PMATH 347 Groups and Rings, Solutions to Assignment 2

: (a) Find Z(D,,).

Solution: We have Dy = Z(D;) = {I} and Dy = Z(D3) = {I, Ry, Fo,F1}. Let n > 2. We claim that
Z(Dy,) = {1} if nis odd and Z(D,) = {I, R, /2} when n is even. Fix k € Z,. Note that F,R1 = Fy_1
and Ry Fy, = Fyy1, but F_1 # Fiyq since n > 2 and so Fy, ¢ Z(D,,). Let us determine whether Ry € D,,.
For | € Z,, we have RyR; = Rpy; = R;Ri, and we have RyF; = Fj4; while FiRy = Fj_j so that
Ry Fi=FRy < k+1l=1—k < 2k=0. Thus if n is odd then Ry € Z(D,,) <= k=0and if n is
even then Ry € Z(D,,) <= k=0,%

(b) Find Z(GL,(R)).

Solution: We claim that Z(GL,(R)) = {aI|a € R*}. It is clear that for a € R* we have al € Z(GL,(R))
since (al)X = aX = X(al) for all X € GL,(R). Let A € Z(GL,(R)). We must show that A = al for some

a € R*. For 1 < k,l <n, let Ex; be the n X n matrix with a 1 in position (k,!) and all other entries equal
to 0. Note that I + Fy; € GL,(R). Since A € Z(GLH(R)) we must have

0=A(+ Ex)— (I + En)A = AEy — EnA.

Note that AFE}; is the matrix whose columns are all equal to 0 except for the I*! column which is equal to

the k™ column of A, and Ey;A is the matrix whose rows are all zero except for the k™" row which is equal
to the I row of A. Since AE),; — Ex; A = 0, it follows that all entries on the k™" column of A, except for the
entry ayy, are equal to 0, and all the entries on the I*® row of A, except for ay, are equal to 0, and we have

agr — ay = 0. Thus we have A = al where a = a11 = ag2 = -+ = apn.-
100
(c)Let A= 0 1 0| € GL3(Z5). Find the order of the centralizer of A in GL3(Zs).
0 0 2
a b ¢ a b 2
Solution: Let X = € GL3(Zs). Then AX = XA — d e f|l=1d e 2f
; 2 2h 2i g h 2

= ( c=c, 2f = f 2gfgand2hfh) <= ¢=f=g=h=0. Thus the elements in C(A) are the
matrices X € GLS(Zg,) of the form

X =

o o Oe
[eoBNG I~
. O O

For X of the above form we have det(X) = det <Z
and (i) € GL1(Zs) = Zs*. Thus
|C(A)| = |GL2(Zs)| - |GL\(Zs5)| = (5> = 1)(5* = 5)(5 — 1) = 24 - 20 - 4 = 1920.

) det(z) , SO X e GL3(Z5) when <Z 2) S GLQ(Z5)



2: (a) Show that Uy is cyclic, Uys is not cyclic, and Usn is not cyclic for n > 3.
Solution: Note that U(22) = {1,3,5,7,9,13,15,17,19,21}. We have
k 01 2 3 4 5 6 7 8 9 10

3 139 5 15 1
71 7 5 13 3 21 15 17 9 19 1
and so (3) £ U(22) but (7) = U(22). Thus U(22) is cyclic and 7 is a generator.
Note that U(15) = {1,2,4,7,8,11, 13,14}, and we have (1) = {1}, (2) = {1,2,4,8} = (8), (4) = {4},
(7y ={1,7,4,13} = (13) and (11) = {1,11}. Since none of the elements generate U(15), it is not cyclic.
Note that U?" = {1,3,5,7,...2" — 1}. Notice that (2"~' £1)2 = 2272 42" 1 1 = 1 so U(2") has at
least 2 elements of order 2. But a cyclic group can have only ¢(2) = 1 element of order 2. So U(2") is not
cyclic.

(b) Find the number of cyclic subgroups of Zg x Zi5.
Solution: We make a table listing the orders of the elements (a,b) € Zg X Z15.
la| # of such a |b] # of such B |(a,b)] +# of such (a,b)

1 1 1 1 1 1
3 2 3 2
) 4 5 4
15 8 15 8
3 2 1 1 3 2
3 2 3 4
5 4 15 8
15 8 15 16
9 6 1 1 9 6
3 2 9 12
) 4 45 24
15 8 45 48

Thus we find the following number of elements of each order n and hence, by dividing by ¢(n), we obtain
the number of cyclic subgroups of order n, as follows.

n 1 3 5 9 15 45
# of (a,b) of order n 1 8 4 18 32 72
# of cyclic subgroups of ordern 1 4 1 3 4 3

(¢) Find a non-cyclic proper subgroup of Zg X Z1s.

Solution: The subgroup (3) x (5) is not cyclic. Indeed in (3) = {0,3,6} < Zg we have |3| = |6] = 3 and in
(5) = {0,5,10} < Z;5 we have |5| = |10] = 3, and so every non-identity element of (3) x (5) has order 3 (but
if the group (3) x (5) was cyclic then it would have an element of order 9).



3: (a) Let G be a group and let a,b € G. Show that (ab, a®b) = (a,b).

Solution: First we observe that for any subset S C G, since (S) is the intersection of all subgroups H < G
with S C H, it follows that if S C H < G then (S) < H. Since ab € (a,b) and a*b = (a,b) we have
{ab,a?b} C (a,b) < G and hence, by the above observation, we have (ab, a?b) < (a,b). Note that

(ab)(a®b) " (ab) = abb ta"2ab=aa b =10

so that we have b = (ab)(a?b)~!(ab) € (ab,a®b). It follows that we also have b= € (ab,a?b) so that
a = (ab)b=' € (ab,a®b). Since a € (ab,a®b) and b € (ab, a’) we have {a,b} C (ab, a®b) hence (a,b) < {ab, ab).

(b) Let a,b € Z and let d = ged(a, b). Show that in the group Z we have (a,b) = (d).

b).
Solution: Since d|a we have a € (d) and since d|b we have b € (d). Since {a,b} C (d) < Z, it follows, as
observed in Part (a), that (a,b) < (d). On the other hand, by Bézout’s Identity, we can choose s,t € Z such
that as + bt = d so we have d € (a,b), so {d} C (a,b), hence (d) < (a,b).

(¢) Show that every finitely generated subgroup of Q is cyclic.

Solution: First we show that every subgroup of Q which is generated by two elements is cyclic. Let a,b € Q.
Write a = % and b = % where k,l,n € Z with n # 0 (we are using a common denominator for a and b). We
claim that (a,b) = <%> where d = ged(k,1). Writing & = ds and | = dt, we have a = % = % € <%> and
b= L =49 ¢ (2% and so {a,b} C (£) < Z and hence (a,b) < (4). Conversely, choosing s,t € Z so that
ks + 1t = d we obtain £ = E=Ht — 454 bt € (a,b) and so () < (a,b).

Now let n > 3 and suppose, inductively, that every subgroup of Q which is generated by n — 1 elements

is cyclic. Let aq,ag,---,a, € Q. Choose ¢ € Q so that (a1, a9, -,a,—1) = (c). Wehavec € (a1, -,an_1) <
(a1, a9, ,a,) and we have a,, € (a1, az, -, a,) and so (¢, a,) < {ay,as,- -, a,). We have a,, € (¢, a,) and
for each i =1,2,---,n—1 we have a; € (a1, -+, an—1) = {¢) < {¢,a,) and so {(a1,as2, -, an) < {c,a,). Thus
(a1, a2, -+, a,) = (c,a,), which is cyclic, as shown above.

(d) Find a non-cyclic proper subgroup of Q.

Solution: Let H = {% keZ,ne N}. Then H < Q since 0 = 2% € H and for % € H and an € H we have
2% + 2%,, = ’“227:%,&2" € H and we have —2% = g—ff € H. But H cannot be cyclic since the denominators of
the elements in a cyclic group (when written in reduced form) are bounded: in the cyclic group <%>, the

denominator of each element %“ is at most b.



4: (a) List all of the elements X € Dyg such that F5 X3 = X?F3.
Solution: In Dsg we have

F5(Fy)? = (Fy)°Fis < FsFy = FyFis < Rs_j, = Ry_13
< b—k=k—13mod 28 <= 2k =18 mod 28 <= k =9 mod 14
and
F5(Ry)® = (Ry)?Fi3 < FsRa, = RopFis <= Fs_3, = Fopq13
<= 5 —3k =9k + 13 mod 28 <= 12k = 20 mod 28
< 3k=5mod7 < k=4 mod 7.

Thus the solutions X are given by X = Fy, Fa3, Ry, R11-R1s, Ros.

(b) Find all subgroups of D,.
Solution: We claim that the distinct subgroups of D,, are the groups
(Rq) = {I,Rd,RQd, . ~,Rn_d} where d’n , and
(Ra,F,) ={I,R4,Rzq--+,Ru—a, Fr, Frya, -+, Fpir_a} where djn and 0 < r < d.

In particular, we remark that the number of distinct subgroups of D,, is equal to 7(n) + o(n) where 7(n) is
the number of divisors of n and o(n) is the sum of the divisors of n.
First we show that the group (Rg, F}), where d|n and 0 < r < d, is equal to the set

S:{I7R(i7"'7Rn—d7FT‘)FT’+d7"';Fn+T—d}'

For t € Z, we have Ryg = Ryq' € (Ry, F.) and Fr g = RiaF, = R4'F, € (R4, F,) and so S C (Ry, F,.).
Also, S is group since it contains I and it is closed under the operation and under inversion, since for
s,t € Z we have RsqRia = Risyiyas Rsabrita = Fry(sinyar Frosalia = Fri(s—t)d, FrosaFrita = Ris—t)a,
(Rig) ' = R_4q and (F,14q) " = F,144. Since S is a group which contains Ry and F,. we have (R4, F,.) C S.

Next we show that the above groups (R4) and (Rg4, F.) are the only subgroups of D,,. Let H < D,,.
If H contains no reflections, then H < (), = {I, Ri, R, -, Rn,l} = (Ry) and so, by the classification of
subgroups of a cyclic group, we know that H = (Ry) = {I,Rd, = ~7Rn,d} for some positive divisor d’n.
Suppose that H contains at least one reflection, say Fj, € H. Note that H N C,, < C,, = (R;) and so we
have H N C,, = (Ry) for some d|n. Write k = ¢d + r with 0 < r < d. Then Fy = Fyg4, = RyqF, and so
F, =FyR_4q € H. Since Rq € H and F, € H we have (Ry, F,.) C H. It remains to show that H C (Rq, F}).
We know that every rotation in H lies in (Rg, F}) since H N C,, = (Ry). It remains to show that every
reflection in H lies in (Rg4, F-). And indeed, we have

FFeH—= R_,=FF.€H=— R_,€ HNC, = (Ryq)
= d|(l-r)=l=rmodd= F, € 5= (Ryq,F,).



