MATH 138 Calculus 2, Solutions to the Exercises for Chapter 8

oo

1 —4x)”
: (a) Find the interval of convergence of the power series E %
n n
n=0
. (I —A4x)” -~ Napga| . [T—dx”tt op2r n )
Solution: Let a, = on Then nh—>Holo el nll)néo (et )2 T da 7}1_}120 511 — 4x|(n+1) =

% ‘1 — 4x‘ =2 |x — i| By the Ratio Test, Y a,, converges when ’x — ﬂ < % and diverges when ’x — i > %

Also, we have |x — i| = % when = = —i or %. When x = —i, an = % = % and Y a, diverges, and when
T = %, an = % = (_771)” and Y a, converges. Thus the interval of convergence is ( — i, % ]
o0
2—3x)"
(b) Find the interval of convergence of the power series Z Q
— n+ Vn
(2 — 3x)" U1 |2 — 3x|n Tt n+n n++n

Solution: Let a,, = . Then -12—3x| and so

n+1+\/n+1.|2—3m|"_n—i—l—i—\/n—i—l

+/n an
lim |24 = |2—3x|. By the Ratio Test, > a, converges when |2—3xz| < 1 and diverges when |2 —3z| > 1.
n—oo | an
We have 2 -32) <1 <= -1<2-32<1 < 1>32-2>-1 < 3>3z>1 < 1>z> 1.

When z = % we have a, = n+1\/ﬁ > 5 and Y 5 diverges (its a p-series) so > a,, diverges too, by the
_1)n
Comparison Test. When x = 1 we have a, = (=1) S0 Y ay converges by the Alternating Series Test,

n++/n
1

since {n+\/ﬁ} is decreasing with lim ﬁ = 0. Thus the interval of convergence is I = (%, 1].

n—oo
© 2 n
-1
(c) Find the set of all values of z such that the series g w converges.
n
n=1
2 n+1
_1ym -1 1
Solution: Let a, = &F2=D"  Thep |20 | = " 4z = 1] : o _ |z + = — 1] and so
n an n+1 5lz2 +x — 1]

lim |22 = |z% + 2 — 1|. By the R.T, the series converges (absolutely) when |22 + 2 — 1| < 1 and diverges
n—oo | G

when |22 +2z —1| > 1. From the graph of y = 22+ 2 — 1 we see that [#2+2—1| < 1 when z € (—=2,-1)U(0,1)
and |22 +x — 1| > 1 when x € (—00, —2) U (—1,0)U(1,00). We check the endpoints of these intervals. When

—_1)"
z = —2,1 we have a, = 1 so 3 a,, converges, and when z = —1,0 a,, = % so Y a, converges. Thus

the series converges when z € (—2,—1] U [0,1) (note that the series is not a power series, and the set of
convergence is not an interval).



2: (a) Find the Taylor Polynomial of degree 5 centred at 0 for f(z) =

e(E

1+z
Solution: _ a1
fla) = o
:(1+x—|—%:ﬁ+%x3+ix4+ﬁx5+-~-)(l—x+m2—m3+x4—x5—---)

=1+ (—-1+Dz+(1-1+4)2?+(-1+1-L+ D)8+ (1-1+3 -1+ L)t
(141543 -5+ )2+
=1+0x+ 1 ac—gx—I— 4x4—%x5+-~-

so the Taylor polynomial of degree 5 is Ps(z) =1+ 322 — 123 + 2% — 1125

(b) Find the Taylor Polynomial of degree 5 centred at 0 for f(z) = (1 4 2x)%/?sinz.

3y(1 3y(Ly(—1 3y(Ly(—1)(—2
_ (1+%(2(E)+ (2)2(,2)(2£E)2+(2)(23),( 2)(2x)3+ (2)(2)(4|2)( 2)(256)4_’_)(1._%1.3_;'_17%(
:(1+31‘—|—%1‘2—%$3—|—%I4+"')(3}+01‘2—l 3+0x4+ﬁx5+---)
:x+(0+3)x2+(—%+0+ )x +(0—§+0 Dt 4+ (mg+0—3+0+2)a®+
=z +32% + m —at Jrﬁosc +-

Solution: f(z) = (1+2x)%/?sinx

so the Taylor polynomial of degree 5 is Ps(z) = x + 322 + 2% — 2% + 15565

In(1
c¢) Find the Taylor polynomial of degree 4, centred at 0, for f(x) = w
y y g t 1
an” - x
n(1 _1a2 41,3 14 1.5
Solution: We have n(l + ) _ Tt 5T i+ 5T . We use long division:

tan~!z x— tad + tab —

1*71‘4’ x —ﬁx + :c + e

1—fa? 4 ot — o )1f§x+f:17277x3+7x5*
1—|—Ox—fx —|—Ox —|—1x4—|—~-~
%z+ 17 _il S4+0axt+--
—5x 402>+ o® + 02" + -

%xg—l—x +0xt 4
2,.2 2.4
5T + 023 -5+

_ 5.3 2,4 4 ...
1227 527 +




3: (a) Find the Taylor series centred at 0 for f(z) =

, and find the radius of convergence.

1 o0
= Zx" for |x| < 1
1—x
n=0

(142 (%)) a" for |z| < 1.

—4
2 +2x —3
—4 -1 1 1

Solution: We have f(z) = R 3:x—1+x+3:1—x+1

—Z —2)" for |z| < 3, f(=z Zw +3Z -

Smce

+ W=

Mg w\a

n

0
4

x2+2x—3’
—1 1 —1 1 i 3

Solution: We h = = = gEg

olution: We have f(z) = ——7 + ——— GrD—2 " @r) 12 1—“?T+1+1+“7+1

> 1 > .
1 = SR o e 1< 2 e = ST o e 1] < 2 o
2 n=0 2 =0

e ) oo 00 1 .
f(w):%Z (=4)" %Z — ) Z(ﬁﬁ-(gni)l)(x—i-l) Zﬁ(w+1)2 for |z +] < 2.

n=0 n=0

(b) Find the Taylor series centred at —1 for f(z) = and find the radius of convergence.

Since we

(c) Find the Taylor series centred at 0 for f(x) = sinx cos .

Solution: We have

_1 - )" 2n+1 _ - (=n" 2n+1
flx )fsmxcosxffsm (2x) 75; 2n+ *;mx .

(d) Find the Taylor series centred at 7 for f(x) = sinx cosx.

Solution: We provide two solutions. The first solution uses the known Taylor series for cosz. We have

flx )7smxcosx7%sm2xffcos (22— Z) = cos (2(z— %))
" & -1 n22n—1 n
-1 G- = Y S -

The second solution uses the formula for the coefficients of the Taylor series. We have f(z) = 1 sin 2z,
fl(z) = cos2o: f'(x) = —2sin2zx, f"(x) = —4cos2x, f"'(x) = 8sin2x and so on. Put in x = 7 to get
fE) =4 1(2)=0,f"(3)=-2,f"(%) =0, f(%) = 8 and so on. In general, the odd-order derivatives
at 0 are all zero, that is f(?"*1)(0) = 0, and the even-order derivatives are given by f(?")(0) = (—1)"22"~1,
(_1)n22n—1
(2n)

Thus the coefficients of the Taylor series are given by co,+1 = 0 and co, = , and so we have

f(z) = Z (_1();;!”_ (- %)%'

n=0



4: (a) Approximate the value of (1300)%/3 so that the absolute error is at most 200
Solution: We have
2/3
(1300)2/% =100 (1 + )

:100( 2)(3) 4 M(%)QJFM(%f

2!

(5) (35
(%)(%)( ) (53) (ay1 . )

_ 7y 214710 _
=100+2-10 - *"' 3'10 - 4|102 + 5108
o _ 33
100 +20 — 1+ 4 — 505 = 11935 =119.11
with absolute error F < % 1,,415310 = 15700 200, by the Alternating Series Test.
(b) Approximate In(4/5) ensuring that the error is smaller than ﬁ.
Solution: Let f(z) = In(1-z) = —z—$a?— 2%~ 12— Thenln (3) = f(}) = -t-sh 55— &
—% - 2.12 = —% and, using the Comparison Test, the absolute error is F = 3% + 4_154 + 5.155 4+ <
1
1 1 _ 3 1 1
555 T 351 T35 T = ff% = 300 < 100"
V5 (1 + =
(¢) Approximate / In1 +2) dx so that the error is less than 1go5-
0 :1?
V5 (1 + s p_1p2 4 103 1g4 . 1/5
Solution:/ gdx:/ 2 3 4 dxz/ 1—%x+%x2—ix3+-~-d3§=
0 €T 0 z 0
1/5
[:U—Q%xQ—i—g%a:S—%x‘l-i--“}o =t mmtmmtEx T2 i — mer = 15 with error B < g5 =

1

1125 <

1000, by the Alternating Series Test.



22
5: (a) Let f(x) = cos? <4\/§

Solution: Since cos?§ = % + %cos 26, we have

>. Find the twelfth derivative f(12)(0).

o [ 2? 1,1 a? 1.1 - 2\
r)=cos" | ——= ) =5+5c08| —= | =5+ 5
f@) (4%??) 20 (N??) ? 2,; n!<2f)
1 4 1 8 1 12
“loamyt tapet Carwet T
12! 11-5-7
(12)(0) = 191 ¢19 — __ _ 38
and so fU1#)(0) = 12l¢yp = G973 = 5 5
inztan—1z — 22
(b) Evaluate lim SImrian Fo
z—0  cos(z?) —1
sinztan~!z — 22 (=223 + ) (z— 2284 ) — 22 —Lat 4.
. . . — . — 1. 2 — 1.
Solution :};lg%) cos(z?) — 1 ilg%) (17 %x4+~~) 1 ot _%le_,_...
- N (2" o~ D) s
Solution: Recall that cosa::ngo @n)! ", SO; (2n)! —7;) 2n)! (\/5) —Cos(\/i).
= n
(d) Evaluate Z m
n=0
oo 0o n ot 1 oo 2"
Solution: We have e* — 1 = ;% 7; WD - :Zm Differentiate both sides to get
re® — (e —1) = na"!
T:Z:%(nJrl)' Then put in z =1 to get ZTD



5: (a) Let ¢;, = 1 when n is even and ¢,, = 2 when n is odd. Find the function f(z) whose Taylor series centered
at 0 is equal to > cpa™.
n=0
Solution: We have
chx": 1420+ a2 +223 + 2+ 225+ -
n=0

=142+ +2%+ )+ (e +22° +22° + 227 + )

1 n 2v  1+2
Cl-22 1—22  1—2?
142
when |z| < 1, and so f(x):ﬁif
-z

(b) Let f(z) = 23 + = + 1. Note that f(x) is increasing with f(0) = 1. Let g(x) = f~!(z), Find the Taylor
polynomial of degree 6 centered at 1 for g(z).

Solution: Say g(y) =ao+ a1(y — 1) +az(y — 1) + az(y — 1)> + - - -. Then
z=g(f(z) = g(=® +2+1) = a0 + a1 (x + 2°) + as(x + 2°)* + ag(x + 2°)° + - --
=ao + ai(z + %) + ag(2? + 22" + 29) +a3(a:3 + 32° +)
+a4($4+4x6+...) +a5(x5_|_...) _|_a6(x6+...) N

= ag + a7 + axx® + (a3 + a1)x® + (ag + 2a2)x* + (a5 + 3a3)2” + (ag + 4ay + ag)x® + - -
Comparing coefficients, we see that ag =0, a1 =1, a2 =0, a3 = —a; = —1, ay = —2a2 =0, a5 = —3a3z = 3
and ag = —4ay — az = 0, and so the 6** Taylor polynomial is Tg(x) = (z — 1) — (z — 1)% + 3(z — 1)°.
(c) Find the Taylor polynomial of degree 5 centred at 0 for the solution to the IVP 4" +y' —3y =z + 1
with y(0) =1 and ¢'(0) = 2.

Solution: Let y = co+c1z 4+ cox® + 3z’ +cax* +c52® +- - -. Then v/ = ¢1 +2cox + 3cza® +4eqx® + beszt +- - -
and y” = 2¢y + 63z + 12¢422 4 20c522 + - --. So y is a solution to the DE when

0=2y'+y —-3y—z—1
= (g + 3c3x + 6c42” + 10c52® + - --) + (c1 + 220 + 3ezz? + dega® + -+ )
— (3co + 3c1w + 3cox® + 3czxd + ) —x — 1
= (ca+c1 —3co— 1)+ (3¢ +2¢o — 3¢y — 1) + (6¢4 + 3¢z — 3cz)x? + (10c5 + 4eg — 3e3)z + -+

Since y(0) =1 and y/(0) = 2 we have ¢g = 1 and ¢z = 2. Put these values in the above equation to get

0= (c2 —2) + (3cs + 2co — T)z + (64 + 3c3 — 3ca)z? + (10cs + deg — 3ez)x™ + - -

For y to be a solution, all the coefficients must be zero, so we have
(c2—2)=0=c2=2
(Bcs+2c0—7)=0=3c3=T—2c0=3=c3=1
(6cg + 3¢5 —3c2) =0 = 6c4 =3c2 —3c3 =3 = ¢4 =
(10c5 +4cqy —3c3) =0 = 10c5 = 3c3 —4dcy =1 = ¢5

|| =

Thus the Taylor polynomial of degree 5 centered at 0 is
Ts(x) =142z + 222 + 2% + Lot + £ab.



