
PMATH 333 Real Analysis, Assignment 4 Due Mon Oct 4, 11:00 pm

1: (a) Find

∫ 1

0

ex dx by evaluating the limit of a sequence of Riemann sums for the function f(x) = ex.

(b) Find

∫ 4

1

√
x dx by evaluating the limit of a sequence of Riemann sums for the function f(x) =

√
x.

2: (a) Let f be integrable on [a, b]. Show that g is integrable on [a, b], where g(x) =

{
f(x) , if f(x) ≥ 0

0 , if f(x) < 0

}
.

(b) Show that f is integrable on [0, 1], where f is defined by

f(x) =

{
1
2`

, if x = k
2`

for some positive integers k, ` with k odd

0 , otherwise

}
.

3: Let a, b ∈ R ∪ {±∞} and let f : (a, b) ⊆ R → R be continuous. We say that the improper integral
∫ b
a
f

converges when for some (hence for any) c ∈ (a, b), the limits lim
r→a

∫ c
r
f and lim

s→b

∫ s
c
f both exist and are finite.

(a) Determine whether

∫ ∞
1

sin
(
1
x

)
√

lnx
dx converges.

(b) Determine whether

∫ ∞
2

ln
(
sec π

x

)
dx converges.

4: (a) Let f : [a, b]→ [c, d] be bijective and decreasing with f(a) = d and f(b) = c. Let g = f−1 : [c, d]→ [a, b].
Suppose f and g are continuous and consider the area of the region a ≤ x ≤ b, c ≤ y ≤ f(x). Prove that∫ b

x=a

(
f(x)− c

)
dx =

∫ d

y=c

(
g(y)− a

)
dy

.

(b) Let f : [a, b] ⊆ R→ R. For a partition X = {x0, x1, · · · , xn} of [a, b], define

Length(f,X) =
n∑
k=1

√
(xk − xk−1)2 + (f(xk)− f(xk−1))2

then define the length of the graph y = f(x) on [a, b] to be

Length(f) = sup
{

Length(f,X)
∣∣∣X is a partition for [a, b]

}
(the above supremum can be finite or infinite). We say that f is rectifiable on [a, b] when Length(f) is finite.
Show that if f is rectifiable on [a, b] then f is integrable on [a, b].


