Chapter 2

Normed and Hilbert Spaces

2.1 Topics to be covered

e Normed spaces

¢P spaces, Holder inequality, Minkowski inequality, Riesz-Fischer
theorem

The space C(X)
Quotients and conditions for completeness, the 2/3’s theorem
Finite dimensional normed spaces, equivalence of norms
Convexity, absolute convexity, the bipolar theorem
Consequences of Baire’s theorem:
Principle of Uniform Boundedness, Resonance Principle
Open mapping, closed graph and bounded inverse theorems
Hahn-Banach theorem
Krein-Milman theorem
Dual spaces and adjoints
The double dual

Weak topologies, weak convergences

e Hilbert spaces
Cauchy-Schwarz inequality
Polarization identity, Parallelogram Law

Jordan-von Neumann theorem
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Orthonormal bases and Parseval identities
Direct sums
Bilinear maps and tensor products of Banach and Hilbert spaces

Infinite tensor products and quantum spin chains

2.2 Banach Spaces

All vector spaces will be over the field R or C, when we wish to consider a
notion that applies to both fields we shall write [F.

Definition 2.1. Let X be a vector space over F. Then a norm on X is a
function, || - || : X — R™ satisfying:

L ||zl =0 <= z =0,
2. [[Az|| = |- [Jz||, VA € F, Vx € X,
3. (Triangle Inequality) ||z 4+ y|| < ||lz| + |ly||, Vz,y € X.
We call the pair (X, || - ||) a normed linear space or n.l.s., for short.

Proposition 2.2. Let (X, ||-||) be a n.l.s.. Thend(z,y) = |[z—yl is a metric
on X (called the “induced metric”) that satisfies d(x + z,y + z) = d(x,y)
( “translation invariance”) and d(Ax, \y) = |N|d(z,y) (“scaled”).

Conversely, if X is a vector space and d is a metric on X that is scaled
and translation invariant, then ||z|| = d(0,x) is a norm on X.

Definition 2.3. A n.ls. (X,| -||) is a Banach space if and only if it is
complete in the induced metric, d(z,y) = ||z — y|.

Some examples are in order.

Example 2.4. Let X = Cg([0,1]) denote the vector space of continuous
real-valued functions on the unit interval. Given f € X we set

[flloc = sup{[f ()] : 0 < ¢ < 1}.

We leave it to the reader to verify that this is a norm. We claim that
(X,]] - ||so) is @ Banach space. Note that a sequence of functions {f,} C X
is Cauchy if and only if for each € > 0 there is N so that for n,m > N,

doo(frs fm) = sup{[fn(t) = fm(t)] : 0 <t <1} <e.
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Now we recall some arguments from undergraduate analysis. For each 0 <

to < 1, | fu(to) = fm(to)| < ||frn— finlloo and so {frn(to)} is a Cauchy sequence
of real numbers. Hence, lim f,(ty) exists and we defined f(tg) to be this
value. Next one shows that

limsup{|f(t) = fu(t)] : 0 <t <1} =0,

so that the sequence {f,} converges uniformly to f and recall from under-
graduate analysis that this implies that f is continuous. Thus, f € X and
the last equation shows that

1f = Falloo = 0.

Thus, (X, | - ||s) is a Banach space.
The next example is a vector space that is not a Banach space.

Example 2.5. Let X = Cgr([0,1]) as before, but now set

1
11l = /0 £ (2)dt.

Note that if f € X and f # 0 then, since f is continuous, there is a § > 0
and a small interval [a,b] on which |f(¢)| > d. Hence, ||f]|1 > 0(b— a). This
proves that || f||; = 0 if and only if f = 0, and we have verified one property
of a norm. We leave it to the reader to verify that the remaining properties
of a norm are met.

We claim that (X, ]| -||1) is not complete. To see this consider the fol-
lowing sequence of functions. For each n > 3 set

0, 0<t<g—1,
falt) =22 S -l <i< 3+ 4
1, g+ <t<l

For n,m > N the functions f,, and f,, are equal except on a subset of the
interval [% - %, % + %}, and on this subinterval they can differ by at most

1. Hence,
2
1= Fnlly <

and so the sequence is Cauchy. Now check that no continuous function can
be the limit of these functions in || - [|1.
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Example 2.6. For 1 <p < 400 and n € N, and = = (z1, ..., z,) € R", set
n Y
H(xlv v 7$n)||p = (E |x]|p) pa
j=1

then this is a norm called the p-norm and we write £5, to denote R™ endowed
with this norm. It is not so easy to see that this satisfies the triangle
inequality, this depends on some results below. For p = 400 we set

|(z1,...,2n)]| = max{|z1],...,|zn|}

Example 2.7. More generally, for 1 < p < 400, we let
+oo

0 = (@) S oyl < +oo},
j=1

and for z € €7 we set ||z, = ( jzof \:Uj\p)l/p.
For p = +o00, we set

> ={(21,22,...) : sup |z;| < 400},
j

and define [|z|| = sup; |z;].
Then for 1 < p < 400, (¢7,] - ||p) are all Banach spaces. This fact relies
on a number of theorems that we will state below.

Problem 2.8. Prove that (¢!, - 1) and (£°, || - ||s) are Banach spaces.

Problem 2.9. Let ¢y = {(x1,x9,...) : lim, z, = 0}. Prove that ¢ is a
vector subspace of ¢ and that it is closed in the metric induced by the
|| - ||oo nOTm.

Lemma 2.10 (Young’s Inequality). Let 1 < p,q < +oo with %4—% = 1.

Then for any a,b > 0 we have ab < % + %q.

Problem 2.11. Prove this inequality.

Proposition 2.12 (Holder’s Inequality). Let 1 < p,q < +00 with %—i—% =1,
and let © = (x1,...) €L, y = (y1,...) € L9, then (z1y1,...) € £} and

> lzayal < lellplyllo-
n
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Problem 2.13. Prove Holder’s inequality.

Theorem 2.14 (Minkowski’s Inequality). Let 1 < p < 400, and let z,y €
P, then x +y € % and ||z + yllp < ||z + yllp-

Proof. We shall only prove the case that 1 < p < 400 for succinctness. First
note that
2|z;|  when |z] > [yil

|$i+yi|§{ .

2ly;|  when |z;] < |y

Hence, |z; +y;|P < max{2P|x;|P, 2P|y;|’}, from which it follows that ), |z; +
yi|p < 4o00.
Next notice that

|z + yil? < |z + yz‘|p_1(|33i| + |yil)-

Also, p+q = pq so that (p — 1)qg = p. From this it follows that the sequence
|z; + yi|P~! is g-summable. By Holder’s inequality,

Z lzi + P < (Z(m + yi|p71)q)1/q((z ‘xi|p)1/p + (Z ’yi’p)l/p)
= (Xl ul) (S )7+ O lw)).

Cancelling the common term from each side and using % =1- % yields the
result. O

Theorem 2.15 (Riesz-Fischer). The spaces (¢7, || - ||,) are Banach spaces.

Given a normed space (X, |- ||), a sequence of vectors {z,} and a vector
x, we write
o0
2= e
n=1
to mean that limy ||z — 25:1 zp| = 0, i.e., that the partial sums converge

in norm. Similarly, we write x = ), to mean that the net of finite
sums sp = » - p Ty converges in the metric induced by the norm, i.e., that
given € > 0, there is a finite set Fp such that whenever F' is a finite set with
Fy C F, then ||z — sp|| <e.

We shall let e;, also denoted |i), be the vector that is 1 in the i-th entry
and 0 in every other entry. Given z = (x1,x2,...) € P, we can write

o)
r = E ZTi€;.
=1
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For 1 < p < 400 this notation makes sense as the series does converge.
In fact, one can show the even stronger statement that = = .y ze;.
However, this notation is somewhat misleading for p = co. For example, if
we set z; = 1 for all 4, then x 4+ (1,1,...) € £*° and ||z]« = 1. But

N
lz =" mieilloo = 1
=1

so the series does not converge to x. In fact, any two partial sums of this
series are distance 1 apart, so the partial sums are not even Cauchy. Later
we will see that there is a different topology on ¢°° for which this series does
converge to x in that topology.

Problem 2.16. Prove that for z = (x1,...) € ;1 < +o00, we have x =
Y oioq wiei =y ey Tie;. Thus verifying the above claim.

Problem 2.17. Let = (z1,...) € £*°. Prove that the series > .o, x;e;
converges to z (in norm) if and only if z € co. What about »;  xie; ?

Another useful test for determining if a normed space is a Banach space
is given in terms of convergent series.

Theorem 2.18. A normed space (X, || - ||) is a Banach space if and only if
whenever {z,} C X is a sequence such that Y > | ||xs|| < 400 then there is

an element x € X such that S 179

ne1 Tn = T.

This theorem is sometimes stated as a normed space is a Banach space
if and only if every absolutely convergent series is convergent. Here a series
> o0 | @y is called absolutely convergent provided that Y 7 | ||zy || < 4o0.

One final example of a family of Banach spaces.

Example 2.19. Let (K,7) be a compact Hausdorff space and let C(K)
denote the space of continuous real or complex valued functions on K. This
is clearly a vector space. If we set || f|lo = sup{|f(z)|;z € K}, then this
defines a norm and (C(K),| - ||s) is a Banach space. Completeness follows
from the fact that convergence in this norm is uniform convergence and the
fact that uniformly convergent sequences of continuous functions converge
to a continuous function.

2.2.1 Bounded and Continuous

Proposition 2.20. Let (X, | - |l1) and (Y, | - ||2) be normed spaces and let
T:X —Y bea linear map. Then the following are equivalent:
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1. T is continuous,
2. T is continuous at 0,
3. there is a constant M such that ||Tz|2 < M||z|1, Vo € X

Definition 2.21. Let X and Y be normed spaces and let T': X — Y be
a linear map. Then T is bounded if there exists a constant M such that
|Tx| < M|z||,Vx € X. We set

17| == sup{||Tz|| : [|lz]| <1} < o0
and this is called the operator norm of T'.

Some other formulas for this value include

1T} = sup{[|Tz[| : lz|| = 1} = inf{M : |Tz]| < M|[z[], V2 € X}.

2.2.2 Equivalence of Norms

Suppose that || - [|;,7 = 1,2 are norms on X and that d;,i = 1,2 are the
metrics that they induce. Recall that we say the metrics are equivalent if
and only if the maps id : (X,d;) — (X,d2) and id : (X,d2) — (X,d1) are
both continuous. But since these are normed spaces this is the same as
requiring that both maps be bounded, which is the same as both metrics
being uniformly equivalent. Thus, the metrics that come from norms are
equivalent if and only if they are uniformly equivalent.
This leads to the following definition.

Definition 2.22. Let (X,| - |;),? = 1,2 be two norms on X. Then we
say that these norms are equivalent provided that there exists constants,
A, B > 0 such that

Allz|ly < [|z]]2 < Bllz|1, Vz € X.

Note that these last inequalities are the same as requiring that there are
constants C, D > 0 such that ||z||2 < C||z|1 and ||z]j1 < D||z||2. If we think
geometrically then this is the same as requiring that A-B; C By C B - By,
where B; denotes the unit balls in each norm.

Finally, note that “equivalence of norms” really is an equivalence relation
on the set of all norms on a space X, that is, it is a symmetric (]|-||; equivalent
to ||-||2 if and only if ||-||2 is equivalent to ||-||1) and transitive (||-||; equivalent
to || - |]2 and || - [|2 equivalent to || -||3 implies that || -||; is equivalent to || - ||3)
relation.
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Proposition 2.23 (Reverse Triangle Inequality). Let (X, ||-||) be a normed
space. Then
Nzll =yl < [l =yl v,y € X

Theorem 2.24. All norms on R™ are equivalent.

Proof. Tt will be enough to show that an arbitrary norm | - || on R" is
equivalent to the Euclidean norm || - [[2. Let e; = |¢) denote the standard
basis for R", so that © = (21, ...,x,) = z1€1 + - -+ + Zpey,. Then,

1 2 1/2
2]l < Jzilllex]l + - - + |znlllenll < Z\ / ZHez‘Hz)/ < Cllz[l2,

where C' = (3, [les]|?)"*.
Let f : R®™ — R be defined by f(x) = ||«||. By the reverse triangle
inequality we have that,

[f(@) = f)] < [l = yll < Clla = yll2,

which shows that f is continuous from R™ to R when R" is given the usual
Euclidean topology.
Now K = {x: ||z||]2 = 1} is a compact set and so for some zy € X,

— inf{f(a) : 2 € K} = f(ao) = [Jeol| 0.

€ K and hence,

Now for any non-zero x € R", Hzllz

=l

HxH ~ lalls’

so that Al|z||2 < ||«|| and we are done. O

2.3 Consequences of Baire’s Theorem

Many results are true for Banach spaces that are not true for general normed
spaces. In particular, this is because Banach spaces are complete metric
spaces and so we have Baire’s theorem as a tool. In this section we present
several facts about Banach spaces that rely on Baire’s theorem. The version
of Baire’s theorem that we shall use most often is the version that says that
in a complete metric space, a countable union of nowhere dense sets is still
nowhere dense.
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2.3.1 Principle of Uniform Boundedness

We begin with an example to show why the following result is perhaps
surprising. For n > 2, let f,, : [0,1] — R be defined by

n’t, 0<t<1/n
) =142n—n?, 1/n<t<2/n,
0, 2/n<t<1

so that each f, is continuous.

We have || fn|lcc = n and so each function is bounded. Also for each x
we have that for n large enough, f,(z) = 0. Hence, we also have that for
each z there is a constant M, so that |f,(x)| < M,, Vn. However, clearly

sup{|| fnlloo} = +o0.
Note that in this case the domain is a complete metric space.

Theorem 2.25 (Principle of Uniform Boundedness). Let X be a Banach
space, Y a mormed space, and let F be a set of linear mappings from X to
Y. If for each A € F there is a constant Ca such that || Az|| < Ca||x|| (i.e.,
each A is bounded) and for each x € X there is a constant M, so that
|Az|| < M, (i.e., the collection F is bounded at each point), then

sup{||A|| : A € F} < 0.

Proof. Let E, = {z : |Az| < n, VA € F}. Since each A is continuous, it
is not hard to see that each E, is closed. By the hypothesis of pointwise
boundedness, X = U,FE,. Hence, one of these sets is not nowhere dense,
say for ng. Since E,, is already closed, there must exist z¢ and a constant
r > 0 so that {y : ||y — zo|| <7} C Ey,.

Given any 0 # z € X, we have that HQH 0 || < r so that xp + 3 € Eno-
Now given any A € F we have that
rz
|AG ) = | A(zo + 57) — A(zo)l| < 1o + no.
2” I 2||z|
Hence, for any 0 # z,
4 2
14z < 2ozl o4y < L VAeF.
]

The following is just the contrapositive statement of the above theorem,
but it is often useful.
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Theorem 2.26 (Resonance Principle). Let X be a Banach space and let
Y be a normed space. If F is a set of bounded linear maps from X to
Y with sup{||A|; A € F} = +o0, then there is a vector x € X such that
sup{||Az| : A € F} = +o0.

The vector given by the above result is often called a resonant vector for
the set F.

Here is an example to show what can go wrong if the domain X is not
a Banach space.

Definition 2.27. Let Cyy = span{e, : n € N} C (>

Thus, x = (x1, 2, ...) € Cyo if and only if there is an N, so that x, =0
for all n > N,. The number N, varies from vector to vector.

Example 2.28. Define A,, : Coyp — Cpyo by
Ay (z) = (21,229,323, ...., nTp, 0,0, ...).

Clearly, each A, is a bounded linear map with ||A,|| = n. Also for each
x € Cyo we have an N, as above and so sup,, ||A,z| < N, < +oc.

Problem 2.29. Let X and Y be normed spaces with X Banach, and let
A, X — Y be a sequence of bounded linear maps such that for each z € X
the sequence A, (z) converges in norm to an element of Y. Prove that if we
set A(x) = lim,, A, (x) then A defines a bounded linear map. (The sequence

{A,} is said to converge strongly to A and we write A, 5, Al

2.3.2 Open Mapping, Closed Graph, and More!

The following results are also all consequences of Baire’s theorem applied to
Banach spaces. In fact, given any one as the starting point, it is possible
to deduce the others as consequences. These require that the domain and
range both be Banach spaces.

Lemma 2.30. Let X and Y be Banach spaces, and let A : X — Y be a
bounded linear map that is onto. Then there exists § > 0 such that

By (0;6) :={y €Y : |lyll <&} € A(Bx(0;1)),

where Bx (0;1) = {z € X : ||z|| < 1}.
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Theorem 2.31 (Bounded Solutions). Let X and Y be Banach spaces and
let A: X —Y be a bounded linear map. If for each y € Y there is x € X
solving Ax =y, then there is a constant C > 0 such that for each y € Y
there is a solution to Ax =y with ||z|| < Cly|.

Theorem 2.32 (Bounded Inverse Theorem). Let X andY be Banach spaces
and let A : X — Y be a bounded linear map. If A is one-to-one and onto
then the inverse map A~' : Y — X is bounded.

Theorem 2.33 (Equivalence of Norms). Let X be a space with two norms
Il - |lx and || - ||2, such that X is a Banach space in both norms. If there is a
constant such that ||z||1 < Cllz||2, Yo € X, then the norms are equivalent.

As an application of the equivalence of norms theorem and Baire’s the-
orem, one can prove the following.

Theorem 2.34 (Open Mapping Theorem). Let X and Y be Banach spaces,
and let A : X = Y be a bounded linear map. If A is onto, then for every
open set U C X the set A(U) is open in'Y.

If X and Y are vector spaces, then their Cartesian product is also a
vector space with operations, (x1,y1) + (z2,y2) = (1 + 2,91 + y2) and
Az,y) = (Az, Ay). This space is sometimes denoted X @Y. There are many
equivalent norms that can be put on X@Y', we will use ||(z, )1 := [|z||+]y]|-
It is fairly easy to see that a subset C' C X @Y is closed in the || - ||; norm
if and only if ||z, — z|| = 0 and ||y, — y|| — O implies that (z,y) € C.

Given a linear map, A : X — Y its graph is the subset G4 := {(x, Ax) :
re X}

Theorem 2.35 (Closed Graph Theorem). Let X and Y be Banach spaces,
and let A: X =Y be a linear map. If ||z, — x| — 0 and | Az, —y|| — 0
implies that Ax =y (this is equivalent to the statement that G 4 is a closed
subset), then A is bounded.

In general, a linear map A : X — Y is called closed provided that G 4
is closed. When X and Y are Banach spaces, then closed implies bounded
by the above. But if X is not Banach then the map need not be bounded.
Here is an example.

Example 2.36. Consider the following function space,

CY([0,1]) = {f : [0,1] = R : f’ exists and is continuous }.
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Set || f]| = || f]|-0c and let Y = C([0, 1]), also with ||-||oc. Let D : C*([0,1]) —
C([0,1]) by D(f) = f'. By Rudin, Theorem 7.1.7, if ||f, — f|lcc — 0 and
|/} = glleo — 0, then f is differentiable and g = f’. This result is equiva-
lent to saying that the graph of D is closed. But D is not bounded since
D) |lo = n/t"|lo- What goes wrong is that C1([0,1]) is not complete
in || - [[o. This last fact can be seen directly, or it can be deduced as an
application of the closed graph theorem.

Problem 2.37. Let X be a Banach space and let Y and Z be two closed
subspaces of X such that YNZ = (0) and Y +Z :={y+z2:y €Y,z €
Z} = X. Thus, each x € X has a unique representation as x = y+ z. Define
llz|l1 = llyll+ ||z||. Prove that (X, ||-|1) is a Banach space and that || - | and
|| - |1 are equivalent norms on X.

2.4 Hahn-Banach Theory

The Hahn-Banach theorem is usually stated for norm extensions, but it is
really more general with the proofs being no harder, so we state it in full
generality.

Definition 2.38. Let X be a vector space. Then a function p: X — R is
sublinear if:

L p(z +y) < p(x) +p(y), Vo,y € X,
2. for all t > 0, p(tx) = tp(x).
Note that, unlike a norm, it is not required that p(—x) = p(x).

Lemma 2.39 (One-Step Extension). Let X be a real vector space, Y C X
a subspace, p : X — R a sublinear functional and f : Y — R a linear
functional satisfying f(y) < p(y), Vy € Y. Ifx € X\Y and Z = span{Y,z},
then there exists a linear functional g : Z — R such that g(y) = f(y),Vy €
Y (i.e., g is an “extension” of f) and g(z) < p(z), Vz € Z.

Proof. Since every vector in Z is of the form z = raz 4y for some r € R every

possible extension of f is of the form g, (rz+vy) = ra+ f(y). So we need to

show that for some choice of o we will have that ra+ f(y) < p(rz+y), Vr,y.
First note that if y1,y2 € Y, then

flyr +y2) <plyr +y2) < plyr +2) +ply2 — o).
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Hence,
f(y2) = p(y2 — ) <plyr +z) — f(y1), VY1, 92 € Y.

Thus,

ag :=sup{f(y) —p(y —z):y €Y} <inf{p(y +2) - f(y) :y €Y} = .

The proof is completed by showing that for any o with ap < a < a1 we
will have that g, is an extension with g,(rz +y) < p(rz +y). O

Theorem 2.40 (Hahn-Banach Extension Theorem for Sublinear Functions).
Let X be a real vector space, p : X — R a sublinear functional, Y C X a sub-
space and f :Y — R a real linear functional satisfying f(y) < p(y), Yy € Y.
Then there exist a linear functional g : X — R that extends f and satisfies,
g(x) <p(z) < Vo e X.

The idea of the proof is to use the one-step extension lemma and then
apply Zorn’s lemma to show that an extension exists whose domain is maxi-
mal among all extensions and argue that necessarily this maximal extension
has domain equal to all of X. Zorn’s lemma is equivalent to the Axiom of
Choice, so this is one theorem that requires this additional axiom, which
almost every functional analyst is comfortable with assuming.

Next we look at complex versions. The following result is often useful
for passing between real linear maps and complex linear maps.

Proposition 2.41. Let X be a complex vector space.

1. If f: X — R is a real linear functional, then setting

9(x) = f(z) — if (iz)
defines a complex linear functional.

2. If f : X — C is a complex linear functional, then Ref(z) = Re(f(x)),
is a real linear functional and

f(x) = Ref(x) —iRef(ix).

Theorem 2.42. Let X be a complex vector space, p: X — R be a function
that satisfies, p(x +y) < p(x)+p(y) and p(Ax) = |A|p(x), VA€ C. IfY C X
18 a complex subspace and f 1Y — C is a complex liner functional satisfying
lf(y)| < ply), Vy €Y, then there exists a complex linear functional g : X —
C that extends f and satisfies |g(z)| < p(x), Vo € X.
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Proof. Consider the real linear functional Ref, observe that it satisfies
Ref(y) < p(y). Apply the previous theorem to extend it to a real linear
functional h : X — R satisfying h(z) < p(z).

Now set g(z) = h(z) — ih(ixz) and check that g works. O

Given a bounded linear functional f : Z — F we define || f|| = sup{|f(z)| :
I2]] < 1}.

Theorem 2.43 (Hahn-Banach Extension Theorem). Let X be a normed
linear space over I, let Y C X be a subspace, and let f :' Y — T be a
bounded linear functional. Then there exists an extension g : X — F that is
also a bounded linear functional and satisfies, ||g|| = || f]|-

Proof. Apply the above result with p(x) = || f|| - [|=]|- O

Corollary 2.44. Let X be a normed space and let xg € X. Then there exists
a bounded linear functional g : X — F with ||g|| = 1 such that g(xo) = ||xo]|.

Proof. Let Y be the one dimensional space spanned by xo and let f(Azy) =
Al|zo]|. Check that || f|] = 1 and apply the last result. O

2.4.1 Convex Sets

Convex sets play an important role in many settings. We gather a few facts
about these sets here. Many of these facts are ultimately consequences of
the Hahn-Banach theorem, especially the version for sublinear functions.

Recall that a subset K of a real vector space X is called convex if
whenever z,y € K, then tx+(1—t)y € K, V0 <t < 1. Writing tx+(1—t)y =
Y+ t(x —y), we see that K is convex if and only if whenever x,y € K, then
the line segment from y to x is in K.

Note that if K is convex and x1, x2,x3 € K then

{s(te1 + (1 —t)zg) + (1 —s)a3]0<t <1,0< s < 1} =

3
{11 + tawy + taxs|t; > 0, t; =1},
=1

is a subset of K. Inductively, one can show that if K is convex, x1,...,z, € K
and t; > 0,1 <4 <n with > ;¢ =1, then > ' | t;x; € K. Such a sum
is called a convex combination of z1,...,z,. It readily follows that K is
convex if and only if every convex combination of elements of K is again in

K.
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Given a non-empty subset S of a real vector space X, the smallest con-
vex set that contains S is called the convex hull of S and is denoted by
convh(S). Using this last fact it is not hard to see that

n n
convh(S) = {Z tizilt; > 0,2, € S, 1 <i <n, Zti =1, with n arbitrary }.
i=1 =1

For an infinite dimensional vector space the number of terms needed in these
sums is, generally, not bounded, but in finite dimensions there is a bound.

Theorem 2.45 (Caratheodory). Let S be a non-empty subset of R™, then

n+1 n+1
convh(S) = {thxzm >0,2;,€5,1<i<n+ 1,2@- =1}
i=1 i=1

This has a nice geometric interpretation. Given a non-empty set S in
a vector space, we let /() (S) = {tz + (1 — t)y|z,y € S, 0 < t < 1}, which
is the union of all line segments joining points is S, and let ¢(F+1)(S) =
(M (%) (8)). Caratheodory’s result says that for S C R™, this process ter-
minates with convh(S) = £ (S) = £(™)(S), Vm > n.

One corollary of Caratheodory’s result which is very useful is the follow-
ing.

Corollary 2.46. Let S be a non-empty compact subset of R™, then convh(S)
s also compact.

Proof. Set
n+1
K= {(tl, vy b1, 21, ...,xn+1)|ti € bbR,t; > O,Zti =1,z € S}
=1

Since (n+ 1)+ (n+1)n = (n+1)2, K is a subset of R™D* and is closed
and bounded. Define L : K — R"” by

n+1
L((tla ...,tn+1,£171, ...,l’n+1)) - Zt’bx’u
i=1

which is continuous. By Caratheodory, conv(S) = L(K) and since continu-
ous images of compact sets are compact, the result follows. ]

In particular, in finite dimensions, the convex hull of a compact set is
automatically closed. This is false in infinite dimensions, the convex hull of
the compact set S = {0} U {e,/n :n € N} C ¢! is not closed.
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Definition 2.47. Given a real normed space X, a bounded linear functional
f: X —>Rand o € R we set

Hfo={y € X: fly) <a},
and we call Hy, a closed 1/2-space.

The following result is a consequence of the more general sublinear func-
tionals version of the Hahn-Banach theorem.

Theorem 2.48 (Hahn-Banach Separation Theorem). Let X be a real normed
space and let K C X be a convex subset.

1. If inf{||z — y|| : y € K} # 0, then there exists a bounded linear func-
tional f : X — R and a € R such that f(y) < a,Vy € K, while

a < f(zo)-
2. Every closed convex set is an intersection of 1/2-spaces.

Proof. We only sketch the key ideas of the proof of the first statement,
since the proof introduces some important concepts. First, by applying a
translation one can assume that 0 € K. Let us set d(z, K) = inf{||z — y|| :
y € K}. Next one fixes 0 < € < 1 with € < d(z,K) and sets K, = {z :
d(z, K) < €} and shows that this is a closed convex set.

The Minkowski functional of the set K. is defined by

p(z) =inf{t >0:t 'z € K.}.

One proves that this is a sublinear functional with p(K,) < 1 < p(z). Now
define a linear functional on the one-dimensional space spanned by z by
g(rx) = rp(zx), check that g(rz) < p(rz) and extend to obtain a linear
functional f : X — R with f(z) < p(z). One now needs to prove that f is
a bounded linear functional and that f(K) <1 < f(z). O

Definition 2.49. Given a convex set K, a point x € K is called an extreme
point of K, if whenever there exist y,z € K and t,0 < t < 1 such that
x =ty + (1 —t)z, then necessarily y = z = x. We let Ezt(K) denote the set
of extreme points of K.

For example in R?, the extreme points of the unit square are its four
corners, while the extreme points of the closed unit disk is the unit circle.
Note that the open unit disk is convex but has no extreme points. The
following theorem tells us that for compact convex sets, there are always
plenty of extreme points.
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Theorem 2.50 (Krein-Milman, normed version). Let K be a compact, con-
vex subset of a normed linear space, then K is the closure of the convex hull
of its extreme points.

Even when K is a convex and compact subset of R3, the set Fxt(K)
need not be a closed set, but it is always bounded. However, there is a
better theorem in fnite dimensions.

Theorem 2.51 (Caratheodory-Minkowski). Let K C R™ be compact and
convexr. Then every point in K is a convex combination of at most n + 1
extreme points.

2.4.2 Separable and Entangled States and Entanglement Wit-
nesses

In this section we give some applications of the above ideas to quantum
information theory. For these applications we assume that the reader has
some familiarity with matrix theory.
Given vectors * = (ay,...,an) and y = (by,...,b,) in C", we set their

inner product equal to

n

(zly) = Zaz‘bz’-
i=1

Note that this is linear in the first variable and conjugate in the second
variable. The (Euclidean) length of a vector is

] = v/ {xlz).

An n xn matrix P = (p; ;) is called positive semidefinite(denoted P > 0),
provided

n
(x| Pz) = Z pijaja; > 0, Vo € C".
ij=1
We shall write M,, to denote the set of n x n matrices and M, to denote
the set of positive semidefinite matrices. Note that if P,Q € M, then
P+Q € M. Also if P € M}, then P is self-adjoint, i.e., is equal to its
own conjugate transpose, and every eigenvalue of P must be non-negative.
For each unit vector = (ay, ..., a,) the matrix P, = (a;a;) satisfies

Py(y) = (y|x)z,

and thus is the orthogonal projection onto the 1-dimensional space spanned
by x.
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Finally, the trace of a matrix is
n
T’I“(P) = me'.
i=1

Recall that Tr(P) is equal to the sum of the eigenvalues of P.

A matrix P is called a density matrix if P € M,” and Tr(P) = 1. The
states of a quantum system are usually identified with density matrices.

It is readily seen that the set of density matrices is a closed convex set.
Hence by Krein-Milman, the set of density matrices will be the convex hull
of its extreme points.

Problem 2.52. Use the fact that self-adjoint matrices are diagonalizable
to show that the extreme points of the density matrices in M, are the
projections onto 1-dimensional subspaces and that every density matrix is
the convex combination of n extreme points.

Since M, is a 2n?-dimensional real vector space, by Caratheodory’s the-
orem we know that we should need at most 2n? + 1 extreme points, but the
problem shows that for density matrices we can use considerably fewer.

We now look at the case of bipartite quantum systems. States of such
systems are typically represented by density matrices in a tensor product.
So we need to discuss the tensor product of the space of matrices. One of
the simplest ways to view tensor products of matrices is through the concept
of block matrices. Given n? matrices, A;;, 1 <14,57 <n with each 4;; a
k x k matrix, we form an nk x nk matrix A as follows:

An,l T An,n
We write M,,(M}) to indicate that we are considering nk x nk matrices as
written in such blocks. Clearly every element of M, can be considered as
an element of M, (M) by just introducing parentheses around every k x k
block. Block matrices are also another way to think about the tensor product
M, @ M. If welet E; ;, 1 <4,j < n denote the n x n matrix that is 1 in the
(i, 7)-entry and 0 elsewhere, then these form a basis for the vector space M,,.
Consequently, every element of the tensor product M,, ® M} has a unique
representation as Z? =1 E; ; ® A; ; for some set of matrices A; ; € Mj,.

In this manner we have identified, M, = M, (My) = M, ® M. Note
that with this identification, if we start with B = (b; ;) € M,, and C € M},
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then we have that

BaC= (> bi;E;)®C=Y E;®0,;C)=(b;C),
i,j=1 i,5=1

where the latter matrix is the block matrix with (7, j)-th block equal to b; ;C.
This block matrix representation of B ® C is often called the Kronecker
tensor.

Given two densities matrices P = (p; j) € M,, and € Mj, it is not hard
to see that P ® Q = (p;;Q) is a density matrix in M, ® My, = M, (M) =
M1, and hence, the convex hull of all such density matrices is again a set
of density matrices.

Definition 2.53. The set of matrices in M,, ® My = M, (My) = M, that
are in the convex hull of the matrices of the form P® @), with P € M,,, Q) €
M, density matrices, is called the set of separable density matrices.
Any density matrix in M, (Mj}) that is not separable is called an entangled
density matrix.

Since the set of density matrices is a compact set, it follows that the set
of all matrices of the form P ® @ with P and () density matrices is also a
compact set. Hence, by the corollary to Caratheodory’s theorem, the set of
separable density matrices is a compact subset of the 2n?k? real dimensional
vector space, My, (My).

Problem 2.54. Prove that the extreme points of the separable density
matrices are the matrices of the form P, ® P, where z € C" and y € c*
where  and y are unit vectors. Conclude that every separable density
matrix is a convex combination of at most 2n?k? + 1 such matrices.

By the Hahn-Banach separation theorem, the set of separable density
matrices is an intersection of closed 1/2-spaces. In particular, if R is an
entangled density matrix, then there must be a real linear functional f and
a € R, such that f(S) < « for every separable density matrix and o < f(R).
In this sense, the pair (f, «) provides the evidence that R is entangled.

Finding such pairs (f, a) and protocols for how to implement them phys-
ically are at the heart of the theory of entanglement witnesses.

2.5 Dual Spaces

Let X be a normed linear space. We let X* denote the set of bounded
linear functionals on X. It is easy to see that this is a vector space and that
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|| fIl = sup{|f(z)| : ||z[| < 1} is a norm on this space. The normed space
(X*,|| - ||) is called the dual space of X.
Other notations used for the dual space are X/, X% and sometimes XT.

Proposition 2.55. Let (X, | -||) be a normed space, then (X*,| -] is a
Banach space.

Here are some examples of dual spaces.

Example 2.56 (The dual of ¢!). Given y € ¢ define fy : ¢! — R by
fy(x) = >, Tpyn, ie., the dot product! It is not hard to see that f, is
bounded and that || f,|| = ||y|leo. This gives a map from ¢>° into (¢1)*.

It is easy to see that this is a linear map, i.e., that fy, 4, = fy, + fy, and
fry = Afy. Also we have seen that it satisfies ||fy|| = ||y[|cc, i.€., that it is
isometric and hence must be one-to-one. Finally, we show that it is onto. To
see this start with f : ¢! — R and let 3, = f(e,) where e, is the vector that
is 1 in the n-th entry and 0 elsewhere. We have that |y,| < || f|l|lex|l1 = || f],
so that y = (y1,...) € £°. Now check that fy(z) = f(z) for every x so that
fy = f and we have onto.

The above results are often summarized as saying that (¢1)* = ¢>°, when
what they really mean is that there is the above linear, onto isometry be-
tween these two spaces.

Example 2.57 (The dual of /P, 1 < p < +00). Let % + % =1 and for each
y € L9 define

+o00
fy : 7 = R by setting fy(z) =Y ynp.
n=1

By Minkowski’s inequality f, is a bounded linear functional and || fy || = ||y||4-
Moreover, given any f : # — R if we set y, = f(e,) where e, is the
vector with 1 in the n-th coordinate and 0’s elsewhere, then it follows that
y = (yn) € ¢4. This proves that the map L : ¢7 — (¢,)* given by L(y) = f,
is onto. It is clear that it is linear and by the above it is isometric. Thus,
briefly (¢7)* = ¢1.

However, this fails when p = 400, as we shall show.

Example 2.58 (The space Cp). We set Cy = {z = (x1,22,...) € £ :
lim,, x,, = 0}. It is easy to show that this is a closed subspace. In fact Cy
is the closed linear span of e, : n € N. Given a bounded linear functional
f:Co— R if we set y, = f(ey), then the same calculations as above show
that y € ¢! and that f = f,. This leads to C} = ¢1.
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Example 2.59 ((£>°)* # ('). Now let f : /*° — R be a bounded linear
functional. As before let 3, = f(e,) and show that y € ¢!. The functional
[ — fy has the property that (f — fy)(e,) = 0 and hence, (f — f,)(Co) = 0.
But this does not guarantee that f = f,.

We now construct an element of £°° that is not of the form f, for any
y € (1. Let e € £ be the vector of all 1’s. It is easy to check that

inf{|le — z||oc : ® € Cp} = 1.

Now let W = {re+z : r € R,z € Cp}, which is easily seen to be a
vector subspace of £>°. We define a linear functional g : W — R by setting
g(re+x) =r. If r #0, then for any = € Cy, |[re+z| = |r||le+r—1z| > |r|.
Hence, |g(re +z)| = |r| < ||re + x|, so that ¢ is a bounded linear functional
and [|g]] < 1. Since 1 = g(e) = |le||, we have that ||g]| = 1. Now by the
Hahn-Banach theorem, we can extend g to a linear functional f : /*° — R
with || f|| = 1. However, f(e,) = g(en) =0, so if f = f,, then y would need
to be the 0 vector. Since ||f|| = 1 we see that f # f, for any y € ¢1.

Thus, not every bounded linear functional on ¢* is of the form f,,y € ¢1.
What is true is that every f € £ decomposes uniquely as f = fy+h where
y € " and h € £ with h(z) = 0 for every x € Cj.

2.5.1 Banach Generalized Limits

It is often useful to be able to take limits even when one doesn’t exist! This
is one reason that we use liminf and limsup but these two operations are
not linear. For example if we let z,, be 1 for odd n and 0 for even n and let
yn be one for even n and 0 for odd n, then limsup,, z, = limsup,,y, =1 =
lim sup(z,, + y,). Banach generalized limits are one way that we can assign
”limits” in a linear fashion.

Proposition 2.60 (Banach Generalized Limits). There exists a bounded
linear functional, G : £*° — R such that:

e Gl =1,
o when x = (x1,x2,...) and limyx, ezists, then G(x) = lim,, x,,
e Vz € (> liminf, z, < G(X) < limsup,, T,

o given K if we let yx = (Tg4+1,TK+2,..-), then G(yx) = G(x), i.e., the
generalized limit doesn’t care where we start the sequence.
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The existence of such functional follows from the Hahn-Banach theorem
and a Banach generalized limit has the property that G(Cp) = 0 so these
are examples of functionals that do not come from ¢! sequences.

Example 2.61. For those of you familiar with measure theory. Given any
(X, B, 1) measure space and 1 < p < 400, the set LP(X, B, ) of equivalence
classes of p-integrable functions (essentially bounded functions in the case
p = +00) is a Banach space in the p-norm.

The LP-spaces and their duals behave like the /P spaces and their duals.
In fact, /7 = LP(N,2N, 1) where u is counting measure, so some authors
treat the /P spaces as just a special case of the LP-theory.

A measure space (X, B, u) is called o-finite, provided that there is a
countable collection of sets B,, € B with u(B,) < +oc and X = U, B,,.

Theorem 2.62 (Riesz Representation Theorem). Let 1 < p < 400 and

% + % =1 and let (X, B, 1) be a measure space. Then every bounded linear
functional L : LP(X, B, u) — R is of the form

L(f) = /X fgdpu,

for some g € LY(X,B,u). Conversely, every g defines a bounded linear
functional via integration. Moreover, ||L|| = |\g|\q, briefly, LP(X,B,pn)* =
LY(X,B, ). If, in addition, u is o-finite, then LY(X, B, u)* = L>®(X, B, ).

There is one more theorem that has the same name.

Theorem 2.63 (Riesz Representation Theorem). Let (K,T) be a compact,
Hausdorff space, let C(K) denote the space of continuous R-valued functions
on K. If L : C(K) — R is a bounded linear functional, then there exists
a bounded, Borel measure p such that L(f) = fK fdp and conversely, ev-
ery bounded Borel measure defines a bounded linear functional. Moreover,

1L = [pl (X))

Example 2.64 (The non-commutative /P-spaces). These norms on spaces
of matrices play an important role in the theory of quantum capacities. We
assume that the reader is familiar with the theory of positive semidefinite
matrices. We let M,, , denote the vector space of m x n complex matrices,
and for convenience set M,, = M,,,,. Given A € M,, ,, we let A* € M, ,,, de-
note its conjugate transpose. The matrix A*A € M,, is positive semidefinite
and so has a complete set of non-negative eigenvalues, \;y > ... > A, > 0.
The numbers s; = )\}/2, ey Sy = /\,11/2 are called the singular values of A. An
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alternative way to get these numbers, in the case that A € M, is a square
matrix, is to use the singular valued decompostion of A(SVD). That is A
can be written as A = UDV where U*U = V*V = [, and D is a diagonal
matrix with non-negative entries. In this case, the entries of D arranged in
decreasing order are exactly the numbers s; > ... > s,,.

Given A € M, ,, and 1 < p < 400 we set

1Al = (s + -+ + st)M,

and set ||Alloc = max{sy, ..., sp}.

Remarkably, these define norms and with these norms (M, p, || - ||p) is
called a non-commutative ¢P-space.

The duality theory for these spaces is similar to the duality theory out-
lined above. Recall that the trace, Tr of a square matrix is the sum of its di-
agonal entries. Given B € M, ,, we can define a linear map fp : My, , — C
by setting

fB(A) =Tr(BA).

Moreover, it is not hard to see that every linear functional on M,, , is of
this form for some B. The non-commutative Holder inequality says that

sup{[Tr(BA)| : [[All, < 1} = [ Bllg,

where p and ¢ are any Holder conjugates. Thus, the map from (M, ., || -
llg) = (Mpn, | - |lp)* given by B — fp defines an onto linear isometry and
so as in the case of the ¢(P-spaces we can identify,

(Mo |- )™ = (Mpms || - llg)-

We should note that some authors prefer to define fg : M,,,, — C by
fB(A) = Tr(B'A), where B! is the transpose of B, so that B € My,
instead of in M, ,,. Other authors set fp(A) = T'r(B*A), imitating the
inner product of vectors. But in this case the map B — fp is conjugate
linear.

2.5.2 The Double Dual and the Canonical Embedding

Given a normed linear space, X, we let X** = (X*)* i.e., the bounded linear
functionals on the space of bounded linear functionals. Given x € X we
define a bounded linear functional & : X* — R by setting z(f) = f(x), i.e.,
reversing the roles of dependent and independent variables. Thus, & € X™**.

The map J : X — X** defined by J(x) = Z is easily seen to be linear,
one-to-one and an isometry. This map is called the canonical injection or
the canonical embedding of X into X™*.
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Definition 2.65. A normed space X is called reflexive provided that
J(X) = X** which is often written simply as X = X**.

Note that if X is reflexive, then so is X*. The spaces % and LP(X, B, u1)
are reflexive for 1 < p < +o00. The spaces Cp, £}, £>° are not reflexive. This
concept is very important when one discusses the weak topologies.

2.5.3 The Weak Topology

Definition 2.66. Give a normed space X, we say that a subset U C X is
weakly open provided that whenever zg € U then there exists a finite set
fi,oos fn € X* and €1, ..., €, > 0 such that

Bfe, :={r € X :|fi(x —x0)| <&, V1 <i<n} CU.

The set Ty, of all weakly open subsets of X is a topology on X called the
weak topology.

We say that a net converges weakly to xq if it converges to xg in the weak
topology.

Theorem 2.67. A net {x\}rxep C X converges in the weak topology to
xo € X if and only if

lim f(2) = f(@o), V.f € X™.

We write z)y — xo to indicate that a net converges weakly to xg.

Example 2.68. Let 1 < p < 400 and let e, € P be the vectors that are 1
in the n-th entry and 0 elsewhere. Then these are all unit vectors, but we
claim that e, — 0. To see this let y = (y1,...) € €4 where ¢ is the Holder
conjugate of p. Then f,(e,) = yn — 0 = f,(0) since y is g-summable. Since
every element of /P* is of the form f, for some y € /9, e, 30.

In contrast, if we let p = 1 so that ¢'* = ¢> and consider e,, € ¢', then
y=(1,1,1,...) € £ and fy(e,) = 1, Vn. Hence, {e,} does not tend to 0
weakly in £

Now consider e,, € ¢p so that ¢ = ¢', then again we see that in this

space e, rz’ghterow 0, since the entries of a vector y € ¢! tend to 0.

Finally, it turns out that when we regard e,, € £ then e, — 0, but to
prove this fact we would first need a description of the dual of /°° which we
have not given.
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2.5.4 The Weak* Topology

Definition 2.69. Given a normed space X, we define a subset U C X*
to be weak* open provided that for every fy € U there exists a finite set
xi,...,Tn € X and €q, ..., €, > 0 such that

{f cX*: ]f(a:l) — f0($l)| < €, V1<i< n} cU.

The set T of all weak* open subsets of X* is a topology on X* called the
weak* topology.

A net of functionals converges weak* to fo provided that it converges in
the weak™® topology to fo.

Theorem 2.70. A net {f\} ep converges in the weak™ topology to fo if and
only if
lim fi(z) = fo(z), Yz € X.

We write fy — fo to indicate that a net converges in the weak* topology
to fo.

Example 2.71. In parallel with the last example, consider e, € (P for
1 < p < 4o0. Since P = (£9)*, we see that e, 0.

In fact, we can say a bit more. Since for both the weak topology and
the weak™ topology on /P we are pairing with vectors in £9, then actually
the weak and weak*topologies are the same topologies, for 1 < p < +00, so
of course the two convergences are the same.

Now consider e,, € ¢! and recall that these vectors did not tend to 0 in
the weak topology. However, for the weak* topology we use the fact that
¢' = ¢} and so we pair with vectors in ¢g. Since the entries of any vector in
cop tend to 0, we have that e, 0.

We cannot discuss the weak™® topology on ¢y since we do not have an
example of a normed space X for which ¢y = X*. In fact, it is known that
it is impossible for ¢y to be the dual of any normed space! So there is in fact
no way to define a weak™ topology in this case.

Finally, if we consider e,, € £* = (£1)*, then since the entries of every
vector in ¢ tend to 0, we have that e, =3 0.

The following is the most important property of the weak* topology.

Theorem 2.72 (Banach-Alaoglu). Let X be a normed space and let K =
{f e X*:|fll <1}. Then K is compact in the weak* topology.
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Consequently, any time that we have a bounded net in X*, we may select
a weak™* convergent subnet.

Note that when X is reflexive, then regarding X = (X*)* we have a
weak™ topology on X, but this is also the same as the weak topology on X.
So weak convergence and weak™ convergence mean the same thing.

In particular, in /,1 < p < 400, we see that every bounded net will
have a weakly convergent subnet.

2.5.5 Completion of Normed Linear Spaces

We discussed earlier that every metric space (X, p) has a canonical complete
metric space (X , ) that it is isometrically contained in as a dense subset.
So if (X, || - ||) is a normed space then it is contained in a complete metric
space, X. But there is nothing in the earlier theorem that says that X can
be taken to be a vector space and that the metric p can be taken to come
from a norm. Both of these things are true and can be shown with some
care.

However, the following gives us an easier way to see all of this. Given
a normed space (X, || -||), we have that X** = (X™*)* and so it is a Banach
space. The map J : X — X™* is a linear, isometric embedding. So if we just
take the closure of J(X) inside the Banach space X** we will get a closed
subspace and that subspace will be a Banach space. Because the completion
of a metric space is unique, this shows that the completion of X actually
has the structure of a vector space.

2.6 Banach space leftovers (Placeholder Section)

These are currently in no particular order.

It is not hard to see that the induced metric on a n.l.s. satsfies: A, —
AN = Mz - andz, > 2,9, >y = Tp+y, > x+y If(Xisa
vector space and p is a complete metric on X satsfying these two properties,
then (X, p) is called a Frechet space. The vector space C(R) with the
metric p corresponding to uniform convergence on compact subsets is an
example of a Frechet space that is not a Banach space.

2.6.1 Quotient Spaces

A concept that plays a big role in functional analysis are quotient spaces.
Recall from algebra, that if we have a vector space X and a subspace Y then
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there is a quotinet space, denoted X /Y consisting of cosets,
XY ={z+Y:zeY},

and defining, (z1 +Y)+ (z24+Y) = (z1+22) + Y, ANz +Y) = (Az)+ Y
gives well-defined operations that makes this into a vector space. One often
used fact is that if T': X — Z is a linear map and Y = ker(7T') then there is
a well-defined linear map T': X/Y — Z given by T'(z +Y) = T(x).

To form quotients of normed spaces, we want one more condition. Let
(X, ]|]]) be a normed space and let Y be a closed subspace. On the quotient
space X/Y, we define

lz+Y| :=inf{||z+y|:yeY}=inf{|z—y| :y Y}

The second formula shows that ||z + Y| is the distance from z to the set
Y. This is the reason that we want Y closed, otherwise there would be a
point in the closure that is not in Y and any such point would be distance
0 from Y. Thus, such a vector would be one for which x +Y # 0+ Y but
||z + Y] = 0. This quantity is called the quotient norm.

Proposition 2.73. Let (X, | - ||) be a normed space and let Y be a closed
subspace, then the quotient norm is a norm on X/Y.

The vector space together with the quotient norm is called the quotient
space or if we want to be very clear the normed quotient space.

2.6.2 Conditions for Completeness

Next is one of many 2 out of 8 theorems.

Theorem 2.74 (The 2/3’s Theorem). Let (X, | -||) be a normed space, let
Y C X be a closed subspace and let X/Y be the normed quotient space. If
any 2 of these normed spaces is a Banach space, then the 3rd space is also
a Banach space.

Proof. We only prove the case, that if Y and X/Y are Banach spaces, then
sois X. To this end let {z,,} be a Cauchy sequence in X and let [z,] = z,+Y
be the image of this sequence in X/Y. Since ||[zn] — [zm]l] < |2n — Zm],
this is a Cauchy sequence in X/Y', and hence, converges to some [z] € X/Y.
Since ||[x — zy]|| — 0 we can pick y, € Y such that ||z —z,, —yn| — 0. Note
that

1y = Ymll = |(Tn + Yo — ) = (Tm + Ym — ) + (T — z0)||
< Zn + yn — || + |2m + ym — 2| + (|20 — 2],
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since the first two terms tend to 0 and the 3rd is Cauchy, it is easy to see
that {y,} is a Cauchy sequence in Y and hence y,, — y.
This implies that

xn:(xn'f'yn_x)"i_m_yn_)x_y,
and so X is complete. O

To see how this last result can be used we will show that every finite
dimensional normed space is automatically complete(although this is not
the shortest way to prove this fact).

Theorem 2.75. Every finite dimensional normed space is complete.

Proof. We do the case that the field is R, the case for C is identical.

This is easy to see when the dimension is one. To see pick any x € X with
||| = 1 Then every vector is of the form Az and ||Ajx — Aoz|| = | A1 — Aal.
Thus, a sequence {\,z} is Cauchy in X iff {\,} is Cauchy in R.

Now, inductively assume that it is true for spaces of dimension n and
let X be (n + 1)-dimensional take a n-dimensional subspace Y. It will be
complete by the inductive hypothesis and hence closed. Also the quotient
X/Y is one-dimensional so it is complete. Hence by the 2/3 theorem X is
complete. O

2.6.3 Norms and Unit Balls

Let (X, || - ||) be a normed space, we call {z : ||z|| < 1} the open unit ball
and {x : ||z|| < 1} the closed unit ball. It is not hard to see that these
sets are in fact open and closed, respectively and that the closed unit ball
is the closure of the open unit ball. We wish to characterize norms in terms
of properties of these balls.

Definition 2.76. A subset C of a vector space V is called:

e convex if whenever z,y € C and 0 < ¢t < 1 then tx + (1 — t)y € C,
i.e., provided that the line segment from x to y is in C,

e absolutely convex if whenever z1,...,zy € C and [A |+ -+|\,| =1,
then AMx1 + -+ Az € C,

e absorbing if whenever y € V' then there is a t > 0 such that ty € C.

A ray is any set of the form {ty : ¢ > 0} for some y € V.
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Proposition 2.77. Let (X, ||-||) be a normed space and let B be the open(or
closed) unit ball, then B is absolutely convez, absorbing and contains no rays.
Moreover,

|z|| = inf{t >0:t 1z € B} = (sup{r >0:rx € B})_l.

Conversely, if C C X 1is any absolutely convex, absorbing set that contains
no rays and we define

||| = inf{t > 0:t 'z € C},
then || - || is @ norm on X and
{z:flzl <1y cCC{a: [l <1}

This latter fact gives us a way to generate many norms, by just defining
sets C' that satisfy the above conditions. Also notice that ||z[; < ||z|2 iff
and only if the unit balls satisfy By C By. Since the p-norms on R” satisfy
p<p = |z|p > ||z||,y we see that B, C B,y.

Suppose that B; and Bs are the unit balls of two norms || - ||; and || - ||2
on X. It is easy to see that By N By satisfies the conditions needed to be a
unit ball. What is the norm?

Consider K = {(z,y) : zy > 0 and 2% + y?> < 1}. Find the smallest set
containing K that is absolutely convex, absorbing find the norm that this
set defines.

2.6.4 Polars and the Absolutely Convex Hull

Given any set K the intersection of all absolutely convex sets containing
K is the smallest absolutely convex set containing K, this set is called the
absolutely convex hull of K. Its closure is called the closed absolutely
convex hull of K.

Given any set K C R” its polar is the set

KY:={y:|z-y| <1}.
The set K% := (K%)? is called the bipolar
Theorem 2.78 (The Bipolar Theorem). Let K C R™. Then K° is a closed,

absolutely convex set. The bipolar K% is the closed absolutely convex hull
of K.

If B; C R are closed unit balls for norms || - [|;, then B = (B; U B;)®
is the closed unit ball for a norm called the decomposition norm and it
satisfies

]l = nf{[lylls + llzll2 - 2 = y + 2}
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2.7 Hilbert Spaces

2.7.1 Hilbert Space Completions

Definition 2.79. Given a vector space V over F amap, < | >:V xV = F
is called an inner product provided that it for all vectors v, vo, w1, we € V

and A € I, it satisfies:
L. (v1 +va,w1) = (v, w1) + (v2,w1),

2. (v, wy + w2> <U1, w1> + <U1, UJ2>,

v, wy) = Mg, wr),

vy, wi) = (wi,v1),

6.

(
(
(
4. (v, Awy) = Mo, wy),
(
(vi,v1) =
(

7. Ul,Ul>—0 <— v =0.

The pair (V,(|)) is called an inner product space. If (|) only satisifes 1-6,
then it is called a semi-inner product.

Some examples of inner products:
Example 2.80. The space F" with ((z1,...,2n), (Y1, .., Yn)) = D_; Tili

Example 2.81. The vector space C([a, b]) of continuous F-valued functions

on [a,b] with
b
() = [ gyt

Example 2.82. The vector space /2 with (z,y) = Y o0 | Tnyn.

Proposition 2.83 (Cauchy-Schwarz Inequality). Let V' be an inner product

space then
(v, w)| < Vv, v)V/(w,w).

Corollary 2.84. Let V' be an inner product space, then ||z|| = \/{(z,x)
defines a norm on V.

This is called the norm induced by the inner product.

Definition 2.85. An inner product space is called a Hilbert space if it is
complete in the norm induced by the inner product.
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Examples 8.2 and 8.4 are Hilbert spaces. To see that 8.3 is not, consider
the case of [0,1]. It is enough to consider the sequence

0, 0<t<1/2,
@) =< nt—-1/2), 1/2<t<1/2+1/n,,
1 1/2+1/n<t<1

)

which can be shown to be Cauchy but not converge to any continuous func-
tion.

Problem 2.86. Let V be a semi-inner product space. Prove that N' = {v :
(v,v) = 0} is a subspace, that setting (v+N,w+N) = (v, w) is well-defined
and gives an inner product on the quotient V/AN. (Hint: First show that
the Cauchy-Schwarz inequality is still true.)

Proposition 2.87. Let V' be an inner product space and let ||-|| be the norm
induced by the inner product. Then:

Polarization Identity (x,y) =1/4 Zi:o i*||z + iky)|2,
Parallelogram Law ||z + y|? + ||z — y||* = 2||z[|* + 2[|y||*.

Theorem 2.88 (Jordan-von Neumann). Let (X, || - ||) be a Banach space
whose norm satisfies the parallelogram law. Then defining (|) via the polar-
1zation identity, defines an inner product on X and the norm on X is the
norm induced by the inner product. Thus, any Banach space satisfying the
parallelogram law is a Hilbert space.

Corollary 2.89. Let (V,(|)) be an inner product space, then there erists a
Hilbert space H and a one-to-one inner product preserving map J : V. — H
such that J(V') is a dens subspace of H.

The space H is called the Hilbert space completion of V. For ex-
ample, the Hilbert space completion of 8.3 is the space L?([a,b], M,\) of
equivalence classes of measurable square integrable functions with respect
to Lebesgue measure.

2.8 Bases in Hilbert Space

Definition 2.90. Given an inner product space a set of vectors S is called
orthonormal if v € S implies ||v]| = 1 and whenever v,w € S and v # w
then (v, w) = 0. We will often write v L w <= (v,w) = 0.
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Proposition 2.91 (Pythagoras). Let V' be an inner product space and let
{zy, : 1 <n < N} be an otrhonormal set. Then

N N
21 = Han, )* + o =D (wn, )zl
n=1 n=1

Proposition 2.92 (Bessel’s Inequality). Let {x, : a € A} be an orthonormal
set. Then Y., 4 |(za,z)|* converges and is less than ||z||*.

Definition 2.93. We say that an orthonormal set {e, : a € A} in a Hilbert
space ‘H is maximal if there does not exist an orthonormal set that contains
it as a proper subset. A maximal orthonormal set is called an orthonormal

basis(o.n.b.).

Maximal orthonormal sets exist by Zorn’s Lemma(which is equivalent to
the Axiom of Choice). The following explains the reason for calling these
bases.

Theorem 2.94 (Parseval’s Identities). Let H be a Hilbert space and let
{eq : a € A} be an orthonormal basis. Then for any x,y € H,

L l2]* = 3 aea l{eas 2)I%,
2. =73 ,cal€a;T)ea,
3. (2, y) = 2aeal®; €a)(ea; y)-
Problem 2.95. Prove the 3rd Parseval identity.

Definition 2.96. Two sets S and T are said to have the same cardinality
if there is a one-to-one onto function between them and we write card(S) =
card(T). When there exists a one-to-one function from S into 7' we write
that card(S) < card(T).

It is a fact that card(S) = card(T) <= Card(S) < card(T) and card(T) <
card(S). For each natural number {0, 1, ...} we have a cardinal number. We
set Vo := card(N) and we set X; := card(R). The continuum hypothesis
asks if there can be a set with card(N) < card(S) < card(R). This state-
ment is known to be independent of the ZFC= Zermelo-Frankl + Axiom of
Choice. So one can add as another axiom the statement that this is true or
that it is false to one’s axiom system.

We call a set A countably infinite if card(A) = card(N). We call a set
countable if it is either finite or countably infinite.
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Cardinal arithmetic is defined as follows: Given disjoint sets A and B
we set card(A) + card(B) := card(AU B) and we set card(A) - card(B) :=
card(Ax B), where Ax B = {(a,b) : a € A,b € B} is the Cartesian product.

Theorem 2.97 (Basis Theorem). Let H be a Hilbert space and let {e, : a €
A} and {fy : b € B} each be an orthonormal basis for H. Then card(A) =
card(B).

Definition 2.98. We call the cardinality of any orthonormal basis for H
the Hilbert space dimension of #. We denote it by dimpgs(H).

Example 2.99. For every cardinal number, there is a Hilbert space of that
dimension. Here is a way to see this fact. Given any non-empty set A set

I :={f:A—>F:Z‘f(a)\2<+oo}.

acA
On this vector space we define
(fr9) =) F@)g(a).
acA

The fact that this converges and defines an inner product goes much like
the proof for 2. Now define e, € €124 by

1, t=a
ea(t):{o, t#+a

Then the set {e, : a € A} can be shown to be an o.n.b. for 4. Hence,
dimpgs(f3) = card(A).

Proposition 2.100 (Gram-Schmidt). Let {z,, : 1 < n < N} be a linearly
independent set in a Hilbert space. Then there exists an orthonormal set
{en :1 <n < N} such that

span{xy, ...,z } = span{e1,...,ex}, Vk,1 <k < N.
Proposition 2.101 (Gram-Schmidt). Let {z, : n € N} be a linearly in-
dependent set in a Hilbert space. Then there exists an orthonormal set

{en : m € N} such that

span{xy, ...,z } = span{ey,...,ex}, ¥k € N.
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One produces this set by the Gram-Schmidt orthogonalization pro-
cess. In the finite case. For the general case one uses the finite case together
with the Principle of Recursive Definition.

Recall that a metric space is called separable if it contains a countable
dense subset.

Theorem 2.102. Let H be a Hilbert space. Then H is separable(as a metric
space) if and only if dimpgs(H) < Ny, i.e., any o.n.b. for H is countable.

2.8.1 Direct Sums

Given two vector spaces V and W we can make a new vector space by taking
the Cartesian product

{(v,w):veV,we W},

and defining (vy,w1) + (ve, w2) = (v1 +v2, w1 +w2) and A(v,w) = (Av, Aw).
Even though it uses the Cartesian product, this space is generally denoted
V @ W. One reason is that in the finite dimensional case if {vy,...,v,} is
a basis for V' and {wj,...,wy} is a basis for W, then {(v1,0),..., (v,,0)} U
{(0,w1), ..., (0,wy,)} is a basis for V& W so that dim(V @& W) = dim(V) +
dim(W).

Given Hilbert spaces (H;, (,)i),? = 1,2 on their Cartesian product we
define

((h1, ha), (R}, hy)(= (hi, hi)1 + (ha, h)a,

and it is easy to check that this is an inner product and that the Cartesian
product is complete in this inner product. To see this one checks that
(A1, h2y) is Cauchy if and only if by, is Cauchy in H; and hg,, is Cauchy
in Hs. Hence, there are vectors such that hy = lim,, hy, and he = lim hg ;.
Now one checks that ||(h1, he) — (h1n, hon)| — 0.

This Hilbert space is denoted by H; @ Hz. Note that in this space,
(h1,0) L (0,h2) and that ||(h1,0)|| = ||h1||x while [|(0, h2)|| = ||h2||2 so that
these subspaces can be identified with the original HIlbert spaces and they
are arranged as orthogonal subspaces of H1 @ Ho.

It is not hard to verify that if {e, : a € A} is an o.n.b. for H; and
{fp: b€ B} is an o.n.b. for Ha, then

{(€q,0) :a € A} U{(0, fp) : b € B},

is an o.n.b. for H1®Hso. Thus, dimps(H1BH2) = dimHs’(H1>+dimH§(H2>,
where the addition is either ordinary in the finite dimensional case or car-
dinal arithmetic in general.
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Note that when we form the direct sum, we can identify H; and Hs
canonically as subspaces of the direct sum in the following sense. Namely, if
we look at Hy = {(h1,0) : hy € H1} and Ha = {(0, h2) : he € Ha}, then we
have that, as vector spaces these are isomorphic to the original spaces and
for any hi, b} € Hi,

(Palhi )y, = ((h1, 0)|(R1, 0)) st

and similarly for any pair of vectors in Hy. We also have that
—~ 1 —~
H1 = Ho.
We now generalize this construction to arbitrary collections. Given a

family of Hilbert spaces (Hg, (,)a), @ € A. We define a new Hilbert space
which is a subset of the Cartesian product via

Bacata = {(haaca s 3 hall2 < +o0},
a€A

and inner product

(ha)s (ka)) = 3 (ha ka)a

acA

Proofs similar to the case of 6124 show that this is indeed a Hilbert space.

2.8.2 Bilinear Maps and Tensor Products

Given vector spaces V,W,Z a map B : V x W — Z is called bilinear
provided that it is linear in each variable, i.e.,

e B(v1 + vo,w) = B(vy,w) + B(ve,w),
e B(v,w; +wse) = B(v,w1) + B(v,ws)
o B(Av,w) = AB(v,w) = B(v, \w).

Tensor products were created to linearize bilinear maps. This concept
takes some development but, in summary, given two vector spaces their
tensor product,

VoW =span{vw:veV,we W},

where v ® w is called an elementary tensor and the rules for adding these
mimic the bilinear rules:
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eV RWF vy ®w = (v +v2) D w,
e VW +vRwy =v® (w + ws),
e Nv®w)=(\)®w=v® (Aw).

If V and W have bases {v, : a € A} and {wp : b € B}, respectively,
then {v, ® wp : @ € A,b € B} is a basis for V@ W. Thus, the vector space
dimension satisfies

dim(Ve@ W) =dim(V) - dim(W),

where this is just the product of integers in the finite dimensional case and
is true in the sense of cardinal arithmetic in the general case.

Proposition 2.103. There is a one-to-one correspondence between bilinear
maps, B : VxW — Z and linear maps T : VW — Z given by T(vQw) =
B(v,w).

When V and W are both normed spaces, we would like the tensor prod-
uct to be a normed space too. There are several “natural” norms to put on
the tensor product and on bilinear maps.

Definition 2.104. Let X, Y and Z be normed spaces and let B : X xY
be a bilinear map. Then we say that B is bounded provided that

1Bl = sup{||B(z,y)[| - [l«]| <1, [yl <1} < +o0,

and we call this quantity the norm of B. For u € X ® Y the projective
norm of u is given by

lully = 0> aall - il s w =" @ wi,
7

where the infimum is taken over all ways to express u as a finite sum of
elementary tensors. The completion of X ® Y in this norm is denoted
X ®VY and is called the projective tensor product of X and Y.

Here is the relationship these two concepts.

Proposition 2.105. Let X,Y and Z be Banach spaces. Then B : X XY —
Z is bounded if and only if the linear map Tp : X Y — Z is bounded when
X ®Y is given the projective norm. In this case |B|| = ||TB|| and Ts can
be extended to a bounded linear map of the same norm from X ®vY into Z.
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The extension of Tz to the completion is, generally, still denoted by T'5.

There is one other tensor norm that is very important. Note that if
f: X —Fand g:Y — F are linear, then there is a linear map f ® g :
X®Y - Fgivenby f@g(xr®y) = f(x)-g(y). To see this just check that
B(x,y) := f(z)g(y) is bilinear.

Definition 2.106. Let X and Y be normed spaces. Given u € X ® Y, the
injective norm of u is given by the formula

[ul|n :=sup{|f @ g(u)| : f € X", g€ Y™, [fI <1, gl <1}.

This is indeed a norm on X ® Y and the completion in this norm is denoted
by X ®A Y and is called the injective tensor product of X and Y.

Grothendieck was the first to systematically study and classify tensor
norms. He defined a reasonableness condition for tensor norms and
proved that if X and Y are normed spaces, then any reasonable tensor
norm on X ® Y satisfies, [|ul[n < ||u|| < |Ju|lv-

2.8.3 Tensor Products of Hilbert Spaces

All of the above discussion is preliminary to defining a norm on the tensor
product of Hilbert spaces that yields a new Hilbert space.

Let H and K be Hilbert spaces. We wish to define an inner product on
HK. Givenu =}, hj®k; and v = 3, v;®w; two finite sums representing
vectors in H ® K, we set

(u,0) = (ilvg)a (kilw; ) k.

ihj

It is not hard to see that if this formula is well-defined, i.e., does not depend
on the particular way that we write v and v as a sum of elementary tensors,
then it is sesquilinear.

Proposition 2.107. The above formula is well-defined and gives an inner
product on H ® K.

Proof. We omit the details of showing that it is well-defined. As noted
above, given that it is well-defined it is elementary that it is sesquilinear.
So we only prove that it satisfies u # 0 = (u,u) > 0.
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To this end let w = > | h; @ k;. Let F = span{k; : 1 < i < n} and
let {e; : 1 < j < m} be an on.b. for F so that m < n. Write each
ki = Zj a; je;. Then we have that

U = Z Z hi ® (aije;) = Z Z(ai’jhi) ®e; = ZU]' X ey,

where v; = ). a;;h;. Now since u # 0 we must have that some v; # 0.
Using the fact that the inner product is independent of the way that we
express u as a sum of elementary tensors, we have that

(ulu) =" (vilv)aledeshe =D [loil® #0,
,J i
and we are done. O

Definition 2.108. Given Hilbert spaces H and K as above, we let HQK
denote the completion of H ® K in the above inner product and call it the
Hilbert space tensor product.

Many authors use H ® K to denote both the vector space tensor product
AND its completion, or they sometimes invent a non-standard notation to
denote the vector space tensor product, like H ® K, reserving H ® K for the
completion.

Proposition 2.109. Let H and K be Hilbert spaces, let {e, : a € A} be an
o.n.b. for H and {fy : b € B} be an o.n.b. for K. Then

{ea® fo:a€ A, be B},
is an o.n.b. for HRK. Hence,
dimpgs(HRK) = dimgs(H) - dimpgs(K).

In a similar way one can form a Hilbert space tensor product of any finite
collection of Hilbert spaces Hi,...,Hn,, denoted H1® - - - ®H,,. The inner
product on any two elementary tensors is given by

(V1 @ @up|wy @+ @wp) = (V1w -+ (Vn|wn)1,

and then is extended linearly to finite sums of elementary tensor products.
Unlike for the direct sum construction, there is no natural way that we
can regard H and K as subspaces of HRK. In particular, {h®0:h € H} =
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(0®0). One way that we can regard H as a subspace of the tensor product
is to pick a unit vector k € K. Then we have that 7 := {h @ k : h € H} is
isomorphic to H as a vector space, since (h; +ho) @k = h1 ® k+ ha ® k and
(Ah) ® k= AM(h ® k) and has the property that for any hq, he € H,

<h’1|h2>H = <h1 & k‘hg & k>'H®IC-

Similarly, fixing a unit vector in h € H allows us to include K into the tensor
product as K :== {h @k : k € K}.

However, unlike the direct sum these two subspaces are not orthogonal,
in fact, their intersection is the one-dimensional subspace spanned by h ® k.

2.8.4 Infinite Tensor Products

Many physical models call for tensor products of infinitely many Hilbert
spaces. This arises for example where one has an infinite lattice of electrons.
Each electron has a state space that is a Hilbert space H, and the models
say that the state space of the whole ensemble should be the tensor product
over all electrons.

The first problem that one encounters is that if one has two elementary
tensor products of infinitely many vectors, v1 ® v9 ® --- and wi @ wo ® - - -,
then one would like to set

[e.9]

<U1®’U2®"'|W1®UJ2®"‘>:H<Ui|wi>7

=1

but such an infinite product need not converge. Second, if we had a set of
unit vectors vy, ... and we sat u = v ® (v2/2) ® (v3/3) ® - - -, then we would
have that

oo
1
[ull* = (ulu) = ][ 5 =0.
i=1

However, in physics one usually has a lot more. Each electron has a
distinguished unit vector in its state space called the ground state and it
turns out that given Hilbert spaces H, and distinguished unit vectors v, €
Ha, then this is enough data to form an infinite tensor product.

The key is, remember that when we have a unit vector then we can
“include” H into H ® K by sending h — h ® k, where k is some fixed unit
vector.

We form the infinite tensor product of a collection (Hq, %), a € A, where
1, € Hg 18 a unit vector as described below.
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For each finite subset F© C A there is a well-defined tensor product
Hilbert space of these finitely many spaces, which we denote by Hp :=
®aecFHaq(we do not need to complete at this time).

Now given two finite sets Fy C Fy, C A, say Fi = {ai,...,a,} and
Fy ={ay,...,an, ...ap } with m > n, we can regard Hp, as a subspace of Hp,
by identfying v € Hp, with u ® ¢, ,; ® -+ ® Yy, € Hp,. Formally, this
means that we have a linear map, Vi, : Hp, — Hp,.

Now take the union over all finite subsets, Upc AH r, and define a relation
on this union by declaring u; € Hp, equivalent to us € Hp, provided
that there exists a finite set F3 with F; C F3 and Fy C F3 such that
Vi my(u1) = Vi, (u2)( we will write up ~ ug for this relation). It is not
hard to show that this is an equivalence relation and we will write [u] for
the equivalence class of a vector.

It is not hard to show that K = (Upca Hp)/ ~= {[u] : IF,u € Hr}
is an inner product space with operations defined as follows. Given A € F
and [u] set A\[u] = [Au]. Given [ui], [us] with uy € Hp, and uy € Hp, pick
Fs with Fy, F» C F3 and set

[u1] + [ue] = [V, (u1) + Vi, 1y (u2)].

Finally, the inner product is defined by
([ualllu2h) e = (Vr,my (u) Vi, 7 (u2) )3,

Showing that all of these operations are well-defined, that is, only depend
on the equivalence class, not on the particular choices, and that the last
formula is an inner product is tedious, but does all work. The completion
of the space K is denoted

®a€A (Hm wa) :

In the end this tensor product does not depend on the choice of vectors,
in the following sense. If we also choose unit vectors ¢, € H,, then for each
Hilbert space there is a unitary map U, : H, — H, such that Uy (v,) =
¢a(we will discuss unitaries in a later section) and these define unitaries
Up:Hp = HpviaUp(hg, @+ ®hg, ) = Ugy (hqy )@+ - -@U,, (hg, ). Together
these define a unitary U on K by for u € Hp setting U([u]) = [Ur(u)]. Then
this unitary satisfies U([t)a; ® - - - 14,]) = [¢a, ® - - - ® ¢4q,,], and so induces a
unitary on the completions, U : ®uca(Ha, Vo) = Qaca(Ha, Pa) -



