MATH 247 Calculus 3, Solutions to Assignment 4

: (a) Let A, B C R". Show that AUB = AU B.

Solution: Since A C A and B C B we have AUB C AU B. Since AUB C AU B and AU B is closed, it
follows (from Definition 2.15) that AUB C AU B.

Note that for X, Y C R”, if X C Y then every closed set containing Y also contains X, and so X C Y
(by Definition 2.15). Since A C AU B we have A C AU B. Since B C AU B we have B C AU B. Since

ACAUBand BC AUB we have AUB C AU B.
(b) Let A C R™. Show that A’ = A’ or, in other words, show that A and A have the same limit points.

Solution: Note first that if A € B then we have A’ C B’: indeed if a € A’ then given r > 0 we have
B*(a,7) N B 2 B*(a,r)N A # (. Since A C A, it follows that A’ C A'. Tt remains to show that A’ Cc A
Let a € A'. Let r > 0. We must show that B*(a,7) N A # (). Since a € A" we can choose an element
T € B*(a %) NA. Since x € A = AU A, either we have € A or we have z € A’. If x € A then we
have z € B*(a,r) N A so that B*(a,r) N A # 0. Suppose that x € A’. Let s = d(x,a) and note that since
x € B* (a, %) we have 0 < s < §. Since € A’ we can choose y € B*(x,s) N A. Then we have y € A, and
we have y # a (since d(y,z) < s = d(a,z) ), and we have d(y,a) < d(y,z) + d(z,a) < s + § < r, and hence
y € B*(a,r) N A so that B*(a,r) N A # 0, as required.

(c) Let A, B C R™ be disjoint closed sets. Show that there exist disjoint open sets U,V C R™ with A C U
and BCV.

Solution: Let A and B be disjoint closed sets in R™. For each a € A, since AN B = () we have a € B¢, and
since B is closed so that B¢ is open, we can choose r, > 0 such that B(a,2r,) C B¢, that is B(a,2r,)NB = (.
Similarly, for each b € B we can choose s, > 0 such that B(b,2s,) C A¢, that is B(b,2s,) N A = ().

Let U = U ca Bla,rq) and V = {J,cp B(b, 5p). Then U and V' are open with A C U and B C V. We
claim that U NV = . Suppose, for a contradiction, that c € UNV. Since ¢ € U = |J,c4 B(a,r,) we can
choose a € A such that ¢ € B(a,7,). Since c € V = |J,c g B(b, 53) we can choose b € B such that c € B(b, s).
If ro4 < sp then d(a,b) < d(a,c) + d(c,b) < 14 + sp < 28, so that a € B(b,2s3), but this contradicts the fact
that B(b,2s,) N A = (). Similarly, if s, < r, then d(a,b) < 2r, so that b € B(a,2r,), contradicting the fact
that B(a,2r,) N B =10. Thus UNV =0, as claimed.




2: (a) Let A, B CR". Show that 9(AU B) C 0AU 9B.

Solution: Suppose that = ¢ (AU OB), that is ¢ 0A = A\ A° and ¢ OB = B\ B°. This means that
(x¢ Aorxz € A°) and (z ¢ B or x € B°). If € A° then we can choose r > 0 so that B(a,r) C A, and
then we also have B(a,r) C (AU B) so that v € (AU B)°, and hence z ¢ (AU B). Similarly, if v € B°
then we also have = € (AU B)° hence z ¢ (AU B). Finally, if x ¢ A and = ¢ B, then we have z ¢ AU B
and hence, by Question 1(a), we have x ¢ AU B, so that again « ¢ 9(AU B).

(b) Let A, B C R™. Show that (AN B) C (ANIB)U (BNOA)U (0ANIB). Hint: first show that if
a€d(ANB)and a ¢ (ANOB) then a € OA.

Solution: We claim that if a € (AN B) and a ¢ (AN OB) then we have a € JA. Suppose that a € (AN B)
and a ¢ (AN JB). We need to show that for all r > 0 we have B(a,r) N A # 0 and B(a,r) N A° # (.
Let 7 > 0. Note that since a € 9(A N B) we have B(a,7) N (AN B) # 0. Since AN B C A we have
B(a,r)N (AN B) C B(a,r) N A. Since B(a,7) N (AN B) # () and B(a,r) N (AN B) C B(a,r) N A, we also
have B(a,r) N A # 0. It remains to show that B(a,r) N A¢ # 0.

Since a ¢ (AN OB), either a ¢ A or a ¢ IB. In the case that a ¢ A we have a € B(a,r) N A® so that
B(a,r) N A¢ # (). Suppose that a ¢ dB. Since a ¢ B we can choose s > 0 such that either B(a,s) N B = ()
or B(a,s) N B¢ = (. Since a € (AN B) we have B(a,s) N (AN B) # ), and hence (because AN B C B)
we also have B(a,s) N B # 0, and it follows that B(a,s) N B¢ = (. Let 6 = min(r, s) and note that since
B(a,s) N B¢ = ) we also have B(a,d) N B¢ = . Since a € (AN B) we have B(a,d) N (AN B)° # 0,
that is B(a,r) N (A°U B®) # 0, or equivalently (B(a,d) N A%) U (B(a,d) N B®) # . Since we know that
B(a,d) N B¢ =0, it follows that B(a,d) N A° # (), hence also B(a,r) N A¢ # 0, as required.

(¢) Give an example of sets A, B C R for which (AN B) # (AN9B)U(BNOA)U(DANIB).

Solution: One such example is obtained by letting A = Q and B = Q°. Since AN B = (), we also have
O(AN B) = . Since A is dense in R, it follows that A’ = R so that A = R. Since B = A° is dense in R, it
follows that A° = ) so that 9A = A\ A° = R. Similarly we have B = R and B° = () and 9B = R. Thus
(ANOB)U(BNOA)U(DANIB)=RNR)URNR)U(DNO) =R.




3: (a) Let a € R", let 7 > 0, and let B(a,r) C A C B(a,r). Show that A° = B(a,r) and A = B(a,r).

Solution: Since B(a,r) is open and B(a,r) C A, it follows that B(a,r) C A°. Let b € A°. We must show that
b € B(a,r). Suppose, for a contradiction, that b ¢ B(a,r), that is |b —a| > r. Since b € A° C A C B(a,r),
we have |b — a| < r, and hence |b — a| = r. Since b € A° we can choose s > 0 so that B(b,s) C A. Let
x = b+ 5-(b—a) and note that |z —b| = 5 so that 2 € B(b,s). Also note that x —a = (b—a)+ 5-(b—a) =
(1+£)(b—a),sothat [z —a| = (1+ £)-r=r+ % >r, and hence z ¢ B(a,r) so that = ¢ A. But since
x € B(b,s) with x ¢ A, this contradicts the fact that B(b,s) C A. Thus b € B(a,r) as required.

Since B(a,r) is closed and A C B(a,r), it follows that A C B(a,r). Let b € B(a,r). We must show
that b € A, that is b € A or b € A’. Since b € B(a,r) we have |b—a| < r. If |b —a| < r then we have
b € B(a,r) C A so that b € A. Suppose that |b — a] = r. We claim that be A'. Let s > 0. Choose t with
0 <t < max{r,s} and let # = b — L(b—a). Then we have [z —b| = L|b —a| = ¢ with 0 < t < s so that
x € B*(b,s), and we have |z —a| = |(1—7) (b—a) | —r—t<rsothatz e B(a,r) C AThus x € B*(b,s)NA
so that B*(b,s) N A # @, which shows that b € A’, as claimed.

(b) Determine whether for every subset P C R™, we have Bp(a,r) = Bp(a, R) for all @ € P and all > 0.

Solution: This is false. For example, when a,b € R" with a # b, and P = {a,b}, and r = |b — al, we have
Bp(a,r) = {a} which is closed (both in P and in R™) so that Bp(a,r) = {a}, but we have Bp(a,r) = {a, b}.

(c) Let A C P C R™ Prove that A is compact in P if and only if A is compact in R™.

Solution: Suppose that A is compact in P. Let T be an open cover for A in R™. For each V € T, let
Uy =V N P. By Theorem 2.31, each set Uy is open in P. Since A C P and A C |J,, .V, we also have
A C Upyer(VNP) = UyerUv. Thus the set S = {Uy ’ V €T} is an open cover for A in P. Since
A is compact in P we can choose a finite subcover, say {Uv,,---Uy, } of S, where each V; € T. Since
ACUL, Uy, =L (ViNP), we also have A C |J;_, V; and so {V4,---,V,} is a finite subcover of 7.
Suppose, conversely, that A is compact in R™. Let S be an open cover for A in P. For each U € S, by
Theorem 2.31, we can choose an open set V7 in R™ such that U = Vy N P. Then T = {VU | Ue S} is an
open cover of A in R™. Since A is compact in R™ we can choose a finite subcover, say {VUl, sl VUn} of T,
where each U; € S. Then A C J!_,(Vy, N P) =, U; and so {Uy,---,U,} is a finite subcover of S in P.



4: (a) Let A C R™ be compact and let S be an open cover of A. Show that there exists r > 0 such that for

every a € A there exists U € S such that B(a,r) CU.

Solution: For each p € A, since S is an open cover for A we can choose U, € S with p € U, and then, since
U, is open we can choose r, > 0 so that B(p,2r,) C U,. Note that the set T' = {B(p7 rp)|p € A} is an open
cover for A. Since A is compact, we can choose a finite subcover, say {B(p1,7’p1), cee B(pg,rm)} of T for
A, with each py, € A. Let r = min{r,,,---,7p,}. We claim that for every a € A there exists U € S such
that B(a,7) C U. Let a € A. Choose an index k such that a € B(pg,7p,), and let U = U, € S. For all
x € B(a,r) we have |z — p| < |z —a| + |a — pi| < r +rp, < 2r,, and hence z € B(py,2rp,) C Uy, = U.
This shows that B(a,r) C U, as required.

(b) Let C1,Cy, C’3, - be non-empty closed sets in R with C; D Cy D C3 D ---. Show that if each set C}, is
compact then ﬂ Ck # 0, and find an example where the sets Cj are not compact and we have ﬂ Cr = 0.
k=1 k=1

oo
Solution: Suppose that each set Cf is compact, and suppose, for a contradiction, that (| Cx = 0. Then
k=1

R'=0°=(NC) = UG =CU U G
k=1 k=1

k=2
It follows that C; C U C},¢ since given a € C7 we have a € C1° U U Cr° but a ¢ C1°, and so a € U Ci°.
Thus S = {Cg ,C3° ,04 ) } is an open cover for Cy. Since (' is compact we can choose a finite sub cover
T = {Cklc,CkQC,o~,Ckf} say with 2 < k| < ko < --- < ky. Since T covers C7 we have C; C U Cy,°
Since Ck, 2 Ck, D -+ - D Ck, we have Ci,° C Cy,° C -+ - C Cf,° and hence U C,© = C,°. Thus er i)btain

=1
Cy C Cy,°, or equivalently C; N Cy, = 0. But this is not possible since C; N Cy, = Cy, # 0.

o0
Note that the sets C, = R™ \ B(0,n) are closed in R™ with C; 2 Cy D -+, but (| Cx = 0.
k=1



