PMATH 336 Intro to Group Theory, Solutions to Assignment 2

: Sketch a picture of each of the following subsets of C* and, in parts (c¢) and (d), determine whether the given
subset is a subgroup (under multiplication).
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Solution: Let o = i=1 _ ei37‘r/4- Then a? — 61671'/4 — e—i7‘r/27 Oé3 — ei97‘r/4 — ei‘n’/47 044 — e'LlZW/4 — ei71'7

o® = ei157r/4 _ e*iﬂ'/4’ af = ei187r/4 _ 62'71'/2, ol = 62'2171'/4 _ 671‘3‘”/4 and o8 = ei247T/4 _ 6750’ and then

S

a® = a again, and so (a) is the set of 8" roots of 1 in C*. These are shown below in red.
(b) (1 +14)
Solution: Let 8 = 1+44. A few of the positive powers of 3 are 32 = 2i, 8% = -2 + 2i, B* = —4 and
B° = —4 — 4i, and a few of the negative powers of 8 are f~! = % — %i, B2 = —%i, B3 = —% — ii,
Bt = —i and 7% = —% — %i. These are shown below in blue.
(c) {zeC*|2® = |2|*} (where |2| denotes the usual norm of z)
Solution: Write H = {z€C*| 2% = |2|®}. We show that H is a subgroup of C*.
Closure: z,w € H = 28 = |2|® and w® = |w|® = (2w)® = 28w® = |2||¥|w]|® = |2w|® = 2w € H.
Identity: 1 € H since 18 = |1[5.
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Inverse: z € H = 28 = |2 = (1) :Z—lgzﬁzg‘ :%.EH' |

To sketch a picture of this group H, note that for z = re'® we have 28 = 2| +—= 188 =8 «—

e'® =1 <= 80 = 2rk for some integer k <= 0 = 1k for some k. Thus H is the union of the lines
y=0,y==z, =0 and y = —z, shown below in peach.

(d) {re’?eC*|r>0, 0=7%1log,r}.
Solution: Let K = {re" € C*| = Z log,(r)} = {re®® € C*|r =229/}, Then K is a subgroup of C*:
Closure: if 7€' and s e are both in K, then 7 = 22*/™ and s = 22#/™ and so

(T eia)(s eiﬁ) — s ei(a+ﬁ) _ 2204/7r 225/7r ei(a+5) — 22(a+ﬂ)/7rei(a+ﬁ) cK.
Identity: We have 1 = re* when 7 =1 and § = 0, and then r =1 =20 =22/ andso 1 € K.
Inverse: z =re? € K = r=2%2 — p 1 =272/7" — pleW c K — 1 c K.

This group may be sketched by plotting points (r,6) with r = 229/™ on a polar grid. It is shown below
in green.



2: Consider the group Dg = {I, Rl,Rg,R37R4,R5,F07F17F2,F3,F47F5}.
(a) Make the multiplication table for Dg.

Solution: Here is the multiplication table.
A\B I Rl R2 R3 R4 R5 F() F1 F2 F3 F4 F5

I I R Ry Ry Ry Re Fy, F\ F» Fy F, F;
Ri R Ry Ry Ry R I F F, F;, F, F L
Ry, Ry Ry R, Rs I R, F, F3 F, Fs F, F
Ry Ry Ry Re I R, Ry, F; F, Fs F, F F
Ry, Ry Rs I R Ry Ry F, F5 Fy, F, F, F;
Rs Rs I R R, Ry Ry Fs F, F, F, F, F,

FO F() F5 F4 F3 F2 F1 I R5 R4 Rg R2 Rl
FR F, Fy Fs Fy, F; F, R, I Rs Ry R; R
F, F, F, Fp Fs F, F; Ry R, I Rs R, Rs
F, F, F» F\, Fp Fs F, Ry;y Re Ri I Rs Ry
F, F, F;3 F, F, Fp Fs Ry Ry Rs Rl I Rs
Fs Fy Fy, F; F, F, Fp Ry Ry Ry Ry Ry I

(b) Find the order of each element in Ds.

Solution: For each index k € Zg, we have Fj, # I and fi2 = I and so |F| = 2. Since |R;| = 6 and

Ri = (R1)® we have |Ry| = m for all indices k. To be explicit, we have

A I R Ry, Ry Ry Re Fy, F\ F, F; F, Fs
Al 1 6 3 2 3 6 2 2 2 2 2 2

(c) Solve the equation X?Y3 = R; for X and Y in Ds.
Solution: We have the following table of powers.

X I R, Roh Ry Ry Re F, I\ F, Fy Fy F;
X2 I Ry R4k I Ry, R, I I I I I I
X3 I Ry I Ry I Ry F, F\, Fy F; Fy F;

From the table of powers, we see that X2 is equal to I, Ry or Ry. When X2 = I we have X?Y? = R| —
Y3 = Ry, but there is no element Y € Dg with Y2 = Rj, so there is no solution with X2 = I. When
X2 = Ry we have X2y3 = R <— R2Y3 =R < R4R2Y3 = R4R1 — Y3 = R5, but there
is no element Y € Dg with Y? = Rs. Finally, when X? = R, (that is when X € {Rs, R5}) we have
X2Y3 =Ry <= R)Y?=R; <= RyR)Y?=RyR| < Y?=R3 < Y € {Ry,R3, Rs}. Thus the
solutions are (X,Y) = (Rz, R1), (R2, R3), (R2, Rs), (Rs5, R1), (Rs5, R3) and (Rs, Rs).



3: (a) Show that Uss is cyclic.

Solution: We have Uss = {1,2,3,4,6,7,8,9,11,12,13,14,16,17,18, 19,21, 22,23,24}. We make a table of
powers of 2 modulo 25.

k 0123 4 5 6 78 9 10 11 12 13 14 15 16 17 18 19 20
2 1 2 4 8 16 7 14 3 6 12 24 23 21 17 9 18 11 22 19 13 1

We see that Uss = (2), so it is cyclic.
(b) List all the elements and all the generators of every subgroup of Uss.
Solution: The divisors of 20 are 1,2,4,5,10, 20 so the subgroups of Uss are

< ') = Uss

2%) = {20,22,2%,20,28 210 212 214 216 2181 — {1 4 16,14,6,24,21,9,11,19}
24> {2°,2%,2% 212 210} = {1,16,6,21,11}
(2°) = {2°,2°,21% 2%} = {1,7,24,18}
(219 = {2°,2'%} = {1,24}

) 2 = {1}
Since [2'| = 20 and we have Usp = {1,3,7,9,11,13,17,19}, the set of generators of the subgroup (2!) is
{21,25,27 29 211 213 917 9191 — [ 8 3 12 23,17,22,13}. Since [22| = 10 and Uyo = {1,3,7,9}, the set
of generators of (22) is {22,26,214,218} = {4,14,9,19}. Since [2*| = 5 and Us = {1,2,3,4}, the set of
generators of (24) is {2%,28,212 216} = {16,6,21,11}. Since [2°| = 4 and Uy = {1,3}, the set of generators
of (2°) is {2°,2'5} = {7,18}. The only generator of (2'°) is 2'0 = 24. The only generator of (22°) is 20 = 1.
(¢) Find a non-cyclic subgroup of order 4 in Usg.

Solution: We have Uy = {1, 3,7,9,11,13,17, 19}. We make a table of powers modulo 20 and determine the
order of each element.

x 1 3 7 9 11 13 17 19
22 1.9 91 1 9 9 1
22 1 7 3 9 11 17 13 19
241111 1 1 1 1
lo| 1 4 4 2 2 4 4 2

A non-cyclic subgroup of order 4 cannot have any elements of order 4, so the only possible non-cyclic subgroup
is H ={1,9,11,19}. To verify that this subset H is a subgroup, it is enough to show that H is closed under
multiplication, and indeed we have 9-11 =19,9-19 =11 and 11-19=09.



4: Let G be a multiplicative group and let a € G with |a| = 1400.
(a) Determine the number of subgroups of {a).

Solution: We have a = 235271, The divisors of a are of the form 2/5/7% with 0 < ¢ < 3, 0 < 7 <2 and
0 < k < 1. Since there are 4 choices for 7, 3 for j and 2 for k, we see that a has 4 - 3 -2 = 24 divisors. Thus
the cyclic group (a) has 24 subgroups.

(b) Determine the number of elements = € (a) with |z| < 10.

Solution: The divisors of 1400 which are at most 10 are 1, 2, 4, 5, 7, 8, 10, so the number of elements x € {(a)
with |z| < 10 s equal to ¢(1) + 6(2) + 6(4) + 6(5) + B(7) + 6(8) + H(10) = 1+ 1+ 2+ 4+ 6+ 4+ 4 = 22,
(c) List all the elements z = a* € (a) with 252 = 1.

k we have

Solution: For x = a
2 =e <= a"*F =a" < 52k =0 (mod 1400) <= 13k =0 ( mod 350) <= k =0 ( mod 350)

> k €{0,350,700,1050} «= z € {e,a*°,a™,a'""}

(d) Find the number of pairs (z,y) with z,y € (a) such that x'° = 45 in (a).
Solution: Let x,y € (a), say z = a* and y = a* where 0 < k, ¢ < 1400. We have
210 =¥ —= 1% =63 — 10k = 35¢ mod 1400 <= 2k = 7/ mod 280
<= (liseven and k = %e mod 140.

For each of the 700 even choices for ¢, there is a unique value of k¥ modulo 140, so there are 10 choices for k
modulo 1400. Thus there are 700 - 10 = 7000 such pairs (z,y).



