0) = 0, the velocity is v(t) = [gdt = —gt + v(0) = —gt, and the position is
z(t) = [—gtdt = —1gt> + £(0) = h — 1gt>. The ball lands when x(t) = 0, that is when 1gt> = h, or

t = ,/%. Thus the time taken for the ball to drop to the ground from a height of A is equal to ,/%.

Similarly, it takes the same amount of time from the moment the ball rebounds off the ground until the
moment it reached a maximum height of h. Thus the total amount of time until the ball comes to rest is

t:\/%+2 23}‘+2\/2(ig)2h+2\/2(3g)3h+...
- B2 2T 2 () )
B 20 - B2

vl ) =1 avs )

When h =5 and g = 10, the total time taken is t = 7 + 41/3.



4: Determine which of the following series converge.

n2 +4n
vnd —=2n+1

244 2 1
Solution: Let a, = S and let b, " Then lim - = =1, and }_ b, diverges, and so

vV nd—2n+1 V 7’7,5 \/> n—oo bn

> ay, diverges too, by the Limit Comparison Test.

(a) 22

4

n
b il
O
. n4 . G, . (71 + 1)4 2" 1 1
Solution: Let a, = on Then nl;ngo P = nl;ngo Tl AT 2 < 1,80 Y a, converges by the Ratio Test.
1
(c) 2 n (Inn)?
1 1
Solution: Let a,, = ) and let f(z) = w22 so that a,, = f(n). Note that f(z) is decreasing for
. dx > © > ] s
x > 1 and, setting u = Inx so du = —, we have fla)de = ——dx = —du = [—f] =1,
x . . x(lnx)? 1 u? Ul
and so Y a, converges by the Integral Test.
nn
(d) 22—
n " 1 n+1 ! 1 n
Solution: Let a, = % Then lim -2 = lim Ml = lim nt =e>1, 8 > a,
n! n—00 (41 n—00 (n + 1)! nm" n—00 n

diverges by the Ratio Test.

()

Inn
> /n

In
Solution: For n > e we have Inn > 1 so

W

3

. But > —= diverges, and so Z dlvergeb too, by
\/> f

S\

the Comparison Test.



5: For each of the following series, determine whether it converges absolutely, converges conditionally, or di-
verges.

= (=1)"/n
WSS

_1)n
%. Then |a,| = f@ Since the sequence {|a,|} decreases to 0, E a, converges
1 " . .
by tha A.S.T. On the other hand, if we let b,, = @ = ——, then we have M — 1 and E b, diverges (1t
n Vvn by

is a p-series with p = %), and so Z |ay,| diverges too, by the L.C.T. Thus Z a, converges conditionally.

(b) Xo(=1)rel/m

Solution: lim e'/™ = 1, since 10, and so 3°(—1)"e!/™ diverges by the N*"-Term Test.

n—oo

Chor==

Solution: For n > 1, {ﬁ} is decreasing, and lim
n—oo

Solution: Let a,, =

L =0, and so > (D" converges by the Alternating

Inn Inn

Series Test. On the other hand, ﬁ > %7 and Z% diverges, so > ﬁ diverges too, by the Comparison

Test. Thus (;17):' is conditionally convergent.

= nl
Solution: Let a, = (—nQ')" Then GZZI _ (jit), ;171 _ ni—i-l — 0 < 1, and so Zan converges
absolutely by the R.T.
@ X
Solution: Let a,, = # Then nh_}IIolo |CTZ:|1| = nh_>HOlo ZTtll % = 3,50 Y |an| converges by the Ratio Test.

Thus > is absolutely convergent.

(=2)"



o0
—1)n
6: (a) Estimate the sum Z ;n ) so that the absolute error is at most %

+2
Solution: Let a, = (=1)" Then |a,| = L so {|an|} is decreasing with lim |a,| = 0. By the
' T ogng o SR T " rio |7 atd
[=s) l
Alternating Series Test, if we approximate S = > a, by the partial sum S; = Y a, then the absolute
n=0 n=1
error is
S =5l =| ¥ an| <ol = g7
E=|5S-5= an| < lajq1| = =———.
T n + 2l+1 +2

1
Wehavem§% = 214 2>30 < 271 >28 <= [+1>5 <= [ >4,s0toget E; < 55

4
. 1"
we can take [ = 4. Finally, note that Sy = E ;n +)2 =3s—3ts— Tlo + %8 = %.
n=0

W=
=
o=

oo
1
(b) Estimate the sum E 3 so that the absolute error is at most 15
n°>+n
n=1

1 00 l

Solution: Let a, = P If we approximate S = Y a, by the partial sum S; = Z then by the
n n n=1 n=1
1
Comparison Test (since . < — for all n > 1) and the Integral Test (since f(z) = el is decreasing for
nd+n

x > 0), the (absolute) error is

> o q 17 1 , 1 1
:S*SFZnu Z 3—/ d"’”[ 2:52} “oEJmoE T

n=Il+1 =Il+1
1
V\/'ehaveﬁgl—l6 — 22> 16 — 2>8 — lZS,sotogetElSiﬁwecantakel:& Finally,
oo
1 1 1 1 19
notethath):an_'_n:§+TO+%:%_

n=1

1
so that the absolute error is at most

oo
(c) Estimate the sum Z n

100
n=2
“n Ln—1
Solution: If we approximate S = Z = Z —— then, by the Comparison
n=2 n=2 n!
Test, the (absolute) error is
B-s-g- Y "1
Pmeee Z n!
n=I[+1
_ 1 I+1 142 143
= (z+1)| tan tue toan oo
_ 11 142 43 _ 1
= ntos (l+1)! T s aey Tt
1 1
<at (z+1)! + (l+2)! + (1+3)! L
_1 1 1 1
=1 (1 + oot o T oo T )
1 1 1 1
S (1 T Tz TurnE T )

[l

1 _ 1 141

==

To get E; < Wlo we can choose [ so that llil < % By trial and error, we find that the smallest such value
5

. . n—1

1Sl:5.F1na11ynotethatS5:E " :%Jr%Jr%Jr%O:%g.

n=2

We remark that in fact S; =1 — 71, for all I > 2 so the exact value of the sum is S = llim S =1.
! — 00



7: Determine, with proof, which of the following statements are true.

(a) If 3" a, converges then > cos(a,) diverges.

Solution: This is TRUE. Suppose that »_ a, converges. Then a, — 0 and so cos(a,) — 1, and hence
> cos(ay,) diverges by the NTT.

(b) If a, > 0 for all n and Y a,, converges then Y a,? converges.

Solution: This is TRUE. Suppose that a, > 0 for all n and Y a,, converges. Then a,, — 0 and so for large
values of n we have a,, < 1. But when a,, <1 we have a,,?> < a,, and so }_ a,? converges , by the CT.

(¢) If lim Z—n =1 then (3 a, converges <= b, converges).

n— 00 n
Solution: This is false. For a counterexample, let as, = % and agp41 = —in for all n > 1, so we have
{an} = {la _17 %7 _%7 %7_%a T }a and let an = (1 + ﬁ) agn = (ﬁ + %) and b2n+1 = A2n41 =
1
—\%. Note that > a, converges by the A.S.T. Also, we have 92041 _ q for all n and 222 = — —1
" b2n+1 bZn 1 + ﬁ
as n — 00, and so Z—n — 1 as n — oco. But > b, diverges, since, writing S; for the Ith partial sum of > by,
n n=1
l l l
we have Sojp1 = Y. (agn + agnt1) = D, ((ﬁ +%) — ﬁ) =3 %—M)o as | — oo.
n=1 n=1 n=1

(d) If f(z) is non-negative and continuous and / f(z) dx converges then Z f(n) converges.
1 n=1

Solution: This is false, and we provide a counterexample. Let

20 —1if L <a <1, dr—Tif T <a <2, 8z —23if 2 <z <3,
g1(z) = 3—2xif1§x§%, g2(z) = 9—4xif2§x§%, g3(x) = 25—8xif3§1:§2§5,
0 otherwise, 0 otherwise, 0 otherwise,

and in general, for k > 1 let 2kx—k2k+1ifk—2ik§x§k7

ge(x) = k2" +1 2%z if k <a <k+ %k,

0 otherwise.

oo (o) o0
1
Then / g1(z)dz = 1, g2(x) do = 1, / g3(z)dz = %, and in general / gk (z)dx = o Now let
0 0 0
9(z) = gr(x) when x € [k — 3¢,k + 55| and let g(z) = 0 otherwise. The graph of g(z) is shown below.

WAVIS E

oo o0
Then g(z) is nonnegative and continuous, and / g(z) dx converges, indeed / g(z)dx = %+i+%+o =1
1 0

On the other hand we have g(n) =1 for all integers n > 1, so Z g(n) = co.

n=1



