PMATH 336 Introduction to Group Theory, Solutions to the Exercises for Chapter 6

: For each of the following groups G, find a group of the form Z,, x Z,, X --- X Z,, with ni‘ni+1 for all 4,
which is isomorphic to G.

(a)GZZQ><Z4><Z5XZGX28XZQX212X218XZQ5.

Solution: G = Zy x Zy x Zs x (Lo x Z3) x ZLg x Lg X (Zy X Z3) X (ZLa x Zg) X Las
7o X Ly X (Lo X Z3) X (Zy X Z3) X (Zg X Lg X Z5) X (Zg X Zg X Las)

& Lo X Ly X Lg X ZLing X ZLago X Zigoo

(b) G = Uso

Solution: G = Uy
= Uy x Us x Uy
> 7o X Ly X Lg

X Ty X Ly X Lo X L3
gZQXZQXZlQ

(c) G = U(60)/(29).

Solution: In U(60) we have (29) = {1,29} and also (7) = {1,7,49,43) and (59) = {1,59}. Now |U(60)| = 16,
S0 |G} = ‘U(GO)/(29>{ = 16/2 = 8, and so G is isomorphic to Zg, Zs X Z4 or to Zs X Zg X Zs. Looking at
the powers of 7 in U(60), we see that 7(29) has order 4 in G, so G is not isomorphic to Zg X Zg X Zo. Also,
note that 49(29) and 59(29) both have order 2 in G, so G cannot be isomorphic to Zg. Thus G = Zy X Zy.

: (a) List all of the abelian groups of order 1,500.

Solution: We have 1500 = 223!53, and there are 2 ways to partition 2 (namely (2) and (1,1)), lway to
partition 1, 3 ways to partition 3 (namely (3) and (1,2) and (1,1,1)), so there are 2-1-3 = 6 abelian groups
of order 1500. They are Z4 X Zg X 2125, ZQ X ZQ X Zg X 2125, Z4 X Zg X Z5 X 225, ZQ X ZQ X Zg X Z5 X 225,
Z4XZgXZ5XZ5XZ5 andZ2x22x23XZ5XZ5XZ5.

(b) Determine the number of abelian groups of order 160,000.

Solution: We have 160,000 = 285% There are 22 ways to partition 8, that is to find (ki,ks,---, k)
with 1 < ky < ko < - < k and Sk = 8, namely (1,1,1,1,1,1,1,1), (1,1,1,1,1,1,2), (1,1,1,1,2,2)
(1,1,2,2,2), (2,2,2,2), (1,1,1,1,1, 3) (1,1,1,2,3), (1,2,2,3), (1,1,3,3), (2,3,3), (1,1,1,1,4), (1,1,2,4),
(2,2,4), (1,3,4), (4,4), (1,1,1,5), (1,2,5), (3, ) (1,1,6), (2,6), (1,7) and (8). There are 5 ways to partition
4, namely (1,1,1,1), (1,1,2), (2,2), (1,3), (4). So there are 22 -5 = 110 abelian groups of order 160,000.



