PMATH 333 Real Analysis, Solutions to Assignment 1

n
: (a) Use induction to show that Y. =t = (n=D)(nt2) for all n € Z with n > 2.
k=2

4n(n+1)
n 2
Solution: For n > 2, let S,, = k22 ﬁ and let g(n) = %. Note that Sy = kEQ kg—alﬁ = ﬁ = %
and g(2) = 5% = £ so we have S = g(2). Let n > 2 and suppose, inductively, that S,, = g(n). Then

1
(nt+1)((n+1)2-1)

= g(n) + m by the induction hypothesis

Sny1 = Z e Z T (n+1)3 ) = Ot

_ (n=1)(n+2) + 1 _ (n—1)(n+2)>+4

—  4n(n+1) n(n+1)(n+2) = 4n(n+1)(n+2)

_ (n=1)(n*4+4nt+4)+4 n3+3n? _ n(n+3) _
dn(nt1)(n+2)  dn(nt)(n+2) ~ d(n+1)(n+2) g(n+1)

as required. By induction, we have S,, = g(n) for all n > 2.

(b) Show that Y k(}) =n2""! foralln € Z*.
k=1
Solution: We provide three solutions. The first solution uses induction. For n > 1, let S, = Y k(})
k=1
1
and let g(n) = n2"~!'. Note that S; = Y k(}) =1- (1) =1and g(1) =1-2° =1 and so S; = g(1).
k=1
Let n > 1 and suppose, inductively, that S, = g(n). Recall that, by the Binomial Theorem, we have
n n | n n!
1;0 (¥) = (1+1)" =2 Also note that for k > 1, k("}') = k- k!((n++112k)! = (k—l()!(ttl—)(k—l))! = (n+1)(,").
Thus, letting £ = k — 1, we have

n+1
Sni1 = Z k(") = kzl(m (") =(n+ 1)[20(’;) =(n+1)-2"=gn+1)
as required. By induction, we have S,, = g(n) for all n > 1.

For the second solution, we use differentiation. By the Binomial Theorem, we have (1+z)" = Y (})z*
for all x € R. Taking the derivative on both sides gives n (1 +z)"~ Z k(})z*!. Putting in z = 1 gives

n2n1 = Z k(7). as required.

The thlrd solution uses a counting argument (this is not really a rigorous mathematical proof, but it is
a convincing explanation). Let S = {1,2,--- ,n}. We count the number of ways N to choose a non-empty
subset A C S along with an element ¢ € A. On the one hand, for each k with 1 < k < n, the number of
ways to choose a k-element subset A is equal to (Z) and, having chosen A, the number of ways to choose

the point a € A is equal to k, and so we have N = Z k(7). On the other hand, the number of ways to

choose the point a is equal to n and, having chosen a, the set A\ {a} can be chosen to be any of the 27!
subsets of the (n — 1)-element set S \ {a}, and so we have N = n 2"~



(c) Show that kzl k2(7) =n(n+1)2""2 for alln € Z*.

Solution: We provide three solutions. The first solution uses formulas from our first solution to Part (b).

We found that k(") = (n+1)(,",), Zn: (7) =2", and zn: k(%) = n2""'. Replacing n by n — 1 and
k=0 k=1

n:—1 n—1
letting ¢ = k, we obtain k(7) =n(7_1), 3 () =2""tand 3 £(",") = (n—1)2"2. Letting { = k — 1,
=0 =1

S EG) = S k() =n S 0T =n( T () + E (1)
=n((n—-1)2""2 42" 1) = n(n+1)2""2,

The second solution uses differentiation. By the Binomial Theorem, we have (1 + )" = ) (")xk for

k
k=0
n

all z € R. Differentiate both sides to get n(1 + z)"~* = 3 k(% )x*~'. Multiply both sides by = to get
k=1

nz(l+z)""' = 3 k(})a". Differentiate again to get n((1+z)"*+z-(n—1)(1+z)""2) = 3 k*(})a*"1
k=1

Putinz =1toget > k*(}) =n(2" '+ (n—1)2""2) =n(n+1)2""2
k=1

The third solution uses a counting argument. Let S = {1,2,---,n}. We count the number of ways N
to choose a nonempty subset A C S along with an ordered pair (a,b) € A%2. On the one hand, for each
1 < k < n, the number of ways to choose a k-element subset A is equal to (2) and, having chosen A, the

number of ways to choose (a,b) € A? is equal to k?, and hence we have N = Y~ k*(}). On the other hand,
k=1

the number of ways to choose a pair (a,b) € S? with a # b is equal to n(n — 1) and, having chosen a,b € S,

the set A\ {a, b} can be chosen to be any of the 2"~2 subsets of S\ {a, b}, and the number of ways to choose

a pair (a,b) € S? with a = b is equal to n and, having chosen a = b € S, the set A\ {a,b} = A\ {a} can be

chosen to be any of the 2"~! subsets of S\ {a}, and so we have N = n(n—1)2""24+n2" "t =n(n+1)2""2

: In Appendix 2 (Algebra Lecture Notes), read Definitions 1.1 and 1.2 on page 88, and read Examples 1.33,
1.34 and 1.35 on page 10, then express each of the following statements as formulas in first-order set theory.

(a) x is the union of all the sets which are elements of y (for example, if y = {u, v} then z = w U v).
Solution: One possible translation is Vz (z € <+ Ju(u € y A z € u)).

(b) z ={y,y Uz}

Solution: The statement can be partially translated as Vu (u €z (u=yVu=yU z)) and then further
partially translated as Vu (u € @ <+ (u =y VVu(v € u > v € yU z))) and then fully translated into the

formula
Vu(uez ¢ (u=yVVo(veu+ (vEYVuE2)))).

(c) The collection of all one-element sets is not a set (in other words, there does not exist a set whose elements
are all of the one-element sets).
Solution: The (false) statement “x is the set of all sets” can be partially translated as
Vy (y €  ++ (y is a one-element set))
which can then be translated into the formula
Yy (y € z <> Jz2(z € y AVu(u € y = u = 2))).

Thus the given statement (namely the true statement that no such set x exists) can be translated into the
formula
—JzVy (y €z« z(z €y AVu(u € y = u = 2))).



3: In Appendix 2 (Algebra Lecture Notes), read the ZFC axioms on page 90, then solve the following problems.
(a) Let w and v be sets. Explain, using the ZFC axioms, why uNwv is a set.

Solution: The collection {u,v} is a set by the Pair Axiom, the collection u Uv = J{u,v} is a set by the
Union Axiom, and so the collection u Nv = {:1:€u Uwv ‘ r€u and xEU} is a set by a Separation Axiom.
Alternatively, we can argue that unv = {a: cu ’ r€uw and x EU}, which is a set by a Separation Axiom.

(b) Show that the collection w = {{0, 1,2,---1,{1,2,3,---},{2,3,4,- -}, -~ } is a set. You may assume that
N is a set and that the statements u=N and u€N are expressible as formulas in first-order set theory.

Solution: In the class of sets, when n € N, we have
{n,n+1,n+2,---} =N\ {0,1,---,n—=1} =N\n = {z[zeNA-zen} = {zeN|-zen}
which is a subset of N by a Separation Axiom, and we have
u={nn+l,n+2+. -} <= u=N\n <= Ve (z€u + (zeNA-z€EN)).
Let F(n,u) be the formula above on the right. The given collection w is given by
w={u ’ IneN F(n,u)}

which is a set by a Replacement Axiom, since N is a set and since the formula F'(n, ) has the property that
for every set n there is a unique set u such that F'(n,u) is true, namely the set w = N\ n = {x€N|ﬁx€n},
which is a set by a Separation Axiom.

Alternatively, the given collection w is given by

w={ueP(N)|In(neNAF(n,u))}
which is a set by a Separation Axiom, since P(N) is a set by the Power Set Axiom.

(c) Let F be the formula JwVz(z €w > FuVz(z €z > Jy(y€u Az cy))). Determine whether F is a true
statement (assuming that the variables represent sets).

Solution: In the class of sets, we have
Jy(yeuhzey) < x € Uu
Ve(x€z < Jy(yeunzey)) < z = Uu
Vz(z€w ¢ JuVz(zez +» Jy(ycunaey))) < w={z]z = Uu for some set u}

Thus the given formula F' states that the class w of all sets of the form (Ju, for some set u, is a set. We
claim that F' is false. Suppose, for a contradiction, that the class w = {z’z = |Ju for some set u} is a set.
Let v be any set. Note that v = |J{v} and so v = [Ju for some set v (namely the set u = {v}) and hence
v € w. Since v was arbitrary, we have shown that every set is in w, so w is the class of all sets. Thus w is
not a set and so F' is false, as claimed.



4: As in Chapter 1, let R1-R9 be the rules for rings and fields, and let O1-O5 be the rules for ordered fields,
and let RO be the rule which states that, in a ring R, we have a -0 = 0 for all ¢ € R. For the following
problems, provide a step-by-step proof which uses only one rule at each step.

(a) Let F be a field. Using only rules R0-R9, prove that for all a,b € F,if a-b=0 then a =0 or b = 0.

Solution: Let a,b € F and suppose that a - b = 0. Suppose that a # 0. By R9 we can choose ¢ € F such

that a-¢=1. Then
b=1-b, by R6,

=(a-c)-b,sincea-c=1,
=(c-a)-b, by RS,
=c-(a-b), by Rb,
=c-0,sincea-b=0,
=0, by RO.

(b) Let R be a ring. Using only rules RO-R7, prove that for all a,b € R if (a+b)z = 2 +b for all z € R then
a=1and b=0.

Solution: Let a,b € R. Suppose that (a +b) -z = x + b for all € R. Then, in particular (taking x = 0) we
have (a+b)-0=0+b and so
0=(a+0b)-0, by RO,

=0+ b, as mentioned above,

=b+0, by R2,

=b, by R3.
This proves that b = 0. Since (a +b) - x = x + b for all z € R it follows in particular, by taking x = 1, that
(a+b)-1=1+0b and, since b =0, we have (a +0) -1 =1+ 0. Thus

a=a+0, by R3,

=(a+0)-1, by R6,

=140, as mentioned above,

=1, by R3.



(c) Let F be an ordered field. Using only rules R0-R9 and O1-O5, prove that for all a € F we have 0 < a - a.

Solution: Let a € F. By O1, either we have 0 < a or we have a < 0. If 0 < a then we have 0 < a - a by O5.
Suppose that a < 0. By R4, we can choose b € R so that a + b = 0. Note that
a-a+a-b=a-(a+b),byR7,
=a-0,since a+b=0,

=0, by RO,

and hence
b-b=b-b+0, by R3,

=0+4+b-b, by R2,
(a-a+a-b)+b-b,sincea-a+a-b=0,
ca+(a-b+b-b), by R,
ca+(a+b)-b,byRT7,
-a+0-b,since a+b=0,
-a+b-0, by RS,

-a+ 0, by RO,

-a , by R3.

Q@ 2 2 2 2 2

Thus we have
a+b<0+4+b by 04, since a <0

0<0+b sincea+b=0
0<b+0 by R2
0<b by R3
0<b-b by O5

0<a-a sinceb-b=a-a.



