MATH 138 Calculus 2, Solutions to the Midterm Test, Winter 2024

[10] 1: (a) Recall that Z 1=mn, Z k= "(”T‘H), Z k2 = w and E k3 = 712(n4+1)2.
k=1 k=1 k=1 k=1

2
Find / 22 + 2z dz by finding the limit off a sequence of Riemann sums for f(z) = 22 + 2z.
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Solution: We have
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Solution: Let f(z) = m When [a,b] = [-1,1] is partitioned into n = 4 equal-sized subintervals, the

endpoints are zg = —1, 1 = —%, 3 =0, x4 = % and x5 = 1, so we have
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Solution: Let uw = 2z 4+ 1 so du = 2dx. Then
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Solution: Integrate by parts using v = Inz, du = 2 dz, v = —227/% and dv = 273/ to get
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=(-ln4-2)—(—4)=2-2In2.
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(c) Find / ﬂ dz
o 2+sinz
Solution: Let ©w = 2 +sinx so du = cos z dx. Then
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[10]  3: (a) Find /000(2:6 +3)e " d.

Solution: Integrate by parts using u = 2z + 3, du = 2dz, v = —%6_295 and dv = e~ 2* dx to get
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/0 (224 3)e 2 dx = [— $(2z +3)e™ + / e 2" dx} = [ —3(2x+3)e 2 — e
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= {—(m—i—?)e_QxKO:Q

since lim (z — 2)e™** = 0.
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Solution: First let u = \/x so u? =z and 2u du = dz, then let V3 sinf = u so that v/3 cosf = v/3 — u2 and
V3cos0dl = du, to get
/ /\[ 2udu V3 9dy /2 2\/§cos9d9
\f\/ —z oux/?)fu2 0V3 7u2 0= V3 cos b

/2
:/9:0 2d0 = [29} =

We remark that the above integral is improper at both endpoints.
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c¢) Find dx

(c) /0 (x+1)(2? 4+ 2z +2)

Solution: To get % = x%;l—i— QBfﬂiz for all z, we need A(2?+2x+2)+ (Bz+C)(z+1) =2z —1.
Equate coefficients to get A+ B=0 (1),244+ B+ C =2 (2) and 2A+ C = —1, and put in z = —1 to get

A = —3. Solve these to get A = —3, B =3 and C = 5. Thus, noting that 2% + 2z +2 = (z +1)? + 1,

/OO 2z — 1 p /°° -3 N 3z 45 / 3 N 3z +3 N 2 i
xXr = T = —
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oo o0
= [ —3In(z + 1)+ 2In(z? + 20+ 2) 4+ 2tan" ' (z + 1)]O = [% In ””f;ff)"f +2tan~H(z + 1) .
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[10]  4: (a) Find A/(1) when h(z) = / 4" at.
t=vx
Solution: Let f(t) = 4%, let g(y) = ftiof(t) dt, let u(x) = /7 and let v(z) = In(23) = 3Inz. By the FTC
we have ¢'(y) = f(y) = 4¥°, and by decomposition we have
v(x) v(t) u(z)
we)= [ s [ o= [0 @ = g0@) - o(uw)
t=u(x t=0 t=0

so by the Chain Rule, we have

W (2) = g (u(@)u (z) — g (@)’ (z) = 4400 (2) — 47y (z) = 4B 3 g 1

In particular, B'(1) =4°-3 —4'. 1 =3-2=1.
(b) Find /ez sin?z dz .
Solution: We give two solutions. For the first solution, we let I = [ sin’z e® dz and integrate by parts twice,

first using u = sin® z so du = 2sinz cosz dz and v = €® so dv = e® dzx, and then using v = 2sinx cosz so
du = 2(cos? x — sin ) dz = 2(1 — 2sin® z) dz and v = €* do dv = €® dx to get

I:/Sin2x e® dx = sin®z ex—/ZSin:Ecosx e’ dx

=sin®z e” — 2sinz cosx e” + /2(1 —2sin? ) e® do
= sin?z e — 2sinxcosx e” + 2e” — 41
so that 51 = (sin®z — 2sinxcosx + 2) e® (plus an arbitrary constant), hence

/sinzxew de=1= 2

L(sin®z — 2sinz cosx + 2) €” .

For the second solution, we let J = fcos 2z e dx and integrate twice, first using u = cos 2z so du = —2sin 2x
and v = e” so dv = e® dx, then using u = 2sin 2z so du = 4 cos 2z and v = e” so dv = e* dx, to get

J:/cos2x e” dr = cos 2x emn+/2sin2x e® dx

= cos 2z e* + 2sin 2z €* — /4cos2x e® dr

= cos 2z + 2sin2x e® — 41

so that 51 = (cos 2z + 2sin 2z)e® (plus an arbitrary constant), hence

/cos 2z ¥ de = J = £(cos 2z + 2sin 2z).

1
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Thus
/sian e’ dx = /%(1 — cos2z)e® do = Je* — 1J
= Je” — 15 (cos 2z + 2sin 2z) €”
:%(5—cos2x—251n2x) er.



