SYDE Advanced Math 2, Solutions for Practice Problem Set 2

: (a) The substitution u(z) = y'(z) and «/(z) = y”(z) transforms a second order DE of the form y"" = F(y/, x)
for y = y(z) to the first order DE v = F(u,z) for v = u(xz). Use this substitution to solve the IVP
xy" +y =1 with y(1) =2 and y/(1) = 3.

Solution: Make the substitution ¢ = u, y” = «’. The DE becomes xzu’ + « = 1. This is linear as we can

write it as u’ + %u = 1 An integrating factor is A = ef zde _ e _ x, and the solution is given by

u = %/ldx:%(x—&—a):l—i—%. Putinx =1and u =1y =3 to get 3 =1+ a, so a = 2. Thus the solution

isgivenbyu:l—k%,that isy = 1+%. Integrate to gety:/l—k% dr=z+2lnx+b. Putin z =1 and
y=2toget 2=1+1Db,s0b=1 and the solution to the given IVP isy =1+ 2z + 2Ilnz.

(b) The substitution u(y(z)) = y'(z) and u/(y(z))y'(x) = y”(x) transforms a second order DE of the form
y" = F(y',y) for y = y(x) to the first order DE uwu' = F(u,y) for u = u(y). Use this substitution to solve
yy” + (y')* = 0 with y(1) =2 and y/(1) = 3.

Solution: Make the substitution 3’ = u, ¥ = uw’. The DE becomes yuu’ 4+ u? = 0. This is linear since

we can write it as u' + %u = 0. An integrating factor is A = ef%dy = ¥ = y and the solution is

uz%/Odyz%. Putinx:1,y:2,u:y’=3toget3:%soa:6andthesolutionisu:g,thatis

y = g. This DE is separable since we can write it as yy’ = 6. Integrate both sides (with respect to x) to

get %yz =6zx+c Putinz =1,y =2to get 2=06+4 2 so c=—4 and the solution is %y2 = 62 — 4, that is
y = £+/122 — 8. Since y(1) = 2, we must use the + sign, so y = /12x — 8.

: Consider the IVP y” = y 4/ with y(0) =1 and y'(0) = 1.

(a) Find the exact solution y = f(z) to the given IVP.

Solution: Make the substitution ¢y’ = u, y”’ = wu/, where u = u(y). The DE becomes uu’ = yu, that is
u' = y. Integrate both sides (with respect to y) to get u = 1y* +a. Putinz =0,y =1, u =1y =1 to get
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1=1+asoa=3 and the solution is u = 1y? + 3 = yTH, that is 3/ = y2—+1 This is separable as we can
write it as yzy—jr = % Integrate (with respect to ) to get tan~!y = %x +b. Putinz=0,y=1toget 7 =0

and so the solution is tan~'y = %x + 1, that is y = f(z) = tan (%x + %)

(b) With a calculator, use Euler’s method with step size Az = 0.2 to approximate f(1).

Solution: The DE can be written as y” = F(x,y,y’) where F(x,y,z) = yz. We let Az = 0.2 and start
with zg = 0, yo = 1 and zp = 1, and then for £k > 0 we let 41 = xp + Az, yr+1 = yr + 2xAz and
Zp+1 = 2k + F(Tk, Yo, 2) Az = 2z + yrzeAz. We make a table showing the values of xy, yk, 2zr and
F(Zk, Yk, 2k) = Yk2k-

k oz Yk 2k Yk 2k

0 0.0 1 1 1

1 0.2 1.2 1.2 1.44

2 04 1.44 1.488 2.14272
3 0.6 1.7376 1.916544 3.3301869
4 0.8 2.1209088 2.5825814 5.4774196

5 1.0 2.6374251

Thus f(1) & y5 =2 2.6 (this is not a very good approximation, as you can check using part (a)).



3: Solve the following IVPs.

(a) ¥’ +3y" +2y = 0 with y(0) = 1, y'(0) = 0

Solution: The characteristic equation is 72 + 3r +2 = 0. We solve this to get r = —1, —2 so the general
solution to the DE is y = Ae™® + Be 2%, and then we have y' = —Ae™% —2Be~2%. To get y(0) = 1 we need
A+ B =1 (1), and to get y'(0) = 0 we need —A — 2B = 0 (2). Solve these two equations to get A = 2,
B = —1, so the solution to the IVP is y = 2e™* — e 22,

(b) ¥" + 4y’ + 5y = 0 with y(0) = 3, ¢/ (0) = 1

Solution: The characteristic equation is 72 + 47 +5 = 0. Solve this to get 7 = —2 £, so the general solution
isy = Ae 2% sinx + Be 2% cos z, and we have iy = —2A4e 2% sinx + Ae 2% cos & —2Be %% cosx — Be **sin .
To get y(0) = 3 we need B = 3, and to get ¢/ (0) =1 we need A—2B =1 0 A = 7. Thus the solution to the
IVP is y = Te~ 2" sinx + 3¢~ 2% cos .

(c) 4y" — 4y’ +y =0 with y(1) =1, y'(1) = 2
1

Solution: The characteristic equation is 472 — 4r + 1 = 0, that is (2r — 1)2 = 0, so r = 5 and the general
solution to the DE is y = Ae*/?2 + Bxe®/?, and then y/ = %Ae”/2 + Be*/? 4+ %Bxe””/? To get y(1) =1 we
need Ae'/? + Be'/? =1 (1), and to get y'(1) = 2 we need 1A4e'/? + $Bel/? = 2 (2). Multiply equation
(1) by 2 and subtract equation (2) to get Ae’/? = —1 so A = —1e71/2 and then multiply equation
(2) by 2 and subtract equation (1) to get 2Be'/? = 3 so B = 2e~'/2. Thus the solution to the IVP is
y =

1 71/26:10/2 + 3671/21.693/2 —_ l(gx _ 1)6(:1:71)/2.
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4: Solve the following linear ODEs.

(a) y" — 2y’ + 5y = 102 — 3z

Solution: The characteristic equation is 72 — 2r +5 = 0. Solve this to get 7 = 1 & 2i so the general solution
to the associated homogeneous DE is y = Ae” sin 2z + Be® cos 2x. To find a particular solution to the given
(non-homogeneous) DE, we try y = y, = az? + bz + c. Then 3y = 2ax + b and y” = 2a. Put these in the DE
to get
102% — 3z = 3" — 2y + by
= 2a — dax — 2b + Sax? + 5bx + b
= 5az? 4 (5b — 4a)z + (2a — 2b + 5¢).

Equating coefficients gives 5a = 10, 5b — 4a = —3 and 2a — 2b + 5¢ = 0. Solve these three equations to get
a=2,b=1and c= —%, so we obtain the particular solution y, = 2%+ — % The general solution to the
given DE is y = Ae® sin 2z + Be® cos 2x + 222 + 2 — %

(b) y"" + 2y — 2y = 3we**
Solution: The characteristic equation is 2 4+ 2r — 2 = 0. Solve this to get r = —1 #+ /3, so the general
solution to the associated homogeneous DE is y = Ae(=1+V3)e 4 Be(=1=V3)z Ty find a particular solution
to the given DE, we try y = y, = (az + b)e**. Then y' = (2az + a + 2b)e*® and y” = (4dax + 4a + 4b)e**.
Put these into the DE to get
3z =y 42y — 2y
= (4azx + 4a + 4b)e* + 2(2ax + a + 2b)e*® — 2(ax + b)e*®
= 6axe®” + (6a + 6b)e*” .

Divide both sides by 2% to get 3z = 6ax + (6a + 6b). Equating coefficients gives 6a = 3 and 6a + 6b = 0.

Solving these two equations gives a = % and b = f%, so we obtain the particular solution y, = (lx - l) e,
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Thus the general solution to the given DE is y = Ae(-1+V3)2 4 Be—(1+V3)e | 1z —1)e?.



5: Solve the following linear ODEs.

(a) 2y +y —y+z+e*=0
Solution: The characteristic equation is 2r2 + r — 1 = 0. Solve this to get r = %, —1, and so the general

solution to the associated homogeneous DE is y = Ae®/? + B~*. To find a particular solution to the DE
2y" +19y' —y=—x, we try y = ax + b. Then ¢y = a and y”” = 0. We put these in the DE to get

—x=2y"+y —y=a—ar—b=—azx+ (a D).

Equating coefficients gives —a = —1 and a — b = 0, so we get a = 1 and b = 1, and we obtain the particular
solution y = x + 1. To find a particular solution to the DE 2y” + ¢y —y = —e™%, we try y = aze™®. Then
y =ae™* —azxe™® and y’ = —2ae~% + axe”*. Put these in the DE to get

—e =2 +9y —y=—dae”" +2axe” " +ae " —ave T —axe * = —3ae”".

Divide both sides by e™* to get —1 = —3a so a = % and we obtain the particular solution y = %:ce’””.

A particular solution to the given DE is obtained by adding together these two particular solutions to get
Yp=x+ 1+ %xe‘x. The general solution to the given DE is y = Ae*/2 + Be * +x + 1+ %we"”.

(b) y"" — 6y’ + 10y = e3*sinz

Solution: The characteristic equation is 72 — 6r + 10 = 0. Solve this to get » = 3 £ 4, so two linearly
independent solutions to the associated homogeneous DE are y; = e3®sinz and y» = e3® cosz. Note that
Y1 = 33 sinz + 3% cosz = 3y; + yo, and yo' = 3e3* cosx — 3 sinz = —y; + 3yp. To find a particular
solution to the given DE, we try y = y, = Azy; + Bzyz. Then v = Ays + Azy,’ + Bys + Bzye' and
y" = 2Ay)" + Azyr” 4+ 2Bys’ + Bxys”. Put these in the DE to get

Y1 = e sinz =y — 6y’ + 10y
= 2Ay," + Azy,” + 2Bys’ + Bay," — 6Ay; — 6Axy,’ — 6Bys — 6Bxys’ + 10Azy;, + 10Bxys
=2Ay)" + 2By, — 6Ay; — 6By2 + Az(y1” — 631" + 10y) + Ba(yz" — 612" + 10y2)
= 2Ay:" + 2By>’ — 6Ay: — 6By
=2A(3y1 + y2) + 2B(—y1 + 3y2) — 6Ay1 — 6By»
= —2By; + 24y,
where we used the fact that y; and y, are solutions to the associated homogeneous DE, and we used the

earlier-mentioned identities i;" = 3y;+y2 and 1o’ = —y1+3y2. Since y; and y3 are independent, we can equate

coefficients to get —2B =1 and 24 =0, that is A=0and B = —%, and so we obtain the particular solution

Yp = —%33639” cosz. Thus the general solution to the given DE is y = Ae3*sinx + Be3* cosx — %aﬁe?’"‘ COS .



6: Solve the following IVPs.
(a) 4y —y = z with y(0) =2, y'(0) = 1
1

Solution: The characteristic equation is 47 — 1 = 0. Solve this to get r = %3,
the associated homogeneous DE is y = Ae®/2 + Be~%/2. To find a particular solution to the given DE, we
try y =y, = ar +b. Then 3y = a and y” = 0. Put these in the DE to get = 4y” — y = —axz — b. Equating
coefficients gives a = —1 and b = 0, so we obtain the particular solution y, = —z. The general solution to
the given DE is y = Ae*/? + Be*/2 — z, and then ¢/ = %Aeg’:/2 — %Be’g”/2 — 1. To get y(0) = 2 we need
A+ B =2 (1), and to get y/(0) =1 we need A — 1B —1 =1, that is A — B = 4 (2). Solving these two
equations gives A = 3 and B = —1, so the solution to the given IVP is y = 3e*/2 — e~ %/2 — z.

so the general equation to

(b) ¥y — 6y + 9y = 3* with y(0) =1, ¥'(0) =0

Solution: The characteristic equation is 72 — 6r +9 = 0. The only solution is » = 3 so the general solution
to the associated homogeneous DE is y = Ae3* 4+ Bze3®. To find a particular solution to the given DE, we
try y = y, = az®e3*. We then have 3y’ = a(2z + 32?)e3” and y” = a(2 + 12z + 92?)e3”. Put these in the DE
to get

3 =y — 6y’ + 9y = a(2 + 12z + 922)e3” — 6a(2z + 322)e3” + Yar?e3” = 2ae3” .

Divide by €3* to get 1 = 2a, so a = % and we obtain the particular solution y, = %x%gz. The general

solution to the given DE is y = Ae3® + Bxe3® + %m2e3$7 and then y = 34e3% + Be3® +3Bxe3” 4+ 2e3* + %631.
To get y(0) = 1 we need A =1, and to get 3'(0) = 0 we need 34 + B = 0 so B = —3. Thus the solution to
the given IVP is y = 3% — 32e3* 4 %xZBM.

7: Solve the following third-order linear ODEs.

(a) y/// _|_ 2y// _ 5y/ _ 6y — O

Solution: The characteristic polynomial is 73 + 2r2 — 5r — 6 = (r — 2)(r? +4r +3) = (r — 2)(r + 1)(r + 3),
and so the general solution to the DE is y = Ae?® + Be™® + Ce 3%,

(b) """ — 3y’ + 2y = 2sinx

Solution: The characteristic polynomial is 7 — 3r +2 = (r — 1)(r? + r — 2) = (r — 1)?(r + 2), and so the
general solution to the associated homogeneous DE is y = Ae® + Bze® +Ce~2%. To find a particular solution
to the given DE, we try y = y, = asinz + bcosz. We then have ¢y’ = acosz —bsinz, y”’ = —asinz —bcosx
and y"” = —acosz + bsinz. Put these in the DE to get

2sinx = 4" — 3y’ + 2y
= —acosx + bsinz — 3acosz + 3bsinx + 2asinx + 2bcos x
= (2a+ 4b)sinz + (—4a + 2b) cosx .

Since sin x and cos x are linearly independent, we can equate coefficients to get 2a+4b = 2 and —4a+2b = 0.

Solving these two equations gives a = * and b = %, and so we have obtained the particular solution

5
Yp = %sinx + %cos 2. The general solution to the given DE is y = Ae® 4+ Bxe® + Ce™ 2% + %sinx + %cos T.



