PMATH 333 Real Analysis, Solutions to Assignment 5

: For each of the following sequences of functions (f,,)n>1, find the set A of points x € R for which the sequence
of real numbers (f,(x)), ., converges, find the pointwise limit g(z) = lim f,(x) for all # € A, and determine
nz n—o0o

whether f, — ¢ uniformly in A.

() fu(z) = (sinz)!/CGr+D

Solution: If z = 7k for some k € Z then sinz = 0 so f,(x) =0 and so nh_)rrgo fa(z) =0. If x € 27k, 7(2k + 1))
for some k € Z then 0 < sinz < 1 and so nl;n;o fal@) = 1. If € (7(2k — 1),27k) for some k € Z then

—1 <sinz <0 and so lim f,(x) = —1. Thus the sequence converges for all z € R, so A =R, and the limit
n—oo
function g : R — R is given by
0,if x =k
g(x) = 1,if z € (2nk,m(2k + 1))

—1,ifz € (7(2k — 1), 27k)

Since each function f,, is continuous everywhere, but g(x) is not continuous at = wk with k € Z, the
convergence cannot be uniform.

(b) fulw) = /2% + 7=

1
Solution: For all € R we have lim f,(z) = lim 4/2? + — = V2 = [z[. Thus the set of convergence is
n—oo n—oo n

A = R and the limit function g : R — R is given by g(z) = |z| for all z € R. The convergence is uniform
because given € > 0 we can choose m > % and then for all z € R and for all n > m we have

fala) - g(a)] = Jo7 4 - v = ) =) 11,

\/7+f \/7+f_’1‘+0 g

3=

() fulw) =a™ — 2"
Solution: Note that f,(z) = 2™ — 2?" = 2"(1 — 2™). When x < —1, for even values of n we have 2 — 400
and (1 — z™) — —oo so that f,(z) = 2"(1 — 2™) — —o0, and for odd values of n we have ™ — —o0 and

(1 — 22) — 400 so that f,(z) = —oo, and so lim f,(x) = —co. When = = —1, for even values of n we have
n— oo
fo(x) = 2™ —2® =1 -1 = 0 and for odd values of n we have f,(z) = 2" — 2" = —1 — 1 = —2 and so

lim f,(z) does not exist. When —1 < z < 1 we have 2" — 0 and 22" — 0 and so lim f,(z) = 0. When

n—00 n— oo

x =1 we have f,(z) = 0 for all n so lim f,(x) = 0 When x > 1 we have 2" — oo and (1 — z") — —o0
n—oo

and so f,,(z) = z"(1 — 2™) — —oo. Thus the set of points z € R for which the sequence (f,(x)) converges is
A = (—1,1] and the limit function g : (—1,1] — R is given by g(z) = 0 for all z € (—1,1]. The convergence
is not uniform because given any odd n € ZT, since f, is continuous everywhere with f,(—1) = —2 and
fn(0) =0 we can, by the Intermediate Value Theorem, choose z € (—1,0) such that f,(z) = —1 and then we
have | f,,(z) — g(x)| = 1. Alternatlvely, we can see that the convergence is not uniform because for all n € Z*

we have fn(%z) % 1= Q so that |f,,(z) — g(z)| = f 1



2: Let (an)n>1 be a sequence in R, let (f,)n>1 be a sequence of functions f,: ACR—-R,letg: ACR =R
and let h: R — R.

(a) Suppose that ., a, converges and ’fn+1(:17) - fn(x)| < a, foralln > 1 and all x € A. Show that
(fn)n>0 converges uniformly on A.

Solution: Let € > 0. Since each a,, > 0 and Y a,, converges, by the Cauchy Criterion for Series we can choose
¢
m € ZT such that for all £ > k > m we have > a, < e Then for all £ > k > m and all x € A we have
n=k+1

|fo(x) — fu(@)| = |(felx) = fo—1(2)) + (fou 1( ) = fo- 2( )+ -+ (frra (@) = frl(@))|
< |fe(@) = for(@)| + [ frm1(®) = frmo(@)| + - + | for1(2) = fu()]

£

<ap+ap—1+---+agy = E a, < €.
n=k+1

Thus f, — f uniformly in A by the Cauchy Criterion for Uniform Convergence of Sequences of Functions.

(b) Suppose that f, — g uniformly on A and f,(x) > 0 for all n > 1 and all z € A. Show that \/f, — /g
uniformly on A.

Solution: Let € > 0. Since f, — g uniformly on A we can choose m € Z™* such that for all n € Z*, if n > m
then |f,(z) — g(x)| < €2 for all z € A. Let n € ZT with n > m and let z € A. If \/f.(x) + /g(z) < € then

(by the Triangle Inequality) |\/fn(x —Vg(z) | <Vfu(@) +/g(z) <€, and if \/fo(x) + /g(z) > € then

B VI @-Va@| |VE@+Va@]|
|V Fn(@) = /g(z)| = Vi@V \/mﬂ/ﬁ

Thus /f, — /g uniformly on A, as required.

o] e

(¢) Suppose that f, — ¢ uniformly on A, g is bounded, and h is continuous. Prove that ho f, — hog
uniformly on A.

Solution: Since g is bounded we can choose M > 0 so that |g(z)|] < M for all x € A. Since f, — ¢
uniformly on A we can choose m; € ZT such that n > m; — ’fn(x) — g(x)’ < 1 for all z € A. Then for
n > mi and x € A we have |fn(x)’ < ‘fn( —g(z ‘ + ‘g ‘ < 1+ M so that f,(z) € [ = (M+1), M+1].
Let € > 0. Since h is uniformly continuous on | — (M +1), M +1], we can choose § > 0 so that for all
u,v € [ — (M+1),M+1] we have |u —v| < § = ‘h(u) — h(v)| < e. Since f, — g uniformly on A we can
choose m > my so that n > m = | f,(2) — g(z)| < 6 for all 2 € A. Let n > m and let z € A. Then we have
fa(@),9(x) € [ = (M+1), M+1] with ’fn(x) - g(ar)| < ¢ and hence |h(fn(m)) - h(g(m))‘ <e.



3: (a) Approximate the value of e

so that the absolute error is at most Wlo(r

3/5

Solution: We have

=1+ B+ 5 @)+ 7D +HD +HE)
~ 2 3 4
=21+ () +x () +xE@) +x(3)
=1+ 23+ &+ 5% + so5 = oo = 1.8214
with error 5 . . N
E=5E)+aG) +2@) +56) +
5 2 3
A+ @D+ H @ s (@) )
5
<53 (+mt+metot )
1 (3)\2
?(5) 1 3% 10 32 9 1

5559 — 2255 — 12500 < 1000

= .
\
S

by the Comparison Test and the formula for the sum of a geometric series.

(b) Evaluate ngo m .

Solution: Starting with a basic geometric series and integrating twice (using Theorem 4.31) then dividing by
x?, for 0 # |z| < 1 we have

1
=l+a+a®+2°+-
11—z
—In(l-z)=a+3a?+ 123+ 32"+
(lfx)ln(lfx)Jr:z::%m2+%x3+ﬁx4+i:€5+
(I1-2z)In(l—2)+x 1 1 1,2 1.3 S 1
22 =153 T+ 332" +552 +- :nz_:l(n+1)(n+2)x
Putinx:%toget
o0 1 1
1 _ slns+5
2 D (n¥227 . g 2 =2-2n2.

(c) Evaluate i SO (M.

4n n

n=0
. _1)"
Solution: Let a,, = ( 4n) (27?) For n > 1 we have
lan| = L(%) _ (o) _ 123.2n _ 135..(2n-1)
nl = 4 \n /) 7 (27n!)2 T (2:4:6-....2n)2 T 2:4:6-...-2n

Since ag = 1 and |a,,| = 221 |a,—1] < |an—1| for n > 1, it follows that the sequence (|a,|) is decreasing. Since

apP=1.1.3.8.5.5. ol 2110284, o1 2no 1

nl =2°2°4°4°6°6 " 2n 2n = 2737475 " T2m 2+l T 2ntl

we have |a,| < \/ﬁ — 0 as n — oco. Thus > a, = > .(—1)"|a,| converges by the Alternating Series Test.
Note that

CU"(2ny _ CON . @u)_ (qyn 12800m) _(qyn 185-Gnol) _ CHEDHEDCET) _ (-1/2)

am \n ZE ) A (2-4:6--(2n))2 — 2:4-6---(2n) n! n

so for |z| < 1, by Theorem 4.40 (the sum of the binomial series), we have

(L4272 = 5 (TR)an = 55 G () an

n=0 n=0

Since Y (_47?" (>™) converges, it follows from Abel’s Theorem (Part 4 of Theorem 4.23) that Y- (_4—?" (2m) zm
n=0 n=0

n n

converges uniformly on [0,1] and hence, by Theorem 4.14 (uniform convergence and Cont;nuity), its sum
o0

g(z) = X (_411)” (™) 2™ is continuous on [0,1]. Since f(z) = (1 + 2)~/? is also continuous on [0, 1] with
0

n=

f(z) = g(z) when z < 1, we have g(1) = f(1), that is

i CX () =g()=f)=(1+1)"12= o

[V



4: (a) Show that for n,m € Z with n,m > 1 we have

. 2
. Tifn=m . m

& 0 if Q "
/ cos(nz) cos(mz) de = { ifn #m and / 2 cos(mz) dx = Il D

Solution: When n = m, the first integral becomes

/ cos?(nx) dr = / 1+ 1 cos(2nz) dz = [%9 + £ sin(2nx)]7r =T.
When n # m, using the trigonometric identity cos(a)cos(b) = 3 (cos(a + b) + cos(a — b)), the first integral
becomes . .

/ cos(nx) cos(mz) de = / 3 cos((n+m)z) + & cos((n — m)x) dx

—Tr —T

= [m sin((n +m)x) + m sin((n — m)x)}i =0.

s

Integratmg by parts twice, first using u = 22, du = 2zdz, v = % sinmx and dv = cosmaz dx, then using

u = —:c du =2 —dr,v= ,;L cosmx and dv = sinma dx, the second integral becomes
" _
/ z? cos(mz) dr = | L 22 sin(max) — / 2 g sin(max) dm]

—T

™

—T

= | L 2?sin(ma) + 2 x cos(mz) — / -2, cos(ma) dx]

(1 .2

= |, x¥sin(mz) + % x cos(mx) — % sin(maz)}
= (%WCOS(TRJZ‘)) - (%(_ﬂ') COS(—?TQZ‘)) = %Cos(mm) — 477(7;21)”1 .

(b) Suppose that there exists a sequence {ay} such that ) |ay| converges which has the property that

Z an cos(nx) = 2® + ¢ for all x € [—, 7] and for some ¢ € R.

n=1
S > (—1)"*?
Evaluate the constant ¢ and all of the terms a,,, then evaluate the sums Y - and > “—2%—.
n=1 n=1

Solution: Note that since > |a,| converges, the series Y a,, cos(nz) and > a,, cos(nz) cos(mz) both converge
uniformly by the Weirstrass M-Test.

We have / 2?4+ cdr = [% x> + cm} = %w?’ + 2me, and from uniform convergence we also have
/ 2+ cdr = / Z ap cos(nz) der = Z an/ cos(nz)dz = 0.
- T n=1 n=1 -
Thus 271' +27mc =0 and so ¢ = —%2.

us

Also, for each m we have / (22 + ¢) cos(ma) de = 29~ l)m 7 by part (a), since / cos(mz) dz = 0, and

—T
from uniform convergence, we also have
s
/ (z% + ¢) cos(mz) dx = / E an, cos(nz) cos(mx) dx = E an/ cos(nz) cos(mz) dx = am .
—T

—T

4(71)771

m2

4=H™
Thus =——m = a,, ™ and so a,, =

> n o0 n
For all x € [—7, 7], we have 2% — %2 = Z 4(;;) cos(nz). Putinz = mto get 72 — % = Y A= ( Ik
n=1 n=1
0 )" o0 2
amdsoX:#:%2.Putin:z::Otogetf%2 A 2 andsoz%:’lﬁ.

n=1 n=1 n=1



